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As an extension of our previous work in the seesaw mechanism, we analyze the influence of nonzeroUe3 on
the properties~masses and mixing! of the right-handed Majorana neutrinos in three flavors. The quasidegen-
erate light neutrinos case is also considered. Assuming the hierarchical Dirac neutrino masses, we find the
heavy Majorana neutrino mass spectrum is either hierarchical or partially degenerate ifu23

n is large. We show
that degenerate right-handed~RH! Majorana masses correspond to a maximal RH mixing angle while hierar-
chical ones correspond to the RH mixing angles which scale linearly with the mass ratios of the Dirac neutrino
masses. An interesting analogue to the behavior of the matter-enhanced neutrino conversion and their differ-
ence is presented.
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I. INTRODUCTION

By adding the heavy right-handed~RH! neutrinosnR , the
seesaw mechanism@1# provides a very natural and attractiv
explanation of the smallness of the neutrino masses c
pared to the masses of the charged fermions. In the see
mechanism, the mass matrix of the left-handed~LH! neutrino
has the following form@2#:

mn5mDM 21mD
T , ~1!

wheremD is the Dirac mass matrix andM is the Majorana
mass matrix for the right-handed neutrino components.
scale of the RH Majorana neutrino masses is not preci
known. In various theoretical models,nR can be the unifica-
tion scale (;1016 GeV) or the intermediate scale (;109

21013 GeV) @3#. To understand the possible unification
particles and interactions, it is crucial to know if this scale
associated with some new physics and at what energ
eventually happens@3#.

On the basis that the Dirac mass matrix of the char
leptons is diagonal, mn can be written as mn

5Udiag(m1 ,m2 ,m3)UT. Here U is the Maki-Nakagawa-
Sakata~MNS! mixing matrix. Similarly,M can be expresse
asM5VMdiag(M1 ,M2 ,M3)VM

T , whereV is a 333 unitary
matrix. According to some kind of quark-lepton analogy su
gested in grand unified theories~GUTs!, the structure of the
Dirac mass matrixmD is similar to that in the quark secto
@2#, which can be diagonalized by a biunitary transformatio
DL

†mDDR5diag(m1D ,m2D ,m3D).

*Email address: phj@mail.ustc.edu.cn
†Email address: gcheng@ustc.edu.cn
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The seesaw mechanism can give us hints about the
trino properties in two aspects@1,4#. The first is fixingM by
some ansatz and predicting masses and mixing of the l
neutrinos. On the contrary, especially with the increase of
data from the low-energy neutrino experiments, it becom
pressing and practical to determine the structure of the
Majorana neutrinos from the light neutrino masses and m
ing implied by experiments@3–5#.

The knowledge of neutrino masses and mixing com
mainly from three kinds of neutrino oscillation experimen
the solar@6# and atmospheric@7# neutrino deficits, Liquid
Scintillation Neutrino Detector~LSND! reactor experiments
@8#. The Super-Kamiokande~SK! atmospheric neutrino dat
are best interpreted in terms ofnm↔nt and n̄m→ n̄t with
almost maximal mixing sin22u23

n 51 and the following mass-
squared difference~best-fit value! @7#:

Dm32
2 5m3

22m2
255.931023 eV2. ~2!

In contrast, there exist two different oscillation mechanis
yielding four possible solutions@11# to the solar neutrino
problem: The ‘‘just-so’’ mechanism ~i.e., the long-
wavelength vacuum oscillations! with

~Dm21
2 ,sin22u12

n !5~6.5310211 eV2,0.75! ~VO! ~3!

and the Mikheyev-Smirnov-Wolfenstein~MSW! mechanism
@12# ~the matter-enhanced oscillation! with one of the three
following values of the neutrino oscillation parameters,
spectively:

~Dm21
2 ,sin22u12

n !5~1.831025 eV2,0.76! ~LMA !,

5~7.931028 eV2,0.96! ~LOW!,

5~5.431026 eV2,6.031023 ~SMA!.
~4!
©2002 The American Physical Society09-1
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Here Dm21
2 5m2

