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High temperature matter and gamma ray spectra from microscopic black holes
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The relativistic viscous fluid equations describing the outflow of high temperature matter created via Hawk-
ing radiation from microscopic black holes are solved numerically for a realistic equation of state. We focus on
black holes with initial temperatures greater than 100 GeV and lifetimes less than 6 days. The spectra of direct
photons and photons fromp0 decay are calculated for energies greater than 1 GeV. We calculate the diffuse
gamma ray spectrum from black holes distributed in our galactic halo. However, the most promising route for
their observation is to search for point sources emitting gamma rays of ever-increasing energy.
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I. INTRODUCTION

Hawking radiation from black holes@1# is of fundamental
interest because it relies on the application of relativis
quantum field theory in the presence of the strong field li
of gravity, a situation that could potentially be observed. I
also of great interest because of the temperatures involve
black hole with massM radiates thermally with a Hawking
temperature TH5mP

2/8pM where mP5G21/251.22
31019 GeV is the Planck mass.~Units are\5c5kB51.! In
order for the black hole to evaporate rather than accre
must have a temperature greater than that of the presen
blackbody radiation of the universe of 2.7 K52.3
31024 eV. This implies thatM must be less than 1% of th
mass of the Earth.

Such small black holes most likely would have be
formed primordially; there is no other mechanism known
form them. As the black hole radiates, its mass decreases
its temperature increases untilTH becomes comparable to th
Planck mass, at which point the semiclassical calcula
breaks down and the regime of full quantum gravity is e
tered. Only in two other situations are such enormous te
peratures achievable: in the early universe and in central
lisions of heavy nuclei like gold or lead. Even then on
about T5500 MeV is reached at the RHIC~Relativistic
Heavy Ion Collider! just completed at Brookhaven Nation
Laboratory andT51 GeV is expected at the LHC~Large
Hadron Collider! at CERN to be completed in 2006. Supe
novae and newly formed neutron stars only reach temp
tures of a few tens of MeV. To set the scale from fundam
tal physics, we note that the spontaneously broken ch
symmetry of QCD gets restored in a phase transition or ra
crossover at a temperature around 170 MeV, while the sp
taneously broken gauge symmetry in the electroweak se
of the standard model gets restored in a phase transitio
rapid crossover at a temperature around 100 GeV. The
that temperatures of the latter order of magnitude will ne
be achieved in a terrestrial experiment should motivate u
study the fate of microscopic black holes during the fin
days, hours and minutes of their lives when their tempe
tures have risen to 100 GeV and above. In this paper we s
focus on Hawking temperatures greater than 100 GeV.
fact that microscopic black holes have not yet been obse
@2# should not be viewed as a deterrent, but rather as a c
lenge for the new millennium.
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There is some uncertainty over whether the particles s
ter from each other after being emitted, perhaps even eno
to allow a fluid description of the wind coming from th
black hole. Let us examine what might happen as the bl
hole mass decreases and the associated Hawking tempe
increases.

When TH!me ~electron mass! only photons, gravitons
and neutrinos will be created with any significant probabili
These particles will not significantly interact with each oth
and will freely propagate away from the black hole wi
energies of orderTH . Even whenTH'me the Thomson
cross section is too small to allow the photons to scatter v
frequently in the rarified electron-positron plasma around
black hole. This may change whenTH'100 MeV when
muons and charged pions are created in abundance. At s
what higher temperatures hadrons are copiously produ
and local thermal equilibrium may be achieved, although
actly how is an unsettled issue. Are hadrons emitted dire
by the black hole? If so, they will be quite abundant at te
peratures of order 150 MeV because their mass spect
rises exponentially~Hagedorn growth as seen in the Partic
Data Group tables@3#!. Because they are so massive th
move nonrelativistically and may form a very dense equ
brated gas around the black hole. But hadrons are compo
of quarks and gluons, so perhaps quark and gluon jets
emitted instead? These jets must decay into the observ
hadrons on a typical proper length scale of 1 fm and a typ
proper time scale of 1 fm/c. This was first studied by
MacGibbon and Webber@4# and MacGibbon and Carr@5#.
Subsequently Heckler@6# argued that since the emitte
quarks and gluons are so densely packed outside the e
horizon they are not actually fragmenting into hadrons
vacuum but in something more like a quark-gluon plasma
perhaps they thermalize. He also argued that QED bre
strahlung and pair production were sufficient to lead to
thermalized QED plasma whenTH exceeded 45 GeV@7#.
These results are somewhat controversial and need to be
firmed. The issue really is how to describe the emission
wave packets via the Hawking mechanism when the emi
particles are~potentially! close enough to be mutually inter
acting. A more quantitative treatment of the particle intera
tions on a semiclassical level was carried out by Cline, M
toslavsky and Servant@8#. They solved the relativistic
Boltzmann equation with QCD and QED interactions in t
relaxation-time approximation. It was found that significa
©2002 The American Physical Society28-1
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particle scattering would lead to a photosphere though
perfect fluid flow.

