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Breaking eightfold degeneracies in neutrinoCP violation, mixing, and mass hierarchy
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We identify three independent twofold parameter degeneracies (d,u13), sgn(dm31
2 ) and (u23,p/22u23)

inherent in the usual three-neutrino analysis of long-baseline neutrino experiments, which can lead to as much
as an eightfold degeneracy in the determination of the oscillation parameters. We discuss the implications these
degeneracies have for detectingCP violation and present criteria for breaking them. A superbeam facility with
a baseline at least as long as the distance between Fermilab and Homestake~1290 km! and a narrow band beam
with energy tuned so that the measurements are performed at the first oscillation peak can resolve all the
ambiguities other than the (u23,p/22u23) ambiguity ~which can be resolved at a neutrino factory! and a
residual (d,p2d) ambiguity. However, whether or notCP violation occurs in the neutrino sector can be
ascertained independently of the latter two ambiguities. The (d,p2d) ambiguity can be eliminated by per-
forming a second measurement to which only the cosd terms contribute. The hierarchy of mass eigenstates can
be determined at other oscillation peaks only in the most optimistic conditions, making it necessary to use the
first oscillation maximum. We show that the degeneracies may severely compromise the ability of the proposed
SuperJHF-HyperKamiokande experiment to establishCP violation. In our calculations we use approximate
analytic expressions for oscillation probabilitites that agree with numerical solutions with a realistic Earth
density profile.
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I. INTRODUCTION

The up or down asymmetry of the neutrino flux~originat-
ing from cosmic ray interactions with the atmosphere! at
SuperKamiokande is now a 10s effect. A compelling inter-
pretation of this result is that neutrinos have mass and o
late from one flavor to another. The atmospheric neutr
deficit is explained as a consequence ofnm→nt oscillations
with almost maximal amplitude and mass-squared diff
ence, dm31

2 ;331023 eV2 @1#. The K2K experiment@2#
with a baseline of 250 km has preliminary results that are
agreement with this interpretation. Oscillations ofnm to ne as
an explanation of the atmospheric anomaly are ruled ou
the CHOOZ @3# and Palo Verde@4# reactor experiments
which place a bound on the amplitude smaller than 0.1 at
95% confidence level~C.L.! in the dm31

2 region of interest.
The MINOS @5#, ICARUS @6# and OPERA@7# experiments
are expected to come online in 2005 and study aspects o
oscillations at the atmospheric scale@8#. The low energy
beam at MINOS will allow a very accurate determination
the leading oscillation parameters. ICARUS and OPE
should provide concrete evidence thatnm→nt oscillations
are responsible for the atmospheric neutrino deficit by id
tifying tau neutrino events.

Measurements of electron neutrinos from the Sun a
provide strong evidence for neutrino oscillations. The flux
electron neutrinos from the Sun observed in several diffe
experiments is smaller than the standard solar model@9#
~SSM! prediction by a factor of 1/3–1/2. The recent SN
charged-current measurements show thatne→nm,t oscilla-
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tions explain thene flux suppression relative to the SSM
@10#. The solution with a large mixing angle~LMA ! and
small matter effects (dm21

2 ;531025 eV2 and amplitude
close to 0.8! has emerged as the most likely solution to t
solar neutrino problem@11#. This solution will be tested de
cisively by the KamLAND reactor neutrino experiment@12#.

There are several parameter degeneracies that ente
determination of the neutrino mixing matrix which can b
removed only with future oscillation studies with supe
beams or neutrino factories. See Table I for a sample
proposed baselines. A notable example is theUe3 (5sinu13
e2 id) element. Only an upper bound exists onu13, nothing
is presently known about theCP phased, and the two al-
ways appear in combination in the mixing matrix. It is th
breaking of such degeneracies that will be of concern to u
this work.

In Sec. II we identify all the potential parameter dege
eracies in the mixing matrix. We restrict our attention to t
333 matrix that describes the mixing of active neutrino
setting aside the possibility that the atmospheric, solar
Liquid Scintillation Neutrino Detector~LSND! @13# data
may require the existence of a fourth neutrino that is ster
The parameter ambiguities are connected with not only n
trino mixing but also the neutrino mass pattern; we pay p
ticular attention to the implication of these ambiguities f
the detection ofCP violation. In Sec. III, within the context
of a superbeam experiment@14#, we present methods b
which all but one of these degeneracies can be resolved,
argue that the remaining ambiguity can be settled at a n
trino factory @15#. We also discuss the implications of th
©2002 The American Physical Society23-1
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TABLE I. Baseline distances in km for some detector sites~shown in parentheses! for neutrino beams
from Fermilab, Brookhaven, JHF, and CERN.

Beam source
Fermilab Brookhaven JHF CERN

150 ~Frejus!
350 ~Cornell! 295 ~Super-K!

730 ~Soudan! 730 ~Gran Sasso!
1290 ~Homestake! 1200 ~Seoul!
1770 ~Carlsbad! 1720 ~Soudan!

2100 ~Beijing!

2640 ~San Jacinto! 2540 ~Homestake!
2900 ~SLAC! 2920 ~Carlsbad!
an

n
n
se
he
al

te
o

d
fo
nt
c

f
ua-

-

ct

ypi-
s
s

degeneracies on the proposed SuperJHF-HyperKamiok
experiment@16#, which would have a 4 MW proton driver
and a 1 Mtwater Cherenkov detector~40 times larger than
SuperKamiokande!. We summarize our results in Sec. IV. I
the Appendix we provide a complete set of approximate a
lytic expressions for the oscillation probabilities that are u
ful for superbeams and neutrino factories, and define t
domain of validity by making comparisons with numeric
solutions of the evolution equations.

II. PARAMETER DEGENERACIES

In this section we identify the three types of parame
degeneracies that can occur in the three-neutrino framew
whennm→ne and n̄m→ n̄e oscillation probabilities are use
to extract the neutrino parameters. We use approximate
mulas@17,18# for neutrino propagation in matter of consta
density to illustrate the degeneracies. In each case we dis
the implications for detectingCP violation.

A. Oscillation probabilities in matter

The neutrino flavor eigenstatesna (a5e,m,t) are related
to the mass eigenstatesn j ( j 51,2,3) in vacuum by

na5(
j

Ua j* n j , ~1!
t t
d
-

07302
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whereU is a unitary 333 mixing matrix. The propagation o
neutrinos through matter is described by the evolution eq
tion @19,20#

i
dna

dx
5(

b
S (

j
Ua jUb j*

mj
2

2En
1

A

2En
daedbeD nb , ~2!

where x5ct and A/2En is the amplitude for coherent for
ward charged-currentne scattering on electrons,

A52A2 GFNeEn

51.5231024 ~eV2!Yer ~g/cm3!En~GeV!. ~3!

