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Rephasing invariants of CP and T violation in the four-neutrino mixing models
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We calculate the rephasing invariants @P and T violation in a favorable parametrization of thex4
lepton flavor mixing matrix. Their relations with ti@P- and T-violating asymmetries in neutrino oscillations
are derived, and the matter effects are briefly discussed.
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Since 1998, some robust evidence for atmospheric and Let us begin with a generic SU(2XU(1)y model of
solar neutrino oscillations has been accumulated from thelectroweak interactions, in which there existharged lep-
Super-Kamiokande experimeftt]. In addition,v,— v, and  tons belonging to isodoublets, active neutrinos belonging
v,— Ve transitions have been observed by the Liquid Scinto isodoublets, and’ sterile neutrinos belonging to isos-
tillation Neutrino Detecto(LSND) Collaboration[2]. A si- inglets. The charged-current weak interactions of leptons are
multaneous interpretation of solar, atmospheric and LSNDhen associated with a rectangular flavor mixing matrix of
data requires the introduction of a light sterile neutri8g rows and +n’) columns[10]. Without loss of generality,
because they involve three distinct mass-squared differenceshe may choose to identify the flavor eigenstates of charged
AmZgyp>Am5=>AmZ .. In the four-neutrino mixing mod-  leptons with their mass eigenstates. In this specific basis, the
els,CP and T symmetries are generally expected to be vio-nX(n+n") lepton mixing matrix links the neutrino flavor
lated. The measurement of leptori®- and T-violating ef-  eigenstates directly to the neutrino mass eigenstates. Al-
fects needs a new generation of accelerator neutrinthough sterile neutrinos do not participate in normal weak
experiments with very long baselines. So far some attentiomteractions, they may oscillate among themselves and with
has been paid to the possibilities of observing four-neutrin@ctive neutrinos. Once the latter is concerned we are led to a
mixing andCP (or T) violation in a variety of long-baseline more generalrf+n’") X (n+n") lepton flavor mixing matrix
neutrino oscillation experimenfd —8§|. [11], defined asV in the chosen flavor basis. For the flavor

The violation of CP andT invariance in neutrino oscilla- mixing of one sterile neutrinoy;) and three active neutrinos
tions is attributed to the nontrivial complex phases in the 4(v,v,,v,), the explicit form ofV can be written as
X 4 lepton flavor mixing matrix/. While the C P-violating

phases ofV can be assigned in many different ways, the Vs Voo Va1 Vs Vg /1o
observable effects dEP andT violation depend only upon v v v v

some rephasing invariants bf[9]. It is therefore useful to Vel _| Yeo Yer Yez Ves || M1 , (1)
investigate how those rephasing invariants are related to the Vu Vo Vur Vuz V|| v2

flavor mixing angles andC P-violating phases in a specific v, V.o Va V.o V. \ug

parametrization o¥, and how they are connected to {G&

andT asymmetries in Iong-baseline neutrino oscillations. A|-Whereyi (for i 20’1,2,3) denote the mass eigenstates of four

though some attempts were made for this purddse7], a  neutrinos. If neutrinos are Dirac particlég,can be param-

complete and analytically exact result has not been achievedirized in terms of six mixing angles and three phase angles.
In this paper we establish the relationship betweer@Re  |f neutrinos are Majorana particles, however, three additional

andT asymmetries in neutrino oscillations and the rephasinghase angles are needed to get a full parametrizatidh lof

invariants ofCP andT violation defined in the four-neutrino  eijther case, one may define the rephasing invarian@robr

mixing models. In particular, the exact expressions of thosq violation as follows:

rephasing invariants are for the first time calculated on the

basis of a favorable parametrization of th& 4 lepton flavor Jgﬁz |m(VaiVﬁjVZjVZi) 2

mixing matrix V. Our results are very useful for a systematic

and model-independent study 6fP- and T-violating effects |\ here the Greek subscripts run overe, »,7) and the Latin

in various long-baseline neutrino oscillation eXpe”mentssuperscripts run over (0,1,2,3). Of courS§ﬁ=JEa=O and

and some of them are also applicable for the four-quark m|ijB: _chiﬁ: —J‘éa:J%a hold by definition. The unitarity

ing models. ' . .

g models of V leads to the following correlation equatlons\ljjﬁz
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Hence there are totally nine independébg, whose magnitudes depend only upon three of theCdxviolating phases or
their combinations in a specific parametrizationvbfLet us follow Ref.[4] to parametrize/ as