22m1
2 , LMA ~SMA! refers to the large

~small! mixing angle, and LOW stands for low mass or po
sibility. All of the above are best-fit values. For later discu
sion, we present here the regions of the mass-squared d
encesDm21

2 from Bahcall@11# andDm32
2 obtained from SK

@7#:

Dm21
2 : ~4310212!2~631029! eV2 ~VO!,

~631026!2~331024! eV2 ~LMA !,

~331028!2~231027! eV2 ~LOW!,

~431026!2~131025! eV2 ~SMA!,

Dm32
2 : ~131023!2~131021! eV2 ~ATM. !.

~5!

Another neutrino oscillation experiment, LSND, indicat
the following mass-squared difference:

DmLSND
2 ;1 eV2 ~6!

with the mixing angle sin22uLSND
n ;102321022. It is obvi-

ous that four neutrinos are needed to accommodate all t
mass-squared differences. However, the LSND results w
not confirmed by the recent KARMEN experiment@13# and
we will just set it aside. In addition, the CHOOZ Collabor
g

e
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tion @9# has obtained the following rather stringent upp
bound on the value of the third mixing angleu13

n @10#:

uUe3u5sinu13
n <0.1320.23. ~7!

It is noteworthy that, althoughu13
n is small, it may be com-

parable with and/or even far larger thanu12
n in the SMA

region and so may have important influence on the RH M
jorana neutrino properties~masses and mixing!. In Sec. II,
we present the main formulas obtained in Ref.@5# and the
motivation for this paper. The quasidegenerate mass ca
briefly discussed in Sec. III. In Sec. IV, we study the effect
u13

n in various regions for the hierarchical light neutrin
masses in two possibilities according to whetheru12

n is large
or small. Finally, we summarize our main results in Sec.

II. FORMULAS

By inverting the seesaw formula~1!, we can write it in
terms of diagonalized matrices and the rotations in the fo

~mD
diag!21Smn

diagST~mD
diag!215V* ~Mdiag!21V†. ~8!

HereV5DR
TVM and the seesaw matrix@2# S5DL

†U. In this
work, we ignore theCP-violating effect~i.e., all the mixing
matrices entered in the seesaw mechanism are real orth
nal!. One of the standard parametrizations of the MNS m
trix reads
U5eiu23
n l7eiu13

n l5eiu12
n l2

5S cosu13
n cosu12

n cosu13
n sinu12

n sinu13
n

2sinu23
n sinu13

n cosu12
n 2cosu23

n sinu12
n 2sinu23

n sinu13
n sinu12

n 1cosu23
n cosu12

n sinu23
n cosu13

n

2cosu23
n sinu13

n cosu12
n 1sinu23

n sinu12
n 2cosu23

n sinu13
n sinu12

n 2sinu23
n cosu12

n cosu23
n cosu13

n .
D . ~9!
es
The RH mixing matrixV has a similar parametrization,

V5eib23l7eib13l5eib12l2. ~10!

In Ref. @5#, Eq. ~8! has been reduced to the followin
three equations:

M̄1M̄2M̄351, ~11a!

M̄1
211M̄2

211M̄3
215X111X221X33, ~11b!

M̄11M̄21M̄35Y111Y221Y33, ~11c!

and relations between the diagonal and nondiagonal elem
of V have been obtained,

Vi j 5
Yi j 1M̄ jXi j

~Yj j 1M̄ jXj j !1M̄ j
222TrY

Vj j
nts

~ i , j 51,2,3 and iÞ j !, ~12!

whereXi j andYi j have the form

Xi j 5
1

m̄iDm̄jD
(
k51

3

m̄kSikSjk , ~13a!

