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We identify three independent twofold parameter degeneradig®, 4, sgn(5m§1) and (0o3, 72— 653)
inherent in the usual three-neutrino analysis of long-baseline neutrino experiments, which can lead to as much
as an eightfold degeneracy in the determination of the oscillation parameters. We discuss the implications these
degeneracies have for detecti@d violation and present criteria for breaking them. A superbeam facility with
a baseline at least as long as the distance between Fermilab and Honfg2&dkkn) and a narrow band beam
with energy tuned so that the measurements are performed at the first oscillation peak can resolve all the
ambiguities other than thef¢s, m/2— 6,3) ambiguity (which can be resolved at a neutrino faciognd a
residual ¢,7— 8) ambiguity. However, whether or n@P violation occurs in the neutrino sector can be
ascertained independently of the latter two ambiguities. Ther ¢ §) ambiguity can be eliminated by per-
forming a second measurement to which only the&tsms contribute. The hierarchy of mass eigenstates can
be determined at other oscillation peaks only in the most optimistic conditions, making it necessary to use the
first oscillation maximum. We show that the degeneracies may severely compromise the ability of the proposed
SuperJHF-HyperKamiokande experiment to establi$h violation. In our calculations we use approximate
analytic expressions for oscillation probabilitites that agree with numerical solutions with a realistic Earth
density profile.
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[. INTRODUCTION tions explain thev, flux suppression relative to the SSM
[10]. The solution with a large mixing angleeMA) and
The up or down asymmetry of the neutrino fl(originat-  small matter effects §m2,~5x10° eV? and amplitude
ing from cosmic ray interactions with the atmosphea¢  close to 0.8 has emerged as the most likely solution to the
SuperKamiokande is now a &Oeffect. A compelling inter-  solar neutrino probleril1]. This solution will be tested de-
pretation of this result is that neutrinos have mass and oscikisjvely by the KamLAND reactor neutrino experiméag].
late from one flavor to another. The atmospheric neutrino There are several parameter degeneracies that enter the
deficit is explained as a consequencevgf- v, oscillations  determination of the neutrino mixing matrix which can be
with almost maximal amplitude and mass-squared differremoved only with future oscillation studies with super-
ence, sm3,~3x10 % eV? [1]. The K2K experimen{2]  beams or neutrino factories. See Table | for a sample of
with a baseline of 250 km has preliminary results that are irproposed baselines. A notable example islthg (=sin 6,5
agreement with this interpretation. Oscillationsigfto veas e~ '%) element. Only an upper bound exists 8, nothing
an explanation of the atmospheric anomaly are ruled out bys presently known about th€ P phases, and the two al-
the CHOOZ[3] and Palo Verdg4] reactor experiments, ways appear in combination in the mixing matrix. It is the
which place a bound on the amplitude smaller than 0.1 at thereaking of such degeneracies that will be of concern to us in
95% confidence levelC.L.) in the 5m§1 region of interest. this work.
The MINOS[5], ICARUS [6] and OPERA7] experiments In Sec. Il we identify all the potential parameter degen-
are expected to come online in 2005 and study aspects of threxacies in the mixing matrix. We restrict our attention to the
oscillations at the atmospheric scdlg]. The low energy 3x3 matrix that describes the mixing of active neutrinos,
beam at MINOS will allow a very accurate determination of setting aside the possibility that the atmospheric, solar and
the leading oscillation parameters. ICARUS and OPERALiquid Scintillation Neutrino DetectoLSND) [13] data
should provide concrete evidence thgf— v, oscillations  may require the existence of a fourth neutrino that is sterile.
are responsible for the atmospheric neutrino deficit by idenThe parameter ambiguities are connected with not only neu-
tifying tau neutrino events. trino mixing but also the neutrino mass pattern; we pay par-
Measurements of electron neutrinos from the Sun alsdicular attention to the implication of these ambiguities for
provide strong evidence for neutrino oscillations. The flux ofthe detection ofC P violation. In Sec. Ill, within the context
electron neutrinos from the Sun observed in several differendf a superbeam experimefi4], we present methods by
experiments is smaller than the standard solar m¢8lel which all but one of these degeneracies can be resolved, and
(SSM) prediction by a factor of 1/3—1/2. The recent SNO argue that the remaining ambiguity can be settled at a neu-
charged-current measurements show that:v, . oscilla-  trino factory [15]. We also discuss the implications of the
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TABLE I. Baseline distances in km for some detector sig®own in parenthesg$or neutrino beams
from Fermilab, Brookhaven, JHF, and CERN.

Beam source

Fermilab Brookhaven JHF CERN
150 (Frejus
350 (Cornel) 295 (Super-K
730 (Soudan 730 (Gran Sassp
1290 (Homestakg 1200 (Seou)
1770 (Carlsbadl 1720 (Soudan
2100 (Beijing)
2640(San Jacintp 2540 (Homestakg
2900(SLAC) 2920(Carlsbad

degeneracies on the proposed SuperJHF-HyperKamiokandéhereU is a unitary 3< 3 mixing matrix. The propagation of
experiment{16], which would hae a 4 MW proton driver  neutrinos through matter is described by the evolution equa-
and a 1 Mtwater Cherenkov detect@d40 times larger than tion [19,2(
SuperKamiokande We summarize our results in Sec. IV. In )
the Appendix we provide a complete set of approximate ana- 2 E U m;
lytic expressions for the oscillation probabilities that are use- iV, 2E
ful for superbeams and neutrino factories, and define their

domain of validity by making comparisons with numerical wherex=ct and A/2E, is the amplitude for coherent for-
solutions of the evolution equations. ward charged-current, scattering on electrons,

A
f 5ae‘$,8e Vg, 2

A=2\2GgN.E,

_ —4 2
In this section we identify the three types of parameter =1.52<10"% (eV?)Yep (g/cnT)E,(GeV). )

degeneracies that can occur in the three-neutrino framewor,lqereN is the electron number density, which is the product
when v, — v, and v, — v, oscillation probabilities are used of the electron fractiorY.(x) and matter density(x). In the

to extract the neutrmo parameters. We use approximate foEarth’s crust and mantle the average matter density is typi-
mulas[17,18 for neutrino propagation in matter of constant cally 3—-5 g/cmi and Y,=0.5. The propagation equations
density to illustrate the degeneracies. In each case we discusgn be re-expressed in terms of mass-squared differences
the implications for detectin@ P violation. g

v 1
=2, 5=(m5U,,3U%
A. Oscillation probabilities in matter dx % 2E,,( 31~ a3™ 83

Il. PARAMETER DEGENERACIES

The neutrin_o flavor eiggnstateg (?“: e,u,7) are related +6m3,U w2U %2t Ab,ebge) (4)
to the mass eigenstates (j=1,2,3) in vacuum by
wheresmf =m?—mj . The neutrino mixing matrixJ can be
Y= S U v, (1) specified by three mixing anglesé4s, 601,,0,3) and a
C P-violating phases. We adopt the parametrization

C13C12 C13S12 sie '’
U=| —CosS12-515525€18"°  CosC1p— S1352351.€'"° C13523 |, (5)
S23512— S13C23C12€" o= S2aC12— S13C2351€" 4 C13C23

where ¢, =cos6 ands;,=sing. In the most generdl, tively, the other two mass eigenstates. The magnitude of
the ¢;; are restricted to the first quadrants®;;< /2, with 5m§l determines the oscillation Iength of atmospheric neu-
5 in the range 8 §<27. We assume that; is the neutrino  trinos, while the magnitude ofm3, determines the oscilla-
e|genstate that is separated from the other two, and that th#n length of solar neutrinos, and thigma,| <|sm2,. If we

sign of 5m3l can be either positive or negative, correspond-accept the likely conclusion that the solar solution is the
ing to the case wherej; is either above or below, respec- large mixing anglgLMA ) solution[11], then sm3,>0 and
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we can restrictdy, to the rangg0,7/4]. It is known from A, —A y——y andA——A (implying f« —f and g—
reactor neutrino data that 5 is small, with sif26,,<0.1 at —g) can be applied to the probabilities in E¢8) and (10)
the 95% C.L.[3]. Thus a set of parameters that unambigu-to give

ously spans the space &ngl (magnitude and sign 6m§1, o o

sif26,,, sinf,s, and sif26,5; only the 6,5 angle can be P(v,— ve)=x*f2—2xyfg(coss cosA

below or abovew/4. There are two additional complex

. . 2 2
phases possible for Majorana neutrinos; they are not detect- +singsinA) +y<g*, (19
able from the observation of neutrino oscillations, but are —— -
relevant in neutrinoless double-beta dedage, e.g. Ref. P(v,—ve) =xf°—2xyfg(coss cosA
(21D —sindsinA)+y?g2. (16)