€01€02€ 03 C02C03§6k1 Co3§6kz SAf)ka )
—C01€ 025 035 ik3 —-¢ 025 E)leA 03SA ik3 —s E)szA 035 ik3 ¢ 035 ik3
_50151350251'(2 _513§6k1§02§ik2 +502513SAT2
1l 13501 tcoic12013
—C01€02€ 1350355'(3 —CpC 13§6k1§03§;<3 —-¢ 13§6k2§03§§k3 Co3¢ 1353'(3
+c 01SA 025 TzSA 135 5o+ s f)leA 025 ikzsA 135 5 —c 025 ikzsA 135 %
V=4 —CiC12¢ 23802 — 12023581502 T C0C12623 \ 4
+512§01§13§§k3 _50151251355'(3
+C23§01§12 _501523512
—C01C02C 13023503~ CoaC13C 23§6k1§03 - 13523§6k2§03 €03¢13C23
+eoieS0S s FenSESmhS s —Cocnshiis
+C01C 12502523 + 128855025 23 —CoaC 12823
+C12C23§01§13 _C01C12C23§13
—S18125 + 01812823

wherec;; =cos; and%i]- Esijei‘sij with s;;=sin ;. Without loss of generality, the six mixing anglés can all be arranged to
lie in the first quadrant. The si& P-violating phases; may take arbitrary values between 0 and. 2fter some lengthy but
straightforward calculations, we obtain the explicit expressions of nine indepeﬂig@defined in Eq(2):

JP2= C31C02C5C12C13C2350550352351N Py + C1C02CHzC12C15C5350155,5035135iN byt (C55875~ 553 C01CHC5:C125015025125IN b,
— C1ChCH:C5 22350150751 3523SIN b — by)— C01C02C5:C13C23501505035125238IN D+ ;)
+ C51C02C53C13C 5350250351551 58I by— b,) — C01CH2CH:C 2350150251 5513523SiN by — by t20,),

J(T)g: - C31002033012C13C23502303523Sin by~ C01002053‘312Cle,C§35015035135i” byt C01C02‘3330130235013033123235i'"'( bt by
— C51C0C5:C13C 5350250351551 58N dy—b2), 5

JEE: C02Cc2)30120130235025033235in byt 002033013C§35025035125135ir'( by—b2),

and
J9= C01C02CHaC12C1350155,5035138iN by— C01CHC0C12C1350150251251N b, + C51C0C5C 1350250351251 35IN( by—d,),
Jég: C010020(2)30120135015035135"1 by— 0020330135515025035123135”‘( dy—b2), (6)
23_ 2 -
J5e= C02C03C135025035125135IN( by — ),
as well as
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12 222 2202 222,22 : 2 22 222,222
Je,= — (CH1CTST3~ C1C15812 S01505513 T S01512) C02C12C13C2350250352381N Py 1 (C55C33512 C12C23502 T S02503523

— 57,559) C01C02C12C1350150551351N by + (CC53— C15505553— Cos50651a+ So03513523) Co1C0C 1250150251251 b+ (€573
— C14552) C01CTC235015025655138238IN b — by) + (€5~ C3,STa— CTaSG,+ S5,565513) Co1C02C1C23501508512525IN by + )
—(Co1CT 53— CH1CT 553 ChoCoaSt1T S51565553— S51512553) Co2C135025035125155IN by — b) + (C1C5,CTa C51CT550:503
— CCT5501S03T C135615503) C12C 235125155235 by — byt P,)— (CBC35T,— C5,55s55.5%3
- 0533325533%2) C01C23501S02513523SIN( px— by +2¢,) — 001032Ci§2§0150§3§1§2§im Dyt dy)
+ C01C02C32C13C2350156503512525SIN by — ;) + (C33— S53) Co1C02C12C1 350155550352 25135 by—2¢,) — (chy
— 551) C0sC12C15C 2350250352 25155038 by — 2 by + 2h;) — Co1C02CT2C15C 2350150351552 55238IN x— 2 by + ¢b)
+ C01C02C13C 2350150550351 5513523IN by — 2 by +30,),
Jeo = CorChsC12C15C2350150250354 352551 y+ Co1C07C3C1C 1350150351355351N by — Co1CaCH2C13C235015025155255IN by — by
+ C01C0C5C13C23501503512555523SIN Py + ) — CosC5C1351502503512513555SIN Dy — ¢b,)
+ Co1C3:C 1402350180251 5138238iN by~ by + 2¢b;) — (C51— S5150) CoC12CToC 2381551388238 by by + b2), )