Yi j 5m̄iDm̄jD (
k51

3
1

m̄k

SikSjk ~13b!

with m̄iD5miD(m1Dm2Dm3D)21/3 and m̄k

5mi(m1m2m3)21/3. Then, the three RH Majorana mass
can be expressed as
9-2
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M15FM̄1 , M25FM̄2 , M35FM̄3 ~14!

with F5(m1Dm2Dm3D)2/3/(m1m2m3)1/3. The three RH rota-
tion angles can be obtained from Eq.~12!:

tanb235V23/V33, cosb13sinb125V12, sinb135V13.
~15!

In this paper, we consider how a nonzeroUe3 affects the
RH neutrino masses and mixing as an extension of our
vious analysis@5#. There are three main reasons for us
devote attention to this topic. One is thatu13

n can be compa-
rable with and/or even far larger thanu12

n in the allowed
region of the small mixing MSW effect. The second is thaS
contains contributions from bothU and DL

T . AssumingmD

has the same structure~not only the mass scale but also th
mixing matrix! as that in the quark sector, one has@3#

DL5S 12
1

2
l2 l l4

2l 12
1

2
l2 l2

l32l4 2l2 12
1

2
l2

D ~16!

with l'0.22. ThenS12 andS13 have the following values:

S125Ue22lUm22
1

2
l2Ue21~l32l4!Ut2 , ~17a!

S135Ue32lUm32
1

2
l2Ue31~l32l4!Ut3 . ~17b!

Sincel@Ue2;1022 in the SMA region, one can see th
S12;S13 even whenu13

n 50. The third reason is that the sca
and the structure of the RH Majorana neutrino may be s
sitive, particularly in the SMA region~i.e., when u12

n is
small!, to the value ofUe3 andUt1, that is, to the values o
u12

n andu13
n . This will be clearer in later discussion.

III. QUASIDEGENERATE MASS PATTERN

Whenm05m1'm2'm3, we defined21 andd31 as

m25m0~11d21!, m35m0~11d31!. ~18!

From the conditionDm21
2 !Dm31

2 implied from the solar and
atmospheric neutrino experiments, one hasd21!d31!1. Ex-
ploiting this relation, the RH Majorana masses can be
tained from the formulas given in Sec. II:

Mi'
miD

2

m0
, i 51,2,3. ~19!

The RH mixing angles are easy to deduce:
07300
e-

n-

-

b i j '2
miD

mjD
~d21Si2Sj 21d31Si3Sj 3! ~1< i , j <3!.

~20!

We can see that the RH mixing angles are small. Ho
ever, their scales are sensitive to the inputs ofS12, S13, d21,
andd31. For example, whenS1350 one has

b12'2
m1D

m2D
d21S12S22, b13'

m1D

m3D
d21S12S32,

b23'
m2D

m3D
d31S23S33, ~21!

and whenS13*S12,

b12'2
m1D

m2D
d31S13S23, b13'

m1D

m3D
d31S13S33,

b23'
m2D

m3D
d31S23S33 ~22!

in the SMA region.
Assumingm0;1 eV, one hasM151.63103 GeV, M2

51.83108 GeV, andM351.231013 GeV. Note thatM2,3
are in the intermediate scale whileM1 is in the electric-weak
scale. Here, we have takenmD5mup(109 GeV).

IV. HIERARCHICAL MASS PATTERN

Assumingm1!m2!m3, the two heavier neutrino masse
can be approximated asm2'ADm21

2 andm3'ADm32
2 . In the

following, we first consider the small mixing solution to th
solar neutrino problem and then VO, LMA, and LOW a
embodied in a unitized framework since they all have a la
u12

n . To discuss the influence of different~1,3! element of the
seesaw matrix, it is convenient to setDL5I . This approxi-
mation would not affect the qualitative results obtained in
following analysis.

A. Small u12
n

„SMA…

We will discuss the case in which sin22u12
n *1023 so that

it remains in the SMA region. Whenu12
n is small, there are

three possibilities by comparingu13
n with u12

n : u13
n !u12

n ,
u13

n @u12
n , andu13

n ;u12
n .