Rather than pursuing the Boltzmann transport equa
one of us applied relativistic viscous fluid equations to
problem assuming sufficient particle interaction@9#. It was
found that a self-consistent description emerges of a fl
just marginally kept in local thermal equilibrium, and th
viscosity is a crucial element of the dynamics. The purp
of this paper is a more extensive analysis of these equat
and their observational consequences. The plan is as foll
In Sec. II we give a brief review of Hawking radiation su
ficient for our uses. In Sec. III we give the set of relativis
viscous fluid equations necessary for this problem along w
the assumptions that go into them. In Sec. IV we sugge
relatively simple parametrization of the equation of state
temperatures ranging from several MeV to well over 1
GeV. We also suggest a corresponding parametrization o
bulk and shear viscosites. In Sec. V we solve the equat
numerically, study the scaling behavior of the solutions, a
check their physical self-consistency. In Sec. VI we estim
where the transition from viscous fluid flow to free
streaming takes place. In Sec. VII we calculate the insta
neous and time-integrated spectra of high energy pho
from the two dominant sources: direct and neutral pion
cay. In Sec. VIII we study the diffuse gamma ray spectr
from microscopic black holes distributed in our galactic ha
We also study the systematics of gamma rays from an i
vidual black hole, should we be so fortunate to observe o
We conclude the paper in Sec. IX.

II. HAWKING RADIATION

There are at least two intuitive ways to think about Haw
ing radiation from black holes. One way is vacuum polariz
tion. Particle-antiparticle pairs are continually popping
and out of the vacuum, usually with no observable effect
the presence of matter, however, their effects can be
served. This is the origin of the Lamb effect first measured
atomic hydrogen in 1947. When pairs pop out of the vacu
near the event horizon of a black hole one of them may
captured by the black hole and the other by necessity
conservation laws will escape to infinity with positive e
ergy. The black hole therefore has lost energy - it radia
Due to the general principles of thermodynamics applied
black holes it is quite natural that it should radiate therma
An intuitive argument that is more quantitative is based
the uncertainty principle. Suppose that we wish to confin
massless particle to the vicinity of a black hole. Given th
the average momentum of a massless particle at temper
T is approximatelypT, the uncertainty principle require
that confinement to a region the size of the Schwarzsc
diameter places a restriction on the minimum value of
temperature

pT•2r S.1/2. ~1!

The minimum is actually attained for the Hawking tempe
ture. The various physical quantities are related asr S

52M /mP
251/4pTH .
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The number of particles of spins emitted with energyE
per unit time is given by the formula

dNs

dEdt
5

Gs

2p

1

exp~E/TH!2~21!2s
. ~2!

All the computational effort really goes into calculating th
absorption coefficientGs from a relativistic wave equation in
the presence of a black hole. Integrating over all parti
species yields the luminosity

L52
dM

dt
5a~M !

mP
4

M2
564p2a~TH!TH

2 . ~3!

Here a(M ) is a function reflecting the species of particl
available for creation in the gravitational field of the bla
hole. It is generally sufficient to consider only those partic
with mass less thanTH ; more massive particles are expone
tially suppressed by the Boltzmann factor. Then

a52.01131028@4200N012035N1/21835N1195N2#
~4!

whereNs is the net number of polarization degrees of fre
dom for all particles with spins and with mass less thanTH .
The coefficients for spin 1/2, 1 and 2 were computed by P
@10# and for spin 0 by Sanchez@11#. In the standard mode
N054 ~Higgs boson!, N1/2590 ~three generations of quark
and leptons!, N1524 @SU(3)3SU(2)3U(1) gauge theory#,
andN252 ~gravitons!. This assumesTH is greater than the
temperature for the electroweak gauge symmetry restora
Numerically a(TH.100 GeV)54.4331023. Starting with
a black hole of temperatureTH , the time it takes to evapo
rate or explode is

Dt5
mP

2

3a~TH!~8pTH!3
. ~5!

This is also the characteristic time scale for the rate
change of the luminosity of a black hole with temperatu
TH .

At present a black hole will explode ifTH.2.7 K and
correspondinglyM,4.631025 g which is approximately
1% of the mass of the Earth. More massive black holes
cooler and therefore will absorb more matter and radiat
than they radiate, hence grow with time. Taking into acco
emission of gravitons, photons, and neutrinos a critical m
black hole today has a Schwarszchild radius of 68 micr
and a lifetime of 231043 years.

III. RELATIVISTIC VISCOUS FLUID EQUATIONS

The relativistic imperfect fluid equations describing
steady-state, spherically symmetric flow with no net bary
number or electric charge and neglecting gravity~see below!
areTmn

;n5black hole source. The nonvanishing compone
of the energy-momentum tensor in radial coordinates
@12#
8-2
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HIGH TEMPERATURE MATTER AND GAMMA RAY . . . PHYSICAL REVIEW D65 064028
T005g2~P1e!2P1v2DTdiss

T0r5vg2~P1e!1vDTdiss ~6!

Trr 5v2g2~P1e!1P1DTdiss

representing energy density, radial energy flux, and ra
momentum flux, respectively, in the rest frame of the bla
hole. Herev is the radial velocity withg the corresponding
Lorentz factor,u5vg, e andP are the local energy densit
and pressure, and

DTdiss52
4

3
hg2S du

dr
2

u

r D2zg2S du

dr
1

2u

r D , ~7!

whereh is the shear viscosity andz is the bulk viscosity. A
thermodynamic identity givesTs5P1e for zero chemical
potentials, whereT is temperature ands is entropy density.
There are two independent differential equations of mot
to solve for the functionsT(r ) and v(r ). These may suc-
cinctly written as

d

dr
~r 2T0r !50

d

dr
~r 2Trr !50. ~8!

An integral form of these equations is sometimes m
useful since it can readily incorporate the input luminos
from the black hole. The first represents the equality of
energy flux passing through a sphere of radius r with
luminosity of the black hole:

4pr 2T0r5L. ~9!