HereNe is the electron number density, which is the produ
of the electron fractionYe(x) and matter densityr(x). In the
Earth’s crust and mantle the average matter density is t
cally 3 –5 g/cm3 and Ye.0.5. The propagation equation
can be re-expressed in terms of mass-squared difference

i
dna

dx
5(

b

1

2En
~dm31

2 Ua3Ub3*

1dm21
2 Ua2Ub2* 1Adaedbe!, ~4!

wheredmjk
2 [mj

22mk
2 . The neutrino mixing matrixU can be

specified by three mixing angles (u23,u12,u13) and a
CP-violating phased. We adopt the parametrization
U5S c13c12 c13s12 s13e
2 id

2c23s122s13s23c12e
id c23c122s13s23s12e

id c13s23

s23s122s13c23c12e
id 2s23c122s13c23s12e

id c13c23

D , ~5!
of
u-

-

he
wherecjk[cosujk and sjk[sinujk . In the most generalU,
the u i j are restricted to the first quadrant, 0<u i j <p/2, with
d in the range 0<d,2p. We assume thatn3 is the neutrino
eigenstate that is separated from the other two, and tha
sign of dm31

2 can be either positive or negative, correspon
ing to the case wheren3 is either above or below, respec
he
-

tively, the other two mass eigenstates. The magnitude
dm31

2 determines the oscillation length of atmospheric ne
trinos, while the magnitude ofdm21

2 determines the oscilla
tion length of solar neutrinos, and thusudm21

2 u!udm31
2 u. If we

accept the likely conclusion that the solar solution is t
large mixing angle~LMA ! solution @11#, thendm21

2 .0 and
3-2
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BREAKING EIGHTFOLD DEGENERACIES IN NEUTRINO . . . PHYSICAL REVIEW D65 073023
we can restrictu12 to the range@0,p/4#. It is known from
reactor neutrino data thatu13 is small, with sin22u13<0.1 at
the 95% C.L.@3#. Thus a set of parameters that unambig
ously spans the space isdm31

2 ~magnitude and sign!, dm21
2 ,

sin22u12, sinu23, and sin22u13; only the u23 angle can be
below or abovep/4. There are two additional comple
phases possible for Majorana neutrinos; they are not de
able from the observation of neutrino oscillations, but a
relevant in neutrinoless double-beta decay~see, e.g. Ref.
@21#!.

In the context of three-neutrino models the usual meth
proposed for detectingCP violation in long-baseline experi
ments with a conventional neutrino beam is to measure
oscillation channelsnm→ne and n̄m→ n̄e ~or ne→nm and
n̄e→ n̄m for a neutrino factory!. Both leading and subleadin
oscillation contributions must be involved and the oscil
tions must be non-averaging forCP-violation effects@22#.
For illustrative purposes we use the constant density ma
approximation, although in an exact study variations of
density along the neutrino path should be implemented.
proximate formulas for the oscillation probabilities in matt
of constant density in the limitudm21

2 u!A,udm31
2 u already

exist in the literature@17,18#. We adopt the form in Ref.@18#,
whereu13 is also treated as a small parameter and the mix
angles in matter are found in terms of an expansion in
small parametersu13 anddm21

2 . We introduce the notation

D[udm31
2 uL/4En

51.27udm31
2 /eV2u~L/km!/~En /GeV!, ~6!

Â[uA/dm31
2 u, ~7!

a[udm21
2 /dm31

2 u. ~8!

Up to second order ina andu13, the oscillation probabilities
for dm31

2 .0 anddm21
2 .0 are

P~nm→ne!5x2f 212xy f g~cosd cosD

2sind sinD!1y2g2, ~9!

P̄~ n̄m→ n̄e!5x2 f̄ 212xy f̄g~cosd cosD

1sind sinD!1y2g2, ~10!

respectively, where

x[sinu23sin 2u13, ~11!

y[a cosu23sin 2u12, ~12!

f , f̄ [sin@~17Â!D#/~17Â!, ~13!

g[sin~ÂD!/Â. ~14!

The coefficientsf and f̄ differ due to matter effects (ÂÞ0).
To obtain the probabilites fordm31

2 ,0, the transformations
07302
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Â→2Â, y→2y and D→2D ~implying f↔2 f̄ and g→
2g) can be applied to the probabilities in Eqs.~9! and ~10!
to give

P~nm→ne!5x2 f̄ 222xy f̄g~cosd cosD

1sind sinD!1y2g2, ~15!

P̄~ n̄m→ n̄e!5x2f 222xy f g~cosd cosD

2sind sinD!1y2g2. ~16!

For aT-reversed channel, the corresponding probabilities
found by changing the sign of the sind term. In Eqs.~9!,
~10!, ~15!, and ~16! we have assumeddm21

2 .0, which is
what one expects for the LMA solar solution; fordm21

2 ,0,
the corresponding formulas are obtained byy→2y. These
expressions are accurate as long asu13 is not too large, and
they are valid atEn.0.5 GeV @Â*0.04(331023 eV2/
udm31

2 u)# for all values ofdm21
2 currently favored by solar

neutrino experiments. We expand on the domain of valid
of these equations in the Appendix. The corresponding
pansion ina andu13 in a vacuum can be found by the su
stitutions f , f̄ ,g→sinD.

For reference, the conversion fromÂ andD to L andEn is
shown in Fig. 1. For neutrinos withdm31

2 .0 or anti-

neutrinos withdm31
2 ,0, Â51 corresponds to an MSW reso

nance. For neutrinos, it can be shown that the choiceÂ
51/2 maximizes both the sind and cosd terms for a given
D; for anti-neutrinos theÂ that maximizes the sind and cosd
terms varies withD.

We make two observations regarding the approxim
probability formulas above, the consequences of which
discussed below:

~i! Both terms that depend on theCP phased vanish
wheng50, i.e., atÂD5np, wheren is an integer. They2

term also vanishes in this case, so that only thex2 term
survives.

~ii ! The cosd term vanishes whenD5(n2 1
2 )p, while the

sind term vanishes whenD5np.

The above statements are true for both neutrinos and a
neutrinos.

The first observation implies that there is no sensitivity
theCP-violating phased when^Ne&L5*NedL is an integer
multiple of A2p/GF , where^Ne& is the average value ofNe
for the neutrino path. Numerically, forn51, this condition is

^Ne&L.16275 km, ~17!

or, for the Earth’s density profile,

L.7600 km. ~18!

This distance has a simple physical interpretation: it is
characteristic oscillation wavelength due to the matter in
action @19#. Furthermore, the condition in Eq.~17! is inde-
pendent of all oscillation parameters. It is also independen
of En . It has often been noted thatCP violation is strongly
3-3



k

th
re
t
d

ns

h

in
m
e

-

ust

at

t
be

c-

e

e
nt
ed

rms

-
he

e
. If

ss

-

V. BARGER, D. MARFATIA, AND K. WHISNANT PHYSICAL REVIEW D 65 073023
suppressed in long baseline experiments of order 7300
~nominally the distance from Fermilab to Gran Sasso!; we
see that this is a universal effect that occurs becauseL is
close to the oscillation length due to matter. Furthermore,
term proportional toy2 also vanishes, which means that the
is also no dependence ondm21

2 or u12 at this distance, at leas
to second order in the small parameters. Therefore this
tance is especially well suited for measuringu13 without the
complications of disentangling it fromd, u12, or dm21

2 . For
baselines greater than about 4000 km the constant de
approximation loses accuracy~see results in the Appendix!,
so that the critical distance in Eq.~18! is not exact, but does
explain semi-quantitatively the weakness ofCP violating ef-
fects near that distance.

The second observation relates to the relative strengt
the sind and cosd terms inP(nm→ne). In shortL, low En

experiments the matter effects are small and the lead
terms of the oscillation probability are given by the vacuu
formulas. ThenL and En can be chosen such that only th
explicitly CP-violating sind term survives~e.g., whenD

FIG. 1. Contours of~a! L and ~b! En versus Â and D, for
dm31

2 5331023 eV2.
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m

e

is-

ity

of

g

5p/2), andCP violation can be measured directly by com
paring P(nm→ne) and P( n̄m→ n̄e) ~although even forL
;few 100 km there are small matter corrections that m
be considered!. However, as is evident from Eqs.~9! and
~10!, whenu13 is small the relative strengths of the sind and
cosd terms in the presence of large matter corrections
longer L can be selected by an appropriate choice ofD in
exactly the same wayas in the shortL, vacuumlike case. Tha
is, the d dependence with matter effects included can
made pure sind for

L/En.~2n21!~410 km/GeV!S 331023 eV2

udm31
2 u D , ~19!

wheren is an integer.1 The only caveat is that matter corre
tions are much larger for longerL and the accuracy of the
determination ofd may be more subject to knowledge of th
electron density.