1. u13
n ™u12

n

In the limit u13
n →0, we have obtained, in Ref.@5#,

M1' f 1

m1D
2

m2
, M2'

2m2D
2

m3
, M3' f 1

21
m3D

2

2m1
~23!

and

b12'2 f 1

m1Dsinu12
n

A2m2D

, b13' f 1

A2m1Dsinu12
n

m3D
,

9-3
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b23'2
m2D

m3D
, ~24!

wheref 15r 21/(r 21sin2u12
n 11) andr 215m2 /m1@1. The de-

pendence of the RH Majorana neutrino masses on the
neutrino masses is different from what one would exp
when no mixing occurs,Mi}mi

21 . As noted in Refs.@4,5#,
the RH mixing angles scale linearly with the ratios of t
Dirac neutrino massesb i j ;miD /mjD (1< i , j <3), which
is different from the LH quark mixing angles, where one h
tanuquark'Amd /ms in the two-generation case@14#.

2. u13
n šu12

n

In this case, from Eq. ~13a! we obtain Xii

;m̄3 /(m̄iD
2 Si3

2 ) ( i 51,2,3). Then, from Eqs.~11a! and ~14!,
we have

M1'
m1D

2

m3sin2u13
n

, M2' f 1

2m2D
2 sin2u13

n

m2
, M3' f 1

21
m3D

2

2m1
,

~25!

and from Eqs.~12! and ~15!,

b12'2
m1D

A2m2Dsinu13
n

, b13' f 1

A2m1Dsinu13
n

m3D
,

b23'
m2D

m3D
. ~26!

Comparing Eqs.~23! and ~25!, the dependence ofMi on mi
has changed, and from Eqs.~24! and ~26! one can see tha
the three RH mixing anglesb i j have the same dependen
on the Dirac neutrino mass ratios, respectively.

3. u13
n Èu12

n

Taking u23
n 5p/4, we have Ut15(sinu12

n

2sinu13
n cosu12

n )/A2;0 when u13
n ;u12

n . In this limit, the
three RH Majorana masses are given by

M1'
m1D

2

m3sin2u12
n

, ~27a!

M2'5
2m2D

2 sin2u12
n

m1

if r 21,r 21
res

m3D
2

2m2

if r 21.r 21
res,

~27b!

M3'5
m3D

2

2m2

if r 21,r 21
res

2m2D
2 sin2u12

n

m1

if r 21.r 21
res,

~27c!

wherer 21
res5 1

4 (m3D
2 /m2D

2 )csc2u12
n . The two heavier RH Ma-

jorana neutrino masses are degenerate,M25M3, when r 21
07300
ht
t

s

5r 21
res. We should point out thatM2 andM3 are only nearly

degenerate whenr 215r 21
res in strict numerical results.

The second RH mixing angleb23 can be expressed as

tan 2b23'2
2m2D /m3D

12r 21/r 21
res

~28!

or

sin22b23'
4m2D

2 /m3D
2

~12r 21/r 21
res!214m2D

2 /m3D
2

. ~29!

The other two RH mixing angles are both small and can
expressed inb23 as follows:

b12'
1

A2sinu12
n S 2

m1D

m2D
cosb231

m1D

m3D
sinb23D ,

~30a!

b13'
1

A2sinu12
n S 2

m1D

m2D
sinb232

m1D

m3D
cosb23D .

~30b!

The behaviors ofM2,3, b i j , and sin22b23 near r 21
res as

functions of r 21 are shown in Fig. 1. The behavior o
sin22b23 as a function ofr 21 is clearly that of a resonanc
peaked atr 215r 21

res. We can define the resonance widthd r 21

as that ofr 21 aroundr 21
res for which sin22b23 becomes1

2 in-
stead of the maximum value, unity. It is given by

d r 21
'4

m2D

m3D
r 21

res. ~31!

