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We consider the gravitational generation of the mas&veoson field of the standard model, due to the
natural breaking of its conformal invariance during inflation. The electroweak symmetry restoration at the end
of inflation turns the almost scale-invariant superhoriZospectrum into a hypermagnetic field, which trans-
forms into a regular magnetic field at the electroweak phase transition. The mechanism is generic and is shown
to generate a superhorizon spectrum of the f@ml/l on a length scalé regardless of the choice of the
inflationary model. Scaled to the epoch of galaxy formation such a field suffices to trigger the galactic dynamo
and explain the observed galactic magnetic fields in the case of a spatially flat, dark energy dominated universe
with grand-unified-theory-scale inflation. The possibility of further amplification of the generated field by
preheating is also investigated. To this end we study a model of supersymmetric hybrid inflation with a flipped
SU(5) grand unified symmetry group.
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[. INTRODUCTION tation period and the age of the galaxy. Recent observations
suggest that the Universe at present is dominated by a
Magnetic fields permeate most astrophysical systgihs dark-energy componef®]. In such a case the galaxies are
and their presence may have numerous cosmological ammlder than previously thought, and the minimum seed-field
astrophysical implications. Indeed, magnetic fields may substrength may be as low @ieeq~10° G [10].
stantially influence the formation process of large-scale It has been suggested that the necessary seed field may be
structure[2] and of individual galaxie$3,4]. However, the generated through various astrophysical mechanisms, the
most important role of large-scale magnetic fields is that theynost important of which involve batteryl1] or vorticity
may be responsible for the magnetic fields in galaxies. effects[4,12]. Battery mechanisms require a large-scale mis-
It is a well-known observational fact that galaxies featurealignment of density and pressuemperature gradients,
magnetic fields of strength- uG [1,5,6]. The structure of usually associated with large lobe-j¢&stive galactic nuclei
such fields in spiral galaxies follows closely the spiral pattern(AGNs)] or starburst activity13], and are therefore difficult
[5] and this strongly suggests that the galactic magnetito realize in the majority of the galaxies. On the other hand,
fields are generated and sustained by a dynamo mechanidarge-scale vortical motions can be effective only if the ion-
[1,5,7). According to the galactic dynamo, the cyclonic tur- ization of the plasma is substantial, which can hardly occur
bulent motion of ionized gas combined with the differential as late as the epoch of galaxy formation.
galactic rotation amplifies a weak seed field exponentially In order to overcome the above difficulties a first stage of
until the backreaction of the plasma motion counteracts théhe so-called small-scale dynamo has been propésee,
growth of the field and stabilizes it to dynamical equiparti- e.g.,[5] and references therginvhich, feeding initially on
tion strength. However, the origin of the required seed fieldocal, incoherent magnetic fields associated with stars or su-
remains elusive. pernovas, may result in reasonably smooth magnetic fields
In order to trigger successfully the galactic dynamo, theon scales of 100 pc that could trigger in turn the large-scale
seed field has to satisfy certain requirements of strength anghlactic dynamo. However, the realization and efficiency of
coherence. Indeed, it has been shown that seed fields whithis indirect mechanism are still speculative, especially since
are too incoherent may destabilize and destroy the dynamstellar magnetic fields are the product of stellar dynamos,
action [8]. Most dynamos require a minimum coherencewhich are typically taken to be seeded by the galactic mag-
length comparable to the dimensions of the largest turbulentetic field in the first place.
eddy,~100 pc. The required strength is determined by the The lack of conclusive evidence for an astrophysical ori-
dynamo’s amplification time scalgypically the galactic ro- gin of galactic magnetic fields has led to the search for other
potential sources for large-scale magnetic fields. Indeed, it
has been frequently argued that the origin of the seed field
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breaks isotropy14]. This limits the choice to generating the inflation turns the superhorizan spectrum into a hyperma-
magnetic field either at a phase transition or during inflationgnetic field, which transforms into a regular magnetic field at
although more exotic mechanisms have occasionally beeime electroweak phase transition. The mechanism is rather
suggested, such as vorticity-inducing cosmic strififs or  generic and is shown to generate a superhorizon spectrum of

magﬁeticgieldsbin the pre-big bat?g e[%ﬁ]t. ¢ . d.trie formB,,< 1/ on a length scaleregardless of the choice
ere have been numerous attempts 1o crea’e a primoraig inflationary model. However, it is possible to consider

magnetic field at the breaking of grand unification or at o ! : .
the electroweak phase transition or even at the quarkf-urther amphflc_atlon of th_e generaFed field via parametric
confinement epocliQCD transition [17]. However, since '€sonance durmg prehegtmg. T_o this end, we.stud_y a model
the generating mechanisms are causal, the coherence of tAEsupersymmetric hybrid inflatiofSUSY-HI) with flipped
created magnetic field cannot be larger than the particle hdSU(5) as the symmetry group of the grand unified theory
rizon at the time of the phase transition. Because all théGUT). Our mechanism for creating the field has been de-
above transitions occurred very early in the Universe’s hisscribed in[29], where it was not specifically applied to tRe
tory, the comoving size of the horizon is rather snidile  field.

best case is the QCD transition, for which the horizon corre- The structure of our paper is as follows. In Sec. I, the
sponds to~1 a.u.) and so the resulting magnetic fields aremodel of supersymmetric hybrid inflation is presented. Sec-
too incoherent. It has been shown that not even the mosfo, 11 contains a study of the relevant particle representa-
favorable turbulent evolution can adequately increase thg,,s of the flipped SUB) group. The symmetry breaking

coLr_eIatlon Ienhgth of SUChl f;_eld@l_8]. 'I('jhust, one shtould Erocess is analyzed and the field equations of the gauge
achieve superhorizon correlations n order 1o generate a sufoq g gre obtained, with particular emphasis on the hyper-
ficiently coherent magnetic field in the early Universe.

. : charge field and its source current. Also, the equations for the
Inflation presents the only known way to achieve correla-

tions beyond the horizon scale and, for this reason, has réc,_calar fields(Higgs fields and the inflatgrare laid out in

ceived a lot of attention. However, the prime obstacle tode’[all. In Sec. IV we study the gravitational production of the

generating magnetic fields during inflation is the conformalZ-20son field during inflation in a model-independent way.
invariance of electromagnetism, which forces the magnetid N€ resulting spectrum of the magnetic field is computed and
flux to be conserved19]. As a result, the strength of any Scaled down to the epoch of galaxy formation, thus showing
generated magnetic field decreases exponentially as the iff!at it may be sufficient for explaining the galactic magnetic
flationary Universe rapidly expands. Attempts to overcomdi€lds. In Sec. V the possibility of extra amplification by
this problem have set out to break the conformal invarianc@reheating is investigated using the particular model of
in various ways, such as through the explicit introduction of/llPPed-SU5) SUSY-HI. Both flipped S(b) and SUSY-HI
terms in the Lagrangian which couple the photon directly to2r® Well motivated by supergravity and superstrings and
gravity or to a scalar or pseudoscalar field, or through thdather are ngturally compatible. However, it should be noted
inclusion of a massive photon, or even by means of the corthat the choice of GUT group was made only to allow us to
formal anomaly[19,20. However, those very few attempts perform analyﬂc_al calgulaﬂons. In principle, any GUT group
that succeed in producing a sufficiently strong magnetic fieldvould suffice. Finally, in Sec. VI we present our conclusions.
do so relinquishing simplicity. Recently, interesting efforts W& have attached two Appendixes, one describing the Har-
have been made to create magnetic fields by coupling thikee approximation us_ed at certain points in the calculatlon_s
photon to some scalar field during inflati§@1] or at the and the other presenting the way to caIcuI.ate_ the rms ampli-
preheating stagk22]. These proposals have since been criti-tudes of theZ boson and the hypermagnetic field.
cized in[23). Other recent ideas include magnetogenesis due 1hroughout the paper we use & (—,—,—) metric and
to the breakdown of Lorentz invariance in the context ofUnits W|thc2:ﬁ=1 so that Newton’s gravitational constant is
string theory and non-commutative varying speed of ligh8TG=mg", where mp=2.4x10"* GeV is the reduced
(VSL) theories[24], due to the dynamics of large extra di- Planck mass.
mensions[25] and, finally, due to gauge field coupling to
metric perturbation§26]. The viability of the latter has been
guestioned i 27]. Il. SUPERSYMMETRIC HYBRID INFLATION
Recently one of ugT.P) has studied the effects of con- A Hvbrid inflation
formal symmetry breaking due to the coupling of the photon Bk
field to fermions and scalaf27]. The author has considered  Hybrid inflation was originally suggested by Linfig0] to
effective actions arising from loop corrections in thevil/ avoid the fine-tuning problems of most inflationary models
expansion and from the anomaly. In addition, the photortue to radiative corrections. In order to achieve this, hybrid
coupling to scalar and pseudoscalar fields was reconsidereitflation introduces a mass scaié, much smaller than the
having been originally introduced by Ratra [i20] and in  Planck mass, that sets the scale of the false-vacuum energy
[19] (see also Garretsoet al.[20] and Giovannini28]). towards the end of inflation. Thus, at least near the end, the
In this paper we show that conformal invariance is natu-nflationary potential is protected from radiative corrections
rally broken in inflation without the need for any exotic and is sufficiently flat. The expense paid is the necessity of
mechanism or field. In particular, we consider the gravitaintroducing, in addition to the inflaton fielg) another scalar
tional generation of the massiveboson field of the standard field ¢ related to the scalkl. The scalar potential for hybrid
model. The electroweak symmetry restoration at the end ohflation is
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—_ 2 2 2\2 22 4.2
V(69)= ZAF M2 ShEF V(s (1) VST TS e @
This is, in fact, the potential for hybrid inflation given in Eq.
(1) with A=2h=4x? ands,=2M.

The non-vanishing vacuum energy breaks supersymmetry
and generates radiative corrections, which induce the re-
quired slow-roll potentiaNM¢(s). It can be shown that the
overall contribution is of the fornh32]

where\ andh are coupling constants and(s) is the slow-
roll potential for the inflaton field. Because of the coupling
betweens and ¢, for s=s;, wheres,=M/A/h, the above
potential has a global minimum ap=0, so thatV(0,s)
=\M%*4 and we obtain low energy-scale inflation as re-
quired. However, whes<s;, spontaneous symmetry break-
ing displaces the minimum of the potentidal) to ¢
=M.sr, WhereMZ,=M?[1—(s/s,)?]. The system rapidly , K Jks 3
rolls towards the new minimum and oscillates around it, thus Vy(s)=M 1672 In——+ )
. . . . . . T
terminating inflation. In general, inflation ends abruptly less
than onee-folding after the symmetry breaking.

