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Natural magnetogenesis from inflation
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We consider the gravitational generation of the massiveZ boson field of the standard model, due to the
natural breaking of its conformal invariance during inflation. The electroweak symmetry restoration at the end
of inflation turns the almost scale-invariant superhorizonZ spectrum into a hypermagnetic field, which trans-
forms into a regular magnetic field at the electroweak phase transition. The mechanism is generic and is shown
to generate a superhorizon spectrum of the formB}1/l on a length scalel regardless of the choice of the
inflationary model. Scaled to the epoch of galaxy formation such a field suffices to trigger the galactic dynamo
and explain the observed galactic magnetic fields in the case of a spatially flat, dark energy dominated universe
with grand-unified-theory-scale inflation. The possibility of further amplification of the generated field by
preheating is also investigated. To this end we study a model of supersymmetric hybrid inflation with a flipped
SU~5! grand unified symmetry group.
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I. INTRODUCTION

Magnetic fields permeate most astrophysical systems@1#
and their presence may have numerous cosmological
astrophysical implications. Indeed, magnetic fields may s
stantially influence the formation process of large-sc
structure@2# and of individual galaxies@3,4#. However, the
most important role of large-scale magnetic fields is that t
may be responsible for the magnetic fields in galaxies.

It is a well-known observational fact that galaxies featu
magnetic fields of strength;mG @1,5,6#. The structure of
such fields in spiral galaxies follows closely the spiral patt
@5# and this strongly suggests that the galactic magn
fields are generated and sustained by a dynamo mecha
@1,5,7#. According to the galactic dynamo, the cyclonic tu
bulent motion of ionized gas combined with the different
galactic rotation amplifies a weak seed field exponentia
until the backreaction of the plasma motion counteracts
growth of the field and stabilizes it to dynamical equipar
tion strength. However, the origin of the required seed fi
remains elusive.

In order to trigger successfully the galactic dynamo,
seed field has to satisfy certain requirements of strength
coherence. Indeed, it has been shown that seed fields w
are too incoherent may destabilize and destroy the dyn
action @8#. Most dynamos require a minimum coheren
length comparable to the dimensions of the largest turbu
eddy,;100 pc. The required strength is determined by
dynamo’s amplification time scale~typically the galactic ro-
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tation period! and the age of the galaxy. Recent observatio
suggest that the Universe at present is dominated b
dark-energy component@9#. In such a case the galaxies a
older than previously thought, and the minimum seed-fi
strength may be as low asBseed;10230 G @10#.

It has been suggested that the necessary seed field m
generated through various astrophysical mechanisms,
most important of which involve battery@11# or vorticity
effects@4,12#. Battery mechanisms require a large-scale m
alignment of density and pressure~temperature! gradients,
usually associated with large lobe-jets@active galactic nuclei
~AGNs!# or starburst activity@13#, and are therefore difficult
to realize in the majority of the galaxies. On the other ha
large-scale vortical motions can be effective only if the io
ization of the plasma is substantial, which can hardly oc
as late as the epoch of galaxy formation.

In order to overcome the above difficulties a first stage
the so-called small-scale dynamo has been proposed~see,
e.g., @5# and references therein! which, feeding initially on
local, incoherent magnetic fields associated with stars or
pernovas, may result in reasonably smooth magnetic fie
on scales of 100 pc that could trigger in turn the large-sc
galactic dynamo. However, the realization and efficiency
this indirect mechanism are still speculative, especially si
stellar magnetic fields are the product of stellar dynam
which are typically taken to be seeded by the galactic m
netic field in the first place.

The lack of conclusive evidence for an astrophysical o
gin of galactic magnetic fields has led to the search for ot
potential sources for large-scale magnetic fields. Indeed
has been frequently argued that the origin of the seed fi
may precede the galaxies themselves, and thus be truly
mordial. The obvious requirement for large-scale magne
field generation before the time of recombination is tha
has to occur out of thermal equilibrium, because such a fi
©2002 The American Physical Society05-1
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DIMOPOULOS, PROKOPEC, TO¨ RNKVIST, AND DAVIS PHYSICAL REVIEW D 65 063505
breaks isotropy@14#. This limits the choice to generating th
magnetic field either at a phase transition or during inflati
although more exotic mechanisms have occasionally b
suggested, such as vorticity-inducing cosmic strings@15# or
magnetic fields in the pre-big bang era@16#.

There have been numerous attempts to create a primo
magnetic field at the breaking of grand unification or
the electroweak phase transition or even at the qu
confinement epoch~QCD transition! @17#. However, since
the generating mechanisms are causal, the coherence o
created magnetic field cannot be larger than the particle
rizon at the time of the phase transition. Because all
above transitions occurred very early in the Universe’s h
tory, the comoving size of the horizon is rather small~the
best case is the QCD transition, for which the horizon cor
sponds to;1 a.u.) and so the resulting magnetic fields a
too incoherent. It has been shown that not even the m
favorable turbulent evolution can adequately increase
correlation length of such fields@18#. Thus, one should
achieve superhorizon correlations in order to generate a
ficiently coherent magnetic field in the early Universe.

Inflation presents the only known way to achieve corre
tions beyond the horizon scale and, for this reason, has
ceived a lot of attention. However, the prime obstacle
generating magnetic fields during inflation is the conform
invariance of electromagnetism, which forces the magn
flux to be conserved@19#. As a result, the strength of an
generated magnetic field decreases exponentially as th
flationary Universe rapidly expands. Attempts to overco
this problem have set out to break the conformal invaria
in various ways, such as through the explicit introduction
terms in the Lagrangian which couple the photon directly
gravity or to a scalar or pseudoscalar field, or through
inclusion of a massive photon, or even by means of the c
formal anomaly@19,20#. However, those very few attemp
that succeed in producing a sufficiently strong magnetic fi
do so relinquishing simplicity. Recently, interesting effo
have been made to create magnetic fields by coupling
photon to some scalar field during inflation@21# or at the
preheating stage@22#. These proposals have since been cr
cized in@23#. Other recent ideas include magnetogenesis
to the breakdown of Lorentz invariance in the context
string theory and non-commutative varying speed of lig
~VSL! theories@24#, due to the dynamics of large extra d
mensions@25# and, finally, due to gauge field coupling t
metric perturbations@26#. The viability of the latter has bee
questioned in@27#.

Recently one of us~T.P.! has studied the effects of con
formal symmetry breaking due to the coupling of the pho
field to fermions and scalars@27#. The author has considere
effective actions arising from loop corrections in the 1/M
expansion and from the anomaly. In addition, the pho
coupling to scalar and pseudoscalar fields was reconside
having been originally introduced by Ratra in@20# and in
@19# ~see also Garretsonet al. @20# and Giovannini@28#!.

In this paper we show that conformal invariance is na
rally broken in inflation without the need for any exot
mechanism or field. In particular, we consider the grav
tional generation of the massiveZ-boson field of the standar
model. The electroweak symmetry restoration at the end
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inflation turns the superhorizonZ spectrum into a hyperma
gnetic field, which transforms into a regular magnetic field
the electroweak phase transition. The mechanism is ra
generic and is shown to generate a superhorizon spectru
the formBrms}1/l on a length scalel regardless of the choice
of inflationary model. However, it is possible to consid
further amplification of the generated field via paramet
resonance during preheating. To this end, we study a m
of supersymmetric hybrid inflation~SUSY-HI! with flipped
SU~5! as the symmetry group of the grand unified theo
~GUT!. Our mechanism for creating the field has been
scribed in@29#, where it was not specifically applied to theZ
field.

The structure of our paper is as follows. In Sec. II, t
model of supersymmetric hybrid inflation is presented. S
tion III contains a study of the relevant particle represen
tions of the flipped SU~5! group. The symmetry breaking
process is analyzed and the field equations of the ga
bosons are obtained, with particular emphasis on the hy
charge field and its source current. Also, the equations for
scalar fields~Higgs fields and the inflaton! are laid out in
detail. In Sec. IV we study the gravitational production of t
Z-boson field during inflation in a model-independent wa
The resulting spectrum of the magnetic field is computed
scaled down to the epoch of galaxy formation, thus show
that it may be sufficient for explaining the galactic magne
fields. In Sec. V the possibility of extra amplification b
preheating is investigated using the particular model
flipped-SU~5! SUSY-HI. Both flipped SU~5! and SUSY-HI
are well motivated by supergravity and superstrings a
rather are naturally compatible. However, it should be no
that the choice of GUT group was made only to allow us
perform analytical calculations. In principle, any GUT grou
would suffice. Finally, in Sec. VI we present our conclusion
We have attached two Appendixes, one describing the H
tree approximation used at certain points in the calculati
and the other presenting the way to calculate the rms am
tudes of theZ boson and the hypermagnetic field.

Throughout the paper we use a (1,2,2,2) metric and
units withc5\51 so that Newton’s gravitational constant
8pG5mP

22 , where mP52.431018 GeV is the reduced
Planck mass.

II. SUPERSYMMETRIC HYBRID INFLATION

A. Hybrid inflation

Hybrid inflation was originally suggested by Linde@30# to
avoid the fine-tuning problems of most inflationary mode
due to radiative corrections. In order to achieve this, hyb
inflation introduces a mass scaleM, much smaller than the
Planck mass, that sets the scale of the false-vacuum en
towards the end of inflation. Thus, at least near the end,
inflationary potential is protected from radiative correctio
and is sufficiently flat. The expense paid is the necessity
introducing, in addition to the inflaton fields, another scalar
field f related to the scaleM. The scalar potential for hybrid
inflation is
5-2
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NATURAL MAGNETOGENESIS FROM INFLATION PHYSICAL REVIEW D65 063505
V~f,s!5
1

4
l~f22M2!21

1

2
hs2f21Vs~s! ~1!

wherel andh are coupling constants andVs(s) is the slow-
roll potential for the inflaton field. Because of the couplin
betweens and f, for s>sc , wheresc[MAl/h, the above
potential has a global minimum atf50, so thatV(0,s)
5lM4/4 and we obtain low energy-scale inflation as
quired. However, whens,sc , spontaneous symmetry brea
ing displaces the minimum of the potential~1! to f
5Me f f , whereMe f f

2 [M2@12(s/sc)
2#. The system rapidly

rolls towards the new minimum and oscillates around it, th
terminating inflation. In general, inflation ends abruptly le
than onee-folding after the symmetry breaking.

