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As an extension of our previous work in the seesaw mechanism, we analyze the influence of bepzero
the propertiegsmasses and mixingf the right-handed Majorana neutrinos in three flavors. The quasidegen-
erate light neutrinos case is also considered. Assuming the hierarchical Dirac neutrino masses, we find the
heavy Majorana neutrino mass spectrum is either hierarchical or partially degenetgtésifarge. We show
that degenerate right-handédH) Majorana masses correspond to a maximal RH mixing angle while hierar-
chical ones correspond to the RH mixing angles which scale linearly with the mass ratios of the Dirac neutrino
masses. An interesting analogue to the behavior of the matter-enhanced neutrino conversion and their differ-
ence is presented.
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[. INTRODUCTION The seesaw mechanism can give us hints about the neu-
trino properties in two aspecf4,4]. The first is fixingM by

By adding the heavy right-handéRH) neutrinosvg, the ~ Some ansatz and predicting masses and mixing of the light
seesaw mechanis[‘ﬂ] provides a very natural and attractive neutrinos. On the Contrary, eSpe.Cia”y Wlth the ian_ease of the
explanation of the smallness of the neutrino masses conflata from the low-energy neutrino experiments, it becomes
pared to the masses of the charged fermions. In the seesdkessing and practical to determine the structure of the RH
mechanism, the mass matrix of the left-handeld) neutrino ~ Majorana neutrinos from the light neutrino masses and mix-
has the following forn{2]; ing implied by experiment§3-5].

The knowledge of neutrino masses and mixing comes
mainly from three kinds of neutrino oscillation experiments:
the solar[6] and atmospheri¢7] neutrino deficits, Liquid
Scintillation Neutrino Detecto(LSND) reactor experiments
wheremp is the Dirac mass matrix andl is the Majorana [8]. The Super-KamiokandéK) atmospheric neutrino data
mass matrix for the right-handed neutrino components. Thgre pest interpreted in terms of, v, and jﬂﬂz with
scale of the RH Majorang neutrino masses is not pr.emselwmost maximal mixing 332953:1 and the following mass-
known. In various theoretical queIBR can be the unifica- squared differencéest-fit valug [7]:
tion scale (10 GeV) or the intermediate scale~(10°
—10" GeV) [3]. To understand the possible unification of Am3,=mi-m3=5.9x10"° e\ ®)

particles and interactions, it is crucial to know if this scale is . . _ .
associated with some new physics and at what energy |{1 contrast, there exist two different oscillation mechanisms

eventually happenkg]. yielding four possible solution§l1] to the solar neutrino
On the basis that the Dirac mass matrix of the charge@oblém: The fjust-so” mechanism(i.e., the long-

leptons is diagonal, m, can be writen asm, Wavelength vacuum oscillationsiith

=Ud|ag(m1,m2,.n".|3)UT. I-!erep is the Maki-Nakagawa- (Amgl,sinzzeiz)z(G.Sx 1071 V2,075 (VO) (3)

Sakata(MNS) mixing matrix. Similarly,M can be expressed

asM =VydiagM4,M,,M3)V},, whereV is a 33 unitary ~ and the Mikheyev-Smirnov-WolfensteiilV'SW) mechanism

matrix. According to some kind of quark-lepton analogy sug-[12] (the matter-enhanced oscillatiowith one of the three

gested in grand unified theorié&UTs), the structure of the followlng values of the neutrino oscillation parameters, re-

Dirac mass matrpmp is similar to that in the quark sector Spectively:

2], which can be diagonalized by a biunitary transformation: . Y _

[D%mDDR=diag(m1D ,?HZD'ng)_ y y (Am2,,sirf20%,)=(1.8X1075 V2,0.76 (LMA),

m,=mpM ~*mJ, 1)

=(7.9x10°8 e\?,0.96 (LOW),

*Email address: phj@mail.ustc.edu.cn =(5.4x10"% eV?,6.0x10 % (SMA).
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Here Am3,=m2—m?, LMA (SMA) refers to the large tion [9] has obtained the following rather stringent upper
(smal) mixing angle, and LOW stands for low mass or pos-bound on the value of the third mixing angig; [10]:
sibility. All of the above are best-fit values. For later discus-