The second follows from integrating a linear combination
the differential equations. It represents the combined effe
of the entropy from the black hole together with the increa
of entropy due to viscosity:

4pr 2us54pE
r 0

r

dr8r 82
1

T F8

9
hS du

dr8
2

u

r 8
D 2

1zS du

dr8
1

2u

r 8
D 2G1

L

TH
. ~10!

The termL/TH arises from equating the entropy per un
time lost by the black hole2dSbh/dt with that flowing into
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the matter. Using the area formula for the entropy of a bla
hole, Sbh5mP

2pr S
254pM2/mP

2 , and identifying 2dM/dt
with the luminosity, the entropy input from the black hole
obtained.

The above pair of equations are to be applied beginnin
some radiusr 0 greater than the Schwarzschild radiusr S , that
is, outside the quantum particle production region of t
black hole. The radiusr 0 at which the imperfect fluid equa
tions are first applied should be chosen to be greater than
Schwarzschild radius, otherwise the computation of part
creation by the black hole would be invalid. It should not
too much greater, otherwise particle collisions would cre
more entropy than is accounted for by the equation abo
The energy and entropy flux into the fluid come from qua
tum particle creation by the black hole at temperatureTH .
Gravitational effects are of orderr S /r , hence negligible for
r .(5210)r S .

IV. EQUATION OF STATE AND TRANSPORT
COEFFICIENTS

Determination of the equation of state as well as the t
viscosities for temperatures ranging from MeV to TeV a
more is a formidable task. Here we shall present some r
tively simple parametrizations that seem to contain the
sential physics. Improvements to these can certainly
made, but probably will not change the viscous fluid flow
the observational consequences very much.

The hot shell of matter surrounding a primordial bla
hole provides a theoretical testing ground rivaled only by
big bang itself. To illustrate this we have plotted a sem
realistic parametrization of the equation of state in Fig.
Gravitons and neutrinos are not included. We assume a
ond order electroweak phase transition at a temperatur
TEW5100 GeV. Above that temperature the standard mo
has 101.5 effective massless bosonic degrees of freedom~as
usual fermions count as 7/8 of a boson!. We assume a firs
order QCD phase transition at a temperature ofTQCD

5170 MeV. The number of effective massless bosonic
grees of freedom changes from 47.5 just above this crit
temperature (u, d, s quarks and gluons! to 7.5 just below it
~representing the effects of all the massive hadrons in
Particle Data Group tables! @13#. Below 30 MeV only elec-
trons, positrons, and photons remain, and finally below a
hundred keV only photons survive in any appreciable nu
ber. The explicit parametrization shown in Fig. 1 is as f
lows:
s~T!5
4p2

90
T3H 101.5, TEW<T,

56.5145 e2(TEW2T)/T, TQCD<T,TEW ,

213.5 e2me /T127.25 e2(TQCD2T)/T, T,TQCD .

~11!
8-3
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RAMIN DAGHIGH AND JOSEPH KAPUSTA PHYSICAL REVIEW D65 064028
It may very well be that there are no true thermodynam
phase transitions in the standard model but only rapid cr
overs from one phase to the other. None of our calculati
or results depend on such details. A word about neutrino
is quite possible that they should be considered in appr
mate equilibrium at temperatures above 100 GeV where
electroweak symmetry is restored. Still there is some un
tainty about this. Since they provide only a few effecti
degrees of freedom out of more than 100 their neglect sho
cause negligible error.

Now we turn to the viscosities. The shear viscosity w
calculated in@14# for the full standard model in the symme
try restored phase, meaning temperatures above 100 Ge
so, using the relaxation time approximation. The result is

h~T.100 GeV!582.5T3 ~12!

when numerical values for coupling constants etc. are pu
The shear viscosity for QCD degrees of freedom only w
calculated to leading order in the QCD couplingas in @15# to
be

h~QCD!5
0.342~111.7Nf !

~11Nf /6!as
2 ln~as

21!
T3 ~13!

whereNf is the number of quark flavors whose mass is l
than T. An improved calculation for gauge theories w
given in @16#; for QCD there is very little difference with
@15#. We observe that the ratio of the shear viscosity to
entropy density, as appropriate for the above two case
dimensionless and has about the same numerical valu
both. Therefore, as a practical matter we assume that
shear viscosity always scales with the entropy density for
temperatures of interest. We take the constant of proport
ality from the full standard model cited above:

h5
82.5

101.5S s

4p2/90
D . ~14!

FIG. 1. Entropy density as a function of temperature, exclud
neutrinos and gravitons. It is assumed that the QCD phase trans
is first order and the EW phase transition is second order.
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There is even less known about the bulk viscosity at
temperatures of interest to us. The bulk viscosity is zero
point particles with no internal degrees of freedom and w
local interactions among them. In renormalizable quant
field theories the interactions are not strictly local. In partic
lar, the coupling constants acquire temperature depend
according to the renormalization group. For example, to o
loop order the QCD coupling has the functional depende
as;1/ln(T/L) whereL is the QCD scale. On account of th
dependence the bulk viscosity is nonzero. We estimate t

z'1024h ~15!

and this is what we shall use in the numerics.
Overall we have a modestly realistic description of t

equation of state and the viscosities that are still a matte
theoretical uncertainty. One needss(T),h(T),z(T) over a
huge range ofT. Of course, these are some of the quantit
one hopes to obtain experimental information on from obs
vations of exploding black holes.