Letting M be of the order of the grand-unification sca
can indeed satisfy the requirements of successful inflat
for which the total number ofe-foldings must be large
enough~typically about 60! to solve the flatness and horizo
problems and to account for the magnitude of density per
bations and the anisotropy of the cosmic microwave ba
ground radiation~CMBR! in agreement with large-scal
structure and Cosmic Background Explorer~COBE! obser-
vations. Thus, a natural candidate for thef scalar is the
Higgs field of a grand unified theory~GUT!. Such a choice
has the merit of not introducing any additional unknown s
lars or mass scales. However, the most important attribut
hybrid inflation is that it can originate from supersymme
and is, therefore, one of the few inflationary models with
theoretical foundation in particle physics.

B. Supersymmetric model

The literature on supersymmetric hybrid inflation~SUSY-
HI! is rather rich, as it is possible to attain from either sup
gravity or superstrings@31#. We shall briefly describe an
F-term GUT inflationary model as in@32#. D-term models
also exist@33#, but will not concern us here.

The most general renormalizable superpotential withR-
symmetry is@32#

W5kS~FF̄2M2! ~2!

whereFF̄ is a conjugate pair of singlet components of c
ral superfields that belong to a nontrivial representat
of the GUT groupG, S is a gauge-singlet superfield, an
k, M are constants that can be made positive by ph
redefinitions. Introducing the above expression to theF-term
scalar potentialVF.( i u]W/]f i u2, one finds

V5k2uM22FF̄u21k2uSu2~ uFu21uF̄u2! ~3!

where we write the scalar components with the same s
bols as the superfields. UsingR-symmetry we can bring the
scalar fields onto the real axis. We setS[s/A2 andF5F̄
[f, wheres and f are real scalar fields.1 Then the scalar
potential becomes

1The D-term vanishes becauseF5F̄ corresponds to theD-flat
direction that contains the supersymmetric vacua.
06350
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V~f,s!5k2~f22M2!21k2s2f2 ~4!

This is, in fact, the potential for hybrid inflation given in Eq
~1! with l52h54k2 andsc[A2M .

The non-vanishing vacuum energy breaks supersymm
and generates radiative corrections, which induce the
quired slow-roll potentialVs(s). It can be shown that the
overall contribution is of the form@32#

Vs~s!.M4
k4

16p2 S ln
Aks

L
1

3

2D ~5!

whereL is a suitable renormalization mass scale. Thus,
radiative corrections provide a gentle down-slope for the
flaton,Vs} ln s, which helps to drive it towards its minimum

At earlier stages of the inflaton’s evolution,s may be of
the order of the Planck mass, so that supergravity correct
should also be considered. However, it can be shown@34#
that the flatness of the potential is preserved for minim
Kähler potential (K52f21S2).

III. FLIPPED SU „5…

In choosing the GUT for the symmetry breaking that te
minates hybrid inflation, one has to ascertain that there is
monopole problem@35#. Thus, a simple or semi-simpl
group is not an option. We decided in favor of flipped SU~5!
because of its simplicity and its resemblance to the stand
model ~SM!. Flipped SU~5! is jargon for the GUT group
SU(5)3Ū(1), in which the hypercharge U(1)Y is contained
both in the SU~5! part and the Ū(1), in contrast to the
Georgi-Glashow SU(5)3U(1) model, which has the hyper
charge fully embedded in SU~5! @36#.

The supersymmetric version of flipped SU~5! is well mo-
tivated by superstrings@37#. Moreover, it can be considere
as an intermediate stage in the breaking of supersymm
SO~10! @36,38#:

SO~10!→SU~5!3Ū~1!→SU~3!c3SU~2!3U~1!Y .

Since the breaking of SO~10! to flipped SU~5! generates
monopoles, it would have to take place before or during
inflationary period, so that the monopoles can be safely
flated away. The SUSY-HI in this model has been studied
@39#.

A. The model

The Lagrangian density of the model is@40#

L52
1

4
gmrgns Tr~GmnGrs!2

1

4
gmrgnsGmn

0 Grs
0

1
1

2
gmn Tr@~DmF!†DnF#1

1

2
gmn~¹ms!¹ns2V ~6!
5-3
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whereF is the GUT-Higgs field,s is the inflaton field,Gmn

and Gmn
0 are the field strengths of the SU~5! and the Ū(1)

gauge fields, respectively,DmF is the covariant derivative o
the Higgs field, andV is the effective potential.

The SU~5! field strength is

Gmn5¹mLn2¹nLm2 ig@Lm ,Ln# ~7!

where g is the gauge coupling of SU~5!, Lm5Lm
a Ta, and

Lm
a (a51, . . . ,24) are the SU~5! gauge fields withTa being

the corresponding generators. Similarly, forGmn
0 we have

Gmn
0 5¹mLn

02¹nLm
0 ~8!

whereLm
0 is the Abelian gauge field of the U(̄1) group.

Flipped SU~5! is broken by the GUT Higgs fieldF,
which belongs to the~10,1! antisymmetric representation
The Ū(1) degree of freedom corresponds to an ove
phase. In this representation, the generatorsTa are given by
Ta52(1/A2)ma, where the set of modified 535 Gell-Mann
matricesma can be found in the Appendix of@40#. Also, for
the Abelian generator we can writeT052(1/A2)m0 and
m0[A3/5I with I being the 535 identity matrix. The nor-
malization constant has been chosen so as to simplify
treatment of the symmetry breaking process.

Writing Gmn5Gmn
a Ta and Lm5Lm

a Ta, the field strength
~7! becomes
06350
ll

e

Gmn
a 5]mLn

a2]nLm
a 1g fabcLm

b Ln
c ~9!

where we have used that@Ta,Tb#5 i f abcTc and Tr(TaTb)
5dab with f abc being the structure constants of the grou
Thus, in Eq.~6! we have Tr(GmnGrs)5Gmn

a Grs
a .

The covariant derivative is

DmF5]mF2 igd~Lm ;F!2 i ḡd~L̂m ;F! ~10!

whereḡ is the Ū(1) gauge coupling,L̂m5Lm
0 T0, and

@d~Lm ;F!# i j [~Lm! ikFk j1~Lm! jkF ik . ~11!

SinceF i j is antisymmetric, the above can be written
matrix notation as

d~Lm ;F!5LmF2~LmF!T5Lm
a @TaF2~TaF!T#

~12!

and, similarly,d(L̂m ;F)52A6/5Lm
0 F.

The matrix of the gauge fields, which is Hermitian, m
be written as
Vm[2A2S Lm1
ḡ

g
Lm

0 D

5

¨

G21
1

A3
G51cV8V1cYY Ḡ1 Ḡ3 X̄1 Ȳ1

G1
2G21

1

A3
G51cV8V1cYY Ḡ4 X̄2 Ȳ2

G3 G4
2

2

A3
G51cV8V1cYY X̄3 Ȳ3

X1 X2 X3 W32
1

cV
V W1

Y1 Y2 Y3 W2
2W32

1

cV
V

©

m

~13!
5-4
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where we have suppressed the spacetime indices insid
matrix. In the above we have employed the followin
definitions:2

Xm
1 5Lm

9 1 iLm
10, Gm

1 5Lm
1 1 iLm

2

Xm
2 5Lm

111 iLm
12, Gm

2 5Lm
3

Xm
3 5Lm

131 iLm
14, Gm

3 5Lm
4 1 iLm

5

Ym
1 5Lm

161 iLm
17, Gm

4 5Lm
6 1 iLm

7

Ym
2 5Lm

181 iLm
19, Gm

5 5Lm
8

Ym
3 5Lm

201 iLm
21, Wm

15Wm̄

Wm
25Lm

221 iLm
23, Wm

3 5Lm
24 ~14!

where

cY5A5

3

gY

g
, cV5A5

3

gY

ḡ
,

cV85cV2
1

cV
, gY

25
g2ḡ2

g21ḡ2
~15!

and also

Vm5A3

5
cVS Lm

152
ḡ

g
Lm

0 D , Ym5A3

5
cYS Lm

151
g

ḡ
Lm

0 D .

~16!

In the above, the complex bosonsXm
a ,Ym

a (a51,2,3) are
the supermassive GUT bosons,Gm

i are the massless SU(3c
bosons,Wm

6 andWm
3 are the usual SMW bosons andYm is

the hypercharge gauge boson, which should not be confu
with the massiveYm

a ’s. Finally, Vm is a massive boson gen

erated partly by SU~5! and partly by Ū(1). It can beviewed
as the analog of theZ boson of the SM.

In analogy with theVm matrix, one can define the matri

Hmn[2A2S Gmn1
ḡ

g
Gmn

0 D . ~17!

Using this and Eq.~7! it is easy to show that

Hmn5]mVn2]nVm1
ig

A2
@Vm ,Vn#. ~18!

2In what follows in this section the over-bar denotes charge c

jugation @e.g.,X̄m
a[(Xm

a)* # except inḡ and Ū(1).
06350
the
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Without loss of generality the GUT-Higgs field may b
chosen to lie in the following direction:

F5
f

A2S 0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 1

0 0 0 21 0

D ~19!

wheref is a real positive function of timef5f(t). In this
case, it can be shown that the interaction term of the
grangian density becomes

Lint[
1

2
gmnTr@~DmF!†DnF#

5
1

2
gmn~]mf!~]nf!1

1

2
MXY

2 gmn~Xm
aX̄n

a1Ym
aȲn

a!