B. Orbits in probability space

We assume that sin22u23 and udm31
2 u are well determined

~perhaps at the few percent level or better! by a nm survival

or nm→nt measurement@8#, and thatu12 anddm21
2 are also

well determined~KamLAND should be able to measure th
parameters of the solar LMA solution to the few perce
level @12#!. Then the remaining parameters to be determin
ared, u13, and the sign ofdm31

2 ~the sign ofdm21
2 is positive

for LMA !.
The usual proposal for testingCP violation in the neu-

trino sector is to measure bothnm→ne and n̄m→ n̄e prob-

abilities. Asd varies for givenu13 and sgn(dm31
2 ), an ellip-

tical orbit will be traced inP–P̄ space@16,23#. The shape of
the ellipse is determined by the relative phases of the te
involving d. We identify three possible cases.

~i! DÞnp/2. In this case, both the sind and cosd terms
are nonzero and the orbit for fixedu13 is an ellipse. Each
value of d gives a distinct point inP–P̄ space for a given

u13. For D5(n2 1
2 ) 1

2 p the ellipse has the maximum ‘‘fat
ness’’@23#, i.e., it is as close as possible to a circle given t
values off and f̄ .

~ii ! D5(n2 1
2 )p, wheren is an integer. In this case th

cosd term vanishes and the orbit ellipse collapses to a line
f . f̄ ~such as at shortL where matter effects are small!, CP

violation is measured directly by comparing then and n̄
event rates~after correcting for the differences in the cro
sections and initial flux normalization!.

~iii ! D5np. In this case the sind term vanishes, the el
lipse collapses to a line, andCP violation is measured indi-
rectly by parametrically determining the value ofd and not
by the measurement of aCP-violating quantity.

1The misconception that the cosd term dominates at largeL and
En comes from extending the largeEn approximation beyond its
range of validity, as discussed in Ref.@18#.
3-4
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There will be two ellipses for eachu13, one for each sign of
dm31

2 ; they both fall into the same class, i.e., if the ellipse
dm31

2 .0 is case~ii !, the ellipse fordm31
2 ,0 will also be case

~ii !.

C. CP degeneracy:„d,u13… ambiguity

In many cases the parameters (d,u13) can give the same
probabilities as another pair of parameters (d8,u138 ), for fixed
values of the other oscillation parameters; this is known
the ‘‘(d,u13) ambiguity’’ @24,25#. Using Eqs.~9! and ~10!,
ith
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the general formulas for the parameters (x8,d8) that give the
sameP and P̄ as (x,d) for DÞnp/2 @case~ii !# are

x8cosd85x cosd1
~ f 1 f̄ !~x22x82 !

4yg cosD
, ~20!

x8sind85x sind2
~ f 2 f̄ !~x22x82 !

4yg sinD
. ~21!

Equations~20! and ~21! can be used to derive
x82 2x25
4yg sin 2D@yg sin 2D1x f sin~D2d!1x f̄ sin~D1d!#

f 21 f̄ 222 f f̄ cos 2D
, ~22!
o a

r

n

from whichd8 can then be determined from Eq.~20! or ~21!.
In particular, a set of parameters which violatesCP (sind8
Þ0) can be degenerate with another set of parameters, w
differentu13, that conservesCP (sind50). It can be shown
that in all cases real solutions exist forx8, so there will be an
ambiguity between two sets of oscillation parameters
usind8u<1. Therefore we conclude that the use of a mono
ergetic beam at a fixedL will necessarily entail paramete
ambiguities if only the channelsnm→ne and n̄m→ n̄e are
measured. An example is shown in Fig. 2~a! for D53p/4.

WhenDÞnp/2, the (d,u13) ambiguity can give a degen
eracy betweenCP violating (CPV) and CP conserving
(CPC) solutions. If sind50 in Eq. ~21!, then sind8 is not
zero if f Þ f̄ ; the difference can be large iff and f̄ differ
substantially due to large matter effects. For example, in F
2~a! the prediction for (P,P̄) for (sin22u13,d)5(0.01,0) is
identical to that for (0.00298,1.48p).

For cases~ii ! and ~iii ! above, the ellipse collapses to
line. The ambiguities then reduce tox85x @see Eq.~22!# and
sind85sind in case~ii ! and cosd85cosd in case~iii !. Thus
the ambiguity no longer involvesu13 ~and hence in principle
u13 is determined, at least as far as the (d,u13) ambiguity is
concerned!, but instead is a (d,p2d) ambiguity~which does
not mix CPC andCPV solutions! in case~ii ! and a (d,2p
2d) ambiguity in case~iii !. Examples for cases~ii ! and~iii !
are shown in Figs. 2~b! and 2~c!, respectively. ForD
.np/2 the orbit ellipse is very skinny and the ambiguo
u13 values are close to each other, which qualitatively
similar to either case~ii ! or case~iii !.

Note that in both Figs. 2~b! and 2~c! the orbit line has a
negative slope. It can be shown that forÂ,1 ~i.e., density
less than the critical density for resonance! the orbit lines in
(P,P̄) space have negative slope forD5np/2. For Â.1,
the orbit lines forD5np/2 have positive slope.

D. Mass hierarchy degeneracy: sgn„dm31
2
… ambiguity

In addition to the (d,u13) ambiguity discussed above for
given sgn(dm31

2 ), in some cases there are also parame
a

if
-

g.

s

rs

(d8,u138 ) with dm31
2 ,0 that give the sameP and P̄ as

(d,u13) with dm31
2 .0. Three examples of the sgn(dm31

2 )
ambiguity are shown in Fig. 3. Furthermore, there is als
(d8,u138 ) ambiguity fordm31

2 ,0, so in principle there can be
a fourfold ambiguity, i.e., four sets ofd and u13 ~two for
dm31

2 .0 and two fordm31
2 ,0) that give the sameP and P̄.

As with the (d,u13) ambiguity, the sgn(dm31
2 ) ambiguity

can mixCP conserving andCP violating solutions. For ex-
ample, in Fig. 3~a! the prediction for (P,P̄) for
(sin22u13,d)5(0.01,0) withdm31

2 5331023 eV2 is identi-
cal to that for (0.0138,4p/3) with dm31

2 52331023 eV2.
Although the general equations for the sgn(dm31

2 ) ambi-
guity are somewhat messy, for the caseD5(n2 1

2 )p the
values of (x8,d8) for dm31

2 ,0 that give the sameP andP̄ as
(x,d) for dm31

2 .0 are determined by

x82 5
x2~ f 21 f̄ 22 f f̄ !22yg~ f 2 f̄ !x sind sinD

f f̄
, ~23!

x8sind85x sind
f 21 f̄ 22 f f̄

f f̄
2

x2

sinD

f 21 f̄ 2

f f̄

f 2 f̄

2yg
.

~24!

If sin d50 then Eq.~24! reduces to

sind852x
f 21 f̄ 2

f f̄

f 2 f̄

2yg sinD
A f f̄

f 21 f̄ 22 f f̄
, ~25!

which is not zero if f Þ f̄ , i.e., whenever there are matte
effects, so there is a potentialCPC/CPV confusion as long
as the right-hand side of Eq.~25! has magnitude less tha
unity. It is possible to haved85p/2 whend50, i.e.,CPC
can be confused with maximalCPV @see Fig. 3~b!#.