V. NUMERICAL SOLUTION AND SCALING

Several limiting cases of the relativistic viscous flu
equations were studied in@9#. The most realistic situation
used the equation of statee5aT4, s5(4/3)aT3 and viscosi-
ties h5bST3, z5bBT3 with the coefficientsa, bS , bB all
constant. A scaling solution, valid at large radii wheng@1,
was found to beT(r )5T0(r 0 /r )2/3 and g(r )5g0(r /r 0)1/3.
The constants must be related by 36aT0r 05(32bS
1441bB)g0. This r-dependence ofT andg is exactly what
was conjectured by Heckler@7#.

It was shown in@9# that if approximate local thermal equ
librium is achieved it can be maintained, at least for t
semi-realistic situation described above. The requiremen
that the inverse of the local volume expansion rateu5um

;m
be comparable to or greater than the relaxation time for th
mal equilibrium@12#. Expressed in terms of a local volum
elementV and proper timet it is u5(1/V)dV/dt, whereas
in the rest frame of the black hole the same quantity can
expressed as (1/r 2)d(r 2u)/dr. Explicitly

u5
7g0

3r 0
S r 0

r D 2/3

5
7g0

3r 0T0
T. ~16!

Of prime importance in achieving and maintaining local th
mal equilibrium in a relativistic plasma are multi-body pr
cesses such as 2→3 and 3→2, etc. This has been well
known when calculating quark-gluon plasma formation a
evolution in high energy heavy ion collisions@17,18# and has
been emphasized in Refs.@6,7# in the context of black hole
evaporation. This is a formidable task in the standard mo
with its 16 species of particles. Instead three estimates for
requirement that local thermal equilibrium be maintain
were made. The first and simplest estimate is to require
the thermal de Broglie wavelength of a massless parti
1/3T, be less than 1/u. The second estimate is to require th
the Debye screening length for each of the gauge group
the standard model be less than 1/u. The Debye screening
length is the inverse of the Debye screening massmn

D where

g
on
8-4
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HIGH TEMPERATURE MATTER AND GAMMA RAY . . . PHYSICAL REVIEW D65 064028
n51,2,3 for the gauge groups U~1!, SU~2!, SU~3!. Generi-
cally mn

D}gnT wheregn is the gauge coupling constant an
the coefficient of proportionality is essentially the squa
root of the number of charge carriers@19#. For example, for
color SU~3! m3

D5g3A11Nf/6T whereNf is the number of
light quark flavors at the temperatureT. The numerical val-
ues of the gauge couplings are:g150.344, g250.637, and
g351.18 ~evaluated at the scalemZ) @3#. So within a factor
of about 2 we havemD'T. The third and most relevan
estimate is the mean time between two-body collisions in
standard model for temperatures greater than the electrow
symmetry restoration temperature. This mean time was
culated in@14# in the process of calculating the viscosity
the relaxation time approximation. Averaged over all parti
species in the standard model one may infer from that pa
an average time of 3.7/T. Taking into account multi-body
reactions would decrease that by about a factor of two
four. All three of these estimates are consistent within a f
tor of 2 or 3. The conclusion to be drawn is that local therm
equilibrium should be achieved whenu&T. Once thermal
equilibrium is achieved it is not lost becauseu/T is indepen-
dent of r. The picture that emerges is that of an imperfe
fluid just marginally kept in local equilibrium by viscou
forces.

The results quoted above are only valid at larger and for
the equation of states}T3. To know the behavior of the
solution at non-asymptoticr and for the more sophisticate
equation of state and viscosities described in Sec. V requ
a numerical analysis. We have found that the most con
nient form of the viscous fluid equations for numerical eva
ation are

4pr 2FguTs2
4

3
hguS du

dr
2

u

r D2zguS du

dr
1

2u

r D G5L

~17!

for energy conservation@from Eq. ~9!# and

d

dr
~4pr 2us!5

4pr 2

T F8

9
hS du

dr
2

u

r D 2

1zS du

dr
1

2u

r D 2G
~18!

for entropy flow@from Eq. ~10!#. Obviously the entropy flux
is a monotonically increasing function ofr because of dissi-
pation.

Mathematically the above pair of equations apply for
r .0, although physically we should only apply them beyo
the Schwarzschild radiusr S . Let us study them first in the
limit r→0, which really means the assumption thatv!1.
Thenu'v andg'1. We also consider black hole temper
tures greater thanTEW so that the equation of state and t
viscosities no longer change their functional forms. It
straightforward to check that a power solution satisfies
equations, with

u~r !5ui~r /r i !
2/5

T~r !5Ti~r i /r !3/5 ~19!
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wherer i is some reference radius. If the luminosity and t
reference radius are given thenui andTi are determined by
the fluid equations.

The numerical solution for all radii needs some initi
conditions. Typically we begin the solution at one-tenth t
Schwarzschild radius. At this radius theui , as determined
above, is small enough to serve as a good first estim
However, it needs to be fine-tuned to give an accepta
solution at larger. For example, at larger there is an ap-
proximate but false solution:T5const withu;r . The prob-
lem is that we need a solution valid over many orders
magnitude ofr. If Eq. ~17! is divided byr 2 and if the right
hand side is neglected in the limitr→` then the left hand
side is forced to be zero. We have used bothMATHEMATICA

and a fourth order Runge-Kutta method with adaptive st
size to solve the equations. They give consistent results.

In Fig. 2 we plotu(r S/10) versusTH . It is essentially
constant for allTH.TEW with the value of 0.0415. In Fig. 3
we plot the functionu(r ) versusr for three different black
hole temperatures. The radial variabler is expressed in units
of its value when the temperature first reachesTQCD , andu
is expressed in units of its value at that same radius. T
allows us to compare different black hole temperatures.