Letting M be of the order of the grand-unification scale where A is a suitable renormalization mass scale. Thus, the
can indeed satisfy the requirements of successful inflatiormadiative corrections provide a gentle down-slope for the in-
for which the total number ofe-foldings must be large flaton,V¢« Ins, which helps to drive it towards its minimum.
enough(typically about 60 to solve the flatness and horizon At earlier stages of the inflaton’s evolutios,may be of
problems and to account for the magnitude of density perturthe order of the Planck mass, so that supergravity corrections
bations and the anisotropy of the cosmic microwave backshould also be considered. However, it can be shf
ground radiation(CMBR) in agreement with large-scale that the flatness of the potential is preserved for minimal
structure and Cosmic Background Explot@OBE) obser-  Kahler potential K=2¢2+ S?).
vations. Thus, a natural candidate for thescalar is the
Higgs field of a grand unified theoGUT). Such a choice
has the merit of not introducing any additional unknown sca- IIl. FLIPPED SU (5)

lars or mass scales. However, the most important attribute of |, choosing the GUT for the symmetry breaking that ter-
hybrid inflation is that it can originate from supersymmetry minates hybrid inflation, one has to ascertain that there is no
and is, therefore, one of the few inflationary models with @monopole problem[35]. Thus, a simple or semi-simple

A T2 ®)

theoretical foundation in particle physics. group is not an option. We decided in favor of flipped(SU
) because of its simplicity and its resemblance to the standard
B. Supersymmetric model model (SM). Flipped SU5) is jargon for the GUT group

The literature on supersymmetric hybrid inflatié®USY- ~ SU(5)x U(1), in which the hypercharge U(%)is contained
HI) is rather rich, as it is possible to attain from either superygth in the SUs5) part and the (1), in contrast to the

gravity or superstringg31]. We shall briefly describe an Georgi-Glashow SU(5% U(1) model, which has the hyper-
F-term GUT inflationary model as if32]. D-term models  charge fully embedded in S6) [36].

also exis{33], but will not concern us here. _ The supersymmetric version of flipped &Yis well mo-
The most general renormalizable superpotential \Rth  tiyated by superstringg37]. Moreover, it can be considered
symmetry is[32] as an intermediate stage in the breaking of supersymmetric

where®® is a conjugate pair of singlet components of chi-  50(10)— SU(5) X U(1)—SU(3)X SU(2) X U(1)y .

ral superfields that belong to a nontrivial representation

of the GUT groupG, S is a gauge-singlet superfield, and i i i

x, M are constants that can be made positive by phase Since the breaking of SQ@O) to flipped SU5) generates

redefinitions. Introducing the above expression toftlerm ~ Monopoles, it would have to take place before or during the
scalar potentiaVe=3,|dW/d|2, one finds inflationary period, so that the monopoles can be safely in-

o - flated away. The SUSY-HI in this model has been studied in
V= M2— D D|%+ k?|S2(|D|?+]|D|?) (3 [39]

where we write the scalar components with the same sym-

bols as the superfields. Usifiggsymmetry we can bring the A. The model

scalar fields onto the real axis. We &ts/\2 andd = The Lagrangian density of the model[i40]

= ¢, wheres and ¢ are real scalar fieldsThen the scalar
otential becomes 1 o 1 o

P L=~ 79"¢" TN(G,,G,) ~794°9"" G, G

nv=po

.lThe. D-term vanighes becausbza corresponds to th®-flat +Eg’“’TI‘[(D,[I))TD,,(I)]+£g’”’(VMS)V,,S—V (6)
direction that contains the supersymmetric vacua. 2 2
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where® is the GUT-Higgs fields is the inflaton fieldG ,, GZV:gMAi_aVA2+gfabcAzA§ (9)
and wa are the field strengths of the $&) and the U1)
gauge fields, respectivel ,® is the covariant derivative of
the Higgs field, and/ is the effective potential. where we have used th@f? T°]=if2"°T¢ and Tr(TeT")
The SU5) field strength is = 52° with f2°¢ being the structure constants of the group.
Thus, in Eq.(6) we have TrG,,G,,)=G%,G5

. The covariant derivative is ren
G,,=V,A,—V,A,—ig[A,,A,] (7)

whereg is the gauge coupling of S8B), A,=A%T#, and DM(I):ﬁM(I)—igd(A’u;(I))—ig_d(AM;Q)) (10)
Ai(azl, ...,24) are the S@) gauge fields withl? being
the corresponding generators. Similarly, @ﬁv we have

whereg is the U1) gauge couplingA ,=A%T?, and
Go,=V,A0=V,A% (8)

o [A(A L P) ;= (A D Pyj+ (A L) jkPik - (11
whereAfL is the Abelian gauge field of the(W) group.
Flipped SU5) is broken by the GUT Higgs fieldb,
which belongs to thg10,1) antisymmetric representation.  Since ®;; is antisymmetric, the above can be written in
The U1) degree of freedom corresponds to an overallMatrix notation as
phase. In this representation, the generaiérare given by
Ta=—(1/y2)u?, where the set of modified65 Gell-Mann
matricesu? can be found in the Appendix ¢#0]. Also, for d(A,;®)=A,>— (A, D) =A5[T2D—(TD)T]
the Abelian generator we can wrifE®= —(1/y2)u° and (12
ul= V3751 with | being the 5<5 identity matrix. The nor-
malization constant has been chosen so as to simplify the

treatment of the symmetry breaking process. and, similarly,d(A , ;@)= — J6/5A%.
Writing GM:G;"WTa and AﬂzAf‘LTa, the field strength The matrix of the gauge fields, which is Hermitian, may
(7) becomes be written as
Q,=—\2| A+ gAO)
Iz M g Iz
G4 G5+ cLV+cyY G! G3 Xt y!
V3
Gt ~ G2+ iG5+c’v+cYY G* X2 \%
\/§ v
= G® G* —~ iG5+c’v+c Y X3 \%
\/§ \% Y
1 2 3 s 1 +
X X X W°— —V W
Cyv
1 2 3 - 3 1
Y Y Y W —WE- v
Cv
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where we have suppressed the spacetime indices inside the Without loss of generality the GUT-Higgs field may be

matrix.
definitions?
_ A9, :A10 1_41,:4r2
—A#+|A#, G#—A#+|A#
2 _ A1l 412 2_ A3
XM—AM+|AM, GM—AM
3_A13,: 7214 3_ A4, : A5
Xﬂ—Aﬂ+|Aﬂ, Gﬂ—Aﬂ+|Aﬂ
_Al1l6, : A 17 4 _ A6 AT
—A#+|A#, GM—A#+|AM
2 _ 218, : 419 5_ 48
YM—AM+|AM, GM—AM
3_ 420, 421 +_ oL
Y —AM+|AM, W, =W,
— _ A22, :A23 _A24
W, =AZ+iAZ, =A% (14)
where
50y 50y
Cy= 55, Cv 3=
, 1 9%g°
CV_CV_av 932924—_2 (15)
and also
3 g 3 g
_ 15 0 _ 15 0
(16)

In the above, the complex bosoK§ Y} (a=1,2,3) are

the supermassive GUT bosor@' are the massless SU(3)

bosons WM and W3 are the usual SMV bosons andr, is

the hypercharge gauge boson, which should not be confused
V, is a massive boson gen-

with the massiver;’s. Finally,

erated partly by S(5) and partly by 1). It can beviewed
as the analog of th& boson of the SM.

In analogy with the(),, matrix, one can define the matrix

9o
GMV'F aG’uv).

H,=—12 (17
Using this and Eq(7) it is easy to show that
g
H,=3d,0,—3d,Q +E[QM,QV]. (18

2In what follows in this section the over-bar denotes charge con- *Because the H,.

jugation[e.g., X%=(X%)*] except ing and U1).

In the above we have employed the following chosen to lie in the following direction:

o= (19

Ld
2

O o o o o
O o o o o
O o o o o

o o o o
©O » o o o

-1

where ¢ is a real positive function of timé= ¢(t). In this
case, it can be shown that the interaction term of the La-
grangian density becomes

1
Lin=59""T[(D,®)'D, ]
1 2 o a o D[
29“”((?”¢)(3V¢)+ MEyg* (XEXS+YRYS)

1
+§M\2,gﬂvvﬂvy (20)
where the masses of the supermassive GUT bosons and of
v, are

1 2
Myy=—= =—Myy.

) M -
\/Egd) \Y Cy

Thus, the interaction term reduces to the mass terms of
the massive bosons plus the kinetic termpofNote that after
the GUT symmetry breaking th&’s and the hyperchargé,
remain massless.

It is straightforward to show that the kinetic term of the
supermassive GUT bosons is

(21)

vopy X _X
H,uv po

LY=— g”Pg””HY Hyo

uv' po

9””9 (22

wher = g @n = )se With a=
heré HX,=(H,,,) dHY =(H,,)s, with @=1,2,3.

B. The field equations of the gauge bosons

The field equations of the massive GUT bosons are
[d,+(d,Iny=Dgy)1[9*"g"?(d,X

_ v
_‘]4a

— 3, XN+ M%y grXe
(23)

[0, (9, IN=Dg)[g*"g""(3,Y 5=, Y )]+ M&yg" Y

=Jz, (24)

matrix
Tr(H,uvao') = (H,u.v)ij (Hpa')ij '

is also Hermitian, we have
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ve contributions from gauge fields other than the super-

massive GUT bosons. It can be shown that the contributions

to

ig
5 for

2
+94°g"[Q,, H, 1}

The field equations for the massléasbosons are

[0,+(3,InJ=Dg)[g"*g""(d,W,; —d,W)]=J}s

J'= {{9,+(9,InV=Dg)1g*’g"[Q,.0Q,]

(29

(26)
and
[,+(d, InV=Dg)[g""g"(3,W3—3,W3)]
1
=5 (33459 27)

The field equation foW™ is just the complex conjugate
of Eq. (26).
The field equations fok , andV,, are

[0,+ (3, INV=Dg)I[g"*g"(3,V,—d,V,) 1+ MIg-'V,

5
=-— \/1:2cos\]Y

(28
[d,+(d,InN=Dg)I[g*"g"(d,Y = d5Y )]
_ \F o
=— 1—25|n®JY (29

where tar® Ea/g is the GUT equivalent of the Weinberg
angle and the hypercharge source current is

J=344t Jgs: (30)

pal
C. More on the hypercharge source current

It can be shown that the hypercharge source current can
be written as

Ji= \/Eg Im{[d,+(d,Iny— Dg)]g“f’g”"(x;’ngr Y:;‘Vj‘;)

(9,

+gMg" (XaH N+ YaHY )} (31)
The above gives
3y=2gIm{[9,+ (3, In = Dg)1g**g" (X X5+ Y, Y5)
+g4g X5, KXo+ Y5d, Yo~ (p o)}
+9°9"79"" Re[ () sk Q)i (Lo )14
+(Q)sk(Q2p)(Qg) 15— (p=0)]. (32

It is now evident that only through the last term in the
above expression may the hypercharge source current re-

“Note that the current matrix is also Hermitial;

_qv
h=Jji -

063505-6
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Jy from the various gauge fields are of the following
ms.
The contribution from the hypercharge field is

WY 1=g%cygh g TY , REXEXE+YEYE) = (pe= o) .
(33

The contribution from massiv¥ is

YVI=0%cyg#Pg TV, REXEXEH YY) = (po)].
(34)

The contribution fromwW? is

a

YIWET=g%g g  TW3 Re(Y4Y 4= XaXE) — (p— o).