In the context of three-neutrino models the usual method

proposed for detectin@ P violation in long-baseline experi- For aT-reversed channel, the corresponding probabilities are
ments with a conventional neutrino beam is to measure thgyund by changing the sign of the sinterm. In Egs.(9),

gscillation channelsy,— v, and aﬂje (or ve—wv, and (10, (15), and (16) we have assume6m§l>0, which is

ve— v, for a neutrino factory Both leading and subleading what one expects for the LMA solar solution; fém2,<0,
oscillation contributions must be involved and the oscilla-the corresponding formulas are obtainedyby —y. These
tions must be non-averaging f@ P-violation effects[22]. expressions are accurate as longasis not too large, and
For illustrative purposes we use the constant density mattehey are valid atE,>0.5 GeV [A=0.04(3x10°3 eV¥/
approximation, although in an exact study variations of thq 5m§1|)] for all values of 5m§1 currently favored by solar
density along the neutrino path should be implemented. Appeytrino experiments. We expand on the domain of validity
proximate formulas for the oscillation probabilities in matter 5¢ these equations in the Appendix. The corresponding ex-
of constant density in the limitom3,|<A,|ém3| already  pansion ina and 6,5 in a vacuum can be found by the sub-
exist in the literaturg¢17,18. We adopt the form in Ref18], stitutions f f_gﬂsinA
whered,;is also treated as a small parameter and the mixing v ' . - .
angles in matter are found in terms of an expansion in the For “?fefe_”ce' the conversion froh‘_andAzto L andE, IS
small parameters,; and 5m2,. We introduce the notation ~ S'OWn in Fig. 1. For neutrinos withbmg,>0 or anti-
neutrinos withdm3,<0, A=1 corresponds to an MSW reso-
A=|6m3|L/4E, nance. For neutrinos, it can be shown that the chdice
=1/2 maximizes both the sifland cos’ terms for a given

_ 2 o2
= 1.2716mg,/ eV (L/km)/(E, /GeV), © A for anti-neutrinos thé\ that maximizes the siiand coss
-~ ) terms varies withA.
A=|Aldmg], @) We make two observations regarding the approximate
probability formulas above, the consequences of which are
=] 5mby/ Sm3y . (8)  discussed below:

(i) Both terms that depend on tHeéP phaseé$ vanish
Up to second order ix and 3, the oscillation probabilities wheng=0, i.e., atAA=n, wheren is an integer. The?

for 5m3,>0 andsmj,>0 are term also vanishes in this case, so that only xReterm
aen survives.
P(v,— ve) =x"f"+2xyfg(coss cosA (ii) The coss term vanishes whea = (n—3) 7, while the
—sinssinA)+y2g?, (9) sin é term vanishes wheA =nr.

L . . The above statements are true for both neutrinos and anti-
P(v,— ve) =x*f?+2xyfg(coss cosA neutrinos.
The first observation implies that there is no sensitivity to

P H 2~2
+sindsind)+y“g”, (10 the C P-violating phase’ when(Ng)L = [N.dL is an integer
. multiple of V27/Gg, where(N,) is the average value ®f,
respectively, where for the neutrino path. Numerically, for=1, this condition is
X=SiNn #,35in 263, (12) (N)L=16275 km, 17)
Y= & COS038iN 26,5, (12 or, for the Earth’s density profile,
f,f=si(17A)A)/(1FA), (13 L=7600 km. (18)
R This distance has a simple physical interpretation: it is the
g=sin(AA)/A. (14 characteristic oscillation wavelength due to the matter inter-

. A action[19]. Furthermore, the condition in Eq17) is inde-
The coefficientd and f differ due to matter effectsA#0).  pendent of all oscillation parameter# is also independent
To obtain the probabilites f06m§l<0, the transformations of E,. It has often been noted th&P violation is strongly
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L5 |

s (a)
L=
.. 9000 km
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=/2), andCP violation can be measured directly by com-

paring P(v,—ve) and P(v,—ve) (although even forL
~few 100 km there are small matter corrections that must

i be considered However, as is evident from Eq$9) and
(10), when 6,5 is small the relative strengths of the gimand
cosé terms in the presence of large matter corrections at
longerL can be selected by an appropriate choice\oin
exactly the same wags in the short, vacuumlike case. That

is, the & dependence with matter effects included can be
made pure si@ for

. 7000

>
T

X108 eV?

3
L/E,=(2n—1)(410 km/Ge\J( 5 , (19
|om3,|

wheren is an integef. The only caveat is that matter correc-
tions are much larger for longdr and the accuracy of the

determination of5 may be more subject to knowledge of the
electron density.

A 50 B. Orbits in probability space
L5 7 We assume that $iff,; and |sm3;| are well determined
"’ (perhaps at the few percent level or bettey a v, survival
, .__ or v,— v, measuremer(8], and thaté,, and sm3, are also
S e well determined KamLAND should be able to measure the
parameters of the solar LMA solution to the few percent
level [12]). Then the remaining parameters to be determined
ared, 6,3, and the sign oBm3, (the sign ofsms, is positive
for LMA).

The usual proposal for testin@P violation in the neu-
trino sector is to measure both,— v, and v,— v, prob-

abilities. As § varies for givend3 and sgnem3,), an ellip-

tical orbit will be traced inP—P spacg16,23. The shape of
the ellipse is determined by the relative phases of the terms
involving 4. We identify three possible cases.

p ]
—_
T
]

N

FIG. 1. Contours of(a) L and (b) E, versusA and A, for
om5;=3x1073 eV (i) A#n=/2. In this case, both the sihand coss terms

. _ . are nonzero and the orbit for fixe@ 5 is an ellipse. Each
suppressed in long baseline experiments of order 7300 kRj|ye of 5 gives a distinct point irP—P space for a given
(nominally the distance from Fermilab to Gran Sasswee

1y1 H H &
see that this is a universal effect that occurs becduge 013 ,Ifor A=(n—z)z the ellipse has the maximum "fat-
close to the oscillation length due to matter. Furthermore, th&€SS [23], e, Itis as close as possible to a circle given the
term proportional toy? also vanishes, which means that therevalues off andf. _ _ _
is also no dependence @m3, or 6y, at this distance, atleast (i) A=(n—3z)m, wheren is an integer. In this case the

to second order in the small parameters. Therefore this dig0Sd term vanishes and the orbit ellipse collapses to a line. If
tance is especially well suited for measurifg without the

f=f (such as at shott where matter effects are smalCP
complications of disentangling it from, 65, or sm3,. For

violation is measured directly by comparing theand v
baselines greater than about 4000 km the constant densigwent rateqafter correcting for the differences in the cross
approximation loses accura¢gee results in the Appendix  sections and initial flux normalization

so that the critical distance in E(L8) is not exact, but does (i) A=n. In this case the siA term vanishes, the el-
explain semi-quantitatively the weaknessaiP violating ef-  lipse collapses to a line, ar@P violation is measured indi-

fects near that distance. rectly by parametrically determining the value &fand not
The second observation relates to the relative strength dfy the measurement of @P-violating quantity.
the siné and coss terms inP(v,— v¢). In shortL, low E,

experiments the matter effects are small and the leading———
terms of the oscillation probability are given by the vacuum The misconception that the céterm dominates at large and

formulas. ThenL andE, can be chosen such that only the E, comes from extending the large, approximation beyond its
explicitly CP-violating siné term survives(e.g., whenA range of validity, as discussed in R¢L8].
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There will be two ellipses for eachy 3, one for each sign of the general formulas for the parametex$,¢’) that give the

5m§1; they both fall into the same class, i.e., if the ellipse forsameP andP as (x,8) for A#nm/2 [case(ii)] are
om3,>0 is casdii), the ellipse forsm3,< 0 will also be case