1
1

2
MV

2gmnVmVn ~20!

where the masses of the supermassive GUT bosons an
Vm are

MXY5
1

A2
gf, MV5

2

cV
MXY . ~21!

Thus, the interaction term reduces to the mass term
the massive bosons plus the kinetic term off. Note that after
the GUT symmetry breaking theW’s and the hyperchargeYm
remain massless.

It is straightforward to show that the kinetic term of th
supermassive GUT bosons is

Lkin
XY52

1

4
gmrgnsHmn

Xa
H̄rs

Xa
2

1

4
gmrgnsHmn

Ya
H̄rs

Ya
~22!

where3 Hmn
Xa

[(Hmn)4a andHmn
Ya

[(Hmn)5a with a51,2,3.

B. The field equations of the gauge bosons

The field equations of the massive GUT bosons are

@]m1~]m ln A2Dg!#@gmrgns~]rXs
a2]sXr

a!#1MXY
2 gmnXm

a

5J4a
n ~23!

@]m1~]m ln A2Dg!#@gmrgns~]rYs
a2]sYr

a!#1MXY
2 gmnYm

a

5J5a
n ~24!

- 3Because the Hmn matrix is also Hermitian, we have

Tr(HmnHrs)5(Hmn) i j (H̄rs) i j .
5-5



e

g

c

e
t

er-
ons
g

ge

DIMOPOULOS, PROKOPEC, TO¨ RNKVIST, AND DAVIS PHYSICAL REVIEW D 65 063505
whereDg[det(gmn) and the current, in matrix notation, is4

Jn52
ig

A2
$@]m1~]m ln A2Dg!#gmrgns@Vr ,Vs#

1gmrgns@Vm ,Hrs#%. ~25!

The field equations for the masslessW bosons are

@]m1~]m ln A2Dg!#@gmrgns~]rWs
12]sWr

1!#5J45
n

~26!

and

@]m1~]m ln A2Dg!#@gmrgns~]rWs
32]sWr

3!#

5
1

2
~J44

n 2J55
n !. ~27!

The field equation forW2 is just the complex conjugat
of Eq. ~26!.

The field equations forYm andVm are

@]m1~]m ln A2Dg!#@gmrgns~]rVs2]sVr!#1MV
2gmnVm

52A 5

12
cosQJY

n ~28!

@]m1~]m ln A2Dg!#@gmrgns~]rYs2]sYr!#

52A 5

12
sinQJY

n ~29!

where tanQ[ḡ/g is the GUT equivalent of the Weinber
angle and the hypercharge source current is

JY
n 5J44

n 1J55
n . ~30!

C. More on the hypercharge source current

It can be shown that the hypercharge source current
be written as

JY
n 5A2g Im$@]m1~]m ln A2Dg!#gmrgns~Xr

aX̄s
a1Yr

aȲs
a!

1gmrgns~Xm
aH̄rs

Xa
1Ym

aH̄rs
Ya

!%. ~31!

The above gives

JY
n 5A2g Im$@]m1~]m ln A2Dg!#gmrgns~Xr

aX̄s
a1Yr

aȲs
a!

1gmrgns@Xm
a]rX̄s

a1Ym
a]rȲs

a2~r↔s!#%

1g2gmrgns Re@~Vm!4k~Vr!kl~Vs! l4

1~Vm!5k~Vr!kl~Vs! l52~r↔s!#. ~32!

It is now evident that only through the last term in th
above expression may the hypercharge source curren

4Note that the current matrix is also Hermitian,Ji j
n 5 J̄ j i

n .
06350
an

re-

ceive contributions from gauge fields other than the sup
massive GUT bosons. It can be shown that the contributi
to JY

n from the various gauge fields are of the followin
forms.

The contribution from the hypercharge field is

JY
n @Y#5g2cYgmrgns@Yr Re~Xm

aX̄s
a1Ym

aȲs
a!2~r↔s!#.

~33!

The contribution from massiveV is

JY
n @V#5g2cVgmrgns@Vr Re~Xm

aX̄s
a1Ym

aȲs
a!2~r↔s!#.

~34!

The contribution fromW3 is

JY
n @W3#5g2gmrgns@Wr

3 Re~Ym
aȲs

a2Xm
aX̄s

a!2~r↔s!#.
~35!

The contribution fromW6 is

JY
n @W6#52g2gmrgns Re@Ym

aX̄s
aWr

11Xm
aȲs

aWr
22~r↔s!#.

~36!

The contribution from the gluonsGi is

JY
n @G#5g2gmrgns Re@~Xm

aX̄s
b1Ym

aȲs
b!Vr

ab2~r↔s!#

~37!

wherea,b51,2,3. Fora5b one should consider only theG
part of Vr

ab .
In view of all the above we can write the hyperchar

field equation as

@]m1~]m ln A2Dg!#@gmrgns~]rYs2]sYr!#

1
5

6
gY

2E mnrs Re~Xm
aX̄s

a1Ym
aȲs

a!Yr

52
5

6
cotQgY

2E mnrs Re~Xm
aX̄s

a1Ym
aȲs

a!Vr

2A5

6
gYIm$@]m1~]m ln A2Dg!#gmrgns~Xr

aX̄s
a

1Yr
aȲs

a!1gmrgns@Xm
a]rX̄s

a1Ym
a]rȲs

a2~r↔s!#%

2A 5

12
gYgE mnrs@Wr

3 Re~Ym
aȲs

a2Xm
aX̄s

a!

2Re~Ym
aX̄s

aWr
11Xm

aȲs
aWr

2!#2A 5

12
sinQJY

n @G#

~38!
5-6
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where we have used that

gmrgns@AsBr2~r↔s!#5E mnrsAsBr

E mnrs[eklje
kmngrlgsj ~39!

for any As andBr , whereekmn is the totally antisymmetric
Levi-Civita tensor.

Although the above equation appears rather complica
it can be understood as follows. If we ignore the expans
of the Universe then Eq.~38! becomes, schematically,

hY1ḡY
2~XX!Y52cotQḡY

2~XX!V2ḡY$~X]X!1~g/A2!

3@~XXW!1~XXG!#% ~40!

where we have symbolized all the supermassive GUT bos
with X, we have set5 ḡY[A5/6gY and we have taken th
equivalent of the Lorentz gauge for the hypercharge field

D. The field equations for the scalar fields

The effective potential is taken to be

V5
1

4
l@Tr~F†F!2M2#21

1

2
hs2 Tr~F†F!1Vs~s!

~41!

whereM is the scale of the GUT symmetry breaking,l and
h are coupling constants andVs(s) is the slow-roll potential
for the inflaton field. For the particularF-gauge introduced
in Eq. ~19! the scalar potential reduces to the one given
Eq. ~1!, for which in SUSY-HI we havel52h;1 andVs
} ln s.

The field equation of the inflaton is

@]m1~]m ln A2Dg!#gmn]ns52
]V

]s
. ~42!

For a spatially flat Friedman-Robertson-Walker~FRW!
metric and withs5s(t) the above reduces to the well know
form,

s̈13Hṡ1
]V

]s
50 ~43!

whereH5ȧ/a is the Hubble parameter witha5a(t) being
the scale factor of the Universe and the dot denotes der
tive with respect to the cosmic timet. For the potential~1!
we have

5Corresponding to the definition used in@36#.
06350
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n

a-

]V

]s
5hf2s1

]Vs

]s
. ~44!

Using a conformal-time Friedmann-Robertson-Walk
~CFRW! metric and withVs} ln s we find

s92
a9

a
s1S hw2s1a4

]Vs

]s D50 ~45!

whereVs} ln s, the primes denote derivatives with respe
to conformal timet and

s[as, w[af . ~46!

The field equation forF is more complicated. The genera
expression is found to be

@]m1~]m ln A2Dg!# gmn~DnF!

5 iggmnLm
a d~Ta;DnF!2$l@Tr~F†F!2M2#1hs2%F.

~47!

The above is a complex matrix equation. The result
relevant equation forw in CFRW is

w92
a9

a
w1@l~w22a2M2!1hs2#w

5
1

2
a2g2gmnS Xm

aX̄n
a1Ym

aȲn
a1

4

cV
2

VmVnD w ~48!

where we ignore all but the spatially uniform mode ofw.

E. The contribution of the electroweak Higgs field

Due to supercooling (T}a21→0) the electroweak~EW!
symmetry is broken during inflation and, thus, it is importa
to determine the contribution of the EW-Higgs fieldC to the
field equations of the gauge fields. To that end we have
consider the embedding pattern of the SM group into
GUT.

The SM group is not fully contained in the SU~5! part of
flipped SU~5!. The SU~2! and the SU(3)c of the SM are
contained in SU~5! so that their couplings, sayg2 and g3
merge and equalg at the GUT scale. But the hypercharg
couplinggY does not. In fact this coupling can be consider
to be comprised of theḡ coupling of Ū(1) and ag1 coupling
corresponding to a U(1)1 subgroup of the SU~5! @36#. This
g1 merges withg2 andg3 at the GUT scale. Thus the struc
ture of the symmetry breaking is
5-7
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It is obvious that at the GUT scale, becauseg1→g, the
hypercharge coupling is given by Eq.~15! as required. The
U(1)1 generator corresponds to theT15 generator of SU~5!
since this is the one that gets mixed with the generato
Ū(1) to give the hypercharge generator.

In our framework we have the peculiar situation that,
though the GUT symmetry is unbroken during inflation d
to the coupling between the inflaton and the GUT-Hig
field, the EW symmetry is, in principle, broken because
Universe is supercooled.6 Therefore, we are interested i
finding what the contributions of the EW-Higgs field are
the field equations.