Jgi = — CaChC12C13C235025035255235iN by + CoCh5C1350250351 551355551 by—d,) + CChC12CT5C23512513523SIN by — byt b,),

where through the replacemedy ;= —Jil; (i.e., V=V*). Thus the
- CP-violating asymmetries betweeR(v,—vg) and P(v,
hx= 003~ Op2~ 023, — N .
—wvg) are equal to theT-violating asymmetries between
by= S0z~ So1— 13, (8) P(v,—vp) andP(vz—,). The latter can be explicitly and
compactly expressed as follows:

b= 92— 91— O12-

With the help of Eq.(3), one may easily derive the expres- . . .
sions of all the other rephasing invariants@P andT vio- - 16(‘]%(%5'”':215'”':313'”':32
lation from Eqgs.(5), (6) and (7). The results obtained above
are new, and they are expected to be very useful for a sys-
tematic study ofCP- and T-violating effects in the four- +J22BsianosianosinF3z). (10
neutrino mixing models. The same results are also applicable

for the discussion ofCP and T violation in the four-quark Equivalently, one may obtain

mixing models[12].

AP, s=P(vg—v,)—P(v,—vp)

+J05SINF 1SINF36sinF 3

Note that allC P- and T-violating observables in neutrino AP 5= 16(J%5siNF ;sinF 35sinF 3,
oscillations must be rglated linearly 1@@. To see this point —J%sinFlosianosinFm
more clearly, we consider that a neutring converts to an-
other neutrinov in vacuum. The probability of this conver- _J%sinplosin FasinFay), (11)
sion is given by
or
= —_— . . * * i P . . .
P(va=vp)=dap 421- [RE(Vai Vg Vi Vi) SINF ] AP 5= 16(J3}sinF yisinF3sinF 3,
. +J05SINF 1SINF 568iNF 5y
—22, (3 sin2F), (9)
<] —J0%SINF oSinF 36SinF 35). (12)

whereF;;=1.27AmjL/E with Ami=m’—m?, L stands for |n getting Egs.(10—(12), the equality sin B, +sin 2F;,
the baseline lengtkiin units of km), andE is the neutrino  +sjn 2F\i=—4sinFsinFysinFy; and Eq. (3) have been
beam energyin units of GeV. CPT invariance assures that ysed. Only three of the twelve asymmetrie®,,; are inde-
the transition probabilitie®(vz—v,) and P(v,—vg) are  pendent, and they probe three of the GiR-violating phases
identical, and they can directly be read off from H§)  (or their combinationsof V. Since only the transitions be-
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i i i i 01 ; 2 ;
twegn active neutrmo_s can in practice be megsured, we focugeﬂm001c235015033125235,n( byt by) + Co1C555015025125iN b,
our interest on three independent asymmetrie€ Bfand T

violation: AP, , AP, andAP . — C01C23501502513523SIN( x — by)
The formulas ofAP ,; will remarkably be simplified, if F CriSS, 2 sin
the hierarchy of neutrino mass-squared differences is taken 01501S03515525IN by

into account. For illustration, we assume that the current datajo1 _ (15)
of solar, atmospheric and LSND neutrino oscillations can #7 '

approximately be described by the well-known+2) mix- 1% s i ) — CriSneS 2 cin
ing schemd3]. In this scheme the solar neutrino problemis ~ ™ 2350803512525 P+ b) ~ CorS0150251552:51N 6,
attributed essentially to thev.— v oscillation (A mgun — C01C23S01S02513523SIN( Py — by)

~Am3y), the atmospheric neutrino anomaly arises domi-
nantly from thev,— v, oscillation (A m2~Am3,), and the

LSND neutrino oscillation is governed by a bigger mass-gngd
squared differencem?Zgyp~Am3,). Without loss of gener-

2 .
— C01€53S01S035135IN Py

ality, we have taken €my<m;<m,<ms. The observed J50~Cp3S155135238IN 8,
hierarchy AmZ,<Am2,<Am?g,p allows us to make an ’s _
analytical approximation for Eq(11): 35,7~ C23518138,35IN &
+ €235025035238IN s (16)

AP, ~16(IZ3SINF yit JonSINF 5 SIMPF L snp 3% Gy 815p58IN 5,
where the corrections of)(e) or smaller have been ne-
AP, .~ 16(J23SINF gy 30 SINF 5 SIPF 5o glected. Excepd®’~0, the other five invariants o P vio-
(13 Jation in Egs.(15) and(16) are all suppressed by the factors
of O(€?). If ~O(1) holds, then the asymmetriasP , ; in
Eqg. (13) are associated dominantly with the oscillating term
AP o~ 16(IZSINF gyt I22SiNF o) SIPF L snp » SINF 4 SiMFLsyp . An interesting feature ak P, . in case(b)
is that it depends primarily upoﬁﬁ, whose magnitude gets
comparable contributions from the sinand sing, terms.
where q:sun!FatmiFLSND):1'27(Am§un!Am§tm!AmESND)L/ Therefore these tw€ P-violating phases could in principle
E. If the magnitude 0%} is comparable with or smaller Pe determined from the measurements\®le, andAP,,,.