Substituting the SMA data in Eq.~4! into Eq. ~27!, we have
sin22b2351, M1'1.43107 GeV, and M2'M3'5
31015 GeV when r 215r 21

res ~that is, when m1'1.2
310210 eV since we assume the hierarchical mass patte!.
The situation is very like that in the matter-enhancedne↔nm
oscillation in the sun while herer 21 plays the part of the
effective potentialA. In the matter, a level crossing from on
mass eigenstate to another takes place in the resonanc
gion. In our case, the dependence ofM2,3 on mi and miD
changes through the resonance point. We should point
that the resonancelike behavior of the RH Majorana neutr
parameters, unlike the MSW effect, is not a kinetic proc
since r 21 should be a fixed value. Why such resonancel
behavior happens is just due to our ignorance of the abso
neutrino massm1. However, such behavior may shed lig
on the region ofm1. For example, if all the RH rotation
angles are required to be small~that is,b i j <p/4), one has
m1*1.2310210 eV in the SMA region whenu13

n ;u12
n , and

if one of the three angles is large~here b23), one hasm1
&1.2310210 eV. However, ifb23 happens to be maximal
we have two near-degenerate heavier RH Majorana neut
masses and the corresponding electric neutrino massm1
'1.2310210 eV.
9-4
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FIG. 1. The behavior of
the RH Majorana masses~a!, the
RH mixing angles ~b,d!, and
sin22b23 ~c! as functions ofr 21

(5m2 /m1) for the SMA solution
to the solar neutrino anomaly
when u13

n ;u12
n . The values of

the neutrino parameters are take
to be m2

255.431026 eV2,
m3

255.931023 eV2, sin22u12
n

56.031023, and sin22u12
n 51.0.
a

ng

e

have
B. Large u12
n

In this case, there is no need to consider the relative m
nitude ofu12

n andu13
n since one always hasUt1'sinu12

n /A2.
We shall therefore consider this problem in the followi
two possibilities according to the magnitude ofu13

n .

1. u13
n is tiny

From Sec. II, we find, when sin2u13
n ! 1

2 m1D
2 /m2D

2 , that the
RH Majorana masses are given by

M1'5
m1D

2

m2sin2u12
n

, r 32,r 32
res

2m2D
2

m3
, r 32.r 32

res,

~32a!

M2'5
2m2D

2

m3

r 32,r 32
res

m1D
2

m2sin2u12
n

, r 32.r 32
res,

~32b!

M3'
m3D

2 sin2u12
n

2m1
~32c!

and the RH mixing angles by
07300
g- sin22b12'
4m1D

2 /m2D
2

~12r 32/r 32
res!214m1D

2 /m2D
2

, ~33a!

b13'
A2m1Dcotu12

n

m3D
, b23'2

m2D

m3D
. ~33b!

Here r 325m3 /m2 and r 32
res'2(m2D

2 /m1D
2 )sin2u12

n . We also
plot the behaviors ofM1,2, b i j , and sin22b12 near r 32

res as
functions of r 32 in Fig. 2. From this one can see thatb12
reaches to maximal andM1 and M2 are nearly degenerat
when r 32'r 32

res. For the best values ofDm21
2 andDm32

2 , we
always haver 32!r 32

res for the VO, LMA, and LOW solutions
to the solar neutrino problem and so

M1'
m1D

2

m2

1

sin2u12
n

, M2'2
m2D

2

m3
, M3'

1

2

m3D
2

m1
sin2u12

n ;

~34!

b12'2
1

A2

m1D

m2D
cotu12

n , b13'A2
m1D

m3D
cotu12

n ,

b23'2
m2D

m3D
. ~35!