FIG. 2. The value ofu5vg at one-tenth the Schwarzschil
radius as determined by numerical solution. The physical appl
bility of the numerical solution begins at radii greater thanr S .

FIG. 3. The radial dependence ofu for three different Hawking
temperatures. The curves begin atr S/10 and terminate when the
local temperature reaches 10 MeV.
8-5
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RAMIN DAGHIGH AND JOSEPH KAPUSTA PHYSICAL REVIEW D65 064028
rather good accuracy these curves seem to be univers
they essentially lie on top of one another. The curves
terminated when the temperature reaches 10 MeV. The fu
tion u(r ) behaves liker 1/3 until temperatures of order 10
MeV are reached. The simple parametrization

u~r !5uS~r /r S!1/3 ~20!

with uS50.10 will be very useful when studying radiatio
from the surface of the fluid.

In Fig. 4 we plot the temperature in units ofTQCD versus
the radius in units ofr QCD for the same three black hol
temperatures as in Fig. 3. Again the curves are termina
when the temperature drops to 10 MeV. The curves alm
fall on top of one another but not perfectly. The temperat
falls slightly slower than the power-law behaviorr 22/3 ex-
pected on the basis of the equation of states5(4/3)aT3. The
reason is that the effective number of degrees of freedom
falling with the temperature. The entropy density is shown
Fig. 5. It also exhibits an imperfect degree of scaling sim
to the temperature.

Since viscosity plays such an important role in the out
ing fluid we should expect significant entropy production.
Fig. 6 we plot the entropy flow 4pr 2us as a function of
radius for the same three black hole temperatures as in F
3–5. It increases by several orders of magnitude. The fl
flow is far from isentropic.

VI. ONSET OF FREE-STREAMING

Eventually the fluid expands so rapidly that the partic
composing the fluid lose thermal contact with each other
begin free-streaming. In heavy ion physics this is referred
as thermal freeze-out, and in astronomy it is usually ass
ated with the photosphere of a star. In the sections above
argued that thermal contact should occur for all particl
with the exception of gravitons and neutrinos, down to te
peratures on the order ofTQCD . Below that temperature th
arguments given no longer apply directly; for example,
relevant interactions are not those of perturbative QCD.

FIG. 4. The radial dependence ofT for three different Hawking
temperatures. The curves begin atr S/10 and terminate when th
local temperature reaches 10 MeV.
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Extensive studies have been made of the interacti
among hadrons at finite temperature. Prakashet al. @20# used
experimental information to construct scattering amplitud
for pions, kaons and nucleons and from them computed t
mal relaxation rates. The relaxation time forp2p scattering
can be read off from their figures and simply parametrized

tpp
21'16S T

100 MeVD
4

MeV ~21!

which is valid for 100,T,200 MeV. This rate is compared
to the volume expansion rateu ~see Sec. V! in Fig. 7. From
the figure it is clear that pions cannot maintain thermal eq
librium much below 160 MeV or so. Since pions are t
lightest hadrons and therefore the most abundant at low t
peratures, it seems unlikely that other hadrons could m
tain thermal equilibrium either.

Heckler has argued vigorously that electrons and phot
should continue to interact down to temperatures on the
der of the electron mass@6,7#. Multi-particle reactions are
crucial to this analysis. Let us see how it applies to t

FIG. 5. The radial dependence ofs for three different Hawking
temperatures. The curves begin atr S/10 and terminate when the
local temperature reaches 10 MeV.

FIG. 6. The radial dependence of the entropy flow for thr
different Hawking temperatures. The curves begin atr S/10 and ter-
minate when the local temperature reaches 10 MeV.
8-6



f

ne
r

s
to
a
ul
t
it
a

ke
uc

he
us
m

b
o

i-
ke

that
e
ion-
opy
ble

they

ncy
g,
for

nge

ant
ct,
l the
wer

a
all

ose

. 8

that
of
al-
l-

ce

g
te

of
res.
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present situation. Consider, for example, the cross section
ee→eeg. The energy-averaged cross section is@7#

s̄brem58aEMr 0
2 ln~2E/me! ~22!

whereme is the electron mass,r 05aEM /me is the classical
electron radius, andE@me is the energy of the incoming
electrons in the center-of-momentum frame.~If one com-
putes the rate for a photon produced with the specific e
gies 0.1E, 0.25E, or 0.5E the cross section would be large
by a factor 4.73, 2.63, or 1.27, respectively.! The rate using
the energy-averaged cross section is

tbrem
21 'F 3

p2
j~3!T3GF8aEM

3

me
2

ln~6T/me!G ~23!

where we have used the average energy^E&'3T for elec-
trons with me!T. This rate is also plotted in Fig. 7. It i
large enough to maintain local thermal equilibrium down
temperatures on the order of 140 MeV. Of course, there
other electromagnetic many-particle reactions which wo
increase the overall rate. On the other hand, as pointed ou
Heckler @7#, these reactions are occurring in a high dens
plasma with the consequence that dispersion relations
interactions are renormalized by the medium. If one ta
into account only renormalization of the electron mass, s
that me f f

2 'me
21e2T2/3 whenme!T, then the rate would be

greatly reduced.
Does this mean that photons and electrons are not in t

mal equilibrium at the temperatures we have been disc
ing? Consider bremsstrahlung reactions in the QCD plas
There are many 2→3 reactions, such as:q1q2

→q1q2g, q1q̄2→q1q̄2g, gg→qq̄g, and so on. Here the
subscripts label the quark flavor, which may or may not
the same. The rate for these can be estimated using kn
QED and QCD cross sections@21–23#. Using an effective