(il). (f+H)(x2—x'2)
x'cosd’ =x cosd+ W, (20)
C. CP degeneracy:( 8, 0,3 ambiguity
| h i h f_f_ X2_X12
n many cases the parameted ¢;3) can give the same 'sing’ = x sin 5— (f=1)( | ). (21)
probabilities as another pair of parametefs, ¢;5), for fixed 4ygsinA

values of the other oscillation parameters; this is known as
the “( 4, 6,3 ambiguity” [24,25. Using Eqgs.(9) and (10), Equations(20) and(21) can be used to derive

., Aygsin2A[ygsin 2A+xfsin(A—8)+xfsin(A+4)]
X'c—x= — — , (22
f2+f2—2ff cos 2A

from which §" can then be determined from EO) or (21). (6',0}9) with 6m3,<0 that give the samé® and P as

In particular, a set of parameters which violateB (siné’ : 2 2
#0) can be degenerate with another set of parameters, with(és’ 9.13) .Wlth om3, 0'. Thfee examples of the sgﬁ(131)
ambiguity are shown in Fig. 3. Furthermore, there is also a

different 6,3, that conserve€ P (sin5=0). It can be shown , ST 2 LT
that in all cases real solutions exist for, so there will be an (9 »#19) ambiguity for5mz;<0, so in principle there can be

ambiguity between two sets of oscillation parameters i@ fourfold ambiguity, i.e., four sets of and 6,5 (two for
|sin&’|<1. Therefore we conclude that the use of a monoendM3;>0 and two forom3;<0) that give the same andP.
ergetic beam at a fixetl will necessarily entail parameter As with the (5, 60,3 ambiguity, the sgn&m%l) ambiguity
ambiguities if only the channels,— v, and v,— v, are €& MXCP conserving and P violating solutions. For ex-
measured. An example is shown in FigaRfor A =3x/4. ample, in Fig. 8) the prediction for P,P) for
WhenA #n/2, the (5,6, ambiguity can give a degen- (sirf26;5,8)=(0.01,0) withém3,=3x10"3 eV? is identi-
eracy betweerCP violating (CPV) and CP conserving cal to that for (0.0138,4/3) with sm3,= —3x 10 ° eV?.
(CPC) solutions. If sind=0 in Eg. (21), then sind’ is not Although the general equations for the sgmG,) ambi-
zero if f#f; the difference can be large ffand f differ ~ guity are somewhat messy, for the case-(n—3) = the
substantially due to large matter effects. For example, in Figyalues of &', 5') for om3,<0 that give the same andP as
2(a) the prediction for P,P) for (sinf26,3,8)=(0.01,0) is (x,6) for 5m§1>0 are determined by
identical to that for (0.00298,1.49.
For caseqii) and (iii) above, the ellipse collapses to a
line. The ambiguities then reducex6=x [see Eq(22)] and X
sind' =sinéd in case(ii) and cosy’ =cosé in case(iii). Thus
the ambiguity no longer involveg,; (and hence in principle 2. 2 2.2 T
0.3 is determined, at least as far as th&{;3) ambiguity is x'sing’' =xsins f +f__ff _ X f “j f-f ‘
concernell but instead is af, 7— ) ambiguity(which does ff sinA  ff 2yg
not mix CPC andCPV solutiong in case(ii) and a ¢,27 (29
— 8) ambiguity in casdiii). Examples for casesi) and(iii)
are shown in Figs. ® and 2c), respectively. ForA  If sin =0 then Eq.(24) reduces to
=nm/2 the orbit ellipse is very skinny and the ambiguous

0.5 values are close to each other, which qualitatively is o 2412 f—f ff
similar to either caséii) or case(iii ). sind’=—x . 2ygsinA Vizip_ff (25)
Note that in both Figs. ®) and Zc) the orbit line has a

negative slope. It can be shown that #+1 (i.e., density \yhich is not zero iff T, i.e., whenever there are matter
Iess_than the critical density for resonahttee orbit I|[1es i effects, so there is a potenti@lP C/CPV confusion as long
(P,P) space have negative slope far=n=/2. ForA>1, as the right-hand side of E¢25) has magnitude less than
the orbit lines forA=nm/2 have positive slope. unity. It is possible to havé’ = 7w/2 when§=0, i.e., CPC
can be confused with maxim@PV [see Fig. &)].

The ambiguity between parameters wifim3,>0 and

In addition to the ¢, 6,5 ambiguity discussed above for a 5m§1<0 occurs only for some values &f, and does not
given sgn@mgl), in some cases there are also parametersccur at all if matter effects are large enouge., L and 6,3

_X2(f24 12— 1) —2yg(f—f)xsinssinA
ff

12

(29

D. Mass hierarchy degeneracy: sgfém3;) ambiguity
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L = 1290 km, 8m3, =3x107° eV2, §m3, = 5x107° eV?

0.006 T T T T T
(a) Ey=2.09 GeV
0.005 | e
0.004 | ]
sin?20,5 = 0.00298
0.003 | 1

$in?20,5 = 0.01

0.002

0.001

3n/2
o 1 1 1
0 0.002 0.004 0.006 0.008 0.01 0.012
0.006 T T T T T
(b) E,=3.13 GeV
0.005 - o /2 1
8in%20,4 = 0.01

0.004 | 13
0.003 | g

PV, —Ve)

$in20,5 = 0.00298
0002 | +8=m2

0001 | §=0,m 8 ="3m2
= 3m2
0 0 0.002 0.004 0.006 0.008 0.01 0.012
0.012 : : : : :
(¢) Ey =1.565 GeV
0.01 E
0.008 |- 4
0.006 | E

0.004 - . sin?20,5 = 0.01 1

- 5= 2, 3n/2 -
0.00298 Sem

0 0.001 0.002 0.003 0.004 0.005 0.006
P(vu—we)

0.002

0

FIG. 2. Orbit ellipses showing & 6,3 ambiguity for L
=1290 km with (8 E,=2.09 GeV @A=3w/4), (b) E,
=3.13 GeV QA=m/2), and (c) E,=1.565 GeV QA=) for
sirf26,,=0.01 and 0.00298. The other parameters &ang,=3
X103 eV?, sm3=5%x10"° eV?, sirf26,,=1, and siR26;,
=0.8. The value ofs varies around the ellipse. Ifp) and(c) the

ellipse collapses to a line and the ambiguity reduces ta,ar (

P(Vy—Ve)

0-005 T T T T T T T T T
2 3 2 T
| 8m31 =-3x10 ev/;,,fi,l:/z 0\+\ 4
.2 _
0.004 L SN 2043 =0.0138 / 1
0.003 | E
0.002 | E
I M3y = 3x107° V2 ]
0.001 - sin?26,5 = 0.01 1
" (a) E, = 3.54 GeV T
0 1 1 1 1 1 1 1 1 1
0 0.001 0.002 0.003 0.004 0.005
0.01 T T T T
T2+,
. 8may =-3x10"eV?
ol " sin®26,3 = 0.0106
\‘*\8 =0,n
0.006 | LN ]
0.004 | w3n/2
8m3y = 3x107° ev? \
2
sin“2044 = 0.01
0.002 13 32
(b) E, = 1.77 GeV
O 1 1 1 1
0 0.002 0.004 0.006 0.008 0.01
0.0025 T T T T
— Sm?,,1 =3x1073 eV?
0002 | 0 *\\\ ------ 8m231 = —3)(1 0-3 eV2
0.0015 L
0.001 | E
0.0005 - (c) E, =0.885 GeV 1
Y
§in220,4 = 0.01 "
0 1 1 1 1
0 0.0005 0.001 0.0015 0.002 0.0025
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L =730 km, 8m3y = 5x107° eV?

P{vp—ve)

FIG. 3. Sgnem3,) ambiguity for L=730 km with (a) E,

=3.54 GeV A=/4), (b) E,=1.77 GeV A=m/2), and(c) E,

— 8) or (8,2m— 8) ambiguity, respectively, and different values of =0.885 GeV (A =m). The other parameters arém3=5

6,5 do not overlagfor the same sgrfm3,)].
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are large enough26,27. The conditions for the existence of
this ambiguity will be discussed further in Sec. Il B. Note,
however, that the sg@n3,) ambiguity can still confuse dif-
ferent values ob and 0,5 even forA=n/2 [see, e.g., Figs.
3(b) and 3c)], unlike the ,6,3) ambiguity wheref,s is
removed from the ambiguity foh =n/2.