The additional EW contribution to the Lagrangian~6! is
of the form

LEW5
1

2
gmn~DmC!†DnC2U~C†C! ~49!

where

U~C†C!5
1

4
l* ~C†C2MEW

2 !2 ~50!

with MEW being the electroweak scale and

DmC5~¹m1 ig2Wm
ata1 igYYm!C ~51!

6In fact, the quantum fluctuations restore also the electrow
symmetry in a sense. What actually happens is that the EW-H
field forms a non-zero condensate, as we will explain in Sec. IV
which provides masses for the massive EW gauge bosons, the
breaking their conformal invariance.
06350
f
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whereta are the generators of the SU~2! of the SM such that
Wm

ata5A2Lm
a Ta with a5211a, a51,2,3 and at GUT

scaleg2→g.
The EW-Higgs field is in the5 complex vector represen

tation. Because the gauge condition~19! leaves the full EW
symmetry group unbroken, we can, without loss of gene
ity, introduce the gauge,CT5c(00010),wherec5c(t) is
a real, positive function. Then the complete field equations
the W’s are found to be

@]m1~]m ln A2Dg!#@gmrgns~]rWs
12]sWr

1!#

1MW
2 gmnWm

15J45
n ~52!

and

@]m1~]m ln A2Dg!#@gmrgns~]rWs
32]sWr

3!#1MW
2 gmnWm

3

5
1

2
~J44

n 2J55
n !1sinQ~gc!2gmnYm ~53!

where MW[gc and the field equation ofWm
2 is just the

complex conjugate of Eq.~52!.
Moreover, for the hypercharge we have

@]m1~]m ln A2Dg!#@gmrgns~]rYs2]sYr!#1MY
2gmnYm

52A 5

12
sinQJY

n 1sinQ~gc!2gmnWm
3 ~54!

whereMY[gYc. It can be shown that the contribution of th
EW-Higgs to the field equation of the massive bosonVm is
zero, as expected. Now, let us rotate the above to form
Zm boson and the photonAm of the SM. They are defined a

k
gs
,
by
5-8
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Zm5cosuWWm
3 2sinuWYm ~55!

Am5sinuWWm
3 1cosuWYm ~56!

whereuW is the Weinberg angle defined as tanuW[gY /g2.
Note that at the GUT scale tanuW5sinQ.

Thus, we obtain

@]m1~]m ln A2Dg!#@gmrgns~]rZs2]sZr!#1MZ
2gmnZm

5
1

2
cosuW@~11A5/3 sin2Q!J44

n 2~12A5/3 sin2Q!J55
n #

~57!

where

MZ[gZc and gZ[
g

cosuW
. ~58!

Thus, we see thatMZ5MW /cosuW as expected. For the
photon we find

@]m1~]m ln A2Dg!#@gmrgns~]rAs2]sAr!#

5
1

2
sinuWF S 12A5

3D J44
n 2S 11A5

3D J55
n G . ~59!

Finally, the field equation ofC is

@]m1~]m ln A2Dg!#gmn~DnC!

52 igmn~gWm
ata1gYYm!DnC2l* ~C†C2MEW

2 !C

~60!

which, in the gauge mentioned above, becomes

y92
a9

a
y1@l* ~y22a2MEW

2 !#y

5a2gmn@g2~Wm
1 Wn

11Wm
2 Wn

2!1gZ
2ZmZn#y ~61!

where

y[ac. ~62!

It should be pointed out here that the gauge boson ma
appearing in the corresponding field equations above a
purely mathematical result of the structure of the flipp
SU~5! group. They will be non-zero only if a Higgs-fiel
condensate is generated, such as happens in the rel
phase transition.

IV. CONFORMAL INVARIANCE BREAKDOWN DURING
INFLATION

In this section we will show that theZ field is naturally
produced during inflation because its mass term is non-z
and, therefore, the field is not conformally invariant, but
stead it has gravitational source terms. At the end of inflat
reheating restores the EW symmetry and the generateZ
spectrum is projected onto the direction of the massle
06350
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Abelian hypercharge field, thus creating a hypermagn
field, which freezes into the primordial plasma and surviv
until the EW phase transition. At that time the hypercha
configuration is projected onto the photon, transforming
hypermagnetic field into a regular magnetic field, whi
evolves until galaxy formation. We will show that such
field may be strong enough to seed the dynamo in gala
and account for their observed magnetic fields.

A. The mode equations forZ

During inflation the temperature is essentially zero, wh
means that the electroweak symmetry is broken. Thus,
expect c5” 0, which, in view of Eq.~58! renders theZm
gauge field massive. On the other hand, due to the interac
between the inflaton and the GUT-Higgs field, the GUT sy
metry is unbroken andf50. This means that the GUT
bosonsXm

a andYm
a are massless. The same is true also for

Gm
i bosons because they do not couple to any scalar fi

Therefore, theXm
a ,Ym

a and theGm
i bosons remain confor

mally invariant during inflation so, like the photon, they ca
not be generated gravitationally. Thus, their magnitude d
ing inflation is negligible. For this reason, because
current in Eq.~57! is primarily sourced by the GUT boson
we will ignore its contribution during inflation.

Assuming a CFRW metricgmn5a(t)2hmn the field equa-
tion ~57! may be rewritten as

hmrhns]m~]rZs2]sZr!1a2MZ
2hmnZm50 ~63!

wherehmn is the flat spacetime Minkowski metric andMZ
5MZ(t) is the mass of theZ boson generated primarily b
the self-interaction term of the EW Higgs field during infl
tion as will be discussed in more detail in Sec. IV C.

The temporal and spatial components of the above gi

]t~“•Z!2¹2Zt1a2MZ
2Zt50 ~64!

hZ2“~]tZt2“•Z!1a2MZ
2Z50 ~65!

where¹2[] i] i with i 51,2,3 is the Laplacian,h[]t
22¹2

is the D’Alembertian and“ is the divergence or the gradien
Taking the derivative of Eq.~63! we obtain the integrability
condition

]tZt2“•Z522@]t ln~aMZ!#Zt ~66!

in view of which we can recast Eq.~65! as

@h1~aMZ!2#Z12 @]t ln~aMZ!#“Zt50. ~67!

We now switch to momentum space by defining

Zm~x,t!5E d3k

~2p!3
Zm~k,t!exp~ ik•x!. ~68!

Then Eqs.~64! and ~67! transform into

Zt1
i ]t~k•Z!

k21~aMZ!250 ~69!
5-9
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@]t
21k21~aMZ!2#Z12i @]t ln~aMZ!#kZt50 ~70!

which, when combined, result in

@]t
21k21~aMZ!2#Z1

2@]t ln~aMZ!#

k21~aMZ!2
]t@k~k•Z!#50

~71!

wherek25k•k. We can decompose the gauge field into lo
gitudinal and transverse modes in the manner

Z i[
k~k•Z!

k2
, Z'[Z2Z i ~72!

Then Eq.~71! gives

H ]t
21

2@]t ln~aMZ!#k2

k21~aMZ!2
]t1k21~aMZ!2JZ i50 ~73!

@]t
21k21~aMZ!2#Z'50.

~74!

In the following we will concentrate on the transver
component since the longitudinal component is really r
evant only when interactions are taken into account, wh
however, are not dealt with in this section. For simplicity, w
will drop the superscript' symbol.

B. Gravitational production of Z bosons

In CFRW coordinates the scale factor during inflation a
radiation domination is given by

a~t!521/Ht, 2`,t<21/H

a~t!5Ht, t>1/H ~75!

such thata(21/H)5a(1/H)51 and a8(21/H)5a8(1/H)
5H, whereH.const is the Hubble parameter during infl
tion. Note that we have assumed a sudden transition f
inflation to radiation. If there is an intermediate era evolvi
like a matter-dominated Universe this can be taken into
count; but we do not expect that the conclusions reac
below will be affected by that, in that the spectrum shou
remain unaltered. Furthermore, because we are consider
GUT-scale inflationary model, we expect that reheating
stores the EW symmetry and, therefore,MZ(t.H21)50. In
view of the above the equation for the transverse compon
of Zk(t)[uZ'(k,t)u given by Eq.~74! becomes7

S ]t
21k21

MZ
2

H2

1

t2DZk~t!50 ~ inflation! ~76!

~]t
21k2!Zk~t!50 ~radiation!. ~77!

7Since the coefficients in Eq.~74! for Z' do not depend on di-
rection, it is reasonable to assume that~on average! the dependence
is only on the magnitude of the momentum,k5uku.
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As we will show in Sec. IV C,MZ
2 is created by the self-

interaction of the EW-Higgs field. Because of this there is
slight logarithmic correction due to the time dependence8 of
MZ . However, we expect that this change does not affec
any significant manner the results presented below.

Equations~76! and~77! have solutions in terms of Besse
and harmonic functions, respectively. In particular, Eq.~76!
may be written as

S ]t
21k22

n221/4

t2 DZk~t!50 ~78!

with

n[A1

4
2

MZ
2

H2
~79!

which has solutions in terms of the Hankel fun
tions Hn

( j ) , which have the Wronskian normalizatio
W@Hn

(1)(z),Hn
(2)(z)# 5 Hn

(1)(z)]zHn
(2)(z) 2 Hn

(2)(z)]zHn
(1)(z)

524i /(pz). Hence, as a basis for the vector-field mo
functions during inflation, we shall choose

Z n
( j )~kt!5

1

2
A2ptVHn

( j )~2kt! ~ j 51,2!, ~80!

which solve Eq.~76! and have the Wronskian normalizatio
@41#

W@Z n
(1)~kt!,Z n

(2)~kt!#

[Z n
(1)~kt!]tZ n

(2)~kt!2Z n
(2)~kt!]tZ n

(1)~kt!5Vi

~81!

whereV denotes an arbitrary volume, which is expected
drop out of the calculations when physical results are
tained. Asymptotic forms of these solutions are easily fou
@41#

Z n
( j )~kt→2`!.AV/2ke2 i (21) j $kt1(p/2)[n1(1/2)]%

3H 11 i ~21! j
4n221

8kt
1O@~2kt!22#J

( j 51,2) ~82!

and also@42#

Z n
( j )~kt→02!.