However, taking the possible regions ofDm21
2 and Dm32

2

listed in Eq.~5! into account,r 32 in the VO region may pass
the resonance point and the corresponding RH masses
the values M1'M2'1.23109 GeV and M3'1.8
31017r 21 GeV whenr 325r 32

res. With a similar discussion af-
9-5
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FIG. 2. The behavior of the
RH Majorana masses~a!, the RH
mixing angles~b,d!, and sin22b12

~c! as functions of r 32 (5m3 /
m2) for the vacuum oscillation so-
lution to the solar neutrino
anomaly whenUe350. In ~d!, the
approximate and the numerical re
sults match so well that their dif-
ferences cannot be shown in th
figure. The values of the neutrino
parameters are taken to b
m2 /m151000,m3

250.1 eV2, and
sin22u12

n 5sin22u23
n 51.0.
m
th
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and
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na
ter-
t a
ter
ter Eq. ~30!, the resonancelike behavior together with so
supposition of the RH mixing angles could restrict us to
region ofm3 /m2, and thus the region ofDm21 andDm32, in
the VO solution.

2. u13
n is not so small

We find, when u13
n is small but satisfying sin2u13

n

*m2sin2u12
n /m3, that the RH Majorana neutrino masses a

hierarchical and have the form

M1' f 2
21

m1D
2

m2
, M2' f 2

m2D
2

m3Ut1
2

, M3'
m3D

2 Ut1
2

m1
,

~36!

where f 25Ue2
2 1r 32Ue3

2 1r 32(m1D
2 /m2D

2 )Um3
2 and all three

RH mixing angles are small scale linearly with the ratios
the Dirac neutrino masses,

b12'2
m1D

m2D

Ue2Um21r 32Ue3Um3

Ue2
2 1r 32Ut3

2
,

b13'
m1DUe1

m3DUt1
, b23'

m2DUm1

m3DUt1
. ~37!

V. SUMMARY AND DISCUSSION

Separating the solution regions of the solar neutrino pr
lem in two cases according to the value ofu12

n , we have
07300
e
e

e

f

-

derived simple relations between parameters of the RH
LH Majorana neutrino masses and mixing in the context
the seesaw mechanism and quark-lepton symmetry wi
the framework of three families. Especially, as an extens
of our previous work, we have embodied the quasidegene
light neutrino mass case and the influence of nonzeroUe3 on
the properties~masses and mixing! of the RH Majorana neu-
trinos. TheCP-violating effect has not been included. W
find the following.

~i! The quasidegenerate neutrino spectrum leads to hie
chical RH Majorana masses and small RH mixing ang
which scale linearly with the ratios of the Dirac massesb i j

;miD /mjD ,1< i , j <3.
~ii ! For SMA, resonancelike behavior of sin22b23 is

found whenu13
n ;u12

n . We find whenm1'1.2310210 eV
one has sin22b2351, M1'1.43107 GeV, and M2'M3

'531015 GeV. For a wide range ofr 21, quantitatively,
for r 21 below r 21

res, all three RH mixing angles are
small and M3'531015 GeV is near the scale o
GUT. Assuming that all three RH mixing angles are sma
the lower bound of m1 could be obtained (;1.2
310210 eV).

~iii ! The behavior sin22b12 as functions ofm3 /m2 is a
resonance peaked atr 325r 32

res for largeu12
n whenu13

n is tiny.
One has two lighter degenerate RH Majorana masses at
point which lie in the VO region. In Ref.@5# we have not
discussed this case.

~iv! The resonancelike behaviors of the RH Majora
neutrino parameters and the MSW effect, although an in
esting analogy, are different physically. The former is jus
relation for different values of the parameters while the lat
9-6
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is a kinetic behavior that physical parameters display w
neutrinos propagate in the matter.

~v! In addition, we have presented a numerical meth
@embodied in Eq.~11a!# that is generally applicable for ca
culating the physical parameters in the seesaw mechan
which usually involves extremely large and extremely sm
quantities simultaneously.

The results are dependent on the precise determinatio
Ue3. Such a goal is expected to be reached in the neut
long baseline experiment, registration of the neutrino bu
from the Galactic supernova by existing detectors SK a
SNO, and the neutrino factories@15#. In this paper, we have
not discussed the case in whichMR and mD are complex.
ni

ev

ett

07300
n

d

m,
ll

of
o

ts
d

Also, the renormalization effect has not been included.
hope to return to these topics in future.
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