The ambiguity between parameters withdm31
2 .0 and

dm31
2 ,0 occurs only for some values ofd, and does not

occur at all if matter effects are large enough~i.e., L andu13
3-5
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FIG. 2. Orbit ellipses showing (d,u13) ambiguity for L
51290 km with ~a! En52.09 GeV (D53p/4), ~b! En

53.13 GeV (D5p/2), and ~c! En51.565 GeV (D5p) for
sin22u1350.01 and 0.00298. The other parameters aredm31

2 53
31023 eV2, dm21

2 5531025 eV2, sin22u2351, and sin22u12

50.8. The value ofd varies around the ellipse. In~b! and ~c! the
ellipse collapses to a line and the ambiguity reduces to a (d,p
2d) or (d,2p2d) ambiguity, respectively, and different values
u13 do not overlap@for the same sgn(dm13

2 )].
07302
FIG. 3. Sgn(dm31
2 ) ambiguity for L5730 km with ~a! En

53.54 GeV (D5p/4), ~b! En51.77 GeV (D5p/2), and~c! En

50.885 GeV (D5p). The other parameters aredm21
2 55

31025 eV2, sin22u2351, and sin22u1250.8.
3-6



f
e,

.

f

e

t
is

e

r

e
th

e

ll

ri

e

BREAKING EIGHTFOLD DEGENERACIES IN NEUTRINO . . . PHYSICAL REVIEW D65 073023
are large enough! @26,27#. The conditions for the existence o
this ambiguity will be discussed further in Sec. III B. Not
however, that the sgn(dm31

2 ) ambiguity can still confuse dif-
ferent values ofd andu13 even forD5np/2 @see, e.g., Figs
3~b! and 3~c!#, unlike the (d,u13) ambiguity whereu13 is
removed from the ambiguity forD5np/2.

E. Atmospheric angle degeneracy:„u23,pÕ2Àu23… ambiguity

There is yet another ambiguity in the determination od
and u13, which involves the value ofu23. In practice it is
only sin22u23 that is determined by anm survival measure-
ment ~for now we ignore matter corrections tonm→nm ,
which are relatively small for oscillations involving activ
flavors!, sou23 cannot be distinguished fromp/22u23. The
effect of this degeneracy can be seen by interchanging sinu23
and cosu23 in Eqs.~11! and~12!. For u23.p/4 ~the favored
solution from atmospheric data! the ambiguity vanishes, bu
for sin22u23.0.9 it can have a sizable effect, since in th
case sin2u2350.35 and cos2u2350.65. Three examples of th
u23 ambiguity are shown in Fig. 4. Theu23 ambiguity can
also mixCPC andCPV solutions; for example, in Fig. 4~a!,
the prediction for (P,P̄) for (sin22u13,sinu23,d)
5(0.01,0.585,0) is identical to that fo
(0.00107,0.811,4p/3).

As with the sgn(dm31
2 ) ambiguity, the equations for th

u23 ambiguity are rather messy in the general case. For
special caseD5(n2 1

2 )p, we have

sin22u138 5sin22u13tan2u23

1
a2g2sin22u12

f f̄
~12tan2u23!, ~26!

sin 2u138 sind85sin 2u13sind

1
ag~ f 2 f̄ !sin 2u12

f f̄

cot 2u23

sinD
, ~27!

where (d,u13) are the parameters that give a certain (P,P̄)
for 0,u23,p/4 and (d8,u138 ) are the parameters that giv

the same (P,P̄) for p/22u23. We see that even forD
5np/2 theu23 ambiguity can mixCPC andCPV solutions,
since sind50 does not necessarily imply sind850. Further-
more, even forD5np/2 the u23 ambiguity mixes solutions
with differentu13 @see Eqs.~26! and~27!, and Figs. 4~b! and
4~c!#, unlike the (d,u13) ambiguity whereu13 is removed
from the ambiguity forD5np/2.

Since a is a small parameter~and possibly even sma
compared to sin 2u13), the numerical uncertainty ind due to
the u23 ambiguity is generally small, of order 0.07p or less,
when D5(n2 1

2 )p, L52900 km, dm21
2 51024 eV2, and

sin22u1350.01. This effect is of order of the expected expe
mental uncertainty ind @16,28#. The size of thed ambiguity
decreases with decreasing matter effect~smallerL) and with
decreasingdm21

2 , so for a wide range of parameters th
CPC/CPV confusion from theu23 ambiguity is not too se-
vere. On the other hand, the sin22u13 confusion is approxi-
07302
e

-

FIG. 4. (u23,p/22u23) ambiguity for L51290 km with ~a!
En52.09 GeV (D53p/4), ~b! En53.13 GeV (D5p/2), and~c!
En51.565 GeV (D5p). The other parameters aredm21

2 55
31025 eV2, and sin22u1250.8.
3-7



V. BARGER, D. MARFATIA, AND K. WHISNANT PHYSICAL REVIEW D 65 073023
TABLE II. Possible neutrino beam energiesEn ~in GeV! versus baseline~in km! andD that will convert
the (d,u13) ambiguity to a simple (d,p2d) ambiguity, fordm31

2 5331023 eV2. For other values ofdm31
2 ,

En scales proportionately withdm31
2 . Only values ofEn.0.5 GeV are considered.

D 300 km 730 km 1290 km 1770 km 2100 km 2600 km 2900 km

p

2
0.73 1.77 3.13 4.29 5.12 6.34 7.03

3p

2

0.59 1.04 1.43 1.71 2.11 2.34

5p

2

0.63 0.86 1.02 1.27 1.41

7p

2

0.61 0.73 0.91 1.00

9p

2

0.57 0.70 0.78
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mately a factor tan2u23 @see Eq.~26!#, which lies roughly in
the range1

2 to 2 for sin22u23>0.9.

F. Comments on parameter degeneracies

In the preceding three sections we have shown tha
principle there can be as much as an eightfold ambiguity
determiningd andu13 from P(nm→ne) andP̄( n̄m→ n̄e) at a
single L and En , which comes from the presence of thr
independent twofold ambiguities: (d,u13), sgn(dm31

2 ), and
(u23,p/22u23). For each type of ambiguity there is the po
sibility of being unable to distinguish betweenCP violating
andCP conserving parameters. Measurements at multipL
andEn can be used to help discriminate the different deg
erate solutions, but that would involve extra detectors o
much longer total running time, and probably reduced sta
tics for each (L,En) combination. In the next section we wi
explore whatL and En values do best at resolving thes
potential degeneracies without resorting to measuremen
different L and/orEn . We then will examine whatL andEn

for a second measurement can remove the remaining de
eracies.

In the Appendix we demonstrate that the analytic expr
sions are accurate forEn.0.5 GeV for baselines up to
4000–5000 km. For much lowerEn ~as low as 0.05 GeV!
they are still accurate at shorter distances (L&350 km) if a
and u13 are not too large~see the discussion in the Appe
dix!. Therefore we expect that the qualitative aspects of
three ambiguities are unchanged for shortL, low En experi-
ments such as CERN-Frejus.

III. RESOLVING PARAMETER DEGENERACIES

A. Resolving the„d,u13… ambiguity

As discussed in Secs. II B and II C, the choiceD5np/2
causes the orbit ellipse in (P,P̄) space to collapse to a lin
and the (d,u13) ambiguity reduces to one involving onlyd,
i.e., the combination ofP and P̄ gives a unique value ofu13

~at least for one sign ofdm31
2 ). Furthermore, sinced only

becomes confused withp2d @in case~ii ! of Sec. II C# or
2p2d @in case~iii !#, CP conserving solutions never becom
mixed with CP violating ones. Case~ii ! @with D5(n
07302
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21
2)p# has another advantage in that thenm→nt oscillation

is approximately maximal@see Eq.~A3!#, which would fa-
cilitate a better measurement of sin22u23 and dm31

2 . There-
fore the choiceD5(n2 1

2 )p is the best for resolving the
(d,u13) ambiguity. Some representative beam energies
particular baselines are given in Table II.