1

2
A2ptVF i ~21! j

G~n!

p S 2
2

kt D n

1
12~21! j i cot~pn!

G~n11! S 2
kt

2 D nG
1O@~2kt!22n#,

Re@n#.0 ~ j 51,2!. ~83!

8In fact, 1/t2 becomes2 ln(2Ht)/t2 becauseMZ
2}2 ln(2tH).
5-10
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In the radiation era the eigenfunctions that solve Eq.~77!
are

Zrad
( j )~kt!5AV/2kei (21) j kt ~ j 51,2! ~84!

which are appropriately normalized as in Eq.~81!.
It is now obvious that there is particle production sin

the eigenfunctions in inflation and radiation era are not
thogonal. A simple way of computing particle production
to do the matching at the end of inflation. Choosing for e
ampleZ n

(1) in inflation, we can match it to the radiation e
eigenfunctions as follows:

Z n
(1)~2k/H !5akZrad

(1)~k/H !1bkZrad
(2)~k/H !

]tZ n
(1)~2k/H !5ak]tZrad

(1)~k/H !1bk]tZrad
(2)~k/H !

~85!

where ak and bk are the Bogoliubov coefficients. Th
asymptotic form ofZ n

(1) in ~82! implies that the Bogoliubov
transformation is diagonal in momentum space, and that
coefficients depend only on the magnitude of the momen
k5uku. A similar transformation can be constructed forZ n

(2) .
The fact thatbk5” 0 implies that there is particle productio
in inflation. The number of particles produced per mode
then of the order ofnk;ubku2. Using the asymptotic form
~83! for Z n

(1) at the end of inflation, we can solve Eq.~85! for
k!H:

S ak

bk
D 5e6 ik/HH G~n!

4Ap
F7S 1

2
2n D S k

2H D 21/22n

22i S k

2H D 1/22nG1
Ap~ i 2cotnp!

4G~11n! F7S 1

2
1n D

3S k

2H D 21/21n

22i S k

2H D 1/21nG J
1O@~k/2H !3/22n#. ~86!

Note that the above Bogoliubov coefficients satisfy the re
tion uaku22ubku251.

We will consider the case whenn5(H224MZ
2)1/2/2H

.0, i.e., n is real and positive, which corresponds toMZ
,H/2. In the limit MZ→H/2 ~i.e., n→0) conformal invari-
ance is recovered and there is no particle production.9 Thus,
from Eq. ~86!, to lowest order ink/H, we obtain

uaku2'ubku2.
uG~n!u2

16p S 2H

k D 2n11S n2
1

2D 2

. ~87!

In order to compute the spectrum of created particles,
need to evaluate

9This is because, forMZ*H/2 the quantum fluctuations ofZ are
damped before reaching the horizon.
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uZrad
~1)u22uZvac

~1)u25
V

2k
~ uaku221!

uZrad
~2)u25

V

2k
ubku2 ~88!

where we have subtracted the vacuum contribution. In v
of Eq. ~87! we see that the spectrum ofuZu2 on superhorizon
scales has a slope byk22n21 enhanced in comparison to th
vacuum spectrum. The enhancement is stronger for sm
massesMZ!H, for which n. 1

2 2(MZ /H)2 and hence

uZ~k!u252ubku2
V

2k

.p2VS H

2p D 2S MZ

H D 4 1

k3 S k

2H D 2(MZ /H)2

}k2312(MZ /H)2
~89!

where the prefactor of 2ubku2 actually appeared as (uaku2

1ubku2)21.
Therefore,Zrms( l )} l n21/2' l 2(MZ /H)2

~see also Appendix
B!. Thus, forMZ,H/2, the resulting rms spectrum forZ is
almost scale invariant. Due to the (n2 1

2 )2 factor in Eq.~87!
we see that the enhancement of the spectrum would be
celed if the gauge field would have been exactly massles
which casen5 1

2 . This, for instance, is the case of the mas
less photon. However, if 0,MZ!H then the fact that
un2 1

2 u.(MZ /H)2!1 is compensated in the above by co
sidering superhorizon modes, for whichH@k.

It should be noted here that in a similar way one c
generate any effectively massless10 gauge field during infla-
tion and obtain a similar superhorizon spectrum. A case
particular interest is the possibility of applying the abo
mechanism directly on the photon field by introducing a ph
ton mass term which vanishes at the end of inflation@29#.
Another realization of this scenario is by considering a ne
tive coupling hybrid inflationary model such that the expe
tation value of the scalar field, which is coupled to the infl
ton, is non-zero during inflation and becomes zero at the
of it. If one considers this scalar field to be coupled to t
photon then the above mechanism is operative@43#. How-
ever, we feel that using theZ field is rather more natura
since, in this case, one does not require any additional sca
or couplings apart from the inflaton and the SM fields.

C. The origin and nature of M Z during inflation

In computing the spectrum we have assumed that con
mal invariance is broken by a mass term which is due t
condensate of the EW Higgs field. Here we look in mo
detail at the underlying mechanism behind the formation
such a condensate. To this purpose we need to recast Eq~61!
in the Hartree approximation, which we describe in Appe
dix A. We have

10I.e., with mass less thanH.
5-11
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]t
2yk1F3l* ^y2&V2a2MEW

2 2g2a2 (
j 51,2

^~Wj !2&V

2gZ
2a2^Z2&V2

]t
2a

a Gyk50 ~90!

whereg2a2^•&V denotes the Hartree back reaction. Assum
that ^C†C&V[^y2&V /a2, ^(Wj )2&V and ^Z2&V are slowly
varying functions of time, during inflation Eq.~90! can be
recast in the form of Eq.~78! with

n
*
2 [

9

4
1

1

H2 F23l* ^C†C&V1MEW
2 1g2 (

j 51,2
^~Wj !2&V

1gZ
2^Z2&VG ~91!

where we used]t
2a/a52/t2. As is shown in Appendix A 2 a

the Hartree backreaction for the gauge fields gives^Z2&V
.^(Wj )2&V&H2. Thus, the backreaction of the gauge fiel
is less than (2g21gZ

2)H2,H2. Also MEW
2 !H2. Therefore,

the dominant contribution in Eq.~91! must come from the
3l* ^C†C&V term. Now assuming thatn* changes slowly
~adiabatically! the solution of Eq.~90! is given by Eq.~80!,

yn
*

( j )~kt!5
1

2
A2ptV Hn

*

( j )~2kt! ~ j 51,2!, ~92!

where we used again the following normalization@cf. Eq.
~81!#:

W@yn
*

(1)~kt!,yn
*

(2)~kt!#5Vi. ~93!

Assuming that Re@n* #.1/2 then, in analogy with Eq
~83!, ~92! implies

uyn
*

( j )~kt!u2 →
k→0 G~n* !2

p

V

2k S 2
2
kt D 2n

*
21

~94!

which, when subtracting the vacuum in the Hartree appro
mation and consideringn* .3/2, results in an almost scal
invariant spectrum because~see Appendix A 2 b!,

^C†C&.
H2

4p2
lnUt i

t U ~95!

where t i denotes the beginning of inflation.11 The rele-
vant quantity for the backreaction is@cf. Eq. ~91!#
3l* ^C†C&/H2}2 lnut u, which is a very weak function o

11Remember that during inflationa}1/utu.
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time and thus, the adiabaticity assumption is justified. Mo
over, for l* ,1, we see from Eq.~91! that indeedn* .3/2
as assumed.

In view of Eq. ~58!, the above considerations sugge
that12

MZ
2.gZ

2^C†C&.
gZ

2

4p2
H2 lnUt i

t U. ~96!

D. The generated hypermagnetic field

Because reheating introduces large temperature cor
tions to the scalar potential~50! the EW symmetry gets re
stored and the hypercharge field becomes massless. F
Eqs.~55! and ~56! we obtain

Ym5cosuWAm2sinuWZm. ~97!

However, in contrast to theZ-boson case, the superhor
zon spectrum of the photon is not almost scale invariant b
in fact, scales asArms( l )} l 21, because conformal invarianc
is retained for the photon during inflation. Thus, the con
bution of the photon to the superhorizon spectrum of
hypercharge field is negligible compared to the one of thZ
boson. Therefore, the hypercharge superhorizon spectru
the end of inflation is also almost scale invariant,

uYmu.sinuWuZmu. ~98!

The hypercharge field during the radiation era is mass
and Abelian and, therefore, it satisfies the equivalent of M
well’s equations. The associated hypermagnetic field is
fined asBY[“3Y. As estimated in the Appendix B, the rm
value over a given superhorizon scalel of the hypermagnetic
field due to the superhorizon spectrum of theZ-boson field
is,

@Brms
Y ~ l !#25

18~sinuW!2

p2l 6 E
0

1`

dkF1

k
sin~kl !

2 l cos~kl !G2uZ~k!u2

V
. ~99!