E. Atmospheric angle degeneracy( 8,3, 7/2— 0,3 ambiguity

There is yet another ambiguity in the determinationsof
and 60,3, which involves the value ob,3. In practice it is
only sirf26,5 that is determined by @, survival measure-
ment (for now we ignore matter corrections t@,—v,,,
which are relatively small for oscillations involving active
flavors, so 6,5 cannot be distinguished from/2— 6,5. The
effect of this degeneracy can be seen by interchanginégin
and cod,; in Egs.(11) and(12). For 6,3~ 7/4 (the favored
solution from atmospheric dgtéhe ambiguity vanishes, but
for sinf26,3=0.9 it can have a sizable effect, since in this
case siff,3=0.35 and co¥,;=0.65. Three examples of the
0,5 ambiguity are shown in Fig. 4. Thé,; ambiguity can
also mixCPC andCPYV solutions; for example, in Fig.(d),
the prediction for P,P) for (sirf26,3,Sin6y3,6)
=(0.01,0.585,0) is identical to that for
(0.00107,0.811,4/3).

As with the sgn6m§]) ambiguity, the equations for the

0,3 ambiguity are rather messy in the general case. For the |::_

special casé\ = (n—3), we have
Sin22013:Sir|22013tan2923
a?g?sirt26
+ g—lz(l—tanzezg) (26)
Sin 26155in 8’ = sin 26,55 6

ag(f—1f)sin 20, cot 26,3
+ - :
ff sinA

, (27)

where (6, 6,3 are the parameters that give a certaIFnﬁ)
for 0<0,3<w/4 and (§’,6;5) are the parameters that give

the same P,P) for w/2—6,5. We see that even foA
=n/2 the 6,3 ambiguity can mixCP C andCPV solutions,
since sind=0 does not necessarily imply séh=0. Further-
more, even forA =n/2 the 6,3 ambiguity mixes solutions
with different 0,5 [see Eqs(26) and(27), and Figs. 4b) and
4(c)], unlike the (5,60,3 ambiguity wheref,; is removed
from the ambiguity forA =n/2.

Since « is a small parametefand possibly even small
compared to sin& ), the numerical uncertainty iA due to
the 6,3 ambiguity is generally small, of order 0.67or less,
when A=(n—3)m, L=2900 km, ém3,=10* eV?, and
sin26,,=0.01. This effect is of order of the expected experi-
mental uncertainty i5 [16,28. The size of theS ambiguity
decreases with decreasing matter effsatallerL) and with

PHYSICAL REVIEW [B5 073023

L = 1290 km, dm3, =3x1072 eV, 8m3, = 5x10™ eV?
0.005 T T T T
(a) E,=2.09 GeV

0.004

0.003 | sin26,4 = 0.00107

: §in®20,, = 0.01
| sinBy5 =0.811

0.002

0.001 |

o 1 1 1
0 0002 0004 0006 0008 0.1
0.01 : : ; .
(b) E, =3.13 GeV
0.008 1 sin®20,5  sind,g .
—— 0.01 0.585
------ 0.0055 0.811
~5 0.006 | .
>
T
=%
>
0.004 | 1
0.002 | \ .
32
0 1 1 1 1 31t/2
0 0002 0004 0006 0008  0.01
0-005 T T T T T T T T T

0.0045 | (c) E, =1.565GeV |

0.004 | sin®20,,  sindy, ;

— 0.01 0.585
0.0035 |
Y S— 0013 0811

0.003 |\
0.0025

0.002
0.0015 |
0.001 |
0.0005 |

\‘\\‘Ili
I 1 I 1 I 1 I TR

0
0 0.001 0.002 0.003 0.004 0.005
P(vy—ve)

FIG. 4. (653,m/2— 653) ambiguity for L=1290 km with (a)

decrea5|ngam21, so for a wide range of parameters the g =2.09 GeV A=3w/4), (b) E,=3.13 GeV A=x/2), and(c)

CPCICPV confusion from thef,; ambiguity is not too se-
vere. On the other hand, the 4,5 confusion is approxi-

E,=1.565 GeV QA=). The other parameters arém21 5
X105 eV?, and sif26,,=0.8.
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TABLE Il. Possible neutrino beam energiEs (in GeV) versus baselinén km) andA that will convert
the (8, 6,5) ambiguity to a simple §, =— &) ambiguity, forb‘m§1=3>< 102 eV2. For other values oﬁmgl,
E, scales proportionately witﬁmgl. Only values ofE,>0.5 GeV are considered.

A 300 km 730 km 1290 km 1770 km 2100 km 2600 km 2900 km

™ 0.73 1.77 3.13 4.29 5.12 6.34 7.03

%77 0.59 1.04 1.43 1.71 2.11 2.34

5277 0.63 0.86 1.02 1.27 1.41

727T 0.61 0.73 0.91 1.00

9277' 0.57 0.70 0.78

2
mately a factor taf¥,; [see Eq(26)], which lies roughly in ~ —3)] has another advantage in that the— v, oscillation
the range; to 2 for sirf26,;=0.9. is approximately maximalsee Eq.(A3)], which would fa-

cilitate a better measurement of 4#,; and Sm3,. There-

fore the choiceA=(n—3)m is the best for resolving the

(6,619 ambiguity. Some representative beam energies for
In the preceding three sections we have shown that iparticular baselines are given in Table II.

principle there can be as much as an eightfold ambiguity in

determinings and 65 from P(v,— ve) andP(v,—v,) at a B. Resolving the sgiiém3;) ambiguity

isrizgleel;u?::tEt\jvbfv(\)/ mczn::gim;fk;;%mathe Erisgerr;cz:e o;rgzree The parameter degeneracy associated with the sign of
P g (013), sgnem,), sm3, can be overcome if there is a large matter effect that

(6,3, 7/2— 6,3). For each type of ambiguity there is the pos- ~ > — . - .
sibility of being unable to distinguish betwe@® violating ~ SPlitsP andP, e.g., ifL is sufficiently long and, 5 is not too

and CP conserving parameters. Measurements at multiple Small[26,27. To dzetermln_e the minimum value @ that
andE,, can be used to help discriminate the different degen@voids the sgnfms;) ambiguity, we must first find the re-
erate solutions, but that would involve extra detectors or agion in (P,P) space covered by each s@nﬁl), and then
much longer total running time, and probably reduced statisdetermine the condition 0,5 that ensures the regions for
tics for each [,E,) combination. In the next section we will different sgngm2,) do not overlap.
explore whatL and E, values do best at resolving these  The orbit ellipse for a given sgﬁ(’ngl) moves asf3
pptential degeneracies without (esorting to measurements 'E‘Flanges, sweeping out a region m,ﬁ) space. All points on
differentL and/orE, . We then will examine what andE,  g5ch orbit ellipsdfor a given 6y, that lie inside the region
for a second measurement can remove the remaining degegy overiap an orbit ellipse for a differenty [this is what
eracies. . . leads to the §, 60,5 ambiguity]. However, the points on the

_ In the Appendix we demonstrate that the analytic expresg it ojlipse that lie on the boundaries of the region do not
sions are accurate foE,>0.5 GeV for baselines up to have a @, 6;5) ambiguity, i.e., there are unique valueséaf
4000-5000 km. For much lowdt, (as low as 0.05 GeV  anq 5 for that point. This implies that for points on the
they are still accurate at shorter distancess@50 km) if boundary of the regio=x’ and 5= &' in Egs.(20)(22).

and 6,5 are not too largésee the discussion in the Appen- For A#nm/2, the condition becomesxfsin(A—0)

dix). Therefore we expect that the qualitative aspects of the — . . B . i
three ambiguities are unchanged for sHartow E,, experi- +Xisin(A-+4)+ygsin 2A=0. Solving for 5 and substituting

ments such as CERN-Frejus. into Egs.(9) and (10) we find the coordinates of thém3,
>0 envelope in P,P) space are given by

IIl. RESOLVING PARAMETER DEGENERACIES P=x2f2+y292

F. Comments on parameter degeneracies

A. Resolving the (&, 8013 ambiguity

As discussed in Secs. I B and Il C, the choite-nm/2
causes the orbit ellipse irP(E) space to collapse to a line
and the ¢,6,3 ambiguity reduces to one involving only;  \\here
i.e., the combination o andP gives a unique value of; . .
(at least for one sign obm3,). Furthermore, sinc& only z=x%(f?+ 12— 2ff cos 2A) —y?g?sirf2A, (29

becomes confused witlr— & [in case(ii) of Sec. Il G or — _ _ _ _
27— & [in caseiii )], CP conserving solutions never become and P is found by interchangind—f and lettingg— —g.
mixed with CP violating ones. Casgii) [with A=(n For 5m§1<0, the values oP andP on the envelope can be

2y2g%f2sir?2A + 2y gf\/z(f cos 24 — f)

——— , (28
f2+f2—2ff cos A
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found by interchangind® andP. Although the general solu-
tion is complicated, for the special case=(n—3) 7 it is not
hard to show that the two sgﬁ(ngj) regions do not overlap
if

(=]
-
T

2yg

(sin?20,5) (51075 eV/om3,)?