FIG. 7. The rate forpp scattering and for the bremsstrahlun
reactionee→eeg are compared to the local volume expansion ra
The Hawking temperature is 10 TeV.
06402
or

r-

re
d
by
y
nd
s
h

r-
s-
a.

e
wn

quark mass given bygT we find that the rate isasT with a
coefficient of order or larger than unity. Sinceas becomes of
order unity nearTQCD we conclude that photons are in equ
librium down to temperatures of that order at least. To ma
the matter even more complicated we must remember
the expansion rateu is based on a numerical solution of th
viscous fluid equations which assume a constant proport
ality between the shear and bulk viscosities and the entr
density. Although these proportionalities may be reasona
in QCD and electroweak plasmas at high temperatures
may fail at temperatures belowTQCD . The viscosities should
be computed using the relaxation times for self-consiste
of the transition from viscous fluid flow to free-streamin
which we have not done. For example, the first estimate
the shear viscosity for massless particles with short ra
interactions isT4t wheret is the relaxation time. For pions
we would geth;const, noth;T3. As another example, we
must realize that the bulk viscosity can become signific
when the particles can be excited internally. This is, in fa
the case for hadrons. Pions, kaons and nucleons are al
lowest mass hadrons each of which sits at the base of a to
of resonances@3#. See, for example,@24# and references
therein.

In order to do gamma ray phenomenology we need
practical criterion for the onset of free-streaming. We sh
assume that this happens suddenly at a temperatureTf in the
range 100 to 140 MeV. We shall assume that particles wh
mass is significantly greater thanTf have all annihilated,
leaving only photons, electrons, muons and pions. In Fig
we plot the freeze-out radiusr f5r (Tf) for Tf5100, 120
and 140 MeV versus the Schwarzschild radius. The fact
r f increases asTf decreases is an obvious consequence
energy conservation. More interesting is the power-law sc
ing: r f;r S

21/2;TH
1/2. This scaling can be understood as fo

lows.
The luminosity from the decoupling or freeze-out surfa

is

L f54pr f
2S 2p2

45
g f

2Tf
4Ddf ~24!

.

FIG. 8. The freeze-out or free-streaming radius as a function
the Schwarzschild radius for three different freeze-out temperatu
8-7
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where the quantity in parentheses is the surface flux for
massless bosonic degree of freedom anddf is the total num-
ber of effective massless bosonic degrees of freedom. Fo
particles listed above we havedf512. By energy conserva
tion this is to be equated with the Hawking formula for t
black hole luminosity,

Lh564p2ah
e f fTH

2 , ~25!

whereah
e f f does not include the contribution from graviton

and neutrinos. Together with the scaling function for the fl
velocity, Eq.~20!, we can solve for the radius

r f5
2

p S 45pah
e f f

2uS
2df

D 3/8ATH

Tf
3

~26!

and for the boost

g fTf52uSS 45pah
e f f

2uS
2df

D 1/8

ATfTH'0.22ATfTH. ~27!

From these we see that the final radius does indeed scale
the inverse of the square-root of the Schwarzschild radiu
like the square-root of the black hole temperature, and
the average particle energy~proportional tog fTf) scales like
the square-root of the black hole temperature. One impor
observational effect is that the average energy of the ou
ing particles is reduced but their number is increased c
pared to direct Hawking emission into vacuum@6,7#.

VII. PHOTON EMISSION

Photons observed far away from the black hole prima
come from one of two sources. Either they are emitted
rectly in the form of a boosted black-body spectrum, or th
arise from neutral pion decay. We will consider each of th
in turn.

A. Direct photons

Photons emitted directly have a Planck distribution in
local rest frame of the fluid. The phase space density is

f ~E8!5
1

eE8/Tf21
. ~28!

The energy appearing here is related to the energy as m
sured in the rest frame of the black hole and to the angle
emission relative to the radial vector by

E85g f~12v f cosu!E. ~29!

No photons will emerge if the angle is greater thanp/2.
Therefore the instantaneous distribution is
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d2Ng
dir

dEdt
54pr f

2S E2

2p2D E0

1

d~cosu!cosu f ~E,cosu!

'2
2r f

2TfE

pg f
ln~12e2E/2g fTf ! ~30!

where the second equality holds in the limitg f@1. This limit
is actually well satisfied for us and is used henceforth.

The instantaneous spectrum can be integrated over
remaining lifetime of the black hole straightforwardly. Th
radius and boost are both known in terms of the Hawk
temperatureTH , and the time evolution of the latter is sim
ply obtained from solving Eq.~3!. For a black hole that
disappears at timet50 we have

TH~ t !52
1

8p S mP
2

3aht D
1/3

. ~31!

Starting with a black hole whose temperature isT0 we obtain
the spectrum

dNg
dir

dE
5

360uS
2

p5df
S 45pah

e f f

2uS
2df

D 1/4
mP

2Tf

E4 (
n51

`
1

n

3E
0

E/2g f (T0)Tf
dx x4 e2nx. ~32!

Here we have ignored the small numerical difference
tweenah

e f f andah . In the high energy limit, namely, when
E@2g f(T0)Tf , the summation yields the pure numb
4(2p6/315). Note the power-law behaviorE24. This has
important observational consequences.

B. p0 decay photons

The neutral pion decays almost entirely into two photo
p0→gg. In the rest frame of the pion the single photo
Lorentz invariant distribution is

E
d3Ng

d3p
5

d~E2mp /e!

pmp
~33!

which is normalized to 2. This must be folded with the d
tribution of p0 to obtain the total invariant photon distribu
tion

E
d4Ng

d3pdt
5E

mp

`

dEp

d2Np0

dEpdt

1

pmp
dS EEp2p•pp

mp
2

mp

2 D .

~34!