Inserting Eq.~89! into the above and after some algeb
~see Appendix B! we obtain

12Considering Eq.~75! we see that,MZ.gZ(H/2p)ADN, where
DN5Ntot2N and we useda5eN, with N being the number of
e-foldings remaining until the end of inflation andNtot being the
total number ofe-foldings. Thus Eq.~96! may be understood
roughly as follows: Everye-folding the gravitationally generated
fluctuation over the horizon volume of the EW-Higgs field is of t
order of the Gibbons-Hawking temperaturedck.H/2p. The quan-
tity ^C†C& represents an accumulated ‘‘memory’’ of these fluctu
tions which ‘‘pile up’’ while inflation continues. Thus, due to th
stochastic nature of the fluctuations they perform a random w
which, afterDN steps, is responsible for theADN increase.
5-12
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Brms
Y ~ tend!5

3A2 sinuW

8p2 S MZ

Hl
D 2

kendHend ~100!

whereHl is the Hubble parameter at the time the relev
scale exits the horizon during inflation,kend5k(tend)52p/ l
is the physical momentum at the end of inflation, becaus
Eq. ~75! the scale factora has been normalized at that tim
and13 Hend5H(tend).

E. Evolution of the magnetic field

The creation of a thermal bath of SM particles at rehe
ing freezes the hypermagnetic field into the reheated pla
in a way analogous to regular magnetic fields. At this po
we should mention that, apart from the hypercharge com
nent, theW-boson fields also have an almost scale invari
spectrum over superhorizon scales at the end of inflat
generated gravitationally because their conformal invaria
is broken during inflation in the same manner as in the c
of the Z boson. After reheating, however, because theW
gauge fields are non-Abelian they are screened and d
due to the development of a magnetic mass@44#, MB
'0.28g2T. Because of this we will focus on the evolution
the hypercharge magnetic field configuration.

The physical momentum scales ask}a21. Thus, by scal-
ing kend to the present day we find

kend5
2p

l c
S Treh

TCMB
D ~101!

wherel c is the corresponding scale of the mode in quest
today,Treh is the temperature resulting from prompt rehe
ing, TCMB is the temperature of the cosmic microwave ba
ground~CMBR! at present and we have used thata}T21 at
all times.

If we assume that the field remained frozen until tod
then, because flux conservation requiresB}a22, we find that
the magnitude of the magnetic field today would have be

Brms
com5cosuWBrms

Y ~ tend!S TCMB

Treh
D 2

~102!

where cosuW is introduced due to the projection of the h
percharge onto the photon at the electroweak transition
cording to Eq.~56!.

Using Eqs.~100! and ~101! the above gives

Brms
com5

1

4 S 3g*
40p2D 1/4

sin~2uW!S TCMB

l c
D S Vend

1/4

mP
D S MZ

Hl
D 2

~103!

where, for prompt reheating,Vend.(p2/30)g* Treh
4 , with

g* 5106.75 being the number of relativistic degrees

13For pure de Sitter inflation we haveHl5Hend.
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freedom at the end of inflation.14 Putting the numbers in Eq
~103! one finds

Brms
com55310233S 1 Mpc

l c
D S MZ

Hl
D 2Vend

1/4

mP
G ~104!

where TCMB52.37310213 GeV and sin(2uW)'0.84. The
above corresponds tothe spectrum of the primordial mag
netic field as it would have been today were there no gala
collapse and subsequent dynamo amplification. Typically,
such a field is referred to as ‘‘comoving.’’ The comovin
spectrum of our primordial field, as given by Eq.~104! is
shown in Fig. 1, where the substantial amplification co
pared with the vacuum spectrum is apparent.

However, the actual physical field, being frozen into t
plasma, will be affected by the gravitational collapse duri
structure formation. Since we are interested in seeding
dynamo, we may use Eq.~103! to estimate the seed field a
the time of galaxy formation. Scaling back the comovi
field to galaxy formation provides an amplification factor
(11zgf)

2, wherezgf is the redshift that corresponds to gala
formation. This is due to the expansion of the Univer
~viewed backwards!. Moreover, the collapse of matter int
galaxies brings about a further amplification of magne
fields by a factor given by the fraction of the galactic mat
density to the matter density of the Universe at galaxy f
mation, (rgal/rgf)

2/3, wherergf5r0(11zgf)
3 with r0 being

the matter density of the Universe at present. The ab
result in an overall amplification factor of about;104. Tak-
ing this into account and considering that the scale of
largest turbulent eddy corresponds to the comoving scal
about l c.10 kpc before the gravitational collapse of th
protogalaxy, we find

Bseed;10230 G ~105!

where we assumed GUT-scale inflationVend;1016 GeV and
we have used that; for total number of inflationarye-foldings
; 100, we have (MZ /Hl)

2;0.01. The above seed field i
sufficient to trigger the galactic dynamo in the case o
spatially flat, dark-energy~e.g., a cosmological constant o
quintessence! dominated universe@10#.

A supplementary increase in field strength is obtained
we assume that the magnetic field does not freeze into
plasma upon creation, but rather that its correlation len
grows quicker than the scale factor, as is the case for he
turbulence@45#. Such a causal mechanism can only oper
on a given comoving scale after this scale has reentered
horizon. One can show that the growth of correlations due
turbulent evolution leads to an additional amplification
about (l eq/ l c)

2(12n)/3, wherel eq;50 Mpc denotes the equa

14Note thatg* can be somewhat larger in simple extensions of
SM. For example in the minimal supersymmetric SM,g* 5229.
Thus,g* 5106.75 may be viewed as a lower bound to the act
value ofg* .
5-13
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FIG. 1. Comoving magnetic field spectra and relevant seed field bounds, plotted against the comoving scalel c . The steepest line
~dash-dot-dot-dot! depicts the~unsubtracted! vacuum spectrumBvac( l )} l 22. At the comoving scalel c510 kpc one hasBvac

com(10 kpc)
;10254 G. The line of intermediate steepness~dash-dot! corresponds to the thermal spectrumBth( l )} l 23/2, which meets the vacuum
spectrum at the comoving scalel H corresponding to the horizon at the end of inflation. The solid line is the primordial magnetic
resulting from inflation through our mechanism,Brms( l )} l n23/2' l 21, as calculated by Eq.~104!. On the scalel c510 kpc we find
Brms

com(10 kpc);10234 G, i.e., about 20 orders of magnitude stronger than the value corresponding to the vacuum spectrum. This
compared with the dynamo bounds rescaled by a factor 1024, corresponding to the collapse-amplification enhancement factor and the f
due to the scaling between galaxy formation and the present~see main text!. These bounds readBseed>10227 G for a Universe with critical
matter density andBseed>10234 G for a Universe dominated by dark energy~flat, low-density Universe!. We also show~dotted line! the
spectrum enhanced by helical turbulence~at l c510 kpc an enhancement of about 20 is obtained!. Finally, we note that we expect ou
primordial magnetic field spectrum to depart from thel 21 scaling law near the scalel H and approach approximately the thermal spectr
sincen→0 towards the end of inflation. In that way the spectrum of our magnetic field joins the vacuum spectrum atl H .
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matter-radiation horizon today. Forl c510 kpc andn.1/2
the amplification factor is about 20.

In the above we have assumed prompt reheating. H
ever, it is possible that reheating may be rather ineffici
and, therefore, a long-lasting process, especially in the c
when the inflaton decays prominently into bosons@46#. In-
deed, the reheating temperature is typically given byTreh

&AGmP, whereG is the perturbative decay rate of the infl
ton @46,47#. If the inflaton decays into bosons thenG de-
creases with time and it is possible that the decay of
inflaton particles~inflatons! ceases before being complete
leaving a small fraction of the inflatons as dark mat
@46,47#. In such a caseTreh may be rather low and can satis
the gravitino constraint (Treh&109 GeV) even for GUT-
scale inflation. Of course, an initial stage of preheating m
increase substantially the overall efficiency of reheating@48#.
However, in SUSY-HI, sincel;h, preheating is chaotic an
likely to be also rather inefficient@49#. Finally, one can think
of variations similar to ‘‘smooth hybrid inflation’’ of@35#,
which may achieve a rather low reheating temperature. S
as shown in Eq.~100!, the amplitude of our hypermagnet
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field is, in fact, decided by the inflationary energy scale a
not by the reheating temperature. Indeed, it is easy to s
that, even in the case of long-lasting, inefficient reheating
strength of our seed field at galaxy formation remains ess
tially unmodified, so that Eq.~104! is still applicable. There-
fore, our mechanism may manage to satisfy the gravit
overproduction constraint while still being able to provide
sufficiently strong seed field. Thus, our SUSY-HI inflationa
model can be incorporated in a supergravity framework w
out problem.

At first sight, it may seem unlikely that a magnetic field
obtained from the gravitational production of theZ-boson
field, which is orthogonal to the photon field. In fact, th
situation is analogous to that of light polarizers~see Fig. 2!.
With two orthogonal light polarizers no light passes. When
third polarizer is inserted at an angleu ~with respect to the
second polarizer! however, some of the photons do pass. T
photon amplitude is reduced by12 sin(2u), just as in the case
of the Z field. The main advantage of the amplificatio
mechanism presented here is its naturalness. Indeed
fields are required except those of the standard model and
inflaton. Moreover, the mechanism is independent of
5-14
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NATURAL MAGNETOGENESIS FROM INFLATION PHYSICAL REVIEW D65 063505
particular model of inflation considered, but can be thou
of as a generic consequence of inflationary theory itself.15

An exciting possibility is that the above magnetic fie
can be amplified even further during preheating in an exp
sive resonant way. In what follows we explore this possib
ity using the particular model of flipped SU~5! SUSY-HI.

V. PREHEATING

In addition to the growth of the superhorizon spectru
due to the breaking of theZ-conformal invariance in the
inflationary period, the generated hypermagnetic field m
be amplified more during preheating due to the backreac
of the hypercharge source current. From Eq.~40! it is evident
that the growth of the amplitudes of the GUT-massive ga
fields Xm

a andYm
a is a prerequisite for this source current

be substantial. In hybrid inflation this is achieved throu
their mass term given by Eq.~21!, which resonantly pumps
energy from the GUT-Higgs field. The latter is resonan
produced at the end of inflation due to its coupling with t
oscillating inflaton.