X>—— (30 00ty
f—f
. 0.001 |

Note that matter effects splitand f, which decreases the
minimum value of value ok (and hence of si26,3) needed
to avoid any sgnﬁmél) ambiguity. Because&csin 26,5 and
yo 5m§1, the corresponding minimum value of 4,5 in- 0.0001 0 1000 2000 3000 4000
creases as the square 6Mm3,. The minimum values of L (km)

Sin22013/(5m§1)2 are plotted VerSUEZV for various values of FIG. 5. Minimum value of sif26;5/(6m3,)? that avoids the
L in Fig. 5. FO_rA: /2, the sgnems,) ambiguity would *?e sgn(8m3,) ambiguity, plotted versuis for A= 7/2 (solid curvé and
resolved for sif26;5>0.01(0.04 at L=1290 km, thze dis-  37/2 (dashedl with m2,=3x 102 eV2. The corresponding val-
tance from Fermilab to Homestake, ifém3;=5 ues ofE, are marked on the curves.

X107° (10 %) eV?. For L=2600 km (Brookhaven-

Homestake or Fermilab—San Jaciptegn(ém3,) can be de- C. Resolving the( 6,3, 7/2— 0,3) ambiguity

termined for values of sf26;5 as low as 0.0020.008 for Even if A is chosen to mitigate the effects of thé, §;2)

sm5,=5x107° (10™%) eV2. ambiguity, andL is chosen long enough to eliminate the
Figure 5 shows thaA =37/2 would be unsatisfactory in  sgn(sm3,) ambiguity, there still remains the 043, 7/2

distinguishing sgngm3,); in fact, measurements @=(n  — 4, ambiguity. If 6,5~ /4 this ambiguity disappears, and

—3)# do increasingly worse asincreases, as can be shown choosingL and E, such thatA= /2 leaves a simpled, =

using Eq. (13. For A=(n—3)m, we have |f/f_|=(1 — 8) ambiguity. If 6,3 deviates fromm/4, then there does not

+A)/(1_A); since A is proportional toE,, and E, de- appearto be a judicious choice of a singlandE, that can
creases withn for fixed L, larger values ofn will have  resolve thed,; ambiguity. S
smallerA. Thus, the values dfandf will be closer for larger The problem in resolving thé,; ambiguity lies in the fact
n, reducing the size of the matter effe@t least as far as that in the leading term iP(v,—wve) and P(v,—we),
splitting P and P is concernell For A=3/2 andsm2,=5  SiN 2013iS always paired with sif;[see Eqs(9) and(10)],
x107° eV?, the value of sif26;; must be greate3? than 2and so if there are two values 6hs derived from the mea-
about 0.25 which is excluded by CHOQZ]. Even the most sured va_llue of 5'%.2‘923’ 'ghere will be two corresponding val-
optimistic case forA =3/2 [which occurs for the highest Y¢S of 8'62‘.913' Since sifi26, can be as low as 0.9, the wo
value of Sm2,(=10"* eV?) allowed in the LMA regiof values of sifé,3 can be as far apart as 0.35 and 0.65, and
requires siﬁ22¢l9132 0.06. Thus, the proposal of Rdi29] to therefore thg ambiguity in 5%913 can 'be' as Iargg as a factor
perform experiments at highersuffers from an inability to 1.86 at leading qrde[rEq. (.26) in the I|m|_t_t_hat_a is small.
determine s nfmzl) Practicallv speaking. onivi=1 will The next-to-leading term in the probabilities in E¢8). and
orovide suffi%ientgdi.scriminatio)(w ff))r sgﬁ?n’ﬂ) ify'A < re- (10) is proportional to sin &3, and therefore cannot resolve
3

: 1 X the ambiguity. The last term iR(v,— v,) is proportional to
stricted to the valuesn(—3) . We henceforth restrict our- ¢q24 . sq that the relative weighting of the last term com-
selves to this case.

> , . pared to the leading term is affected by the value offigin

By combining A=/2 with a sufficiently longL, the 15 ever the last term is suppresseddy and is generally
combm;ad fourfold - ambiguity involving 8, 613, and 0 smaller than the leading terfat least for sif26;s
sgn(éms,) can be reduced to a simpl&,r—6) ambiguity >0 01, the approximate region where superbeam experi-
that in principle determines wheth@iP is conserved or vio-  ents will be able to probeHence, even measurements at a
lated. Some possibilities are shown in Figs. 6 and 7. As FiggecondL and E, would likely be unable to resolve theys

2 _ —5 2 — H v

6 shows, forom;;=5Xx10"> eV", L=1290 km is(barely  ampiguity if it exists(i.e., 6,3 not close tom/4).
sufficient to distinguish sgim3,) for sirf2¢;; as low as If one could also measur@(v,— v,) (see the Appendix
0.01. However, for 5m3,=10 * eV?, L>2000 km is for an approximate analytic expressjpthen a comparison
needed. In practice, experimental uncertainties and uncewith P(v,—v,) should determine whethet,; is above or
tainties on the matter distributig80] increase the likelihood below 7/4; the leading term iP(v,— v.) can be obtained
of having a sgném3,) ambiguity, so that a separation of the from the leading term irP(v,— v,) by the replacement of
two regions greater than the size of the experimental uncesin 6,5 by cosf,;. A v.— v. measurement could be done in a
tainties is required. neutrino factory; in fact, a neutrino factory may be the only
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o1l (@ L= 1290km | 01l 8=1:/2
: E, =3.13 GeV ., Al 52
31= % w2
~, -3x1073eV? ’\\
2
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5
3x107eV (b) L=1770km 3;"136_3 o2
E, =4.29 GeV
6001 0.01 0.1 0.001 0.01 0.1
(c) L= 2600 km sme. = ' §=m/2 '
B 31~ - n
0.1 Ev =6.34GeV "~ o 8.2 01l 6;\3110_39\/2 .., |
‘\,\" 5-\‘\
§=m2 4 §in%20,4 =
TN a2 0.1 \\ 01 e
0.01 | \\ 0.05 \ E 0.01 k 005 \ox]
002
an/2
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0.001 | 0.002 | sin?20,5 = 0.005
0.001 dm3q=
sm3 31= 3x10 eV
3% 0‘3 eV2 (C) L = 2600 km
= 6.34 GeV
0. 001 0. 01 1 1
P(V”—We) 0.001 0.01 0.1

P{v,—ve)
FIG. 6. Resolution of combineds(6,5) and sgn6m§1) ambi-
guities whemA = 77/2 for () L=1290 km(b) L=1770 km, andc)
L=2900 km, with|m2,|]=3x10"% eV?, |sm3,|=5%x10"° eV?,
and sif26,5=1

FIG. 7. Same as Fig. 6, except fafm3,|=10"*

D. Measurements at a secondl and/or E,,

As we have demonstrated, measurements at a dinghel
practical way to resolve th#,; ambiguity, if it exists. A E, cannot resolve all parameter ambiguities. A second ex-
neutrino factory experiment also provides energy spectrunperiment at a different and/org,, with a different value of
information that could be helpful in resolving parameter am-A, is required for this purpose. The best sets @ndE, are
biguities[25,31]. those that are complementary, i.e., the second experiment
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should provide the clearest distinction between the parametshown in Fig. 8), where the near degeneracy of parameters
ambiguities of the first experiment. In this section we discussith the opposite sgrim3,) remains for some values af
three possible scenarios, each with measurements at two[while the crosses in Fig.(8 are well separated in the sec-
andE, combinations. ond measurement, the boxes are |nddowever, atA,

= w/(liA), eitherf or f vanishegdepending on the sign of
5m§1), and the four ambiguous solutions occupy four sepa-
In this scenario the first measurement would be done aiyte regions in P,P) space, as shown in Fig(i8. Although
A,=m/2[with L/E, given by Eq.(19)]. As discussed earlier, the four regions in Fig. @) overlap somewhat, when the
this choice isolates the sihterm, removesf; from the  point of one degenerate solution is in the overlap region the
(8,013 ambiguity, and the remainings(w— 6) ambiguity  points of the other three degenerate solutions are(thet
does not mixCPC and CPV solutions. TheSéL/EV values crosses and boxes are always well Sepa)‘ams the four-
also give a largev,, disappearance, which facilitates the pre-¢q|q ambiguity involving (5,— 8) and sgnem2,) will al-
cision measurement afm3, and sif26,3. The baseline.  \ays be resolved. A disadvantage of scenario B is that be-

should be large enough to avoid the sgmg;) ambiguity cause eithef or f is zero in the second measuremenand

> i = - —
(.L~2000 km assures this for §m9.13~0,01), Representa P tend to be smaller, so that event rates may be somewhat
tive values ofL and E, are given in Table Il. Measuring
lower than for other values af.