B. Resolving the sgn„dm31
2
… ambiguity

The parameter degeneracy associated with the sign
dm31

2 can be overcome if there is a large matter effect t

splitsP andP̄, e.g., ifL is sufficiently long andu13 is not too
small @26,27#. To determine the minimum value ofu13 that
avoids the sgn(dm31

2 ) ambiguity, we must first find the re

gion in (P,P̄) space covered by each sgn(dm31
2 ), and then

determine the condition onu13 that ensures the regions fo
different sgn(dm31

2 ) do not overlap.
The orbit ellipse for a given sgn(dm31

2 ) moves asu13

changes, sweeping out a region in (P,P̄) space. All points on
each orbit ellipse~for a givenu13) that lie inside the region
will overlap an orbit ellipse for a differentu13 @this is what
leads to the (d,u13) ambiguity#. However, the points on the
orbit ellipse that lie on the boundaries of the region do n
have a (d,u13) ambiguity, i.e., there are unique values ofu13
and d for that point. This implies that for points on th
boundary of the region,x5x8 andd5d8 in Eqs.~20!–~22!.
For DÞnp/2, the condition becomesx f sin(D2d)
1xf̄ sin(D1d)1ygsin 2D50. Solving ford and substituting
into Eqs.~9! and ~10! we find the coordinates of thedm31

2

.0 envelope in (P,P̄) space are given by

P5x2f 21y2g2

2
2y2g2f 2sin22D62yg fAz~ f cos 2D2 f̄ !

f 21 f̄ 222 f f̄ cos 2D
, ~28!

where

z5x2~ f 21 f̄ 222 f f̄ cos 2D!2y2g2sin22D, ~29!

and P̄ is found by interchangingf↔ f̄ and lettingg→2g.
For dm31

2 ,0, the values ofP and P̄ on the envelope can b
3-8
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found by interchangingP and P̄. Although the general solu
tion is complicated, for the special caseD5(n2 1

2 )p it is not
hard to show that the two sgn(dm31

2 ) regions do not overlap
if

x.
2yg

f 2 f̄
. ~30!

Note that matter effects splitf and f̄ , which decreases th
minimum value of value ofx ~and hence of sin22u13) needed
to avoid any sgn(dm31

2 ) ambiguity. Becausex}sin 2u13 and
y}dm21

2 , the corresponding minimum value of sin22u13 in-
creases as the square ofdm21

2 . The minimum values of
sin22u13/(dm21

2 )2 are plotted versusEn for various values of
L in Fig. 5. ForD5p/2, the sgn(dm31

2 ) ambiguity would be
resolved for sin22u13.0.01 ~0.04! at L51290 km, the dis-
tance from Fermilab to Homestake, ifdm21

2 55
31025 (1024) eV2. For L.2600 km ~Brookhaven-
Homestake or Fermilab–San Jacinto!, sgn(dm31

2 ) can be de-
termined for values of sin22u13 as low as 0.002~0.008! for
dm21

2 5531025 (1024) eV2.
Figure 5 shows thatD53p/2 would be unsatisfactory in

distinguishing sgn(dm31
2 ); in fact, measurements atD5(n

2 1
2 )p do increasingly worse asn increases, as can be show

using Eq. ~13!. For D5(n2 1
2 )p, we have u f / f̄ u5(1

1Â)/(12Â); since Â is proportional toEn , and En de-
creases withn for fixed L, larger values ofn will have
smallerÂ. Thus, the values off and f̄ will be closer for larger
n, reducing the size of the matter effect~at least as far as
splitting P and P̄ is concerned!. For D53p/2 anddm32

2 55
31025 eV2, the value of sin22u13 must be greater than
about 0.25 which is excluded by CHOOZ@3#. Even the most
optimistic case forD53p/2 @which occurs for the highes
value of dm21

2 (.1024 eV2) allowed in the LMA region#
requires sin22u13*0.06. Thus, the proposal of Ref.@29# to
perform experiments at highern suffers from an inability to
determine sgn(dm31

2 ). Practically speaking, onlyn51 will
provide sufficient discrimination for sgn(dm31

2 ) if D is re-
stricted to the values (n2 1

2 )p. We henceforth restrict our
selves to this case.

By combining D5p/2 with a sufficiently longL, the
combined fourfold ambiguity involving d, u13, and
sgn(dm31

2 ) can be reduced to a simple (d,p2d) ambiguity
that in principle determines whetherCP is conserved or vio-
lated. Some possibilities are shown in Figs. 6 and 7. As F
6 shows, fordm21

2 5531025 eV2, L51290 km is~barely!
sufficient to distinguish sgn(dm31

2 ) for sin22u13 as low as
0.01. However, for dm21

2 51024 eV2, L.2000 km is
needed. In practice, experimental uncertainties and un
tainties on the matter distribution@30# increase the likelihood
of having a sgn(dm31

2 ) ambiguity, so that a separation of th
two regions greater than the size of the experimental un
tainties is required.
07302
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C. Resolving the„u23,pÕ2Àu23… ambiguity

Even if D is chosen to mitigate the effects of the (d,u13)
ambiguity, andL is chosen long enough to eliminate th
sgn(dm31

2 ) ambiguity, there still remains the (u23,p/2
2u23) ambiguity. Ifu23.p/4 this ambiguity disappears, an
choosingL and En such thatD5p/2 leaves a simple (d,p
2d) ambiguity. Ifu23 deviates fromp/4, then there does no
appear to be a judicious choice of a singleL andEn that can
resolve theu23 ambiguity.

The problem in resolving theu23 ambiguity lies in the fact
that in the leading term inP(nm→ne) and P̄( n̄m→ n̄e),
sin 2u13 is always paired with sinu23 @see Eqs.~9! and~10!#,
and so if there are two values ofu23 derived from the mea-
sured value of sin22u23, there will be two corresponding val
ues of sin22u13. Since sin22u23 can be as low as 0.9, the tw
values of sin2u23 can be as far apart as 0.35 and 0.65, a
therefore the ambiguity in sin22u13 can be as large as a facto
1.86 at leading order@Eq. ~26! in the limit thata is small#.
The next-to-leading term in the probabilities in Eqs.~9! and
~10! is proportional to sin 2u23, and therefore cannot resolv
the ambiguity. The last term inP(nm→ne) is proportional to
cos2u23, so that the relative weighting of the last term com
pared to the leading term is affected by the value of sinu23.
However, the last term is suppressed bya2, and is generally
much smaller than the leading term~at least for sin22u13
>0.01, the approximate region where superbeam exp
ments will be able to probe!. Hence, even measurements a
secondL and En would likely be unable to resolve theu23
ambiguity if it exists~i.e., u23 not close top/4).

If one could also measureP(ne→nt) ~see the Appendix
for an approximate analytic expression!, then a comparison
with P(ne→nm) should determine whetheru23 is above or
below p/4; the leading term inP(ne→nt) can be obtained
from the leading term inP(nm→ne) by the replacement o
sinu23 by cosu23. A ne→nt measurement could be done in
neutrino factory; in fact, a neutrino factory may be the on

FIG. 5. Minimum value of sin22u13/(dm21
2 )2 that avoids the

sgn(dm31
2 ) ambiguity, plotted versusL for D5p/2 ~solid curve! and

3p/2 ~dashed!, with dm31
2 5331023 eV2. The corresponding val-

ues ofEn are marked on the curves.
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practical way to resolve theu23 ambiguity, if it exists. A
neutrino factory experiment also provides energy spect
information that could be helpful in resolving parameter a
biguities @25,31#.