A. Parametric resonance in hybrid inflation

1. The mode equations of the scalar fields

We shall consider production of the supermassive ve
bosons by parametric resonance caused by oscillationss
andf. Sinces is a singlet and does not couple to the vec
fields, the production of gauge fields is due to the GU
Higgs field. A significant production of modes of any kin

15Note that most of the successful inflationary models~e.g. cha-
otic, natural, hybrid! have GUT-scaleVend.

FIG. 2. The formation of a magnetic field from the generation
the Z-boson field has to pass through the intermediate hyperch
stage similarly to light when crossing a set of orthogonal polariz
which needs an intermediate third polarizer at some angleu in order
to go through.
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occurs only afterf ands start oscillating around the bottom
of the potential. Oscillations off are not harmonic, but to a
good approximation they are periodic, with an almost co
stant period. This is so since the Hubble constant is sm
H5A(r inf/3)/mP;lM2/mP;1013 GeV, while a typical os-
cillation frequency isv;AlM , where we have used Eq.~1!
to estimater inf[V(0,sc).

Since, typically, the resonant decay of a field lasts a f
hundreds of oscillations, the decay time of the inflaton
&H21. On these grounds one can neglect the expansio
the Universe during preheating and regard the scale facto
be approximately constanta.1 in agreement with the nor
malization~75!. Therefore, the field equations~45! and ~48!
become

~]t
21hw2!s1

]Vs

]s
50 ~106!

@]t
21l~w22M2!1hs2#w50 ~107!

where in Eq.~107! we have ignored the backreaction of th
supermassive GUT-bosons because at the onset of prehe
their amplitude is negligible. In terms of the fieldw̄5w
2M the above can be rewritten as

@]t
21l~w̄213w̄M12M2!1hs2#w̄1hs2M50

@]t
21h~ w̄212w̄M1M2!#s50

~108!

where we have ignored the term]Vs /]s since the slope of
the Vs potential is negligible compared to the interactio
term. The solutions to these equations are damped peri
oscillatory functions16 which in general have the following
form:

w̄5w0Pw~vwt!

s5s0Ps~vst! ~109!

where Pw(x12p)5Pw(x), Ps(x12p)5Ps(x),
max$uPwu%51, max$uPsu%51, andw0 ands0 are the ampli-
tudes of oscillations, which are in principle time-depende
sincew ands eventually decay and redshift.

The corresponding mode equations can be obtained
Fourier transform. The result is

@]t
21k21l~3w̄216w̄M12M2!1hs2#wk12hs~w̄1M !sk

50 ~110!

@]t
21k21h~ w̄212w̄M1M2!#sk12hs~w̄1M !wk

50. ~111!

16We do not consider here the effects of chaotic resonant beha
@49#, which may occur in hybrid inflationary models.
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By making use of̂ w̄2&5w0
2/2 and ^s2&5s0

2/2, we can
easily estimate the effective masses of the modes to be,

mw
252lS M21

3

4
w0

2D1
1

2
hs0

2.4lM2

~112!

ms
25hS M21

1

2
w0

2D.
3

2
hM2

so that the dispersion relations read

vw
25k212lS M21

3

4
w0

2D1
1

2
hs0

2.k214lM2

~113!

vs
25k21hS M21

1

2
w0

2D.k21
3

2
hM2

wherew0
2.M ands0

2.sc
25(l/h)M2. Note that the effective

mass of thew̄ modes is a factor ofA2 larger than the Higgs
massMH5A2lM .

We need to investigate whether the mode equations~110!
and ~111! result in a broad or narrow resonance, and a
whether the leading~broad! resonance is active. To do tha
we have to consider the quality factorsq for the mode equa-
tions and then compare them to the effective masses~112!.

2. The characteristics of the resonance

The generic form for a resonance equation is

d2ck

d2Ã
1FAk1(

i
2qi Pi~Ã!Gck50

where

Ak5
mc eff

2 1k2

vw
2

51 ~114!

and qi are the quality factors with oscillating function
Pi(Ã) (^Pi&Ã50, max$Pi%51), whose period is eitherp
or 2p, and Ã[vwt is the rescaled time variable. In th
Mathieu case,Pi5cos(2Ã). Some of the references whe
one can find instability charts, which are plots of the Floq
exponentm in terms ofq andA, are listed in@50,46,47#.

Consider first the quality factors for Eq.~110!,

qw15
3lw0

2

4vw
2

;
3

16
, qw25

6lMw0

2vw
2

;
3

4
,

qs18 5
2hMs0

2vw
2

;
1

4
Ah

l
. ~115!

Sincevw
2.4lM2, we conclude that all the quality factor

of Eq. ~110! are generically of the order unity. The quali
factors for Eq.~111! are, on the other hand,
06350
o

t

qs15
hw0

2

4vw
2

;
1

16

h

l
, qs25

2hMw0

2vw
2

;
1

4

h

l
,

qw18 5
2hMs0

2vw
2

;
1

4
Ah

l
~116!

so that they are typically smaller than the quality facto
~115! of Eq. ~110!.17 Furthermore, we can compute

Aw~k50!5
mw

2

vw
2

51;
4

3
qw2

As~k50!5
ms,w̄50

2

vw
2

5
1

4

h

l
;qs2 ~117!

which then determines onto which resonance the field
decay. Note that since the position of the first resonance
A;1 for q,1, we conclude that thew field tends to decay
into the first resonance such that the infrared superhori
modes get populated~see figure in@46#! with m;0.3 or
smaller. A similar statement applies to thes field.

The strength of the broad resonances may be as larg
m;0.2 along theA52q line, and becomes rapidly stronge
at smaller values ofA, i.e.,A,2q @cf. Eq. ~7! in @50##. Even
if the field can decay only into the second available re
nance, the strength is expected to be of the orderm2;0.04,
just like it is in the case of the chaotic inflation with a quar
scalar interaction term, which decays into the second re
nance.

Regarding thes field, depending on the choice of th
couplings,qs2 can be larger or smaller then unity. Gene
cally, however, we expect thatl;h, and henceqs2 is typi-
cally of the order~but smaller than! unity. In SUSY-HI we
havel52h and, therefore,qs2. 1

8 ,1.
In the above, by takinga.1 we have ignored Hubble

damping. It is known that the latter, in fact, results in st
chastic resonant amplification, in the sense that the actio
the damping term may be positive or negative on occas
depending on whether the amplitude of the oscillating fie
is increasing or decreasing. However, as has been show
@47,48#, the net effect of such a term is, in fact, in favor
resonant production.

This analysis has not covered the mixing terms in E
~110! and ~111!. Numerical simulations done by the autho
of @50# indicate that these terms typically cannot preve
resonant decay, and in some cases can enhance it.

B. Resonant production of massive vector bosons

The field equations for the supermassive GUT bosons
Eqs.~23! and~24!, while Eq.~28! is the one for theV boson.
The resonant production of the massive bosons is due to
fact that their equations of motion are of harmonic form w
frequencies given by their oscillating mass term.

17Remember that in SUSY-HIl52h.
5-16
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1. The parametric resonance equations

At the onset of preheating we may ignore the backre
tion source current because the initial amplitude of the m
sive bosons is negligible. Later on the source current cont
utes additionally to the production of the massive bosons

Let us concentrate on Eq.~23! first. Proceeding in a simi-
lar manner as in Sec. IV A we obtain for the longitudinal a
transverse modes,

F ~]t
21k21MXY

2 !1
2~]t ln MXY!k2

k21MXY
2

]tGX ai50 ~118!

~]t
21k21MXY

2 !X a'50
~119!

where

Xm
a~x,t!5E d3k

~2p!3
X m

a~k,t!exp~ ik•x!. ~120!

Recalling thatw5M1w0Pw(vwt) and using Eq.~21! we
can find the effective massMXY of Xm

a during preheating to
be

MXY
2 5

1

2
g2~M21w0

2Pw
212Mw0Pw!⇒

M XY
2 5

1

2
g2M2F11

1

2 S w0

M D 2G.
3

4
g2M2 ~121!

where we used that^Pw
2&t51/2 and^Pw&t50. Rescaling the

time asvwt→Ã, the equations~118! and~119! can be recas
as

F S ]Ã
2 1

k21MXY
2

vw
2 D 1

2~]Ã ln MXY!k2

k21MXY
2

]ÃGX ai50 ~122!

S ]Ã
2 1

k21MXY
2

vw
2 DX a'50.

~123!

Now, it easy to show that, in the above, we have

k21MXY
2

vw
2

5
k21M XY

2

vw
2

1
g2M2

2vw
2 F1

2 S w0

M D 2

P̂w12
w0

M
PwG

~124!

where P̂w52Pw
221 is a periodic function ofÃ with fre-

quency v̂w52vw and max$uP̂wu%51. Each of the above
equations contains two resonant channels with theq factors

q15
g2M2

2vw
2

w0

M
.

g2

8l
06350
-
s-
b-

q25
g2M2

8vw
2 S w0

M D 2

.
g2

32l
.

1

4
q1

Ak505
M XY

2

vw
2

.
3g2

16l
.

3

2
q1.6q2 . ~125!

This implies that, providedq1,2*1/2, theq1 resonance is
efficient in amplifying gauge fields, while theq2 resonance is
inefficient. In fact whenAk50,2q $Ak50.2q% the growth
rate of the field grows$decreases% with increasingq @50#,
implying that for Ak50. 3

2 q1 the resonance becomes stro
ger asq1 increases. For example, one enters the first br
resonance at aboutq1.1/2 and exits it at aboutq1.3.