(39

The contribution fromW= is

JIW=1=—g?g"*g"" R YEXIW, +XEYIW, —(pra)].

(36)

The contribution from the gluong' is

JN[G1=g%g"*g" R (XiXE+YYE) Q2P — (p )]
37

wherea,3=1,2,3. Fora= 8 one should consider only th@

rtof Q0.
In view of all the above we can write the hypercharge

field equation as

(9, InV=Dg)1[9*"9"7(9,Y = 3,Y,)]

5 _ _
+ 59%5#”!’” Re(XEXEFYIYDY,

5 -
-5 COtOgTEL P REXEXE+YAY IV,

5 _
- \[ggylm{[&,ﬁ(aﬂ In\—Dyg)]g**g" (X X5

a

a g ya
a 3,Y

wlpleo

+YIYE) +ghPgrIXEd, XE+ Y —(p—o)]}

5 _ _
- \/1:2gyg5ﬂvw[w§ Re(YoYo—XaX5)

— — 5 ,
—Re( Y XGW, +X5Y oW, )]~ \/1:23|n®JY[G]

(39
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where we have used that Y Vs
a—S:hgﬁzS‘F E (44)

9" g"[A,B,~ (p— ) ]=EX"A,B,

Using a conformal-time Friedmann-Robertson-Walker

MVPO — KUy ~pN o€
EFPT= €090 (39 (CFRW) metric and withV > In's we find
for any A, andB,, wheree**" is the totally antisymmetric Y Py
Levi-Civita tensor. o a o+ | he?c+a* U) =0 (45)
Although the above equation appears rather complicated a Jdo

it can be understood as follows. If we ignore the expansion

of the Universe then Eq38) becomes, schematically, _ I .
q38) y whereV x In o, the primes denote derivatives with respect

o to conformal timer and
DY +g3(XX)Y=—cot@®gy(XX)V—gy{(XaX) +(g/\2)

X[(XXW)+ (XXG)]} (40) o=as, o¢=ad. (46)

where we have symbolized all the supermassive GUT bosons The field equation fo is more complicated. The general
with X, we have sétgy=5/6gy and we have taken the expression is found to be
equivalent of the Lorentz gauge for the hypercharge field.

[d,+(d,Iny=Dgy)]g*"(D,®)

=igg"’A%d(T%D,®) —{\[Tr(®'®) ~M?]+hs?}D.
The effective potential is taken to be 47

D. The field equations for the scalar fields

1 1
V= \[Tr(®TD)—M?]2+=hL Tr(dTd)+V(s) The above is a complex matrix equation. The resulting
4 2 (41) relevant equation fop in CFRW is

4

whereM is the scale of the GUT symmetry breakingand b & 4 2_ 22M2)+ ho
h are coupling constants anvj(s) is the slow-roll potential a? [Me"=aM5+hoe
for the inflaton field. For the particulab-gauge introduced
in Eq. (19 the scalar potential reduces to the one given in
Eq. (1), for which in SUSY-HI we have\=2h~1 andV
xIns.

The field equation of the inflaton is

1 282 uv| yaya aya 4
=§a gogrt| XEX+YLY o+ C—ZV#VV 1 (48
v

where we ignore all but the spatially uniform mode¢@f

[d,+(d,In \/—Dg)]g“V&Vs:—ﬂ. (42

Js E. The contribution of the electroweak Higgs field

. . Due to supercoolingT=xa *—0) the electroweakEW)
For a spatially flat Friedman-Robertson-WalkéfRW) gy mmetry is broken during inflation and, thus, it is important

metric and withs=s(t) the above reduces to the well known 4 qetermine the contribution of the EW-Higgs fieldto the

form, field equations of the gauge fields. To that end we have to
consider the embedding pattern of the SM group into our
s+3Hs+ Y 2o 43 GUT.
as The SM group is not fully contained in the 8&) part of

flipped SU5). The SU2) and the SU(3) of the SM are

whereH=a/a is the Hubble parameter wita=a(t) being contained in S(b) so that their couplings, sag, and gs
the scale factor of the Universe and the dot denotes derivdnerge and equaj at the GUT scale. But the hypercharge
tive with respect to the cosmic tinte For the potentia(1) ~ couplinggy does not. In fact this coupling can be considered
we have to be comprised of thg coupling of Y1) and ag, coupling
corresponding to a U(%)subgroup of the S(%) [36]. This
g, merges withg, andgs at the GUT scale. Thus the struc-
SCorresponding to the definition used|[iz6]. ture of the symmetry breaking is

063505-7



DIMOPOULOS, PROKOPEC, TRNKVIST, AND DAVIS PHYSICAL REVIEW D 65 063505

Flipped—SU(5) Standard Model
SU(5) — SU(3)xSU(2) )
X

X U(1), » —SU(3)XSU(2)XU(1)y

—-U(1)y
U) — U(1) J

where
81
88

g» p— & at GUT scale and

Y eg

83

It is obvious that at the GUT scale, because—g, the  wherer” are the generators of the 8) of the SM such that
hypercharge coupling is given by E@L5) as required. The Wy 7%= \/EAZTa with a=21+«, «@=1,2,3 and at GUT
U(1), generator corresponds to tAé® generator of S(b) scaleg,—Q.
since this is the one that gets mixed with the generator of The EW-Higgs field is in thé complex vector represen-
U(1) to give the hypercharge generator. tation. Because the gauge conditid®) leaves the full EW

In our framework we have the peculiar situation that, al-Symmetry group unbroken, we can, without loss of general-
though the GUT symmetry is unbroken during inflation dueity, introduce the gauge¥ "= ¢(00010),where = y(t) is
to the coupling between the inflaton and the GUT-Higgsa real, positive function. Then the complete field equations of
field, the EW symmetry is, in principle, broken because thehe W’s are found to be
Universe is supercooldtTherefore, we are interested in

finding what the contributions of the EW-Higgs field are to [d,+(d,InV— Dg)][g“ﬂg””(apwg—agwg)]
the field equations. 2 et 1w
The additional EW contribution to the Lagrangié) is +MWg*"W, =345 (52
of the form
and
1
Lew=59*(D,¥)'D, ¥ —U(¥'¥) (49 [d,+(3,InV=DgI[g"g"" (3, W3- d,W3)]+MEgr" W3
1 .

where ZE(JZ4—Jg5)+S|n®(gz//)zg’”YM (53

U(‘I’T\P)=EA*(TT‘P—M§W)2 (50) where My, =g and the field equation oW, is just the

4 complex conjugate of Eq52).

Moreover, for the hypercharge we have
with Mgy being the electroweak scale and
[9,+(3,InV=Dg)1[g"*g"(d,Y o= 3,Y,) ]+ Mgy,
D, W=(V,+ig,W;r+igyY, )V (51

5 .
=— \/1:25|nJ$+sm®(g¢)zg’”Wi (54)

8In fact, the quantum fluctuations restore also the electroweak
symmetry in a sense. What actually happens is that the EW-Higgé/hereMy=gy. It can be shown that the contribution of the
field forms a non-zero condensate, as we will explain in Sec. IV CEW-Higgs to the field equation of the massive bodgpis
which provides masses for the massive EW gauge bosons, thereBgro, as expected. Now, let us rotate the above to form the
breaking their conformal invariance. Z,, boson and the photof,, of the SM. They are defined as
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Z,,=cosfyW, —singyY, (55)
A, =sin 6y WS +cosoyY,, (56)

where 6y, is the Weinberg angle defined as &=9vy/J,.
Note that at the GUT scale tak,=sin®.
Thus, we obtain

[9,+ (3, N =Dy I[g"°9" (3,2, 3,Z,) 1+ M3g*"Z,,

:;cosew[(pr V5/3sirf0)J},— (1— \/5/3sirf0)J%]

(57)

where

g
cosbyy,

M;=gz¢ and g;= (58

Thus, we see thatl,=M,,/cosé, as expected. For the

photon we find

[0,+ (0, InV=Dg)[g#"g"7(d,A;— d;A,)]

(1— \E)er 1+ \/g)JgS} (59)

Finally, the field equation of is

[aﬂ+(&M In— Dg)]gf”(DV\If)
= —ig""(gWET*+9yY ,)D, ¥ =\, (VT —ME,) ¥

1.
= §S|n 0W

(60)
which, in the gauge mentioned above, becomes
y'= YN (Y- a?ME]y
=a’gH g (W, W, + Wi W5) +97Z,7, ]y (61)
where
y=aiy. (62

PHYSICAL REVIEW D65 063505

Abelian hypercharge field, thus creating a hypermagnetic
field, which freezes into the primordial plasma and survives
until the EW phase transition. At that time the hypercharge
configuration is projected onto the photon, transforming the
hypermagnetic field into a regular magnetic field, which
evolves until galaxy formation. We will show that such a
field may be strong enough to seed the dynamo in galaxies
and account for their observed magnetic fields.

A. The mode equations forZ

During inflation the temperature is essentially zero, which
means that the electroweak symmetry is broken. Thus, we
expect s#0, which, in view of Eq.(58) renders theZ,
gauge field massive. On the other hand, due to the interaction
between the inflaton and the GUT-Higgs field, the GUT sym-
metry is unbroken andp=0. This means that the GUT
bosonsXj; andY/, are massless. The same is true also for the
G'M bosons because they do not couple to any scalar field.
Therefore, thexy,Yy and theG', bosons remain confor-
mally invariant during inflation so, like the photon, they can-
not be generated gravitationally. Thus, their magnitude dur-
ing inflation is negligible. For this reason, because the
current in Eq.(57) is primarily sourced by the GUT bosons
we will ignore its contribution during inflation.

Assuming a CFRW metringa(r)znw the field equa-
tion (57) may be rewritten as

7070 ,(3,Z,— ,Z,) +a°M59*'Z,=0 (63

where »*” is the flat spacetime Minkowski metric and,
=M,(7) is the mass of th& boson generated primarily by
the self-interaction term of the EW Higgs field during infla-
tion as will be discussed in more detail in Sec. IV C.

The temporal and spatial components of the above give

9.(V-2)—V?Z +a’M3Z.=0 (64)
0Z-V(d,Z2,—V-2)+a’M3Z=0 (65)

whereV?=0,4, with i=1,2,3 is the Laplaciarl,]=¢°—V?

is the D’Alembertian an is the divergence or the gradient.
Taking the derivative of Eq(63) we obtain the integrability
condition

It should be pointed out here that the gauge boson masses
appearing in the corresponding field equations above are a
purely mathematical result of the structure of the flipped
SU(5) group. They will be non-zero only if a Higgs-field
condensate is generated, such as happens in the relevant
phase transition.