sion, we present here the regions ofzthe mass-squared differ- |Ues| =sin673=<0.13-0.23. )
F;](_:GSAmﬂ from Bahcall[11] and Amg, obtained from SK It is noteworthy that, althougldy, is small, it may be com-
' parable with and/or even far larger thaj, in the SMA
Amd;:  (4X107%)—(6x107% eV? (VO), region and so may have important influence on the RH Ma-
jorana neutrino propertie@nasses and mixingIn Sec. I,
(6X10 % —(3x10°%) eV? (LMA), we present the main formulas obtained in Réfl and the
motivation for this paper. The quasidegenerate mass case is
(3x10°8)—(2x1077) eV? (LOW), briefly discussed in Sec. IlI. In Sec. 1V, we study the effect of
015 in various regions for the hierarchical light neutrino
(4X107%)—(1X107°) eV?* (SMA), masses in two possibilities according to whethéyis large

) or small. Finally, we summarize our main results in Sec. V.
Am3,:  (1X1073)—(1x1071) eVv? (ATM.).

() Il. FORMULAS
Another neutrino oscillation experiment, LSND, indicates By inverting the seesaw formuld), we can write it in
the following mass-squared difference: terms of diagonalized matrices and the rotations in the form
Amigyp~1 eV? (6) (mdag) ~ tg pffiadgT( mdiag) ~1 =\ (VM diag) ~ 1y T (g)
with the mixing angle sif26s\p~10 3—10"2. It is obvi-  HereV=DgV,, and the seesaw matrf2] S=D/U. In this

ous that four neutrinos are needed to accommodate all thragork, we ignore theC P-violating effect(i.e., all the mixing
mass-squared differences. However, the LSND results wematrices entered in the seesaw mechanism are real orthogo-
not confirmed by the recent KARMEN experimdd3] and  nal). One of the standard parametrizations of the MNS ma-
we will just set it aside. In addition, the CHOOZ Collabora- trix reads

U = el 23\ 7¢i 01351 019\
C0S6;5C0s67, C0S6;58in 07, Sinfy,
=| —sin@555in 07,C0S0;,— COSHH5SIN G,  — SiN O55SiN B755IN 07,5+ C0SH5,€0S07, SN B55€0S675 | . 9)

— €0S0355IN 07,0807 ,+ SN 0555IN 07, —COSHH5SIN B7,5iN O7,— SiN 65,0867, COSH,,C0SH7 5.

The RH mixing matrixV has a similar parametrization, (i,j=1,2,3 andi#j), (12)
V= el B23r1gi B1atsgi Bi2h 2, (10
whereX;; andY;; have the form

In Ref. [5], Eqg. (8) has been reduced to the following
three equations:

3

_ 1 _
MiM,M,=1, (119 Xij= == > MySikSik » (133
MipMjp k=1
M1+ Myt + Mg =Xq 1+ Xopt Xas, (11b
- 3
M1+Mjy+Mz=Y+ Yoot Yas, 119 . !
1 2 3 11 22 33 (119 Yij = miijDI(Zl ﬁsiksjk (13
=1 my

and relations between the diagonal and nondiagonal elements
of V have been obtained,

Yo+ M X with Mip =Mip (MypMapMgp) ~ and M
V= — Vi =m;(m;m,mz) 3. Then, the three RH Majorana masses
(Y MXj))+ My o=Try can be expressed as
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M,;=FM;, M,=FM,, M3=FM; (14)

with F=(m;pm,pmap)?¥ (mym,m5;) . The three RH rota-

tion angles can be obtained from H32):

tanB23= Va3l Vs, sinB13=V13.
(15)

COSB138iNB1,= V12,

In this paper, we consider how a nonzeig; affects the

RH neutrino masses and mixing as an extension of our pre-
vious analysig5]. There are three main reasons for us to

devote attention to this topic. One is thét, can be compa-
rable with and/or even far larger tha#i, in the allowed
region of the small mixing MSW effect. The second is tBat
contains contributions from botb and DI. Assumingmp

has the same structufaot only the mass scale but also the

mixing matrix) as that in the quark sector, one Ha$

1
— 22 A A4
1 5\
1, 5
D = -\ 1—§>\ A (16)
1
AS—2\? —\? 1—§>\2

with A~0.22. ThenS;, and S;; have the following values:

1 2 3 4
S12=Uea =AU 2= 5A Ut (N =AU, (173
1 2 3 4
813:U83_)\UM3_ E)\ Ue3+()\ -\ )U7.3. (17b)

SinceA>U.,~10 2 in the SMA region, one can see that
S1,~ Syz3 even wherdi;=0. The third reason is that the scale

and the structure of the RH Majorana neutrino may be sen:

sitive, particularly in the SMA regioni.e., when 67, is
small), to the value olU.; andU 4, that is, to the values of
01, and 075. This will be clearer in later discussion.