P(v,—ve) and Pg”u_’ ve) at one suchL and E, should Some examples are given in Table IIl. For instance, if the
determine sgnfmsy), 613 (modulo the 6,3 ambiguity, if  first baseline isL,=730 km (Fermilab to Soudan then
present, and whether or noEP is violated(as discussed in A,=m/2 for E=1.77 GeV, and two possibilities for a sec-
Sec. I E, the existence of é,; ambiguity will not give @  ond experiment with the same beam energy lage 1295
large amount o€ PC/CPV confusion. and 1700 km, which serendipitously are very close to the
The second measurement should be one that best resolvgigtances from Fermilab to Homestake and from Fermilab to
the (6,77— 6) ambiguity. In principle,A,= 7, which elimi- Carlsbad(or Brookhaven to Soudan
nates the sidterms in the probabilities and leaves only éos In practice, narrow band beams are not monoenergetic.
terms, gives the maximal separation &fand 7— 3. ThUS, . ever, values of, close tom/(1+A) also give reason-

the first measurement gives ginthe second gives cas o 4004 separation of the ambiguities, as long\ass not
from which the value of6 may be inferred. Furthermore, if . . -
close tor. If the fractional beam spread is more tha, a

0,3 is determined from the first measurement, then Héth ' . :

and P would not have to be measured in the second me §I|ghtly different average value @, might be preferable, to
; o . %nsure that no significant part of the beam hastoo close

surement; one is sufficient to determiieWhether one used to

Eeu(tjrlrsos or a(;ltlbneutﬂ_nzs in thetr?eclond measutremtenttwlgul Figure 9 summarizes the possibilities for Scenerios A and
€ determinéd by which gave he larger event rate, laking showingE, versusL for the first measurement done at

into account neutrino fluxes, cross sections, and oscillatiog — /2 (solid curve and a possible second measurement at
=

probabiltities. If Sm3,>0, then neutrinos would be best for . * . N .
the second measurement due to the larger flux and Cro%és_hgd(izf\?;sno A, dotted curyeor m/(1+A) (Scenario B,

section; forsm3,<0, antineutrinos may be the better choice
if the matter enhancement is enough to overcome the lower
flux and cross section for antineutrinos. If both the first and

1. Scenario A

3. Scenario C

second measurements are done at the sambenA,= This scenario uses the fact that the probabilities are insen-
. . . g 2

means that the appropriate energy in the second experimefitive to the parameters of th#m;, scale al. =7600 km, as

is E,=E,/2. noted in Sec. Il B. If the first measurement®fand P were

In practice, there are other valuAs that are not close to done atL=7600 km, 6,5 would be determine¢imodulo the
7r/2 that could potentially work for the second measurementd,; ambiguity), and because the distance is large enough
The optimalA, also depends on the particular values,df ~ sgn(dm3,) would also be determined from the large matter
andg at the varioug. andE,, as well as on neutrino param- effect. A second measurement®andP could then be done
eters that are currently unknowmhgl, 015, and 613). We  at anL andE, such thatA =(2n—1)#/4, which gives the

do not pursue the optimization here. maximum “fatness” of the orbit ellips¢23] (see Sec. Il B
_ which in turn should best distinguish different valuesf
2. Scenario B One disadvantage of Scenarios B and C compared to Sce-

If the first measurement is done at hrthat is not large nario A is that bothP and P must be determined in both
enough to resolve the sg«ﬁmﬁl) ambiguity, then the second measurements.
measurement must be tailored to both determine ()
and resolve the & 7=— 8) ambiguity, i.e., it must break a
fourfold degeneracy. As discussed above, the chaige Although the three scenarios discussed above are not nec-
determiness, but it can be shown that at shorteran ap-  essarily the only solutions to the ambiguities, in each case
proximate degeneracy with parameters of the oppositene measurement is chosen to eliminate one or more of the
sgn(&mgl) remainsfe.g., see Fig. @)]. Another example is parameters from the ambiguities, leaving the second mea-

4, Discussion of scenarios
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L=730km, E4=1.77 GeV TABLE Ill. Possible sets of neutrino beam energies and base-
r T T r r T - lines that will resolve the fourfold parameter ambiguity when the
(8) E=118GeV ___ 5 8m§1 + measurements are done at shottgsuch that the sgdm3,) am-
0.007 | Ay = 3m/4 > - biguity is not resolved in either experiment
. T n—8, 8m31 +
0.006 | X 5 om3, — | Fixed L (km) E, (GeV) E, (GeV)

|- J— -5, dm3 —
0.005 | i i 300 0.73 0.355, 0.375

730 1.77 0.835, 0.940

0.008

0.004

Fixed E (GeV) L, (km) L, (km)

0.73 300 575, 630
1.77 730 1295, 1700

P(v,—Ve)

0.003 | ; |

0.002F "«

0.001
nario B. The plan is to have a neutrino energy such thi

. . at the first peak of the oscillation far=300 km; ifA is not
0.006 0.008 exactly on the peake.g., if 6m3,=3x10° eV?), a long
T . . . . . . narrow ellipse results instead of a straight liisee Fig. 10
(b) E>=0.94 GeV » Because the distance is relatively short, the $gm) am-
- Ay=094n  ——3, dmy + 4 biguity is not likely to be resolved since there is considerable
. -3, dm3y + overlap of the two sgnfm3,) ellipses[see Fig. 1(b)]. For
---------- 8, dmg — example, for sif26,5,=0.01 the point for6=0 with 5m§l
I 75, dm3y — | >0 is nearly the same as the point f6# 1.187 for 6m3,
<0 [Eg. (25), which measures the size of ti@PC/CPV
0.002 |- . confusion for the sgnf(m%l) ambiguity, gives about the same
numerical result The expected 90% C.L. uncertainty in
- § this case is about 0.67near5=0 [16], so we see that the
sgn(&mgl) ambiguity caused by the matter effect would se-
riously impede a proper measurementsoflthough there is
the possibility that the SuperJHF-HyperK experiment might
measure a pointl, P) that was sufficiently outside the over-
St 5004 lap region, thereby determining sgirt3,) [23]. A possible
) ) (0,3, 72— 653) ambiguity also remains, which could lead to
a corresponding ambiguity ifl;3, as shown in Fig. 1@).

O 1 1 L
0 0.002

0.004

0.004

0.003

T
N
1

P(Vp—Ve)

0.001 - = i

1

0 1 1 1
0 0.001 0.002

P(vy—ve)

FIG. 8. Values ofP andP in a second measurement when there — T T T T T T T 1
is a fourfold degeneracy in the first measurement far E, 14 | .