0,2,—V-2=-=2[d.In(aMz)]Z, (66)
in view of which we can recast E¢65) as
[O+(aM3z)?]Z+2[4d,In(aMz)]VZ,=0.  (67)

We now switch to momentum space by defining
IV. CONFORMAL INVARIANCE BREAKDOWN DURING
INFLATION d3 _
_ _ _ o ZM(X,T)=f—32ﬂ(k,r)exp(|k-x). (68)
In this section we will show that th2 field is naturally (2m)
produced during inflation because its mass term is non-zero
and, therefore, the field is not conformally invariant, but in-
stead it has gravitational source terms. At the end of inflation
reheating restores the EW symmetry and the generated

spectrum is projected onto the direction of the massless,

Then Eqgs(64) and(67) transform into

i0,k-2)
Z,:FW—O (69
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[5§+ k?+(aMz)2]Z+2i[d,In(aMz)]kZ,=0 (70 As we will show in Sec. IV CJ\/I% is created by the self-
interaction of the EW-Higgs field. Because of this there is a
which, when combined, result in slight logarithmic correction due to the time dependérafe
I M. However, we expect that this change does not affect in
2[d,In(aM ignifi :
[+ K2+ (aM,)?] 2+ [d-In(aMz)] 7 [k(k- 2)]=0 any significant manner the results presented below.

Equationg76) and(77) have solutions in terms of Bessel
(72 and harmonic functions, respectively. In particular, Etp)
may be written as
wherek?=k-k. We can decompose the gauge field into lon-

k?+(aMy)?

gitudinal and transverse modes in the manner v2—1/4
PAKP— ———| Z(1)=0 (79
k(k-2) T
Zl=—— zl=z-Zzl (72
with
Then Eqg.(71) gives /1 M% 79
V= - =
, 2[d,In(aMz)]k? ) ) 4 RH?
‘t——————3d,tk°+(aMy) zl=0 (73
k?+(aMy)? . : .
which has solutions in terms of the Hankel func-

tions H, which have the Wronskian normalization
WIHM(2),HP(2)] = H{P(2)0,HP(2) = HP(2)9,H D (2)
=—4i/(mz). Hence, as a basis for the vector-field mode
In the following we will concentrate on the transverse functions during inflation, we shall choose
component since the longitudinal component is really rel-
evant only when interactions are taken into account, which,
however, are not dealt with in this section. For simplicity, we
will drop the superscript. symbol.

[2+ K2+ (aM3)?]Z+=0.
(74)

. 1 .
ZP(kn)=5V=mVHD(=k7) (j=12, (80

which solve Eq(76) and have the Wronskian normalization
B. Gravitational production of Z bosons [41]

In CFRW coordinates the scale factor during inflation and W[ ZD(k7), 2@ (k)]
radiation domination is given by g Y
=2W(kr)9,2B(kr)— 2B k)9, 2P (k) =Vi

a(r)=—1H7r, —ow<r<=—-1H
(81

a(r)=Hr, 7=1H (75) ) L
whereV denotes an arbitrary volume, which is expected to

such thata(—1/H)=a(1/H)=1 anda’(—1/H)=a’(1/H) drop out of the calculations when physical results are ob-
=H, whereH=const is the Hubble parameter during infla- tained. Asymptotic forms of these solutions are easily found
tion. Note that we have assumed a sudden transition frort1]

inflation to radiation. If there is an intermediate era evolving Si(— D)kt (m2) v+ (V2]
like a matter-dominated Universe this can be taken into ac- = » (k7> —e)=yViZke

2

count; but we do not expect that the conclusions reached Ave—

below will be affected by that, in that the spectrum should X{1+i(—1) 8K +O[(—k7)_2]}
remain unaltered. Furthermore, because we are considering a T

GUT-scale inflationary model, we expect that reheating re- (j=1,2) (82)

stores the EW symmetry and, therefav;(7>H 1)=0. In
view of the above the equation for the transverse componer@nd als42]

of Z(7)=|Z"(k,7)| given by Eq.(74) become$ _ 1 T(v 2\ v
ZW(kr—07)==\—77V|i(— 1) W2
M2 1 v 2 T kr
212 z _ ; ; .
stk +F; Z(7)=0 (inflation) (76) 1—(—1)i cot{mv) kr\ v
I'(v+1) 2
(*+k?) Z(7)=0 (radiation. (77 L O[(—kn? 7]
Rv]>0 (j=1,2. (83
’Since the coefficients in Eq74) for Z" do not depend on di-
rection, it is reasonable to assume tt@t averagethe dependence
is only on the magnitude of the momentuks |k|. 8In fact, 14?2 becomes- In(—H7)/7 becausd\/l%ocfln(fﬂ—l).
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In the radiation era the eigenfunctions that solve &q) 2 w2 Vv )
are |Zrad | - |Zvac| = ﬂqakl —-1)
28 (kr) = Wike V¥ (j=1,2) (84 o Vo
|Zrad = ﬂ|ﬁk| (88)

which are appropriately normalized as in Eg1).
It is now obvious that there is particle production sincewhere we have subtracted the vacuum contribution. In view

the eigenfunctions in inflation and radiation era are not orof Eq.(87) we see that the spectrum |&|? on superhorizon
thogonal. A simple way of computing particle production is scales has a slope ly 2*~* enhanced in comparison to the
to do the matching at the end of inflation. Choosing for ex-vacuum spectrum. The enhancement is stronger for small
ample Z() in inflation, we can match it to the radiation era massesvl;<H, for which v=3—(M;/H)? and hence
eigenfunctions as follows:

v
Z(K)?=2|Bd* 5
ZW(—kIH)= ay Z5(KIH) + B Z Q) (KIH) 2 =21Ad 5

(1) K/ . (1) K/ ) K/ 2V H 2 MZ 41 k 2(MZ/H)2
e ™™ =7V oo W) elzn
O(k—3+2(MZ/H)2 (89)

where «, and B, are the Bogoliubov coefficients. The

transformation is diagonal in momentum space, and that the | 3,|2) 1.

coefficients depend only on the magnitude of the momentum Therefore 7 5(|)oc|V*1/2%|*(Mz/H)2 (see also Appendix
*rm:

k=|k|. A similar transformation can be constructed . B). Thus, forM ,<H/2, the resulting rms spectrum faris

The fact thatg,# 0 implies that there is particle production almost scale invariant. Due to the+ )2 factor in Eq.(87)

in inflation. The number of Eartigles produced per mode iy e see that the enhancement of the spectrum would be can-
then of thf order ohy~|By|*. Using the asymptotic form ojeq if the gauge field would have been exactly massless, in
(83) for Z{!) at the end of inflation, we can solve H85) for  \yhich case=1. This, for instance, is the case of the mass-

k<H: less photon. However, if €M,<H then the fact that
o () 1 K| -2y |v—3|=(M,/H)?<1 is compensated in the above by con-
( ):etik/H ~ 1<__,,) <_) sidering superhorizon modes, for whietsk.
Bx [4\/; 2 2H It should be noted here that in a similar way one can

generate any effectively massl&sgauge field during infla-
I(EJF V) tion and obtain a similar superhorizon spectrum. A case of
2 particular interest is the possibility of applying the above
mechanism directly on the photon field by introducing a pho-
ton mass term which vanishes at the end of inflafi2].
Another realization of this scenario is by considering a nega-
tive coupling hybrid inflationary model such that the expec-
+O[(kl2H)¥#"]. (86)  tation value of the scalar field, which is coupled to the infla-
ton, is non-zero during inflation and becomes zero at the end
Note that the above Bogoliubov coefficients satisfy the relaof it. If one considers this scalar field to be coupled to the
tion | ey —|Bul?=1. photon then the above mechanism is operafd@. How-

We will consider the case when=(H?—4M2)Y?/2H ever, we feel that using thg field is rather more natural
>0, i.e., v is real and positive, which corresponds b, since, in this case, one does not require any additional scalars
<H/2. In the limit M ,—H/2 (i.e., v—0) conformal invari- Or couplings apart from the inflaton and the SM fields.
ance is recovered and there is no particle productiohus,
from Eq. (86), to lowest order irk/H, we obtain C. The origin and nature of M during inflation

( k )”H Ja(i — cotvr)
~2i 5 AT (1)

k —1/2+v k 12+v
- _2| -
2H 2H

X

T (v)[2 [ 2H) 20+ 1)2 In. com.puting_ the spectrum we have assumed fchat confor-
| |2~ B 2= v (_) (V_ _) . (87) mal invariance is broken by a mass term which is due to a
167 | k 2 condensate of the EW Higgs field. Here we look in more
detail at the underlying mechanism behind the formation of
In order to compute the spectrum of created particles, wesuch a condensate. To this purpose we need to recagdHq.
need to evaluate in the Hartree approximation, which we describe in Appen-
dix A. We have

%This is because, foM,=H/2 the quantum fluctuations & are
damped before reaching the horizon. 19 e., with mass less thaif.
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, time and thus, the adiabaticity assumption is justified. More-
92y +| 3N, (y2)y—a?ME,,—g?a? E ((WH?2),, over, for\, <1, we see from Eq(91) that indeedv, =3/2
T as assumed.
2 In view of Eq. (58), the above considerations suggest
—ga }yk— (90)  that?
2,2 i ; t 9z
whereg“a“(- )y denotes the Hartree back reaction. Assuming MZ gz<‘I' \If>——H In ‘ (96)

that (¥ TW),=(y?), /a2, ((W)?), and (z?), are slowly
varying functions of time, during inflation Eq90) can be
recast in the form of Eq.78) with D. The generated hypermagnetic field

Because reheating introduces large temperature correc-

9 1 , tions to the scalar potenti@b0) the EW symmetry gets re-
2" 4 | t 2 2 2
Y« =3 + H2 A (VW) +MEwtg E (W% stored and the hypercharge field becomes massless. From
Egs.(55) and (56) we obtain
+9%(Z%)y (91) Y = COSOWA,, —Sin Z,. 97)

However, in contrast to th&-boson case, the superhori-
where we use@ia/azZ/rZ. As is shown in Appendix A2a, zon spectrum of the photon is not almost scale invariant but,
the Hartree backreaction for the gauge fields giYB8), in fact, scales af\n,{!)*| %, because conformal invariance
=((W)?),,<=H2. Thus, the backreaction of the gauge fieldsis retained for the photon during inflation. Thus, the contri-
is less than (B2+g2)H2<H2. Also MZ,,<H?. Therefore, bution of the photon to the superhorizon spectrum of the
the dominant contribution in Eq91) must come from the hypercharge field is negligible compared to the one ofZzhe
3\, (¥TW), term. Now assuming that, changes slowly boson. Therefore, the hypercharge superhorizon spectrum at
(adiabatically the solution of Eq(90) is given by Eq.(80), the end of inflation is also almost scale invariant,

Y, |=sinow|Z,|. (98
y (k) ——\/—777 HD(—k7) (=12, (92 . .
The hypercharge field during the radiation era is massless

_ _ o and Abelian and, therefore, it satisfies the equivalent of Max-
where we used again the following normalizatipsf. Eq.  well's equations. The associated hypermagnetic field is de-

(8D)]: fined asBY=V X Y. As estimated in the Appendix B, the rms
value over a given superhorizon scal&f the hypermagnetic
W[y(l)(kr) (2)(k7')] Vi. (93) field due to the superhorizon spectrum of @doson field
is,
Assuming that Rev, |>1/2 then, in analogy with Eq. 18(sin 612
Co 0 +eo 1]
(83), (92 implies [BY (1)]2= 8(—W)j dk| = sin(kl)
28 k
k—»OF 2 2 2v, —1 2 Z(k 2
|y(‘)(k7)|2 () Zk( - k_r) (99 —I cos(kl)} |20 . (99

which, when subtracting the vacuum in the Hartree approxi- Inserting Eq.(89) into the above and after some algebra
mation and considering, =3/2, results in an almost scale (see Appendix Bwe obtain
invariant spectrum becaugsee Appendix A2}

2Considering Eq(75) we see thatM,=g,(H/27) VAN, where
(95) AN=N;—N and we useda=e", with N being the number of
e-foldings remaining until the end of inflation ard,,; being the
total number ofe-foldings. Thus Eqg.(96) may be understood
L . . roughly as follows: Everye-folding the gravitationally generated
where 7; denotes the beginning of mf_latlc}ﬁ.The rele-  fiyctuation over the horizon volume of the EW-Higgs field is of the
vant quantity for the backreaction ifcf. Eq. (9D]  order of the Gibbons-Hawking temperatuig,=H/27. The quan-
3\, (WTW)/H?> —In|7|, which is a very weak function of tity (¥ ™) represents an accumulated “memory” of these fluctua-
tions which “pile up” while inflation continues. Thus, due to the
stochastic nature of the fluctuations they perform a random walk,
Remember that during inflatiome 1/ 7|. which, afterAN steps, is responsible for théAN increase.