After integrating over angles we get

d2Ng
p0

dEdt
52E

Emin

` dEp

pp

d2Np0

dEpdt
~35!
8-8
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whereEmin5(E21mp
2 /4)/E. In the limit E@mp we can ap-

proximateEmin5E and evaluated2Np0 /dEpdt in the same
way as photons. This leads to the relatively simple expr
sion

d2Ng
p0

dEdt
5

4r f
2Tf

2

p (
n51

`
1

n2
e2nE/2g fTf . ~36!

The time-integrated spectrum is computed in the same
as for direct photons

dNg
p0

dE
5

360uS
2

p5df
S 45pah

e f f

2uS
2df

D 1/4
mP

2Tf

E4 (
n51

`
1

n2

3E
0

E/2g f (T0)Tf
dx x3 e2nx. ~37!

In the high energy limit, namely, whenE@2g f(T0)Tf , the
summation yields the pure number 2p6/315.

FIG. 9. The instantaneous gamma ray spectrum for three di
ent Hawking temperatures assumingTf5140 MeV.

FIG. 10. Same as Fig. 9 but withTf5100 MeV.
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C. Instantaneous and integrated photon spectra

The instantaneous spectra of high energy gamma r
arising from both direct emission and fromp0 decay, are
plotted in Figs. 9 ~for Tf5140 MeV) and 10 ~for Tf
5100 MeV). In each figure there are three curves cor
sponding to Hawking temperatures of 100 GeV, 1 TeV a
10 TeV. The photon spectra are essentially exponential ab
a few GeV with inverse slope 2g f(TH)Tf}ATfTH. If these
instantaneous spectra could be measured they would tell
lot about the equation of state, the viscosities, and how
ergy is processed from first Hawking radiation to final o
served gamma rays. Even the time evolution of the bla
hole luminosity and temperature could be inferred.

The time integrated spectra forTf5140 MeV are plotted
in Fig. 11 for three initial temperaturesT0. A black hole with
a Hawking temperature of 100 GeV has 5.4 days to live
black hole with a Hawking temperature of 1 TeV has 7
minutes to live, and a black hole with a Hawking tempe
ture of 10 TeV has only 1/2 second to live. The high ene
gamma ray spectra are represented by

dN

dE
5

mP
2Tf

26E4
. ~38!

It is interesting that the contribution fromp0 decay com-
prises 20% of the total while direct photons contribute t
remaining 80%. TheE24 fall-off is the same as that obtaine
by Heckler@6#, whereas Halzenet al. @25# and MacGibbon
and Carr@5# obtained anE23 fall-off on the basis of direct
fragmentation of quarks and gluons with no fluid flow and
photosphere.

VIII. OBSERVABILITY OF GAMMA RAYS

The most obvious way to observe the explosion of a m
croscopic black hole is by high energy gamma rays. We c
sider their contribution to the diffuse gamma ray spectrum
Sec. VIII A, and in Sec. VIII B we study the systematics of
single identifiable explosion.

r- FIG. 11. The time-integrated gamma ray spectrum starting fr
the indicated Hawking temperature. HereTf5140 MeV.
8-9
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A. Diffuse spectra from the galactic halo

Suppose that microscopic black holes were distribu
about our galaxy in some fashion. Unless we were fortun
enough to be close to one so that we could observe its
mise, we would have to rely on their contribution to th
diffuse background spectrum of high energy gamma rays

The flux of photons with energy greater than 1 GeV
Earth can be computed from the results of Sec. VII toget
with the knowledge of the rate densityṙ(x) of exploding
black holes. It is

d3NEarth

dEdAdt
5

mP
2Tf

26E4E d3x
ṙ~x!

4pd2~x!
e2d(x)/lgg(E) ~39!

whered(x) is the distance from the black hole to the Ear
The exponential decay is due to absorption of the gamma
by the black-body radiation@26#. The mean free pathlgg(E)
is highly energy dependent. It has a minimum of about 1 k
around 1 PeV, and is greater than 105 kpc for energies less
than 100 TeV.

We need a model for the rate density of exploding bla
holes. We shall assume they are distributed in the same
as the matter comprising the halo of our galaxy. Thus
take

ṙ~x!5 ṙ0

Rc
2

x21y21q2z21Rc
2

~40!

where the galactic plane is thex2y plane,Rc is the core
radius, andq is a flattening parameter. For numerical calc
lations we shall take the core radius to be 10 kpc. The E
is located a distanceRE58.5 kpc from the center of the
galaxy and lies in the galactic plane. Therefored25(x
2RE)21y21z2.

