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Kaluza-Klein theories and the anomalous magnetic moment of the muon
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We discuss nonminimal couplings of fermions to the electromagnetic field, which generically appears in
models with extra dimensions. We consider models where the electromagnetic field is generated by the Kaluza-
Klein mechanism. The nonminimal couplings contribute at the tree level to the anomalous magnetic and
electric dipole moments of fermions. We use recent measurements of these quantities to put limits on the
parameters of models with extra dimensions.
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The measurements of the electric and anomalous m
netic dipole moments of fermions provide a very stringe
test of the standard model of particle physics. The latest m
surement ofg22 of the muon@1# seems to indicate a devia
tion from the standard model. The difference between
experimental value and the theoretical value calculated in
framework of the standard model is

Dam5am~exp!2am~SM!543~16!310210. ~1!

For a theoretical review see@2#. This effect does not neces
sarily imply a conflict with the standard model as there
theoretical uncertainties in the calculations involving ha
ronic quantum corrections@3#. Interpretations of this 2.6s
effect were immediately proposed in different framewor
such as compositeness and technicolor@4#, supersymmetry
@5#, extra dimensions@6#, massive neutrinos@7#, leptoquarks
@8#, additional gauge bosons@9# and others@10#. In this Brief
Report we want to discuss the contribution to the electric
to the anomalous magnetic dipole moments of fermio
which arises due to the nonminimal coupling

Sint5E d4xFmnc̄~A1Bg5!smnc ~2!

of fermions to the electromagnetic fieldFmn5]mAn

2]nAm (smn5 1
4 @gm ,gn#). This nonminimal coupling ge-

nerically appears in Kaluza-Klein type theories@11#, e.g.,
Kaluza-Klein supergravity@12#. As is shown in@16,17#, the
Kaluza-Klein interpretation of gauge fields can be revived
the framework of models with brane universe@13,14#.
Whether the nonminimal coupling~2! appears depends o
the particular assumptions made about the mechanism
sponsible for the localization of gauge fields and fermions
the brane.

In models with extra dimensions@12–14# the space-time
is taken to be a product of the four-dimensional Minkows
spaceM4 and a Riemannian manifoldKn. In a coordinate
chart (xm,ya) on M43Kn, a general Lorentz-invariant me
ric can be written in the form

ds25 f ~y!hmndxmdxn1gab~y!dyadyb, ~3!
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where hmn is the four-dimensional Minkowski metric an
gab is a metric onKn. Depending on the type of model unde
consideration, the observable matter fields of the stand
model of particle physics are either allowed to propagate
the bulk or confined to live on a four-dimensional surfa
M 4,M43Kn. In the former case the typical sizeL of com-
pact manifoldKn is restricted to be small enough, so that t
energy scale of Kaluza-Klein excitations of standard mo
particlesM;L21 is higher than the experimentally reac
able one,M>1 TeV. In the latter case the size ofKn can be
large and even infinite.

If the manifoldKn possesses a nontrivial isometry grou
G, perturbations of the background metric~3! which have the
form

gAB5S f ~y!hmn1gabAm
aAn

b gabAm
b

gabAm
b gab

D ~4!

where the vector fieldsAm
a ,

Am
a5A m

(p)j (p)
a , ~5!

are proportional to Killing vector fields j (p)
a , p

51, . . . ,dimG. One can, in principle, interpret these field
as observable gauge fields of the standard model if the gr
G containsSU(3)3SU(2)3U(1) as a subgroup. In this
case the minimal dimension of the compact manifoldKn is
n57 @15#.

In general, in models with large or infinite extra dime
sions, when all the fields of the standard model are suppo
to be localized on a four-dimensional brane, the fieldsAm

a

cannot be related to the standard model gauge fields s
they are generally not confined to the braneM 4. But, it
turns out that a certain subset of these fields, which is a
ciated to the symmetry of rotations around the brane can
naturally localized on the brane in models with warped ex
dimensions@that is, whenf (y)5” 1# @16#. It is possible to
obtain the SU(2)3U(1) group as a group of rotation
around the brane@17#. Thus, with some modifications
Kaluza-Klein’s idea of relating gauge fields to isometries
higher-dimensional space-time can also be implemente
this type of models.

If the observable electromagnetic field originates fro
isometries of higher-dimensional space-time, it differs fro
the electromagnetic field of Maxwell theory in a cruci
©2002 The American Physical Society02-1
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point. Although this field is minimally coupled to scalars, t
coupling to spin-1/2 fields contains nonminimal terms~2!
@11#. This coupling results in an additional contribution
the anomalous magnetic moment~if A5” 0) and to the elec-
tric ~if B5” 0) dipole moment of fermions. The term propo
tional to g5 is T andP violating.