IIl. QUASIDEGENERATE MASS PATTERN

Whenmg=m;~m,~mjs, we defined,; and d3; as

m2:m0(1+ 521); m3:m0(1+ 531) (18)
From the conditiorAm3,<Am3, implied from the solar and

atmospheric neutrino experiments, one Bgg< §3,<1. Ex-

ploiting this relation, the RH Majorana masses can be ob-

tained from the formulas given in Sec. II:

2
Mip

0

i=1,2,3. (19

The RH mixing angles are easy to deduce:
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Mip ..
Bij~— m—l_D(521Siszz+ 03153Sj3)  (Isi<j=3).
i
(20)

We can see that the RH mixing angles are small. How-
ever, their scales are sensitive to the inputSgf, S5, 51,
and 85,. For example, whei$;3=0 one has

Mip

Bio~— m_zo 621512572,

_Mp
B1g™~ - — 921512532,
3D

M2p
Boz~ e 03153533, (21)
3D
and whenS;3=S,,,
Mip M1ip
B1o~— —— 03151553, P13~ —— 631513533,
Mzp M3p
Mzp
Baz~ o 031573533 (22)
3D

in the SMA region.

Assumingmy~1 eV, one hadvl;=1.6x10° GeV, M,
=1.8x10° GeV, andM;=1.2x10" GeV. Note thatM 5
are in the intermediate scale whig, is in the electric-weak
scale. Here, we have taken,=m"(10° GeV).

IV. HHERARCHICAL MASS PATTERN

Assumingm;<<m,<<mj, the two heavier neutrino masses
can be approximated as,~ \J/Am2, andmz~ JAm2,. In the
following, we first consider the small mixing solution to the
solar neutrino problem and then VO, LMA, and LOW are
embodied in a unitized framework since they all have a large
071,. To discuss the influence of differefit,3) element of the
seesaw matrix, it is convenient to 98t =1. This approxi-
mation would not affect the qualitative results obtained in the
following analysis.

A. Small 67, (SMA)

We will discuss the case in which $9},=102 so that
it remains in the SMA region. Whe#?, is small, there are
three possibilities by comparingy; with 67,: 073<6;,,
0753 07,, and 673~ 67,.

1. 02,<0%,

In the limit 7;,—0, we have obtained, in Re[f5],

2 2 2
Mip 2mjp _1M3p
M~f,—— ~ Ms~f, "5— (2
=ho 2~ T, 3~ om, (23
and
mypSin 67, V2m;psin 6%,
BlZN 1 \/EmZD ) 13711 Map '
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Map

Boz~— ——

M3p ' 24

wheref,=r,,/(r »;8i6;,+ 1) andr »=m,/m;>1. The de-

pendence of the RH Majorana neutrino masses on the light
neutrino masses is different from what one would expect

when no mixing occursM;<m;, *. As noted in Refs[4,5],

PHYSICAL REVIEW D65 073009

=r57. We should point out tha¥l, andM 5 are only nearly

degenerate when,,;=r5; in strict numerical results.

The second RH mixing anglg,; can be expressed as

the RH mixing angles scale linearly with the ratios of the g,

Dirac neutrino masseg;; ~mip /m;p (1<i<j=<3), which

is different from the LH quark mixing angles, where one has

tan 9@~ \/m,/m, in the two-generation cagé4].

2.07>07,
In this case, from Eq. (138 we obtain X;
~mg /(Mm% S%) (i=1,2,3). Then, from Eqg(11a and (14),
we have

1 m33|n20’1’3' 2 1 m2 ’ 3 1 Zmly
(25
and from Eqgs(12) and (15),
B Mip Bt V2mypsin 07
- V2mypsin 6%, B mgp '
Map
~—, (26)
2~ e

Comparing Egs(23) and (25), the dependence dfl; on m

has changed, and from Eq®4) and (26) one can see that
the three RH mixing angleg;; have the same dependence

on the Dirac neutrino mass ratios, respectively.