In practice, however, the matter effects on neutrino mix-
ing parameters and neutrino oscillations must be taken into
account. To express the pattern of neutrino oscillations in
cillation induced by Siffe, SifFLsxo Should not be ne- matter in the same form as that in vacuum, one may define

glected iNAP, ;. the effective neutrino masses (i=0,1,2,3) and the effec-

To get a feeling of the relative magnitudes 1% and five lepton flavor mixing matri®/, in which the matter ef-
Jﬁ;' we consider two special but instructive cases for thdects are already includedL3]. Then the matter-corrected

than that ofJ%% (for a,f=e,u,7), then the asymmetries

a

AP,z in Eq. (13) are associated primarily with the oscillat-
iNg term SinF,,SifF snp - If [3%5>[J2%], however, the os-

mixing angles ofV: conversion probability of a neutrinp, to another neutrino
() Sop— 0 andsgs—0. With the help of Eqs(5)—(7), we Vs Can be written out in analogy to E¢f); and the counter-
arrive at part of theT-violating asymmetryAP ,; in matter is given,
for instance, as
30— 30— 301, AP 5= 16(323SINF 51SInF 31SinF 55— J05SinF 16SiNF o0SinF o1
(14) —J0%SINF 16SINF 36SinF 3), (17
J2B_3B_328_ 2 ins ~ ~ ~o o~ o~ ~
ep ™ Yur™ Jre™ C12£130235129135,351N 0, where Fj=127Am{L/E, Ami=m’-m;, and JJ,

=Im(V,V V% V). Note thatAm? andJ!) ; depend upon
the matter parametersa=2GgN, and a’'=2GgN,/2,
whereN, andN, denote the respective background densities
of electrons and neutrori44]. It seems very difficult, if not
impossible, to work out the analytically exact expressions of

where 5= ¢, — ¢+ b, = 13— 815~ Sp3. It turns out that the
T-violating asymmetries in Eq.13) amount to one another
and measure a commo@ P-violating parameter, whose
magnitude is identical to the well-known Jarlskog invariant

defined in the three-neutrino mixing schefig. Amj; andJ; in terms ofa anda’ as well as the neutrino
(b) So2,S03,512,S13~ €<1 [4]. In this more realistic case, Mixing parameters in vacuum. Nevertheless, a relationship
we obtain betweenJ,; andJ,},; can be derived from the equality be-
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tween the commutator of lepton mass matrices in vacuunghe explicit expressions Q]ﬂ from Egs.(5)—(7) and rewrite

and that in mattef7]. The result is
AmloAmzoAmaoE 3 Iﬁ|V +j%iy|vai|2+jgia|vﬁi|2)

3
Z |O AmJO)

I\Mw

|Vyj|2+‘JBy|VaJ |2
+3‘;alv,;j|2)]
=AmiA mgoAméozl (‘J(c)viﬂ|vyi|2+ ‘]%iy|vai|2

3 3
FIIVaIP) 4 2 2 TAMY(Amo)2(I}glV |2

+ I Vi 2+ 30 Vg D)1, (18)
where (,j,k) and («,B,7) run over (1,2,3) andd,u,7),
respectively. Parametrizing in terms of six effective mix-
ing angles@ij and six effectiveC P-violating phase§5ij (for
i,j=0,1,2,3 and <j) in analogy to Eq(4), one may obtain

Eqg. (18). If the mass of the sterile neutrino and its mixing
with active neutrinos are “switched offf{i.e., a’=0, my

:0, 001: 002: 00320, and 501: 502: 503:0), then the
analytically exact relations between the fundamental param-
eters in vacuumrty, 61,, 613, 6,3, 8) and their counter-
parts in matter iy, 615, 613, 6,3, ) can easily be obtained
[13]. In this case, Eq(18) will be simplified to an elegant
form, the so-called Naumov identifiL5].

In summary, we have calculated the rephasing invariants
of CP andT violation in a favorable parametrization of the
4X 4 lepton flavor mixing matrix and derived their relations
with the CP and T-violating asymmetries in neutrino oscil-
lations. The matter effects have been discussed to a limited
extent. Our results are expected to be useful for a systematic
and model-independent analysis@P andT violation in the
four-neutrino mixing scheme, in particular, when sufficient
data become available from the forthcoming long-baseline
neutrino oscillation experiments.
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