FIG. 6. Resolution of combined (d,u13) and sgn(dm31
2 ) ambi-

guities whenD5p/2 for ~a! L51290 km,~b! L51770 km, and~c!
L52900 km, withudm31

2 u5331023 eV2, udm21
2 u5531025 eV2,

and sin22u2351.
07302
m
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D. Measurements at a secondL andÕor En

As we have demonstrated, measurements at a singleL and
En cannot resolve all parameter ambiguities. A second
periment at a differentL and/orEn , with a different value of
D, is required for this purpose. The best sets ofL andEn are
those that are complementary, i.e., the second experim

FIG. 7. Same as Fig. 6, except forudm21
2 u51024 eV2.
3-10
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should provide the clearest distinction between the param
ambiguities of the first experiment. In this section we disc
three possible scenarios, each with measurements at twL
andEn combinations.

1. Scenario A

In this scenario the first measurement would be done
D15p/2 @with L/En given by Eq.~19!#. As discussed earlier
this choice isolates the sind term, removesu13 from the
(d,u13) ambiguity, and the remaining (d,p2d) ambiguity
does not mixCPC andCPV solutions. TheseL/En values
also give a largenm disappearance, which facilitates the pr
cision measurement ofdm31

2 and sin22u23. The baselineL
should be large enough to avoid the sgn(dm31

2 ) ambiguity
(L*2000 km assures this for sin22u13*0.01). Representa
tive values ofL and En are given in Table II. Measuring
P(nm→ne) and P̄( n̄m→ n̄e) at one suchL and En should
determine sgn(dm31

2 ), u13 ~modulo the u23 ambiguity, if
present!, and whether or notCP is violated~as discussed in
Sec. II E, the existence of au23 ambiguity will not give a
large amount ofCPC/CPV confusion!.

The second measurement should be one that best res
the (d,p2d) ambiguity. In principle,D25p, which elimi-
nates the sind terms in the probabilities and leaves only cod
terms, gives the maximal separation ofd and p2d. Thus,
the first measurement gives sind, the second gives cosd,
from which the value ofd may be inferred. Furthermore,
u13 is determined from the first measurement, then bothP

and P̄ would not have to be measured in the second m
surement; one is sufficient to determined. Whether one used
neutrinos or antineutrinos in the second measurement w
be determined by which gave the larger event rate, tak
into account neutrino fluxes, cross sections, and oscilla
probabiltities. Ifdm31

2 .0, then neutrinos would be best fo
the second measurement due to the larger flux and c
section; fordm31

2 ,0, antineutrinos may be the better choi
if the matter enhancement is enough to overcome the lo
flux and cross section for antineutrinos. If both the first a
second measurements are done at the sameL, then D25p
means that the appropriate energy in the second experim
is E25E1/2.

In practice, there are other valuesD2 that are not close to
p/2 that could potentially work for the second measureme
The optimalD2 also depends on the particular values off, f̄
andg at the variousL andEn , as well as on neutrino param
eters that are currently unknown (dm21

2 , u12, andu13!. We
do not pursue the optimization here.

2. Scenario B

If the first measurement is done at anL that is not large
enough to resolve the sgn(dm31

2 ) ambiguity, then the secon
measurement must be tailored to both determine sgn(dm31

2 )
and resolve the (d,p2d) ambiguity, i.e., it must break a
fourfold degeneracy. As discussed above, the choiceD25p
determinesd, but it can be shown that at shorterL an ap-
proximate degeneracy with parameters of the oppo
sgn(dm31

2 ) remains@e.g., see Fig. 3~c!#. Another example is
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shown in Fig. 8~a!, where the near degeneracy of paramet
with the opposite sgn(dm31

2 ) remains for some values ofd
@while the crosses in Fig. 8~a! are well separated in the sec
ond measurement, the boxes are not#. However, at D2

5p/(16Â), either f̄ or f vanishes~depending on the sign o
dm31

2 ), and the four ambiguous solutions occupy four se

rate regions in (P,P̄) space, as shown in Fig. 8~b!. Although
the four regions in Fig. 8~b! overlap somewhat, when th
point of one degenerate solution is in the overlap region
points of the other three degenerate solutions are not~the
crosses and boxes are always well separated!. Thus the four-
fold ambiguity involving (d,p2d) and sgn(dm31

2 ) will al-
ways be resolved. A disadvantage of scenario B is that
cause eitherf or f̄ is zero in the second measurement,P and
P̄ tend to be smaller, so that event rates may be somew
lower than for other values ofD.

Some examples are given in Table III. For instance, if
first baseline isL15730 km ~Fermilab to Soudan!, then
D15p/2 for E51.77 GeV, and two possibilities for a sec
ond experiment with the same beam energy areL251295
and 1700 km, which serendipitously are very close to
distances from Fermilab to Homestake and from Fermilab
Carlsbad~or Brookhaven to Soudan!.

In practice, narrow band beams are not monoenerge
However, values ofD2 close top/(16Â) also give reason-
ably good separation of the ambiguities, as long asD2 is not
close top. If the fractional beam spread is more thanuÂu, a
slightly different average value ofD2 might be preferable, to
ensure that no significant part of the beam hasD2 too close
to p.

Figure 9 summarizes the possibilities for Scenerios A a
B, showingEn versusL for the first measurement done
D15p/2 ~solid curve! and a possible second measuremen
D25p ~Scenario A, dotted curve! or p/(16Â) ~Scenario B,
dashed curves!.

3. Scenario C

This scenario uses the fact that the probabilities are ins
sitive to the parameters of thedm21

2 scale atL.7600 km, as

noted in Sec. II B. If the first measurement ofP and P̄ were
done atL.7600 km,u13 would be determined~modulo the
u23 ambiguity!, and because the distance is large enou
sgn(dm31

2 ) would also be determined from the large mat

effect. A second measurement ofP andP̄ could then be done
at anL and En such thatD5(2n21)p/4, which gives the
maximum ‘‘fatness’’ of the orbit ellipse@23# ~see Sec. II B!,
which in turn should best distinguish different values ofd.
One disadvantage of Scenarios B and C compared to
nario A is that bothP and P̄ must be determined in both
measurements.

4. Discussion of scenarios

Although the three scenarios discussed above are not
essarily the only solutions to the ambiguities, in each c
one measurement is chosen to eliminate one or more of
parameters from the ambiguities, leaving the second m
3-11
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surement to resolve only the remaining ambiguities. In t
sense, they are cleaner measurements. Scenario A woul
pear to be more favorable, since in principle the first m
surement alone could determine sind, sgn(dm31

2 ), and u13

~modulo theu23 ambiguity!, and thus determine whether o
not CP is violated. Also, as discussed in Sec. II E, even
there is au23 ambiguity, the magnitude of theCPC/CPV
confusion appears to be relatively small for the usual ra
of neutrino parameters considered.