In the simplest ~unrealistic! five-dimensional Kaluza-
Klein theory the parametersA andB are determined by the
five-dimensional gravitational constantG5 and the sizeL of
the only extra dimension.G5 and L are, in turn, expresse
through the four-dimensional gravitational constantG4
;10238 GeV22 and four-dimensional fine structure co
stant aQED;1022. An order-of-magnitude estimate show
that the contribution of the nonminimal coupling~2! to the
anomalous magnetic moment and to the electric dipole
ment is, in this case, too small to be experimentally detec

In higher dimensional theories, as we will show belo
the strength of the anomalous coupling~2! depends not only
on the geometry ofKn and the (41n)-dimensional gravita-
tional constantG41n but also on the higher-dimensional pr
files of fermions. In this case, the available experimental d
on anomalous magnetic and electric dipole moments
provide certain restrictions on parameters of the high
dimensional theory.

Couplings of Kaluza-Klein gauge fields to the fermio
fields can be found from the higher-dimensional Dirac act

SD5 i E d4xdny~detEN
M̂ !C̄GADAC ~6!

whereEN
M̂ is the vielbein field~hat denotes the local Lorent

indexes and the bulk metric is expressed through the vielb

as gAB5EA
ĈEB

D̂h ĈD̂ where h ĈD̂ is (41n)-dimensional
Minkowski metric!. The curved space gamma matricesGA

are related to the flat space ones asGA5EB̂
A
G B̂ where

$G B̂,G Ĉ%52h B̂Ĉ. The covariant derivative of Dirac spinor i
defined as

DAC5]AC1
1

2
vA

B̂Ĉs B̂ĈC, ~7!

where vA
B̂Ĉ is the spin connection expressed in a stand

way through derivatives of the vielbein ands B̂Ĉ
5 1

4 @G B̂ ,G Ĉ# is generator of local Lorentz rotations.
The U(1) gauge group of electromagnetism is a on

parametric subgroup of the isometry groupG generated by a
Killing vector field jU

a (y). Taking a coordinatey15u along
the integral curves ofjU

a (y) we can write the metric~4! as

gAB5S f ~ya!hmn1wAmAn wAm 0

wAm w 0

0 0 gab

D ~8!

where w5w(ya),a52, . . . ,n, since the metric coefficient
do not depend onu.

Taking the coordinate vielbein for the metric~8! we have
06770
o-
d.
,

ta
n

r-

n

in

d

-

GADAC5
1

Af
Gm̂~]m2Am]u!C1

1

Aw
Gû]uC1GaS Da1

f ,a

f

1
w ,a

4w DC1
Aw

8 f
FmnGm̂Gn̂GûC ~9!

whereDa is the covariant derivative with respect to the me
ric gab . We takeC of the form

C5eiquc~x!x~ya! ~10!

whereq is an integer.c is a four-dimensional spinor which
satisfies the massless Dirac equation

iGm̂]mc50 ~11!

andx is a n-dimensional spinor which obeys

iGaS Da1
f ,a

f
1

w ,a

4w Dx2
q

Aw
Gûx50. ~12!

For such configurations the action~6! reduces to

S5E dny f2Awugabuuxu2E d4xc̄F i

Af
Gm̂~]m2 iqAm!

1
iAw

4 f
Fmnsm̂n̂GûGc. ~13!

We can takeGm̂5gm,Gû5g5 where gm, g5 are conven-
tional four-dimensional gamma matrices. Th
(41n)-dimensional spinorC must be normalized with re
spect to the norm

^C,C&5E d4xdnyA2gC̄G0C, ~14!

which yields the following normalization condition for th
n-dimensional spinorx:

E dny f3/2Awugabuuxu251. ~15!

From Eq.~13! we see that the nonminimal coupling of th
fermion field toAm has the form

Sint5RxE d4xc̄Fmnsmng5c ~16!

with

Rx5
1

4E dny fwAugabuuxu2. ~17!