The last remaining quantity is the normalization of t
rate densityṙ0. This is, of course, unknown since no one h
ever knowingly observed a black hole explosion. The fi

FIG. 12. The flux of diffuse gamma rays coming from our g

lactic halo. The normalization isṙ051 pc23 yr21. The halo is
assumed to be spherically symmetric,q51; the results for a flat-
tened halo withq52 are very similar.
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observational limit was determined by Page and Hawk
@27#. They found that the local rate densityṙ local is less than
1 to 10 per cubic parsec per year on the basis of diff
gamma rays with energies on the order of 100 MeV. T
limit has not been lowered very much during the interven
twenty-five years. For example, Wright@28# used EGRET
data to search for an anisotropic high-latitude componen
diffuse gamma rays in the energy range from 30 MeV to 1
GeV as a signal for steady emission of microscopic bla
holes. He concluded thatṙ local is less than about 0.4 pe
cubic parsec per year.~For an alternative point of view on th
data see@29#.! In our numerical calculations we shall assum
a value ṙ051 pc23 yr21 corresponding to ṙ local
'0.58 pc23 yr21. This makes for easy scaling. Estimatin
the quantity of dark matter in our galaxy asMhalo/r0,halo
54.73104 kpc3 means that we could have up to 4731012

microscopic black hole explosions per year in our galaxy
Figure 12 shows the calculated flux at Earth, multipli

by E4. Of course this curve would be flat if it were not fo
absorption on the microwave background radiation. Ther
a relative suppression of three orders of magnitude cent
between 1015 and 1016 eV. This means that it is unlikely to
observe exploding black holes in the gamma ray spect
above 1014 eV. Even below that energy it is unlikely be
cause they have not been observed at energies on the ord
100 MeV, and the spectrum falls faster than the primary c
mic ray spectrum}E2.7. The curve displayed in Fig. 12 as
sumes a spherical halo,q51, but there is hardly any differ-
ence when the halo is flattened toq52.

B. Point source systematics

Given the unfavorable situation for observing the effe
of exploding microscopic black holes on the diffuse gam
ray spectrum, we now turn to the consequences for obser
one directly. How far away could one be seen? Let us c
that distancedmax. We assume thatdmax,lgg for simplicity,
although that assumption can be relaxed if necessary.
Adet denote the effective area of the detector that can mea

FIG. 13. The average gamma ray energy as a function of
remaining lifetime of the black hole. The times spanned corresp
to approximately 400 GeV,TH,200 TeV.
8-10
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gamma rays with energies equal to or greater thanEmin . The
average number of gamma rays detected from a single
plosion a distancedmax away is

^Ng~E.Emin!&5
Adet

4pdmax
2 E

Emin

` dNg

dE
dE5

Adet

4pdmax
2

mP
2Tf

78Emin
3

.

~41!

Obviously we should haveEmin as small as possible to ge
the largest number, but it cannot be so small that the sim
E24 behavior of the emission spectrum is invalid. See F
11.

A rough approximation to the number distribution of d
tected gamma rays is a Poisson distribution.

P~Ng!5
^Ng&Ng

Ng!
e2^Ng&. ~42!

The exact form of the number distribution is not so impo
tant. What is important is that when̂Ng(E.Emin)&.1 we
should expect to see multiple gamma rays coming from
same point in the sky. Labeling these gamma rays accor
to the order in which they arrive, 1, 2, 3, etc. we wou
expect their energies to increase with time:E1,E2,E3
,••• . Such an observation would be remarkable, poss
unique, because astrophysical sources normally cool at
times. This would directly reflect the increasing Hawkin
temperature as the black hole explodes and disappears.

It is interesting to know how the average gamma ray
ergy increases with time. Using Eqs.~30! and~36! we com-
pute the average energy of direct photons to
4g fTfz(4)/z(3) and the average energy ofp0 decay pho-
tons to be one-half that. The ratio of direct to decay phot
turns out to bep. Therefore the average gamma ray energ
3.17g f(t)Tf . This average is plotted in Fig. 13 for 105.t
.1025 seconds. The average gamma ray energy ranges
about 4 to 160 GeV.

The maximum distance can now be computed. Us
some characteristic numbers we find

dmax'150A Adet

1 km2S 10 GeV

Emin
D 3/2

pc. ~43!

If we take the local rate density of explosions to
0.4 pc23 yr21 then within 150 pc of Earth there would b
53106 explosions per year. These would be distributed i
tropically in the sky. Still, it suggests that the direct obser
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tion of exploding black holes is feasible if they are near
the inferred upper limit to their abundance in our neighb
hood. We should point out that a search for 1 s bursts of
ultrahigh energy gamma rays from point sources by CY
NUS has placed an upper limit of 8.53105 pc23 yr21 @30#.
However, as we have seen in Fig. 13 and elsewhere, th
not what should be expected if our calculations bear a
resemblance to reality. Rather than a burst, the lumino
and average gamma ray energy increase monotonically
a long period of time.

IX. CONCLUSION

The increasing energy of the radiated photons by an
ploding black hole and the disappearance of such a p
gamma ray source in a certain period of time are uniq
characteristics of exploding black holes that may help us
detect them. Still, there is much work to be done in det
mining whether the matter surrounding a black hole c
reach and maintain thermal equilibrium. The equation
state should be improved, and the viscosities computed u
the relaxation times for self-consistency of the transiti
from viscous fluid flow to free streaming. Also, there shou
be a more fundamental investigation of the relaxation tim
starting from the microscopic interactions.

Our next step is to calculate the neutrino flux radiated
exploding black holes. Neutrino cross sections become v
small at energies below 100 GeV which is the temperature
the electroweak phase transition. Above 100 GeV the n
trino cross sections are the same as other particles in
standard model which allows neutrinos to interact enough
reach thermal equilibrium. Therefore neutrinos are expec
to freeze out at a temperature around 100 GeV. Anot
worthwhile project is to carry out cascade simulations of
spherically expanding matter around the exploding bla
hole at a level of sophistication comparable to that of h
energy heavy ion collisions. This project is much more co
plicated than the cascade simulation in heavy ion collisi
though, because we need to deal with a much wider rang
energies and particles involved in exploding black holes.

Observation and experimental detection of explod
black holes will be one of the great challenges in the n
millennium.
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