5. Implication for JHF experiments

The proposed SuperJHF-HyperKamiokande experim
@16# satisfies the requirements for the first experiment of S

FIG. 8. Values ofP andP̄ in a second measurement when the
is a fourfold degeneracy in the first measurement for~a! E2

51.18 GeV (D253p/4) and~b! E250.94 GeV@D25p/(11Â)
50.94p#, with L15L25730 km andE151.77 GeV (D15p/2).
Each curve~solid, dashed, dotted, dash-dotted! represents one of the
four solutions that are degenerate. Points labeled by the same
bol ~crosses or boxes! correspond to solutions that are degener
with each other in the measurement atL1 andE1.
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nario B. The plan is to have a neutrino energy such thatD is
at the first peak of the oscillation forL5300 km; if D is not
exactly on the peak~e.g., if dm31

2 5331023 eV2), a long
narrow ellipse results instead of a straight line~see Fig. 10!.
Because the distance is relatively short, the sgn(dm31

2 ) am-
biguity is not likely to be resolved since there is considera
overlap of the two sgn(dm31

2 ) ellipses@see Fig. 10~b!#. For
example, for sin22u1350.01 the point ford50 with dm31

2

.0 is nearly the same as the point ford51.18p for dm31
2

,0 @Eq. ~25!, which measures the size of theCPC/CPV
confusion for the sgn(dm31

2 ) ambiguity, gives about the sam
numerical result#. The expected 90% C.L. uncertainty ind in
this case is about 0.07p neard50 @16#, so we see that the
sgn(dm31

2 ) ambiguity caused by the matter effect would s
riously impede a proper measurement ofd, although there is
the possibility that the SuperJHF-HyperK experiment mig
measure a point (P,P̄) that was sufficiently outside the ove
lap region, thereby determining sgn(dm31

2 ) @23#. A possible
(u23,p/22u23) ambiguity also remains, which could lead
a corresponding ambiguity inu13, as shown in Fig. 10~c!.

m-
e

TABLE III. Possible sets of neutrino beam energies and ba
lines that will resolve the fourfold parameter ambiguity when t
measurements are done at shorterL @such that the sgn(dm31

2 ) am-
biguity is not resolved in either experiment#.

Fixed L ~km! E1 ~GeV! E2 ~GeV!

300 0.73 0.355, 0.375
730 1.77 0.835, 0.940

Fixed E ~GeV! L1 ~km! L2 ~km!

0.73 300 575, 630
1.77 730 1295, 1700

FIG. 9. Values ofL andEn for a first measurment atD15p/2
~solid curve! and a second measurement atD25p ~Scenario A,

dotted! or p/(16Â) ~Scenario B, dashed!, which breaks the param
eter degeneracy in each case.
3-12
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FIG. 10. Examples of the three types of ambiguities for
proposed SuperJHF-HyperK experiment@16# with L5300 km and
En50.7 GeV:~a! (d,u13) ambiguity,~b! sgn(dm31

2 ) ambiguity, and
~c! (u23,p/22u23) ambiguity. In each casedm21

2 5531025 eV2,
sin22u2351, and sin22u1250.8, unless otherwise stated in the figur
The circle in ~b! indicates the size of the expected experimen
uncertainties@16#.
07302
Even though JHF may not sit exactly on the peak of
oscillation~i.e., D5p/2!, Fig. 10 shows that the three amb
guities discussed here are present. Also, Fig. 10~a! shows
that the ambiguity inu13 is relatively small~of order 10% or
less! if D is close, but not exactly equal, top/2. Thus as long
asL/En is chosen so that the oscillation is close to the fi
peak, we expect that the scenarios discussed here for d
mining the neutrino mass and mixing parameters will
valid.

IV. SUMMARY

There is an eightfold, (d,u13)-sgn(dm31
2 )-(u23,p/2

2u23) degeneracy affecting the neutrino mixing matrix d
termined in long-baseline neutrino oscillation experiments
sin22u23 is almost unity as is favored by current Super-K a
K2K data, this is reduced to a fourfold ambiguity. To bre
this fourfold ambiguity to a simple (d,p2d) ambiguity
which does not interfere with a determination of whether
not CP is violated in the neutrino sector, we find that a
experiment should be performed at the first oscillation ma
mum corresponding toD5p/2 and at a baseline of at lea
about 1300–2000 km, depending on the value ofdm21

2 . Rep-
resentative values ofL andEn that yieldD5p/2 are given in
Table II.

The obvious advantages of choosingD5p/2 are thatnm
→ne transitions are nearly maximal even when matter
fects are accounted for and thenm→nt oscillation ~which
has small matter effects! is maximal, allowing a precise mea
surement of sin22u23 and dm31

2 . By choosingD5p/2, the

(d,u13) degeneracy represented by theP-P̄ ellipse collapses
to a line leaving a (d,p2d) ambiguity ~see Fig. 2! which
unambiguously determines whether or notCP is violated.
The central reason for the choice of the first oscillation pe
over other peaks is that practically speaking, the sgn(dm31

2 )
ambiguity can be resolved only for this peak~see Fig. 5!.
The other peaks succeed in eliminating this ambiguity o
for the smallest values ofdm21

2 in the LMA region and for
sin22u13 close to the CHOOZ bound. As shown in Figs. 6 a
7 to remove this ambiguity simultaneously with the (d,u13)
ambiguity requires that the baseline be at least 1300 km
sin22u13.0.01 anddm21

2 5531025 eV2. For lower values
of sin22u13 and/or higher values ofdm21

2 , longer baselines
than this are needed. The exciting aspect of an experime
D5p/2 and a sufficiently long baseline is that all degene
cies other than the (u23,p/22u23) degeneracy can be broke
to a harmless (d,p2d) ambiguity with only a single base
line and energy. The remaining (d,p2d) ambiguity can be
removed by making a second measurement atD5p which
leaves only cosd terms in the probabilities and provides th
maximal separation betweend and p2d. The (u23,p/2
2u23) degeneracy cannot be eliminated even with meas
ments at a second baseline and energy because in the le
term in P(nm→ne) and P̄( n̄m→ n̄e), sin 2u13 is paired with
sinu23 @see Eqs.~9! and~10!#. Fortunately, the mixing of the
CPC andCPV solutions arising from this degeneracy are
order or smaller than the experimental uncertainty ind,
thereby making it less severe. Only a neutrino factory, wh
l
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offers the unique ability to compareP(ne→nm) and P(ne
→nt), can disentangle sin 2u13 from sinu23 and find whether
u23 is less than or greater thanp/4.

If it is not possible to have an experiment withL suffi-
ciently large to find sgn(dm31

2 ), a second experiment is nec
essary to simultaneously resolve the (d,p2d) ambiguity
and determine sgn(dm31

2 ). One possibility is to choseD
5p, but as suggested by Fig. 3~c!, a sgn(dm31

2 ) ambiguity
may still remain when experimental errors are included
D5p/(16Â), either f or f̄ vanishes, depending o
sgn(dm31

2 ), and the fourfold degeneracy breaks into fo
separate regions as in Fig. 8~b!. See Table III for some ex
amples of how this scenario can be implemented. The p
posed SuperJHF-HyperK experiment would satisfy the
quirements for the first measurement of this type; it has
limitation of a possible sgn(dm31

2 ) confusion that leads to a

TABLE IV. The average values of the electron density^Ne& at
baselines for which the analytic approximations of the probabili
accurately represent the numerical integration of the evolu
equations.

Baseline~km! ^Ne&

0–800 1.284400
900 1.320264

1000 1.356722
1100 1.374506
1200 1.474359
1300 1.516450
1400 1.543904
1500 1.563676
1600 1.578441
1700 1.590218
1800 1.599484
1900 1.607012
2000 1.613276
2100 1.618752
2200 1.622966
2300 1.626689
2400 1.630101
2500 1.633021
2600 1.635155
2700 1.636799
2800 1.638902
2900 1.640515
3000 1.641341
3100 1.642923
3200 1.643719
3300 1.644499
3400 1.653481
3500 1.659367
3600 1.663974
3700 1.668762
3800 1.672956
3900 1.676851
4000 1.681093
07302
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ambiguity in the value ofd, which may compromise its abil
ity to unambiguously establishCP violation.

In Fig. 9 we summarize the baselines and energies for
measurements, one atD15p/2 and another at eitherD2

5p @if the first measurement can determine sgn(dm31
2 ) and

only the (d,p2d) ambiguity needs resolution# or D2

5p/(16Â) @if the first measurement cannot be performed
a long enough baseline and the fourfold degeneracy (d,p
2d)-sgn(dm31

2 ) needs to be broken#. Another possibility is

to have one measurement atL.7600 km withÂD15p and
a second measurement withD2.(2n21)p/4. If K2K,
MINOS, ICARUS and OPERA find thatu23 is not very close
to p/4, a neutrino factory will be needed to resolve t
(u23,p/22u23) ambiguity.