<‘I’T\I’>= H_2 In ﬂ
472 | T
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|

Mz

3\/§sin6W
— |

Y —
Brms(tend) - 877'2

2
) kenoH end (100)

whereH, is the Hubble parameter at the time the relevant

scale exits the horizon during inflatioRen= K(tend = 27/1

PHYSICAL REVIEW D65 063505

freedom at the end of inflatiolf.Putting the numbers in Eq.
(103 one finds

1/4
end

2v
Mp

Mz

H, G

rms (104)

=

le

Bima=5X10" 33(

is the physical momentum at the end of inflation, because in

Eq. (75) the scale facton has been normalized at that time
a-ndl?’"'end:|_|(tend)-

E. Evolution of the magnetic field

The creation of a thermal bath of SM particles at reheat-

ing freezes the hypermagnetic field into the reheated plas
in a way analogous to regular magnetic fields. At this poin
we should mention that, apart from the hypercharge comp

spectrum over superhorizon scales at the end of inflatio

generated gravitationally because their conformal invarianca
is broken during inflation in the same manner as in the cas

of the Z boson. After reheating, however, because ‘hie
gauge fields are non-Abelian they are screened and dec
due to the development of a magnetic mddd]|, Mg
~0.28°T. Because of this we will focus on the evolution of
the hypercharge magnetic field configuration.

The physical momentum scalesksa 1. Thus, by scal-
ing kengto the present day we find

2
end— |
c

Treh

Teve

(101

where Teys=2.37x10 * GeV and sin(2,)~0.84. The
above corresponds tihe spectrum of the primordial mag-
netic field as it would have been today were there no galactic
collapse and subsequent dynamo amplificatidypically,
such a field is referred to as “comoving.” The comoving
spectrum of our primordial field, as given by EdQ.04) is
own in Fig. 1, where the substantial amplification com-

cEpared with the vacuum spectrum is apparent.

nent, theW-boson fields also have an almost scale invariaan

However, the actual physical field, being frozen into the
lasma, will be affected by the gravitational collapse during
tructure formation. Since we are interested in seeding the
ynamo, we may use EqL03) to estimate the seed field at
fhe time of galaxy formation. Scaling back the comoving
field to galaxy formation provides an amplification factor of

‘H+ zgf)z, wherezy is the redshift that corresponds to galaxy

formation. This is due to the expansion of the Universe
(viewed backwards Moreover, the collapse of matter into
galaxies brings about a further amplification of magnetic
fields by a factor given by the fraction of the galactic matter
density to the matter density of the Universe at galaxy for-
mation, (pgalpg)?>, wherepg=po(1+2z4)* with po being

the matter density of the Universe at present. The above
result in an overall amplification factor of abott10*. Tak-

ing this into account and considering that the scale of the

wherel is the corresponding scale of the mode in questiorargest turbulent eddy corresponds to the comoving scale of
today, Tyen is the temperature resulting from prompt reheat-about |,=10 kpc before the gravitational collapse of the
ing, Tcws is the temperature of the cosmic microwave back-protogalaxy, we find
ground(CMBR) at present and we have used thatT ! at
all times.

If we assume that the field remained frozen until today
then, because flux conservation requiBesa™ 2, we find that
the magnitude of the magnetic field today would have beerwhere we assumed GUT-scale inflatigg,~ 10'® GeV and
we have used that; for total number of inflationarfoldings
~ 100, we have M;/H,)?>~0.01. The above seed field is
sufficient to trigger the galactic dynamo in the case of a
spatially flat, dark-energye.g., a cosmological constant or

L o quintessendedominated universglL0].
where cod}y is introduced due to the projection of the hy- * A g pplementary increase in field strength is obtained if

percharge onto the photon at the electroweak transition aGye assume that the magnetic field does not freeze into the

cording to Eq.(56). _ plasma upon creation, but rather that its correlation length
Using Eqs.(100 and(101) the above gives grows quicker than the scale factor, as is the case for helical
turbulence[45]. Such a causal mechanism can only operate
Vi (M)
( )( Mp )( )
(103
4

on a given comoving scale after this scale has reentered the
where, for prompt reheatingvendz(w2/30)g*Treh, with

horizon. One can show that the growth of correlations due to
turbulent evolution leads to an additional amplification of
about (eq/1 )23, wherel ,~50 Mpc denotes the equal
9, =106.75 being the number of relativistic degrees of 4\ote thatg, can be somewhat larger in simple extensions of the
SM. For example in the minimal supersymmetric Si],=229.
Thus, g, =106.75 may be viewed as a lower bound to the actual

value ofg, .

Beeeq~10 %0 G (105

2
TCMB
Treh

BCOI’TI_

rms

(102

COS&WB:{ms(tend) (

TCMB MZ

39« Mz
H,

4072

com__ }
rms— 4

1/4
) sin(zaw)(

e

3For pure de Sitter inflation we havé;=H .
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FIG. 1. Comoving magnetic field spectra and relevant seed field bounds, plotted against the comoving. sEiaée steepest line
(dash-dot-dot-dgtdepicts the(unsubtractedvacuum spectrunB, (1)<l 2. At the comoving scalé,=10 kpc one haB<(10 kpc)
~10"> G. The line of intermediate steepne&ksh-dox corresponds to the thermal spectrp(l)s1~%?2 which meets the vacuum
spectrum at the comoving scdlg corresponding to the horizon at the end of inflation. The solid line is the primordial magnetic field,
resulting from inflation through our mechanism,1)=1"~%?~|~1, as calculated by Eq(104). On the scald =10 kpc we find
BSOT(10 kpcy~10 34 G, i.e., about 20 orders of magnitude stronger than the value corresponding to the vacuum spectrum. This is to be
compared with the dynamo bounds rescaled by a factof, Itbrresponding to the collapse-amplification enhancement factor and the factor
due to the scaling between galaxy formation and the préseatmain text These bounds red@..10 2’ G for a Universe with critical
matter density an®..7 10 3* G for a Universe dominated by dark ener@lat, low-density Universe We also show(dotted ling the
spectrum enhanced by helical turbuler{e¢!.=10 kpc an enhancement of about 20 is obtain&ihally, we note that we expect our
primordial magnetic field spectrum to depart from thé scaling law near the scalg and approach approximately the thermal spectrum
sincev— 0 towards the end of inflation. In that way the spectrum of our magnetic field joins the vacuum spectyum at

matter-radiation horizon today. Fég=10 kpc andv=1/2  field is, in fact, decided by the inflationary energy scale and
the amplification factor is about 20. not by the reheating temperature. Indeed, it is easy to show

In the above we have assumed prompt reheating. Howthat, even in the case of long-lasting, inefficient reheating the
ever, it is possible that reheating may be rather inefficiengtréngth of our seed field at galaxy formation remains essen-

and, therefore, a long-lasting process, especially in the cadilly unmodified, so that Eq104) is still applicable. There-
when the inflaton decays prominently into bos¢as]. In-  Or€, our mechanism may manage to satisfy the gravitino

; ; : ; overproduction constraint while still being able to provide a
deed, the reheatl'ng temperaturg Is typically glven'[b% sufficiently strong seed field. Thus, our SUSY-HI inflationary
=<I'mp, wherel is the perturbative decay rate of the infla-

ton [46,47. If the inflaton decays into bosons théhde- g]uotd;)arlocballgrs.e incorporated in a supergravity framework with-
creases with time and it is possible that the decay of the = ay first sight, it may seem unlikely that a magnetic field is

inflaton particles(inflatong ceases before being completed, gptained from the gravitational production of tZeboson
leaving a small fraction of the inflatons as dark matterfie|q, which is orthogonal to the photon field. In fact, the
[46,47. In such a cas&e, may be rather low and can satisfy sjtuation is analogous to that of light polarizésee Fig. 2

the gravitino constraint Tren=10° GeV) even for GUT-  With two orthogonal light polarizers no light passes. When a
scale inflation. Of course, an initial stage of preheating mayhird polarizer is inserted at an angbe(with respect to the
increase substantially the overall efficiency of reheafi8]. second polarizgthowever, some of the photons do pass. The
However, in SUSY-HI, sinca ~h, preheating is chaotic and photon amplitude is reduced Bysin(26), just as in the case
likely to be also rather inefficie9]. Finally, one can think of the Z field. The main advantage of the amplification
of variations similar to “smooth hybrid inflation” of35], mechanism presented here is its naturalness. Indeed, no
which may achieve a rather low reheating temperature. Stillfields are required except those of the standard model and the
as shown in Eq(100), the amplitude of our hypermagnetic inflaton. Moreover, the mechanism is independent of the
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occurs only aftekp ands start oscillating around the bottom
Z of the potential. Oscillations ap are not harmonic, but to a
good approximation they are periodic, with an almost con-
stant period. This is so since the Hubble constant is small,
H=(pini/3)/mp~AM2/mp~10'® GeV, while a typical os-
cillation frequency isw~+AM, where we have used Ef{)
to estimatep;,;=V(0,S.).

Since, typically, the resonant decay of a field lasts a few
hundreds of oscillations, the decay time of the inflaton is
Y =<H 1. On these grounds one can neglect the expansion of
the Universe during preheating and regard the scale factor to

be approximately constamt=1 in agreement with the nor-
malization(75). Therefore, the field equatiori45) and(498)

i become
0 ; NV,
Yo | (*+he?)o+ —2=0 (106
Jdo
A
2
FIG. 2. The formation of a magnetic field from the generation of [924+N(@*~M?) +ho?]e=0 (107)

the Z-boson field has to pass through the intermediate hypercharge
stage similarly to light when crossing a set of orthogonal polarizerswhere in Eq.(107) we have ignored the backreaction of the
which needs an intermediate third polarizer at some afgteorder ~ supermassive GUT-bosons because at the onset of preheating
to go through. their amplitude is negligible. In terms of the field= ¢
—M the above can be rewritten as

particular model of inflation considered, but can be thought
of as a generic consequence of inflationary theory iSelf. [%+ A%+ 3eM+2M3)+ho?]e+ho?M=0

An exciting possibility is that the above magnetic field
can be amplified even further during preheating in an explo-
sive resonant way. In what follows we explore this possibil-
ity using the particular model of flipped $8 SUSY-HI.