3. 07407,
Taking 0%= l4, we have U _=(siné,
—Sin64,c086;,)/\2~0 when 6},~6%,. In this limit, the
three RH Majorana masses are given by

2
Mip
Mp~—""—, (279
mgsirf 67,
[ 2m3,sint6” _
e it ry<rits
m;
M2~ m2 (27b)
3D : res
— if  ry,>ron,
k m, 217121
r 2
m3D : res
v if  ro<<r
2m2 21 21 ( )
Ma~{ o, 276
2m2D5m2‘912 if [or> res
a— 21~ Vo1
\ my
wherer 5= %(m3p/m3p)cséo;,. The two heavier RH Ma-

jorana neutrino masses are degenerite=M;, whenr,;

2myp /Mgp
tan ~— (28
P 1-raltyy
4ms,/m3
SirP2 Bs~ 203D (29)

(L—rp/r5)2+am5p/m5y

The other two RH mixing angles are both small and can be
expressed ifB,3 as follows:

B w;(—@cosﬁ +@sin,8 )
2 V2singy,| Mo ? mgp =)
(303
B 1 ( Mip ing 5 )
~———| — —— SinBy3— —— Cos
' V2sing?,|  Mzp 2 2
(30b)

The behaviors ofM,3, Bij, and sif2By; nearrsy as

functions of r,; are shown in Fig. 1. The behavior of
Sinf2p,5 as a function ofr,; is clearly that of a resonance

peaked at,=r3;. We can define the resonance widify,
res

as that ofr ,, aroundr 5’ for which sirf23,; becomes; in-
stead of the maximum value, unity. It is given by

M2D res
5r21~ m_g,Der. (31)
Substituting the SMA data in Ed@4) into Eq. (27), we have
SiP2B=1, M;=~1.4x10" GeV, and M,~M,=~5
X 10 GeV when ry=r5° (that is, when m;~1.2
x 10 1% eV since we assume the hierarchical mass pattern
The situation is very like that in the matter-enhanegé- v,
oscillation in the sun while here,; plays the part of the
effective potentia/A. In the matter, a level crossing from one
mass eigenstate to another takes place in the resonance re-
gion. In our case, the dependenceMf ; on m; and mp
changes through the resonance point. We should point out
that the resonancelike behavior of the RH Majorana neutrino
parameters, unlike the MSW effect, is not a kinetic process
sincer,, should be a fixed value. Why such resonancelike
behavior happens is just due to our ignorance of the absolute
neutrino massn,;. However, such behavior may shed light
on the region ofm;. For example, if all the RH rotation
angles are required to be smétat is, 8j;</4), one has
m,=1.2x10 1% eV in the SMA region wherd},~ 67,, and
if one of the three angles is largbere B,3), one hasm;
=1.2x10 1° eV. However, if 8,3 happens to be maximal,
we have two near-degenerate heavier RH Majorana neutrino
masses and the corresponding electric neutrino nmags
~1.2x10719 ev.
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24} e m:::‘\:;"r; FIG. 1. The behavior of
ssl . — M, (Appr) the RH Majorana masse€s), the
Tl 7 RH mixing angles (b,d), and
13 135 14 145 15 155 16 ’ 13 135 14 145 15 155 16 sirf2B,3 (¢) as functions ofr,;

tyy (x10) Iy (< 107) (=m,/m,) for the SMA solution

to the solar neutrino anomaly
[ when 675~ 6;,. The values of

(d) !’ the neutrino parameters are taken

004} I ] to be mi=5.4x10° eV?

| m2=59x10"% eV?, sirf2d,

008

0.02f - .
R ! =6.0x10 "2, and sik26;,=1.0.
o R s’
~ 0 e
= 7
-0.02f —_ B12(Num.)
- B,g (Num)
—0.041 — B, (Appr)
- — By5 (Appr)
-0.06
13 135 14 145 15 155 16 13 135 14 145 15 156 16
T, (< 107) T, (<107

B. Large 67, A2/ 2
. 1D 2D
In this case, there is no need to consider the relative mag- Sinf281,~ (1= o/ 1892+ 4m2,/m2,, (333
nitude of 87, and 65 since one always hds ,,;~sin 65,/ 2. 327% 1b772D
We shall therefore consider this problem in the following JZmuscot
two possibilities according to the magnitude @jf;. Bra~ rlnD 12, Bz~ — QZD' (33h)
3D 3D

1. 675 is tiny s 5 o\ o
Here rg,=mg/m, and riy~2(m5,/mip)sirtd;,. We also
plot the behaviors oM ,, B;;, and sif23;, nearrf; as

functions ofr, in Fig. 2. From this one can see thai,
reaches to maximal anill; and M, are nearly degenerate

whenr g,~r5s. For the best values afm3;, and Am3,, we

From Sec. I, we find, when stf;<3m?2,/m3; , that the
RH Majorana masses are given by