=1.18 GeV (\,=3m/4) and(b) E,=0.94 GeV[A,=m/(1+A)

=0.94r], with L;=L,=730 km andE;=1.77 GeV (A\,=/2). — 12
Each curvesolid, dashed, dotted, dash-doftegpresents one of the NEB
four solutions that are degenerate. Points labeled by the same sym- « 10
bol (crosses or boxg¢sorrespond to solutions that are degenerate ‘\;
with each other in the measurementLgtandE;. Q8
o
surement to resolve only the remaining ambiguities. In this g 6
sense, they are cleaner measurements. Scenario A would ap- ;1
pear to be more favorable, since in principle the first mea- o 4
surement alone could determine é]'nsgn(&mél), and 643 (L%
(modulo the#,; ambiguity, and thus determine whether or 2
not CP is violated. Also, as discussed in Sec. Il E, even if
there is af,3 ambiguity, the magnitude of thE PC/CPV 0
confusion appears to be relatively small for the usual range 0 1000 2000 3000 4000 5000
of neutrino parameters considered. L (km)

FIG. 9. Values ofL andE, for a first measurment at,= /2
(solid curve and a second measurementff= 7 (Scenario A,

The proposed SuperJHF-HyperKamiokande experimendotted or /(1= A) (Scenario B, dashegwhich breaks the param-
[16] satisfies the requirements for the first experiment of Sceeter degeneracy in each case.

5. Implication for JHF experiments
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L=300km, E,=0.70GeV Even though JHF may not sit exactly on the peak of the
0.01 - - T T oscillation(i.e., A= 7/2), Fig. 10 shows that the three ambi-
(2) 8m3y=3x10"eV? guities discussed here are present. Also, Figa)l6hows
that the ambiguity 9,5 is relatively small(of order 10% or
0.008 | 5o e ! less if A is close, but not exactly equal, /2. Thus as long
TR asL/E, is chosen so that the oscillation is close to the first
0.006 | | peak, we expect that the scenarios discussed here for deter-
) mining the neutrino mass and mixing parameters will be
valid.
0.004 | .
IV. SUMMARY
0.002 L —sin22613 =0.01 32 1 There is an eightfold, &, 013)-sgn(5m§1)—( 053,72
______ sin22913= 0.0107 — 6,3) degeneracy affecting the neutrino mixing matrix de-
termined in long-baseline neutrino oscillation experiments. If
0 . . . . SinP26,3 is almost unity as is favored by current Super-K and
0 0.002  0.004 0006 0.008 001 K2K data, this is reduced to a fourfold ambiguity. To break
0.01 - - T T this fourfold ambiguity to a simple § #— §) ambiguity
(b) — 8m3, =3x102eV? which does not interfere with a determination of whether or
d=q2 M2, = —3x10~3 eV2 not CP is violated in the neutrino sector, we find that an
0.008 - 3 ] experiment should be performed at the first oscillation maxi-
mum corresponding ta = 7r/2 and at a baseline of at least
about 1300—2000 km, depending on the valuémﬁl. Rep-
o 0.006 | i resentative values af andE, that yieldA = /2 are given in
T Table II.
Ig 0.004 | | The obvious advantages of choosifg- 7/2 are thatv,,
) — v transitions are nearly maximal even when matter ef-
fects are accounted for and the,— v, oscillation (which
0.002 L ) has small matter effegtss maximal, allowing a precise mea-

sin?26,5 = 0.01 surement of sif26,; and Sm3,. By choosingA = /2, the

(6,0,3) degeneracy represented by teP ellipse collapses

to a line leaving a §,7— &) ambiguity (see Fig. 2 which
unambiguously determines whether or r@P is violated.
The central reason for the choice of the first oscillation peak
over other peaks is that practically speaking, the s‘g@@
0.008 L — 8:8(1)55 8:2?? | _?_rr?biguity can be resolved only for this pegee Fig. 5.

e other peaks succeed in eliminating this ambiguity only
for the smallest values ofm3, in the LMA region and for
0.006  §-m2 . sinf26, 5 close to the CHOOZ bound. As shown in Figs. 6 and
7 to remove this ambiguity simultaneously with thé ,5)
ambiguity requires that the baseline be at least 1300 km for
| sirf26,5>0.01 andém3,=5x10"> eV2. For lower values
of sinf26,; and/or higher values oﬁmgl, longer baselines
than this are needed. The exciting aspect of an experiment at

S T A=7/2 and a sulfficiently long baseline is that all degenera-
8m3, = 3x107° eV? 30 cies other than thetys, 7/2— 6,5) degeneracy can be broken
to a harmless &, w— §) ambiguity with only a single base-

0 0002 0004 0006 0008 0.0 line and energy. The remaining(w— 8) ambiguity can be
P(vy—Ve) removed by making a second measuremenk atr which

leaves only cog terms in the probabilities and provides the

maximal separation betweefi and w— 6. The (0,3, 7/2

FIG. 10. Examples of the three types of ambiguities for the 023) degeneracy cann(_)t be eliminated even Wlt.h measure-
proposed SuperJHF-HyperK experiméhé] with L=300 km and ments at a second base_llrf angenergy because in the leading
E,=0.7 GeV:(a) (3,65 ambiguity,(b) sgn(@m3,) ambiguity, and  term in P(v,—v.) and P(v,—v,), sin 20,5 is paired with
(C) (Op3,7/2— 6,5 ambiguity. In each casém3,=5X10"°> eV?, sin 6,5 [see Eqs(9) and(10)]. Fortunately, the mixing of the
sirf26,5=1, and sif26,,= 0.8, unless otherwise stated in the figure. CP C andC PV solutions arising from this degeneracy are of
The circle in(b) indicates the size of the expected experimentalorder or smaller than the experimental uncertaintysin
uncertaintieg 16]. thereby making it less severe. Only a neutrino factory, which

0 0.002 0.004 0.006 0.008 0.01
0.01 T T T T

© Sin®20,3  sindyg

0.004

0.002 |

073023-13



V. BARGER, D. MARFATIA, AND K. WHISNANT PHYSICAL REVIEW D 65 073023

TABLE IV. The average values of the electron densily,) at L UL L I
baselines for which the analytic approximations of the probabilities
accurately represent the numerical integration of the evolution 1072
equations.
Baseline(km) (Ng)
0-800 1.284400 %’
900 1.320264 5 -3
1000 1.356722 a 10
1100 1.374506
1200 1.474359
1300 1.516450
1400 1.543904
1500 1563676 4 2
1600 1.578441 17, 2000 4000 6000 8000
1700 1590218 T g
1800 1.599484 : 3
1900 1.607012 ]
2000 1.613276 ]
2100 1.618752 J/
2200 1.622966 1073 |- ;
2300 1.626689 “> i
2400 1.630101 T
2500 1.633021 B
2600 1.635155 e
2700 1.636799 107 |
2800 1.638902
2900 1.640515
3000 1.641341
3100 1.642923 10-5 L M I P I
3200 1.643719 0 2000 4000 6000 8000
3300 1.644499 L (km)
gg’gg iggggg; FIG. 11. P(v,—v) and P(v,—wv) versus L for 5
=0,7/2,,7w/4. The agreement between the analytic formulas
3600 1.663974 (solid lineg and the numerical resultdashed linesis excellent for
3700 1.668762 distances up to about 4000 km. The parameters chosen to make this
3800 1.672956 comparison areSm3,=3.5x 10 % eV?, sm3,=5x10"° eV?, Oy
3900 1.676851 =ml4, 0,,=ml6, sirf26,,=0.01, andE,=5 GeV.
4000 1.681093
ambiguity in the value o6, which may compromise its abil-
ity to unambiguously establis@ P violation.
offers the unique ability to compare(ve—v,) and P(v, In Fig. 9 we summarize the baselines and energies for two
— ), can disentangle sirgg; from siné,; and find whether measurements, one dt;=x/2 and another at eithed,
0,3 is less than or greater thar/4. = 7 [if the first measurement can determine s@n@l) and
If it is not possible to have an experiment withsuffi-  only the (§,7—38) ambiguity needs resolutignor A,

ciently large to find sgnfm3,), a second experiment is nec- = 7/(1+ A) [if the first measurement cannot be performed at
essary to simultaneously resolve thé,f— ) ambiguity a long enough baseline and the fourfold degeneratyr(
and determine sg@n3;). One possibility is to chos&  — 5)-sgn(dm2,) needs to be brokdnAnother possibility is
=, but as suggested by Fig(c3, a sgn@mz;) ambiguity {5 have one measurementlat 7600 km withAA, = 7 and
may still reAmain when experimental errors are included. Ify second measurement with,=(2n—1)7/4. If K2K,
A=mx/(1=A), either f or f vanishes, depending on MINOS, ICARUS and OPERA find that,; is not very close
sgn(ﬁmgl), and the fourfold degeneracy breaks into fourto =/4, a neutrino factory will be needed to resolve the
separate regions as in Fig(b3. See Table Ill for some ex- (6,3, 7/2— 6,3) ambiguity.