[ +h(e?+2oM+M?)]o=0
(108

where we have ignored the terév . /do since the slope of
V. PREHEATING the V, potential is negligible compared to the interaction

In addit h h of th hori term. The solutions to these equations are damped periodic
n addition to the growth of the superhorizon Spectrum g ijiaiory function&® which in general have the following
due to the breaking of th&-conformal invariance in the form:

inflationary period, the generated hypermagnetic field may

be amplified more during preheating due to the backreaction —

of the hypercharge source current. From &) it is evident ¢=PoPy(@,7)
that the growth of the amplitudes of the GUT-massive gauge

fields X and Y is a prerequisite for this source current to o=00Py(w,T) (109
be substantial. In hybrid inflation this is achieved through
their mass term given by E@21), which resonantly pumps
energy from the GUT-Higgs field. The latter is resonantly
produced at the end of inflation due to its coupling with the
oscillating inflaton.

where P, (x+2m)=P,(x), P,(x+2m)=P(X),
max|P,|}=1, max{|P,|}=1, ande, ando, are the ampli-
tudes of oscillations, which are in principle time-dependent
since¢ and o eventually decay and redshift.

The corresponding mode equations can be obtained with

Fourier transform. The result is
A. Parametric resonance in hybrid inflation

1. The mode equations of the scalar fields [95+ K2+ N (3p?+60M +2M?) +ho?] o+ 2ho(o+ M) oy

We shall consider production of the supermassive vector =0 (110
bosons by parametric resonance caused by oscillatioss of
and ¢. Sinces is a singlet and does not couple to the vector ;24124 h(x242oM +M2)]o, + 2ha(@+ M) @y
fields, the production of gauge fields is due to the GUT- 7

Higgs field. A significant production of modes of any kind =0. (111
Note that most of the successful inflationary modelsy. cha- 8We do not consider here the effects of chaotic resonant behavior
otic, natural, hybrig have GUT-scal®&/qq. [49], which may occur in hybrid inflationary models.
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By making use of(¢?)=¢3/2 and(c?)=c2/2, we can
easily estimate the effective masses of the modes to be,

3 1
m; =2\ M2+Z¢§)+§ha§=4)\M2
(112
1 3
2_ 20 = 2| 2 M2
m:, h(M +2(p0) 2hM
so that the dispersion relations read
2 2 2 3 2 1 2 2 2
(x)(p:k +2\| M +Z(p0 +§h0'02k +4\M
(113

w2=k?+h

1 3
2. = 2| 2y D2
M+2¢>0) K>+ 5hM

whereg3=M andoj=s=(\/h)M?. Note that the effective

mass of thep modes is a factor of/2 larger than the Higgs
massM = 2\ M.

We need to investigate whether the mode equatith®)
and (111) result in a broad or narrow resonance, and als
whether the leadingbroad resonance is active. To do that
we have to consider the quality factargor the mode equa-
tions and then compare them to the effective magse®).

2. The characteristics of the resonance

The generic form for a resonance equation is

d?y

— | At 2 20,Pi(w) | =0

d“w i

where
2 2
m?, .+ K
Ak:%zl (114

w

¢

and qg; are the quality factors with oscillating functions
Pi(w) ({(Pi)s=0, maXP;}=1), whose period is either

or 27, and w=w,7 is the rescaled time variable. In the
Mathieu caseP;=cos(%s). Some of the references where

one can find instability charts, which are plots of the Floquet

exponentu in terms ofg andA, are listed in[50,46,47.
Consider first the quality factors for E¢L10),

3§ 3 _6\Meg, 3
q‘p1_4—wi 16’ %Z_Z—wi R

, _2hMay 1\ﬁ “
9= 7 “2Nx" (115

Sincewfp:m\ M?2, we conclude that all the quality factors

PHYSICAL REVIEW D 65 063505

_h(po 1h ~2hMg, 1h
q01_4_“’<20 6N’ qaz—z—wi N

. 2hMay 1\/E 116
Ge1=— 2 “2 V% (116

so that they are typically smaller than the quality factors
(115 of Eq. (110.%" Furthermore, we can compute

A, (k=0) mi 1 4

e\ _wi_ 3q<p2
2_

A=y re0 2D (117
) 4\

which then determines onto which resonance the field can
decay. Note that since the position of the first resonance is at
A~1 for g<1, we conclude that the field tends to decay
into the first resonance such that the infrared superhorizon
modes get populate¢see figure in[46]) with u~0.3 or
smaller. A similar statement applies to thefield.

The strength of the broad resonances may be as large as
u~0.2 along theA=2q line, and becomes rapidly stronger
at smaller values oA, i.e.,A<2q [cf. Eq.(7) in [50]]. Even
if the field can decay only into the second available reso-
nance, the strength is expected to be of the ogder 0.04,
just like it is in the case of the chaotic inflation with a quartic
scalar interaction term, which decays into the second reso-
nance.

Regarding theo field, depending on the choice of the
couplings,q,, can be larger or smaller then unity. Generi-
cally, however, we expect that~h, and hencey,, is typi-
cally of the order(but smaller thapunity. In SUSY-HI we
have\ =2h and, thereforeq,,=3<1.

In the above, by takingg=1 we have ignored Hubble
damping. It is known that the latter, in fact, results in sto-
chastic resonant amplification, in the sense that the action of
the damping term may be positive or negative on occasion,
depending on whether the amplitude of the oscillating fields
is increasing or decreasing. However, as has been shown in
[47,48, the net effect of such a term is, in fact, in favor of
resonant production.

This analysis has not covered the mixing terms in Egs.
(110 and (111). Numerical simulations done by the authors
of [50] indicate that these terms typically cannot prevent
resonant decay, and in some cases can enhance it.

B. Resonant production of massive vector bosons

The field equations for the supermassive GUT bosons are
Eqgs.(23) and(24), while Eq.(28) is the one for th&/ boson.
The resonant production of the massive bosons is due to the
fact that their equations of motion are of harmonic form with
frequencies given by their oscillating mass term.

of Eq. (110 are generically of the order unity. The quality —

factors for Eq.(111) are, on the other hand,

1"Remember that in SUSY-HL = 2h.
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1. The parametric resonance equations

At the onset of preheating we may ignore the backreac- R="7-
tion source current because the initial amplitude of the mas- ¢
sive bosons is negligible. Later on the source current contrib-
utes additionally to the production of the massive bosons.
Let us concentrate on E?J) first. Proceeding in a simi-
lar manner as in Sec. IV A we obtain for the longitudinal and

transverse modes,

2(3,InMyy)k?
(a§+k2+MiY)+%aT xd=0 (118
K2+ Mgy
(*+K2+MZ) X =0
(119
where
X6 (%, 7) f o X% (K, 7)exp(ik-X) (120
X, T)= ,T)eXP K- X).
M (277)3 M

Recalling thatp=M + ¢,P ,(w,7) and using Eq(21) we
can find the effective mas#1yy of Xj; during preheating to
be

1
M§Y=§gZ(M2+ @5P5+2MggP,)=

3
~ —2M 2
_4g|\/|

1 1{ g\
2 _ T 2np2 —| Xo
Miy=359°M [1+2(M) (122
where we used thaPi)Tz 1/2 and(P,),=0. Rescaling the
time asw ,7— @, the equations118) and(119 can be recast
as

K2+M2y|  2(d, In Myy)k?
|:(02+ XY + ( w XY)

k2+M32,

w 2
Wy

aml x =0 (122

al
2 | x*=0.
w

(0724_%
¢

(123

Now, it easy to show that, in the above, we have

K2+ MEy K+ MRy g°M?[1] g 2ﬁ) %0,
wi wi Zwi 2\ M £ M F

(124

where IE’(p:ZPi—l is a periodic function ofe with fre-

quency w,=2w, and max|P |}=1. Each of the above
equations contains two resonant channels withgliectors

oM ¢o_ 0

4= 202 M 8X
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M 2
Aco=—g = (125
w‘P

This implies that, provided); ,=1/2, theq; resonance is
efficient in amplifying gauge fields, while thgg resonance is
inefficient. In fact wherA,_(<2q {A=o>2q} the growth
rate of the field growgdecreasgswith increasingq [50],
implying that for A,_,=3q, the resonance becomes stron-
ger asq; increases. For example, one enters the first broad
resonance at abogt=1/2 and exits it at abouj;=3.

When compared with the transverse equatibg3), the
longitudinal equation(122) contains an additional “damp-
ing” term. The sign of the “damping” coefficient
d IN Myy=3d,P,/P, may be either positive or negative, re-
sulting in damping or growth, respectively. Since the positive
and negative parts are symmetrically and evenly distributed,
we expect that the growth wins over the damping, just as it is
in the case of stochastic resonaridg]. As a consequence,
the longitudinal modes grow faster than the transverse
modes. Large longitudinal amplitudes can be mediated to the
transverse modes through scatterings. We do not consider
here possible physical consequences of these processes.

Similar results are obtained for th€;, and theV, bosons,
substituting, in the latter casklyy— My or equivalently

g—2+/(6/5)g/cos0.

2. The amplitudes of the massive vector bosons

In order for the backreaction to stop resonant production
of the massive gauge fields, the inducetartree mass must
be larger than about the mass of the Higgs boson, since this
is the typical resonance scale. This can be argued as follows.
The shift inA required to switch off the leading resonance is
of the order6A~0.5. This cannot be mediated by thdfield
modes, since the maximum possible expectation value is
((80)®)max—M2, resulting in SA=SM %y/w2~g?/16\,
which is typically not sufficient to shut down the resonance.
Moreover, the inflaton does not help, since it does not couple
to the vector bosons.