Note that the strength of the nonminimal coupling depen
on the higher-dimensional profilex of the fermion zero
mode and, therefore, it can be different for different ferm
ons. In models with large or infinite extra dimensionsRx

characterizes the scale of localization of fermions.
2-2
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In the absence ofFmn , the action~13! is invariant under
chiral rotations

Pc5e2 iag5
c ~18!

wherea is an arbitrary angle. Until we provide a particul
mechanism by which the fermion fieldc gets a mass, we
have no definite prescription for fixinga. For example, in
the five dimensional Kaluza-Klein theory the term propo
tional toGû]uC in Eq. ~9! can be interpreted as a mass te
after a a5p/2 chiral rotation ~18!. The anomalous term
transforms as

P†~ ig0smng5!P5g0~sin 2a1 ig5 cos 2a!smn ~19!

under the chiral rotation~18!. Thus, in general, the anoma
lous coupling~16! is

Sint5eE d4xFmnc̄~Rx sin 2a1 iRx cos 2ag5!smnc, ~20!

wheree is the electron charge~we have adopted the usu
normalization for the electromagnetic field!. The parameters
A andB ~2! are respectively

A5eRx sin 2a ~21!

B5eRx cos 2a.

As mentioned previously, this term gives a contribution
the anomalous magnetic moment of the leptons as well a
their electric dipole moments. In old fashion Kaluza-Kle
theory, the nonminimal coupling~20! is weak, but it can be
sizable in the brane world models where the localized ga
fields are Kaluza-Klein gauge fields associated to rotati
around the brane@16,17#.

The contributions of this nonminimal coupling to th
anomalous magnetic moment of a fermion and to its elec
dipole moment can be deduced directly from Eq.~20!. One
gets

ac
KK5Rxmc sin 2a ~22!

for the anomalous magnetic moment of the fermion and

dc
KK5

e

2
Rx cos 2a ~23!

for the electric dipole moment the fermion. The mass of
fermion is denoted bymc .

We shall first discuss the electric dipole moment. T
electric dipole moment of the electron and of the muon h
been measured very precisely@18#

de
exp,~0.1860.1260.10!310226e cm, ~24!

dm
exp,~3.763.4!310219e cm. ~25!

The same precision has not been achieved for thet-lepton:

dt
exp,3.1310216e cm. ~26!
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Using the experimental data, one gets

Re cos 2a,4.6310214 GeV21 ~27!

for the electron,

Rm cos 2a,9.431026 GeV21 ~28!

for the muon and

Rt cos 2a,7.931023 GeV21 ~29!

for the t-lepton. Note thatRx ~17!, x5e,m,t, can take dif-
ferent values for different fermions. The best limit is o
tained for the electron electric dipole moment.

We now consider their anomalous magnetic moments.
us first consider the electron. The value of the anomal
magnetic moment of the electron predicted by the stand
model is strongly dependent on the value of the fine-struc
constant@19#. Typically one gets

Dae5ae~exp!2ae~SM!534~33.5!310212, ~30!

taking the fine-structure constant from the quantum Hall
fect measurement. Thus we get

Re sin 2a,
Dae

me
56.731028 GeV21. ~31!

In the case of the muon, we can interpret the obser
deviation~1! as an effect of the nonminimal coupling. On
obtains the following constraint for the productRm sin 2a:

Rm sin 2a<
Dam

mm
5431028 GeV21. ~32!

Besides the magnitude of the deviation from the stand
model prediction for the anomalous magnetic moment,
sign is of crucial importance. This sign depends on the an
a ~18! which is determined by the fermion mass generat
mechanism. Therefore, one gets a constraint on model bu
ing aP@0,p/2#. One cannot obtain constraints from th
anomalous magnetic moment of thet-lepton.

From the above estimates we see that the magnitudeRx

~16! of the nonminimal coupling of fermions to the electr
magnetic field is less than or of the order of 10221 cm. Re-
member, thatRx characterizes the higher-dimensional profi
of a fermion. For example, in the models with large ex
dimensions it is an estimate of the size of the region wh
the fermions are localized~‘‘thickness’’ of the brane!.

We would like to point out that a term~2! arises also for
neutrinos. Thus, neutrinos are expected to have a magn
moment. Using the available limit@18# for the magnetic mo-
ment of an electron-type neutrino, one gets

Rn sin 2a,331027 GeV21. ~33!

A similar constraint is obtained for them-type neutrino.
2-3
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More stringent limits can be obtained from astrophysi
considerations@21#.

It is important to note that in models with large ext
dimensions, there are extra contributions to the anoma
magnetic moment which come from Kaluza-Klein excit
tions of bulk fields~e.g., bulk gravitons! @6,20# which can
result in effects of the same order of magnitude as Eq.~1!.
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