amples of how this scenario can be implemented. The pro- In our analysis we have assumed tlﬁmgl and sif26,,
posed SuperJHF-HyperK experiment would satisfy the reare known when the experiments described here are done. In
quirements for the first measurement of this type; it has theact, they will likely be determined only to 10% or so. Once
limitation of a possible sgrf{m3,) confusion that leads to an these uncertainties are included the minimum value oé-
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L | | 100 =
8="7m4 ]
1072 ]
1071 |
2 LU
T >
& 1077 = 2
=W
10—2 H
DT | MNP NN PR A B , v
< I | N R i T I P I
0 2000 4000 6000 8000 10
0 2000 4000 6000 8000
1072 L (km)
53=0 FIG. 13. P(v,—v,) versusL. The analytic expressiofsolid
F 1 line) and the numerical calculatiofdashed ling agree almost ex-
I /| actly for the entire range ih. P(v,—v,) is almost identical to
10-3 | : P(v,—v,) because of insignificant matter effects.
3 -
T, I
> L
A ‘ >|al, which roughly translates t&,>0.5 GeV. The diago-
104 i : nal probabilities can easily be found from them. The off-
| ! diagonal probabilities are for a normal hierardly addition
to Egs.(9) and (10)]
P(ve— v,) = COE 0,5x?f?
I | AR IR R | P (R
] 2000 4000 6000 8000 —2xyfg(cosscosA +sinssinA)

L (km)
. +tarf 6,3y°g?, (A1)
FIG. 12. P(ve—v,) andP(v.— v,) versud for the same set of
parameters as in Fig. 11. 3(; _)7) =0012023x2f_2
e T

quired to resolve the sgﬁ(n%l) ambiguity, e.g., in Scenario ~2xyfg(cosdcosA —sindsinA)

A, could be slightly longer than indicated here. Also, because + tarf 6,3y°9?, (A2)
5m§l is not precisely known, the average neutrino energy

will not necessarily be exactly at the peak defined by and

= 7/2. However, as our analysis of the proposed SuperJHF-

HyperK experiment shows, only minimal uncertaintiessin P(v,— v,) = Sif2 6,38 A + a Sin 20,5sin 2A
and sif26,5 are introduced by these factors, and the three .
principal ambiguities discussed in this paper will be qualita- A . .
tively unchanged. X - Asm 0135iN 261,08 20,3SIN A
ACKNOWLEDGMENTS
This research was supported in part by the U.S. Depart- — A cofy;sin 2923)- (A3)

ment of Energy under Grants No. DE-FG02-95ER40896,

No. DE-FG02-01ER41155 and No. DE-FG02-91ER40676 _ = ~ ~

and in part by the University of Wisconsin Research ComFor P(v,—v,), replaceA by —A in Eq. (A3). Note that

mittee with funds granted by the Wisconsin Alumni ResearchP(¥,— V) is independent of6 to O(a). To obtain the

Foundation. probabilites for an inverted hierarchy, the transformatiéns

——A, a——a andA— — A must be madgimplying <

_ _ _ —f and g——g in Egs. (Al) and (A2)], and for the
We provide a complete set of analytic expressions for ther-reversed channels the sign of the &iterm must be

off-diagonal probabilities that are valid in the regimg| changed.

APPENDIX

073023-15



V. BARGER, D. MARFATIA, AND K. WHISNANT PHYSICAL REVIEW D 65 073023
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L 8=1[ -
1072 |- 9300
; 251l -
3 1077 ¢ g
T [ =<
- <€
= Z
2 2
E
0.5
PP 1 I | I R R
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0 5 10 15 20 0 0.2 0.4 0.6 0.8 1

Normalized Distance

FIG. 15. Density profiles along a selection of chords of lerigth
passing through the Earth; the horizontal axis is the fraction of the
total path length.

1072

We will comment on the comparison involving an inverted

3 1073 -

'$ 10 E mass hierarchy.

= Figure 11 show®(v,—ve) andP(v,— ve) versus dis-
I~

tance for6=0,7/2,7, and 7w/4. The agreement between the
analytic formulas(solid lines and the numerical results
(dashed linexsis excellent for distances up to about 4000 km.
Beyond that, the overlap between the lines degrades and for
L=5000 km, the analytic equation completely breaks down.

The analytic expression foP(v,—v.) works for much

1074 |

ws L

0 5 10 15 20 longer distances than that f&(v,— v,). Analogously, for
E (GeV) the inverted mass hierarch@(v,— v) is valid to longer
_ distances tha®(v,— v).
FIG. 14. P(v,—ve) and P(v,—wve) Vs E, for L=2900 km. Reference 18] claims good agreement between the ana-

The oscillation parameters are the same as in Fig. 11. The soliftic and numerical results fdr even larger than 10 000 km

lines (analytic equationsand dashed linenumerical evaluation  \hen a constant density is assumed for the Earth's density

are almost undistinguishable. profile. The use of a realistic density profile as in the PREM
We now compare the results of the analytic expressionén_Odel shows that the agreement deteriorates at much smaller

with the numerical integration of the evolution equations ofdistances. .

neutrinos through the Earth. We integrate the equations along FO the sake of completeness we display the correspond-

a neutrino path using a Runge-Kutta method. The step size 1 comparisons forP(ve—v,), P(ve—v,) and P(v,

each point along the path is 0.1% of the shortest oscillation¥,) in Figs. 12 and 13. The parameter values chosen are

wavelength given by the scalén2, andA. We account for the same as for Fig. 11. The range of validity of E(1)

the dependence of the density on depth by using the PrelimRNd (A2) is the same as for Eqé9) and(10). However, Eq.

nary Reference Earth ModéPREM) [32]. To calculate the (AS') agrees almost exactly vylth the numerical result for the

analytic probability, we use the average value of the electro§ntire range considered. This is because matter effects are

density along the neutrino path. We provide some values i€y small in comparison to the leading contribution. For the

Table IV for the reader’s use; they are not indicative of thesame reasorR(v,— v,) is almost identical t®?(v,—v,).

precision with which the electron density is known. We in- In Fig. 14 we show how well the analytic probabilities

clude subleading 5 effects, which however are not relevant P(v,—ve) and E(jM_Je) agree with the numerical inte-

for sinf26;5 of ©(0.01) or smaller. They are of importance at gration forL = 2900 km(the longest baseline emphasized in

613 for which the CHOOZ limit sif26,3<0.1 (at 95% C.L)  this work) as a function of neutrino energy. The oscillation

is saturated. The parameters chosen to make this comparispirameters used are the same as for Fig. 11. The precision is

are 6m3;=3.5x10 % eV?, 6m3;=5X10° eV?, 6, remarkable for the spectrum of energies of interest. For

=7l4, 6,,= 76, sirf26,3=0.01 andE,=5 GeV. Thus, the shorter baselines, the agreement gets even better.

ensuing comparison is not affected by dropping subleading We now make some cautionary remarks. Our comparisons

0,5 effects. A normal mass hierarchyim§1> 0) is assumed. were made forr=0.0143, the parameter in which the series
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was expanded, and €B9;,=0.01 which is assumed to be no sity profile is nearly constant for most of the neutrino path,
greater than ofO(«). These values are motivated by the thereby satisfying the implicit assumpti¢of a constant den-
existing reactor bounds and global fits to the atmospheric ansity profile) under which analytic probabilities are valid.

solar data. However, as either of these parameters gets larger, We have stated that the analytic expressions are accurate
the agreement between the analytic equations and the nier E,>0.5 GeV for baselines of 40005000 km. This ro-
merical results deteriorates at long baselines even if subleatbust bound can be relaxed far<350 km toE, as low as

ing 6,5 effects are included. Conversely, the agreement im9.05 GeV. However, for such low values Bf , the sensitiv-
proves with smaller values @f and 6,3. As a rule of thumb, ity of the analytic probabilities tax and 6, is high and care

we recommend that the constant density approximation tonust be taken in their use. For example, a comparison with a
the probabilities be used only for distances less than 400Aumerical integration is desirable df and 6,5 are relatively

km. As can be seen from Fig. 15, farx4000 km, the den- large.
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