There are, however, cubic terms in the source current,
which have been neglected in EG23 and which may shut
down the resonance. The cubic source current terms can be
obtained from Eq(25). Similarily to Eq.(32), for the super-
massive GUT bosons we have

(J2)5%0 = 0°0""g" R (Q,) 6(2,); () ja— (p—0)]
(126
whereé=4,5 anda=1,2,3. In view of Eq.(13), Eq. (126
can be written schematically &s

IS~ 2 (XX X+ WW X+ WVX+VVX),  (127)

where X denotes the supermassive GUT bosoK§
andY;, W denotes the electroweak gauge bost;,Y#,
which are gravitationally produced in inflation as shown in

¥Here we have used that ¢1)(1/cy+ cy)=1.
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Sec. IV, andV is the massivé/ boson. Note that the contri- d3k

bution from theG bosons of SU(3) is negligible because and Y”(X, r):f VV(k, m)exp(ik-x)

they are neither produced gravitationally in inflation, nor are (2m)®

they generated during preheating, since they do not couple to (139

any Higgs field. Thus, a typical contribution of the backre—and we have used the current conservation equation
action current to the mass of th€, Y}, fields, coming from (). =iK- Ty ,

their resonant production, is of the form Using the Hartree approximation, as shown in Appendix
5M>2<Y~g2(<X2)+<V2)). (129 A1, and also in view of Eq(38) we can recast Eq133) as

2
Similarly, for V, we have from Eq.(28) that Jy §<|x|2)v—<|x7|2>v
=—5/12codJ; so that the cubic term contribution is

given by Eq.(34) to be

P+ K2+ 692

i

vt (135

2
SUX2u= (X2

=—6g%cot®

5
7P~ SGPXXV. (129 e, . .
whereg{=35gy, and X, stands for all the six supermassive

(23 (23 :
Hence, the contribution of the backreaction current to the>JUT PosonsXy,, Y, with

mass of thev,, is

1 [ k2dk 1 [ k2dk
<|X|2>v:vf2 X(k,T)X(—k,r)z—J | Ak, 7)|?

5 2 V] 2.2
2 T N2/y2 s i
MY~ 59%(X?). (130 (136)
In order to get the first resonance to shut down, one re- 5 1 1 k3dk
quiressM2~M?Z=2\M2. Hence, the energy stored in the (X >v=v 5 S XK, 7) XA K, 7)
andV fields is then of the order &
A2 A 1f kzdk[;\’ (k,7)1?
o~ — —_— - ,T
pxv~ g7 ((X?)?+(V?)?)~ EM‘l” Epinf- (131 VI 272
) and alsgcf. Egs.(69) and(72)],
SinceA~1 we conclude that the resonance shuts down
only when most of the energy is in the massive gauge field s 2,05 )
modes. In other words, the resonance is efficient until a sig- ~ Xims= 3 {IXIv—(IX:%)v
nificant fraction of the inflaton’s energy decays. Then, as the
oscillating amplitude ofp decreases, one enters the narrow 1 kdk|2 ) kY 3,x(7)]?
resonance and the decay slows down. This is just like the =vf o2 §[X( )]+ W
case of two scalar fields witg~1, and also the one field m XY (137)

case, where alsq~1. One is then left with the condensates

of the gauge fields whose amplitude can be estimated to be ) . )
We shall now investigate whether the hypercharge field

_aMu (139 may undergo resonant amplification at preheating.
IXGLIYalL IV ~ay FNO-]-MH (132 Since the supermassive GUT bosons are mainly produced at
preheating, the dominant contributionX@, comes from the

where Oy <100 is the effective number of degrees of free- resonant modes that |n|t|a”y oscillate in phi§@], which in

dom produced by the resonance. principle may drive resonant amplification of the hyper-
charge. We now discuss the necessary conditions required for

this indirect resonance to be operative.
. ) At early times in preheating the Hartree terit$, are
one finds from Eq(29) that the hypercharge transverse modecijeny narrow parametric resonanggl]. When the oscilla-

C. The hypercharge field at preheating

equation is tory component ofX},c becomes of the ordas? , however,
5 the hypercharge resonance can become bré@ld Since the
(P+k)PL= \Ezs"‘@ﬁ (133  hypercharge field has an infrared spectrum that is already

amplified in inflation, while thev-boson spectrum is that of
the Minkowski vacuum, when compared with tK&V term,

the X?Y term is expected to dominate the resonant growth on
superhorizon scales. Therefore, we may write

Tv(1)=—6299yX2, V" (7) (139

where
3

) d’k ]
JY(X,T)=fWJY(k,T)exmkx)
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so that Eq(135 simplifies to The conformal invariance a is naturally broken due to
its standard-model coupling with the electroweak Higgs
field. The latter, during inflation, develops a condensate com-
parable to the one of the inflaton field itself resulting in a
non-zero, but small, mass for tieboson field. Conformal

Now, xrzms can be Convenient|y Spht into the s|ow|y grow- invariance breakdown results in graVitational prOdUCtion of

2491
+(K2+6g2X2 9V =0. (139

dr?

ing and oscillatory contributions as follows: the Z field on superhorizon scales. We have computed the
relevant superhorizon spectrum and found that it is almost
X2 =X3(7)+ X3 1+ Py(7)] (140 scale invariant. At the end of inflation reheating restores the

electroweak symmetry and tiZespectrum is converted into a
wherePy(7) is a periodic function with period- 7/w, such  hypercharge spectruiithe photon’s contribution being neg-

that (Py(7)),=0 and(P%(7)),=1/2, and ligible), which, due to the stochastic nature of the origiBal
) » 5 » fluctuations, gives rise to a superhorizon hypermagnetic field
Xo(7)=X{ad €709 —1), Xoed 7)=X{ad €7*¢"—1) that freezes into the reheated plasma. We have calculated the

(141 spectrum of the rms value of the hypermagnetic field and

where uy denotes the relevant resonant growth rate of théqund that itis of the forB,e 1/ as shown in Fig. 1. In a

supermassive GUT-boson fielddls and u is the growth rate S'm"aY way non-Abghquﬁelds are also generated but the|r
of the constant contribution to théfield mass induced by associated magnetic fields are screened due to the existence

the inelastic scatterings. Also, we have subtracted th@ @ magnetic mass of non-perturbative nature, which stems
vacuum contributionX2, ~k2_, with k2. being the typical from their self-interaction. During the radiation era the hy-
resonant momentum vlgcrovir?j;cb<ﬂx o equivalentlyX, permagnetic field evolves satisfying flux conservation. At the

<Xqeor the hypercharge grows resonantly. The amount oflectroweak phase transition it is transformed into a regular

available energy;«=\M%4 results in the following upper magnetic field. When scaled until galaxy formation, this
bound: magnetic field is found to be sufficient to trigger the galactic

dynamo and explain the observed galactic magnetic fields in
1,0, 1 . the case of a spatially flat, dark-energy dominated Universe
>MxyXims= gMpM (142 with GUT-scale inflation.
The beauty of our mechanism, apart from being indepen-
or equivalently{cf. Eq. (121)] dent of the inflationary model, lies in that it does not, unlike
most proposed mechanisms, require the explicit introduction
of conformal invariance breaking terms in the Lagrangian or
Xinss =5 M? (143 any exotic fields other than the ones of the standard model
39 and the inflaton field. Moreover, we do not have to specify a

Wherer(YzngMzm andMﬁzZ)\Mz. This is in agree- particular GUT group, or involve grand unification in any

. A : way.
ment with Eq.(132) and implies the following bound for the An intriguing possibility was that our magnetic field could
quality factor of the hypercharge resonance:

be further amplified during preheating. In order to study this
— 2 we considered &upersymmetrichybrid inflationary model
:6gYX°S°<isin2®<0 4 (144) and grand unification under flipped &), both well moti-
v 202 12 ' vated. However, we have found that preheating amplification
¢ is probably negligible since the hypercharge field is ampli-
where sin®=gy/g. Since significant resonant amplification fied only via indirect narrow resonance which turns out to be
of the hypercharge on superhorizon scales may occur withougther inefficient. Still, a bettefpossibly numerical treat-
tuning only whengy=1/2, we conclude thahe inflationary ~ ment of the magnetic field at preheating is probably neces-
spectrum of the hypercharge gauge bosons is hardly amplisary to provide an adequate understanding of its behavior.

fied by parametric resonance. Such treatment should, in principle, address issues such as
the conductivity of the newly created plasma or the fate of
VI. CONCLUSIONS the hyperelectric field.

In particular, the behavior of the conductivity during pre-

We have presented a mechanism of primordial magnetibeating may inhibit our hypermagnetic field. However, an
field generation based on the breaking of conformal invari-analytic treatment of this issue is rather complex and beyond
ance of theZ-boson field during inflation. The mechanism is the scope of the present article and numerical studies are
generic and independent of an inflationary model as long agconclusive. It seems that the behavior of the conductivity
the reheating temperature is higher than the electrowealspatial distribution and growth ratés highly non-trivial,
scale. This is because our mechanism requires a phase wbn-perturbative and model dependdff]. It has been
electroweak unification to “channel” the generated superhoshown, however, that the appearance of conductivity in pre-
rizon Z-boson spectrum into the photon, through the hyperheating does not necessarily inhibit the growth or the exis-
charge field. tence of (hypepymagnetic fields but may allow substantial
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amplification[22,53. This is certainly an issue that deserves 1 1
further investigation. AEvJ d®xA(X,t) = yAK=0D).
In summary, we have presented a natural mechanism for (A2)
magnetogenesis by inflation which may be an explanation
for galactic magnetic fields.
In these definitions the voluméis defined by the follow-
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APPENDIX A: THE HARTREE APPROXIMATION modes require special care, since they may become macro-

. _ _ scopic, leading to a condensafe.
In this appendix we discuss the use of the Hartree ap-

proximation in the computation of scalar and gauge fields.

This approximation is applicable in this case mainly due to 1. Hypercharge source current

the classicality of the superhorizon modes and also since the | ¢ s employ the Hartree approximation in computing

typical value of the quality factoq of the parametric reso- he source current of the hypercharge which is shown explic-

nance |s.about one or smaller, essentially until the f|elqt|y in Eq. (38). In the spirit of our approximation, we shall

grows to its maximum _vaIuE’. _ neglect the terms in which the zero modes figure incoher-
The Hartree approximation takes account of elastic scafgny in quadratic or cubic combinations. This means that at

terings only, which do not change the momenta of incomingis"noint we shall take account only of those nonlinear con-
particles, and it models the dynamics well when 2-t0-2 scaty ihytions from the zero modes which oscillate coherently in

terings are the only ones that are relevant. This is indeed Sgye.

at the early stages of preheating, as is known from exact gome of the remaining terms are composed of the fields
classical simulationge.g., of the scalar theoryWhen ther-  \yhich have incoherent phases in different points in space,
malization beg_lns, inelastic scatterings, Whlch_mclude 2-to-44, that, when averaged over space, they vanish. Including
etc., become important. The.y compme the infrared mOd_e§hese terms is strictly speaking beyond the Hartree
into more energetic ones, as is required by the the_rmal'zat'oapproximatiorﬁl Therefore, to first approximation we keep
process, because particles produced by parametric resonanggy the terms that contribute to the genuine Hartree approxi-
are more infrared in comparison to a thermal distribution.aiion which are the terms that oscillate coherently in space
The Hartree approximation breaks down after a significant,q time, since they dominate the resonant production.

fraction of the inflaton’s energy has decayed. Consider first the derivative terms of the source current in
The Hartree approximation consists essentially of replacEq_ (39):

ing a product of two field¢in an equation of motionwith
the spatial average as follows: \F _ —

— 1—25|n®J$[XaX]E —gyIm{[d,+(d,Iny—Dy)]
A(X,1)B(X, ) —(A(X,1)B(x,1))y=AB+ ( 5A(X,1) 5B(X,1) )y