( 2
m .
e ra,<rg always have 3,<r5; for the VO, LMA, and LOW solutions
M.~ mysin’ 03, (329 to the solar neutrino problem and so
~
2ms3
2 r32>T30 mp 1 m3p 1mip )
([ M3 ~— — Mo~2 ——, Mg~ —— sinfo;,;
M2 sirf6y, ms 2 m
(34)
f 2m2
= ra2<rs 1 myp Mip
M3 Biy~— —=—— coth] B ~\2 — cot#?
Mo~ 2 1 V2 Map 12 B Msp 12
Mip res
sir2gr r32> 37,
| MaSI 01 Myop
(32  Boz~— Map” (39

2 o However, taking the possible regions afm3, and Am3,
m3pSIn©6;,

o~ (320 listed in Eq.(5) into accounty 3, in the VO region may pass
2m; the resonance point and the corresponding RH masses have
the values M;~M,~1.2x10° GeV and M;~1.8
and the RH mixing angles by X 10'r,; GeV whenrg,=r55. With a similar discussion af-
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Fep X 105 Fop (X 108
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-05 1 ferences cannot be shown in the
figure. The values of the neutrino

T parameters are taken to be
% 15 1 m,/m;=1000,m3=0.1 e\?, and
&, J sinf26;,=sirf264,=1.0.
< — B,5 (Num)
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I e e
0.8 0.82 0.84 0.86 0.88
[ {x 105)

ter Eq.(30), the resonancelike behavior together with somederived simple relations between parameters of the RH and
supposition of the RH mixing angles could restrict us to theLH Majorana neutrino masses and mixing in the context of
region ofmg/m,, and thus the region afm,; andAmg,, in  the seesaw mechanism and quark-lepton symmetry within
the VO solution. the framework of three families. Especially, as an extension
of our previous work, we have embodied the quasidegenerate
light neutrino mass case and the influence of nonkkrpon
We find, when 6}, is small but satisfying sfi#;; the propertiesmasses and mixingf the RH Majorana neu-

zmzsinzgizlm& that the RH Majorana neutrino masses aretrinOS. TheCP—vioIating effect has not been included. We
hierarchical and have the form find the following.

(i) The quasidegenerate neutrino spectrum leads to hierar-

chical RH Majorana masses and small RH mixing angles

2. 075 is not so small

_ mip m3p m3p U2, which scale linearly with the ratios of the Dirac masgks
M;~f, ™, Mz*fzmy S Ty ~mpp/mjp , 1<i<j<3.
sUn 36 (i) For SMA, resonancelike behavior of &¥8,; is

found when 6};~ 67,. We find whenm;~1.2x10 % eV
where f,=UZ+ 1305+ 3(mip/m3p)U%; and all three  one has sif2B=1, M;~1.4x10° GeV, and M,~Mj
RH mixing angles are small scale linearly with the ratios of~5x 10'> GeV. For a wide range of,;, quantitatively,
the Dirac neutrino masses, for r,; below r5°, all three RH mixing angles are
small and M;~5x10" GeV is near the scale of
GUT. Assuming that all three RH mixing angles are small,
~ Myp UeaU o+ T35UesU i3 the lower bound of m; could be obtained 1.2
M2p Uiz*‘razuis ’ X101 ev).
(iii) The behavior sif2B;, as functions ofmz/m, is a
resonance peaked Bi,=r%, for large 6}, when 675 is tiny.
mMipUeq mMypU 1 One has two lighter degenerate RH Majorana masses at this
T maUL P mgoUL, (37 point which lie in the VO region. In Ref5] we have not
discussed this case.
(iv) The resonancelike behaviors of the RH Majorana
neutrino parameters and the MSW effect, although an inter-
Separating the solution regions of the solar neutrino probesting analogy, are different physically. The former is just a
lem in two cases according to the value @f,, we have relation for different values of the parameters while the latter

Bir~

13

V. SUMMARY AND DISCUSSION
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is a kinetic behavior that physical parameters display whemlso, the renormalization effect has not been included. We

neutrinos propagate in the matter. hope to return to these topics in future.
(v) In addition, we have presented a numerical method
[embodied in Eq(11a] that is generally applicable for cal- ACKNOWLEDGMENTS
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