In our analysis we have assumed thatdm31
2 and sin22u23

are known when the experiments described here are don
fact, they will likely be determined only to 10% or so. Onc
these uncertainties are included the minimum value ofL re-

s
n

FIG. 11. P(nm→ne) and P̄( n̄m→ n̄e) versus L for d
50,p/2,p,7p/4. The agreement between the analytic formu
~solid lines! and the numerical results~dashed lines! is excellent for
distances up to about 4000 km. The parameters chosen to mak
comparison aredm31

2 53.531023 eV2, dm21
2 5531025 eV2, u23

5p/4, u125p/6, sin22u1350.01, andEn55 GeV.
3-14
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quired to resolve the sgn(dm31
2 ) ambiguity, e.g., in Scenario

A, could be slightly longer than indicated here. Also, beca
dm31

2 is not precisely known, the average neutrino ene
will not necessarily be exactly at the peak defined byD
5p/2. However, as our analysis of the proposed SuperJ
HyperK experiment shows, only minimal uncertainties ind
and sin22u13 are introduced by these factors, and the th
principal ambiguities discussed in this paper will be quali
tively unchanged.
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APPENDIX

We provide a complete set of analytic expressions for
off-diagonal probabilities that are valid in the regimeuÂu

FIG. 12. P(ne→nt) andP̄( n̄e→ n̄t) versusL for the same set of
parameters as in Fig. 11.
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.uau, which roughly translates toEn.0.5 GeV. The diago-
nal probabilities can easily be found from them. The o
diagonal probabilities are for a normal hierarchy@in addition
to Eqs.~9! and ~10!#

P~ne→nt!5cot2u23x
2f 2

22xy f g~cosd cosD1sind sinD!

1tan2u23y
2g2, ~A1!

P̄~ n̄e→ n̄t!5cot2u23x
2 f̄ 2

22xy f̄g~cosd cosD2sind sinD!

1tan2u23y
2g2, ~A2!

and

P~nm→nt!5sin22u23sin2D1a sin 2u23sin 2D

3S Â

12Â
sinu13sin 2u12cos 2u23sinD

2D cos2u12sin 2u23D . ~A3!

For P̄( n̄m→ n̄t), replaceÂ by 2Â in Eq. ~A3!. Note that
P(nm→nt) is independent ofd to O(a). To obtain the
probabilites for an inverted hierarchy, the transformationsÂ

→2Â, a→2a andD→2D must be made@implying f↔
2 f̄ and g→2g in Eqs. ~A1! and ~A2!#, and for the
T-reversed channels the sign of the sind term must be
changed.

FIG. 13. P(nm→nt) versusL. The analytic expression~solid
line! and the numerical calculation~dashed line! agree almost ex-

actly for the entire range inL. P̄( n̄m→ n̄t) is almost identical to
P(nm→nt) because of insignificant matter effects.
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We now compare the results of the analytic expressi
with the numerical integration of the evolution equations
neutrinos through the Earth. We integrate the equations a
a neutrino path using a Runge-Kutta method. The step siz
each point along the path is 0.1% of the shortest oscilla
wavelength given by the scalesdm31

2 andA. We account for
the dependence of the density on depth by using the Pre
nary Reference Earth Model~PREM! @32#. To calculate the
analytic probability, we use the average value of the elect
density along the neutrino path. We provide some value
Table IV for the reader’s use; they are not indicative of t
precision with which the electron density is known. We i
clude subleadingu13 effects, which however are not releva
for sin22u13 of O(0.01) or smaller. They are of importance
u13 for which the CHOOZ limit sin22u13,0.1 ~at 95% C.L.!
is saturated. The parameters chosen to make this compa
are dm31

2 53.531023 eV2, dm21
2 5531025 eV2, u23

5p/4, u125p/6, sin22u1350.01 andEn55 GeV. Thus, the
ensuing comparison is not affected by dropping sublead
u13 effects. A normal mass hierarchy (dm31

2 .0) is assumed.

FIG. 14. P(nm→ne) and P̄( n̄m→ n̄e) vs En for L52900 km.
The oscillation parameters are the same as in Fig. 11. The s
lines ~analytic equations! and dashed lines~numerical evaluation!
are almost undistinguishable.
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We will comment on the comparison involving an inverte
mass hierarchy.

Figure 11 showsP(nm→ne) and P( n̄m→ n̄e) versus dis-
tance ford50,p/2,p, and 7p/4. The agreement between th
analytic formulas~solid lines! and the numerical result
~dashed lines! is excellent for distances up to about 4000 k
Beyond that, the overlap between the lines degrades and
L*5000 km, the analytic equation completely breaks dow
The analytic expression forP( n̄m→ n̄e) works for much
longer distances than that forP(nm→ne). Analogously, for
the inverted mass hierarchy,P(nm→ne) is valid to longer
distances thanP( n̄m→ n̄e).

Reference@18# claims good agreement between the an
lytic and numerical results forL even larger than 10 000 km
when a constant density is assumed for the Earth’s den
profile. The use of a realistic density profile as in the PRE
model shows that the agreement deteriorates at much sm
distances.

For the sake of completeness we display the correspo
ing comparisons forP(ne→nt), P̄( n̄e→ n̄t) and P(nm
→nt) in Figs. 12 and 13. The parameter values chosen
the same as for Fig. 11. The range of validity of Eqs.~A1!
and~A2! is the same as for Eqs.~9! and~10!. However, Eq.
~A3! agrees almost exactly with the numerical result for t
entire range considered. This is because matter effects
very small in comparison to the leading contribution. For t
same reason,P̄( n̄m→ n̄t) is almost identical toP(nm→nt).

In Fig. 14 we show how well the analytic probabilitie
P(nm→ne) and P̄( n̄m→ n̄e) agree with the numerical inte
gration forL52900 km~the longest baseline emphasized
this work! as a function of neutrino energy. The oscillatio
parameters used are the same as for Fig. 11. The precisi
remarkable for the spectrum of energies of interest.
shorter baselines, the agreement gets even better.

We now make some cautionary remarks. Our comparis
were made fora50.0143, the parameter in which the seri

lid

FIG. 15. Density profiles along a selection of chords of lengthL
passing through the Earth; the horizontal axis is the fraction of
total path length.
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was expanded, and sin22u1350.01 which is assumed to be n
greater than ofO(a). These values are motivated by th
existing reactor bounds and global fits to the atmospheric
solar data. However, as either of these parameters gets la
the agreement between the analytic equations and the
merical results deteriorates at long baselines even if subl
ing u13 effects are included. Conversely, the agreement
proves with smaller values ofa andu13. As a rule of thumb,
we recommend that the constant density approximation
the probabilities be used only for distances less than 4
km. As can be seen from Fig. 15, forL,4000 km, the den-
23

r-
.

an
h

p-

1

nd

.

z-

i-

.
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sity profile is nearly constant for most of the neutrino pa
thereby satisfying the implicit assumption~of a constant den-
sity profile! under which analytic probabilities are valid.

We have stated that the analytic expressions are accu
for En.0.5 GeV for baselines of 4000–5000 km. This r
bust bound can be relaxed forL&350 km toEn as low as
0.05 GeV. However, for such low values ofEn , the sensitiv-
ity of the analytic probabilities toa andu13 is high and care
must be taken in their use. For example, a comparison wi
numerical integration is desirable ifa andu13 are relatively
large.
ys.
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