(A1) X grPgrI(XEXE+ YOS
where A and B denote the zero modes defined As +gHPg XX+ Y 5T, Y
=(A(x,t))y, B=(B(xt))y and also SA(xt)=A(xt) —(po) ]} (Ad)

—A, 68B(x,t)=B(x,t)—B, with the volume averages be-
ing defined as
In CFRW witha=1 the above may be written as

1
(SA(X,1) SB(X,t) )= VJ d3xSA(X,t) SB(X,t)
2ONote that this ensemble averaging corresponds to the classical

r d3k ensemble representation of the quantum state.
= vf 3A(k,t)B(— k,t) 210ne way of improving on the Hartree approximation is to treat
) the terms that incoherently contribute as noise. When averaged over

time, these terms yield zero. [62] it has been shown that includ-
ing these noise terms can only enhance resonant production. Thus,
°The validity of the Hartree approximation can be checked bywhen not considering these terms we adopt a conservative approach
performing a consistent one-loop calculation. on the resonant growth.
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5 _ _ _ In view of the above result the hypercharge source current
- 1—25in®JZ[X&X]: =gy 7" Im{d, (XOXG+ YY) in EqQ. (38) in the Hartree approximation can be recast as
a vz V2 S : v 2 vpo aNga aa
+ X5 (9,X5— 3,X7) - 1—25|n®JY= —gyEH P RE(XEXOVH(YLY OV,
Hartree averaged the terms in the above are of the form +<Yﬁ73>v)Vp
aq o\ — 1 3yya g ya 1— nvpo aya
(XgdoXgiv=1; | d*xX;d0X; - Egygé Re((YLYOv
1( d% — —(XEXI) WS, A10
:vf —SXZ(k,T)8TX(f(k,T) < " 0'>V) p ( )
(2m) Because th&}, andY; bosons are entirely equivalent we
define
_ 1 _
@ a\ 3 o @ v ava ava
XXy | dPxxgaxs (XX = (XX = (YY),
1 d3k Y a=1,2,3 (no summatioh
- a ik (A11)
Vf (Zw)sxﬂ(k’T)lk'Xa(k’T) (AB)

Thus, the above becomes

whereX's; is defined in Eq(120). As a consequence of tem- \F — _
T > = —\/—5j v _ uvpo
poral and spatial isotropy, we haveX;d,Xq)y=X;d,Xg 125'n®‘]Y 6gv¢e RE((Xu X)) Y
% 7,0, that is _
—6 cotOgiEX P RE((X, X))V,

_ 1 - _
(XX =5 Ty 2 (X572 IM(X5,X5),) =0 (812
(A7) Therefore, in the Hartree approximation only the terms of
the Y, andV, bosons contribute to the hypercharge source
current. In view of the definitiorf39) it is straightforward to

where there is no summation over thrandex. Since all the show that

terms in Eq.(A5) are of the same form we conclude that, in

the Hartree approximgtiorj,z_[Xﬁ_X]=O, i.e., the spatial av- Ervpo RG(<XMZT>v)= Re(XPX")y— 77X, XYy
erages of the quadratic derivative terms in E2B) average (A13)
to zero and only the cubic terms survive.

Let us consider the cubic terms now. We start by noting
that, for two different gauge fieldsA, and B,, we have \/E . - o o
(A,B,)v="7,,A,B. The zero modes are proportional to the ~ ~ '\ 73SINOI=~6gy(RX’X")y = 7" (X;X")v)
polarization vectors, that is

Thus the source current becomes

X(Y,+cotOV,). (Al4)
~ 1 i
AP=_AP(k=0, p In Eq. (135 we need the spatial component of the above,
vl )% €pko for which we find
5 . 2
and - \/:sm®(Jy)i=6§$ <|Xo|2>v_—<|x|2>v
12 3
~ ’ 1 ’ ’
BY =55 (k'=0,1)x€h, o, (A8) X(Yj+cot®V)) (A15)

o where [Xo|?=XoXo, [X[?=X;X; and we used(X;Xi)y
wherep=T,L(T=1,2 andL=3) denotes polarization, and = (XoXo)y={(X3X3)y=2(|X|?)y. Because(-)y is a func-

fﬁk(fs:)p:_GE'GE::—5k,k'5pp,- tion of time only, we can immediately obtain the Fourier
As a consequence of the vectorial nature of the conderfransformed current
sates, and their origin in quantum fluctuations, we conclude 5 2
that they are randomly oriented, and hence, for any different — \/1:25in.:7¢=6§$ <|XT|2)V—§<|X|2>V
gauge fields
- X (YL+cot®@Vh) (A16)
V= Ty =Uu. which Is used In Eq .
(A,B") uvA,BP=0 (A9) hich i d in Eq(135
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2. Gravitational production during inflation

Here we will briefly calculate the volume averages of sca-
lar and gauge fields which are gravitationally produced dur-

ing inflation. In particular we will focus on th&-boson field
and the electroweak Higgs fielg.

a. The case of the Z boson

For theZ-boson field we have

(2)y=(0|2- 2]0) = (0|( Z- 2)\ad0)

11 d3k
_Vf (2m)3 %

ZM(kr) Z2P(kr)—

2w§(k, 7)
(A17)

where p denotes the three possible polarizationg(k, 7)
denotes the dispersion relation fdrand for the vacuum,

e*ipr(k,T)dT.

1/2
ZP (k1)=| ———
vad ko 7) 2w§(k,7)]

(A18)

Now, using Eq(83) and takingw,=k Eq.(A17) becomes

72 3fdek IT(v))?2( 2\21 L
S A N <
(A19)
Then, considering — v=(M;/H)?<1 we get
2 ) 1du[ 4\~ (Mz/H)? }
Z?)y=—3H J— (—) -1
(Zv 08m?l\U
SH (M2)°_ 2 A20
“e\ RS (20

where u=(k7)2. Obviously, one arrives at a similar result

also for theW bosons.

b. The electroweak Higgs field
Similarly for the EW-Higgs field one has

(y3)v=(0ly?|0)—(0|yZ,J0)
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( 2> J‘dek
Y= 0 472

»)|2 2v, —1
Cewl 2y )

7\ kr

(A23)

With », =3 the above gives
2 2H2f1du L asz| ' (A24
(yHv=a 082\ u = ni—| (A24)

where the infrared cutoff corresponds to the onset of inflation
and, for superhorizon scalek),7|~k/H<1. The above di-
rectly results in EQ.(95).22 Comparing the backreaction
terms in view of Egs.(A19) and (95 we see that the
3\, (¥™W), term is indeed the dominant when,
=g*27%~10"3.

APPENDIX B: THE RMS VALUE OF THE
HYPERMAGNETIC FIELD

Here we will calculate the rms value of the hypermagnetic
field BY.{1) as a function of scale at the end of inflation. The
definition of the hypermagnetic field implies

Bl(kt)=ielkn=ielk i (B1)
where we usede''k;¥|=0 and
BiY(k,t)=f d3xe **BY(x,1),
d®k
BY(x, =f— kxBY(k, B2
i (X,1) (277)3e (k,t) (B2)
yi(k,t):f d3xe XY (x,1),
V(1) fdgk k) ®3)
i(X0= e ith, L)
U7 @

We now define

(Bfm5)2=<§?(|,x)§?(|,x)>zéf d®xB/(1,%)B(1,x)

= 1 d* (1) (2) — —V
-yl (zw)a[y (k)Y kT = k) (B4)
(A21)  Where
gggrzsg(flg,rrt)hge\?:gsjr:je dispersion relation for the scalar Eiy(l )= \E/J'lxx,sld3X'BiY(X')- (B5)
Yyad K, 7) = Sk 1lzefifw‘/,(k,’r)dfr_ (A22) Thus, in view of the above, we have

Using then Eq(94) and alsow,=k, we obtain

2?Here we used thdt=aH= —1/7=In|ky /ky|=In| 7,/ 74|.
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1
BYp)2=— d3xf d3f d*z
(Brms) \V& [x—y|=<I y [x—7<I

f d3kd3k’
X
77)6

exdi(k-y+k’-2)]BY(k)-BY(K).

(B6)
Now, sinceBY=ikx Y*(k), we have
BY(k)-BY(k")=[k-Y*(k")][K - Y (k)] (k-K')
X[Y*(k)- Y (k)]

Using this and substituting=3(k+k’), k=3(k—k’),
andr;=y—x, r,=z—X we can recast EqB6) as
d3Kd3«

8
BY )2=— d3xf d3rf d3rJ'
Brmd™ =] T a1y 72) T

Xexpi[K-(ry+r+2x)+ k- (ry—ry) 1}
X{KA[YH K+ 10+ Y (K= 1] = 6 [ YV (K+ K)
— V(K= 1]+ (x*—K?)

X[YH(K+w)-YH(K=w)]}

whereK=|K| and x=|x]|. Since [d3x[[d®K/(27)3]e? KX
=15(K) the above becomes

(B7)

(B8)

4
BY )2=— d3rf d3r
Y] R

d*k
x [ eyl @9

(2m)°
where we putk—k and® Y*(k)- Y (—k)=4|)(k)|? (be-
cause the transverse component has two polarizationie
also usingk- Y+ (k)=k- Y+ (—k)=0.

It is easy to show that

) I 1 )
fll d3rei"‘"=f 27Tr2drf d(cosd)e™ ik cos?
r|=I 0 -1

(B10)

il %sin(kl)—l cos(kl)}

3
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where cos¥=(k-r)/kr andr =|r|. Using the above into Eq.
(B9) we obtain Eq.(99),

18(sin6y)? [(+= [1 .

[Bind)1?=

2 2
— cos{kl)} |Z(\|/<)|

(99

where, from Eq.(98), Y!=-sinf,Z" and we tookV
=23, Since we expect that the contribution of the modes
with k> 1/l is negligible we may consider only the superho-
rizon spectrum o2+ (k), which is the one given by E489).
Inserting the latter into Eq99) and after some algebra we

find
[BY (1)]2= (sin 6w)°H? &7”0‘_""
el 27212 (2IH)2MzMP H | o w
sinw cosw2
T w (B11)

wherew=kl. Using spherical Bessel’s functions the integral
| in the above evaluates te=1/4. Therefore, we obtain

; 2
2121y M 27 H
(B12)

In fact, one obtainsB/, (1) =1*~32 which, in the limit when
Mz;—H/2 (v—0) corresponds to the thermal spectrum of
massless particlesB=1 "2 However, we actually have
(M,/H)?<1 so that the above becomes Ef00).
In a similar way one can obtain the rms value of the
Z-boson field over superhorizon scales. One finds
T [(M,7H)2] 2
Zind D) :%(i) (&) O<|_(MZ/H)2.
8(21H)™M 27\ H

(B13)

We see that the spectrum is almost scale invariant. Note
23Because the coefficients fc€" in Eq. (74) do not depend on that the value of thd" function is very large for MZ/H)Z
direction, it is reasonable to assume that, on average, the hyperms 1. Physically, th_IS is because the SCa|e Invariance of the
gnetic field depends only on the magnitude of the momentum, sépectrum results in all the modes wiki 1/ contributing

that Y+ (k) =Y+ (k), wherek=|K|.

substantially to the rms value.
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