When compared with the transverse equation~123!, the
longitudinal equation~122! contains an additional ‘‘damp
ing’’ term. The sign of the ‘‘damping’’ coefficient
]Ã ln MXY5]ÃPw /Pw may be either positive or negative, re
sulting in damping or growth, respectively. Since the posit
and negative parts are symmetrically and evenly distribu
we expect that the growth wins over the damping, just as
in the case of stochastic resonance@48#. As a consequence
the longitudinal modes grow faster than the transve
modes. Large longitudinal amplitudes can be mediated to
transverse modes through scatterings. We do not cons
here possible physical consequences of these processes

Similar results are obtained for theYm
a and theVm bosons,

substituting, in the latter caseMXY→MV or equivalently
g→2A(6/5)g/cosQ.

2. The amplitudes of the massive vector bosons

In order for the backreaction to stop resonant product
of the massive gauge fields, the induced~Hartree! mass must
be larger than about the mass of the Higgs boson, since
is the typical resonance scale. This can be argued as follo
The shift inA required to switch off the leading resonance
of the orderdA;0.5. This cannot be mediated by thew-field
modes, since the maximum possible expectation value
^(dw)2&max;M2, resulting in dA5dM XY

2 /vw
2;g2/16l,

which is typically not sufficient to shut down the resonanc
Moreover, the inflaton does not help, since it does not cou
to the vector bosons.

There are, however, cubic terms in the source curre
which have been neglected in Eq.~123! and which may shut
down the resonance. The cubic source current terms ca
obtained from Eq.~25!. Similarily to Eq.~32!, for the super-
massive GUT bosons we have

~Jja
n !XY

cubic5g2gmrgnsRe@~Vm!j i~Vr! i j ~Vs! j a2~r↔s!#

~126!
wherej54,5 anda51,2,3. In view of Eq.~13!, Eq. ~126!
can be written schematically as18

JXY
cubic;g2~XXX1WWX1WVX1VVX!, ~127!

where X denotes the supermassive GUT bosonsXm
a

andYm
a , W denotes the electroweak gauge bosonsWm

6 ,Ym ,
which are gravitationally produced in inflation as shown

18Here we have used that (1/cV)(1/cV1cV8 )51.
5-17
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Sec. IV, andV is the massiveV boson. Note that the contri
bution from theG bosons of SU(3)c is negligible because
they are neither produced gravitationally in inflation, nor a
they generated during preheating, since they do not coup
any Higgs field. Thus, a typical contribution of the backr
action current to the mass of theXm

a ,Ym
a fields, coming from

their resonant production, is of the form

dMXY
2 ;g2~^X2&1^V2&!. ~128!

Similarly, for Vm we have from Eq. ~28! that JV
n

52A5/12 cosQJY
n so that the cubic term contribution i

given by Eq.~34! to be

JV
cubic;

5

6
g2XXV. ~129!

Hence, the contribution of the backreaction current to
mass of theVm is

dMV
2;

5

6
g2^X2&. ~130!

In order to get the first resonance to shut down, one
quiresdM2;MH

2 52lM2. Hence, the energy stored in theX
andV fields is then of the order

rXV;g2~^X2&21^V2&2!;
l2

g2
M4;

l

g2
r inf . ~131!

Sincel;1 we conclude that the resonance shuts do
only when most of the energy is in the massive gauge fi
modes. In other words, the resonance is efficient until a
nificant fraction of the inflaton’s energy decays. Then, as
oscillating amplitude ofw decreases, one enters the narr
resonance and the decay slows down. This is just like
case of two scalar fields withq;1, and also the one field
case, where alsoq;1. One is then left with the condensat
of the gauge fields whose amplitude can be estimated to

uXm
a u,uYm

a u,uVmu;g
*
21/4MH

g
;0.1MH ~132!

whereg* &100 is the effective number of degrees of fre
dom produced by the resonance.

C. The hypercharge field at preheating

In a similar manner as for the supermassive GUT bos
one finds from Eq.~29! that the hypercharge transverse mo
equation is

~]t
21k2!Y'5A 5

12
sinQJ Y

' ~133!

where

JY
n ~x,t!5E d3k

~2p!3
J Y

n ~k,t!exp~ ik•x!
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and Yn~x,t!5E d3k

~2p!3
Y n~k,t!exp~ ik•x!

~134!

and we have used the current conservation equat
]t(JY)t5 ik•JY .

Using the Hartree approximation, as shown in Appen
A 1, and also in view of Eq.~38! we can recast Eq.~133! as

H ]t
21k216ḡY

2F2

3
^uXu2&V2^uXtu2&VG JY'

526ḡY
2 cotQF2

3
^uXu2&V2^uXtu2&VGV' ~135!

where ḡY
2[ 5

6 gY
2 and Xm stands for all the six supermassiv

GUT bosonsXm
a ,Ym

a with

^uXu2&V5
1

VE k2dk

2p2
X~k,t!X~2k,t!.

1

VE k2dk

2p2
uX~k,t!u2

~136!

^uXtu2&V5
1

VE k2dk

2p2
Xt~k,t!Xt~2k,t!

.
1

VE k2dk

2p2
@Xt~k,t!#2

and also@cf. Eqs.~69! and ~72!#,

Xrms
2 [

2

3
^uXu2&V2^uXtu2&V

5
1

VE k2dk

2p2 H 2

3
@X~t!#21

k2@]tX i~t!#2

k21MXY
2 J .

~137!

We shall now investigate whether the hypercharge fi
~135! may undergo resonant amplification at preheati
Since the supermassive GUT bosons are mainly produce
preheating, the dominant contribution toXrms

2 comes from the
resonant modes that initially oscillate in phase@50#, which in
principle may drive resonant amplification of the hype
charge. We now discuss the necessary conditions require
this indirect resonance to be operative.

At early times in preheating the Hartree termsXrms
2 are

small, so that the hypercharge bosons grow through~ineffi-
cient! narrow parametric resonance@51#. When the oscilla-
tory component ofXrms

2 becomes of the ordervw
2 , however,

the hypercharge resonance can become broad@46#. Since the
hypercharge field has an infrared spectrum that is alre
amplified in inflation, while theV-boson spectrum is that o
the Minkowski vacuum, when compared with theX2V term,
theX2Y term is expected to dominate the resonant growth
superhorizon scales. Therefore, we may write

J Y
'~t!.26A2gḡYXrms

2 Y'~t! ~138!
5-18
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so that Eq.~135! simplifies to

d2Y'

dt2
1~k216ḡY

2Xrms
2 !Y'.0. ~139!

Now, Xrms
2 can be conveniently split into the slowly grow

ing and oscillatory contributions as follows:

Xrms
2 5X0

2~t!1Xosc
2 @11PX~t!# ~140!

wherePX(t) is a periodic function with period;p/vw such
that ^PX(t)&t50 and^PX

2(t)&t51/2, and

X0
2~t!5Xvac

2 ~e2m0vwt21!, Xosc
2 ~t!5Xvac

2 ~e2mXvwt21!

~141!

wheremX denotes the relevant resonant growth rate of
supermassive GUT-boson fieldsX, andm0 is the growth rate
of the constant contribution to theX-field mass induced by
the inelastic scatterings. Also, we have subtracted
vacuum contributionXvac

2 ;kres
2 , with kres

2 being the typical
resonant momentum. Providedm0,mX , or equivalentlyX0
,Xosc, the hypercharge grows resonantly. The amount
available energyr inf.lM4/4 results in the following uppe
bound:

1

2
M XY

2 Xrms
2 &

1

8
MH

2 M2 ~142!

or equivalently@cf. Eq. ~121!#

Xrms
2 &

2l

3g2
M2 ~143!

whereM XY
2 .3g2M2/4 andMH

2 52lM2. This is in agree-
ment with Eq.~132! and implies the following bound for the
quality factor of the hypercharge resonance:

qY5
6ḡY

2Xosc
2

2vw
2

&
5

12
sin2Q,0.4 ~144!

where sinQ5gY /g. Since significant resonant amplificatio
of the hypercharge on superhorizon scales may occur with
tuning only whenqY*1/2, we conclude thatthe inflationary
spectrum of the hypercharge gauge bosons is hardly am
fied by parametric resonance.

VI. CONCLUSIONS

We have presented a mechanism of primordial magn
field generation based on the breaking of conformal inv
ance of theZ-boson field during inflation. The mechanism
generic and independent of an inflationary model as long
the reheating temperature is higher than the electrow
scale. This is because our mechanism requires a phas
electroweak unification to ‘‘channel’’ the generated super
rizon Z-boson spectrum into the photon, through the hyp
charge field.
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The conformal invariance ofZ is naturally broken due to
its standard-model coupling with the electroweak Hig
field. The latter, during inflation, develops a condensate co
parable to the one of the inflaton field itself resulting in
non-zero, but small, mass for theZ-boson field. Conformal
invariance breakdown results in gravitational production
the Z field on superhorizon scales. We have computed
relevant superhorizon spectrum and found that it is alm
scale invariant. At the end of inflation reheating restores
electroweak symmetry and theZ spectrum is converted into
hypercharge spectrum~the photon’s contribution being neg
ligible!, which, due to the stochastic nature of the originaZ
fluctuations, gives rise to a superhorizon hypermagnetic fi
that freezes into the reheated plasma. We have calculate
spectrum of the rms value of the hypermagnetic field a
found that it is of the formBrms}1/l as shown in Fig. 1. In a
similar way non-AbelianW fields are also generated but the
associated magnetic fields are screened due to the exis
of a magnetic mass of non-perturbative nature, which ste
from their self-interaction. During the radiation era the h
permagnetic field evolves satisfying flux conservation. At t
electroweak phase transition it is transformed into a regu
magnetic field. When scaled until galaxy formation, th
magnetic field is found to be sufficient to trigger the galac
dynamo and explain the observed galactic magnetic field
the case of a spatially flat, dark-energy dominated Unive
with GUT-scale inflation.

The beauty of our mechanism, apart from being indep
dent of the inflationary model, lies in that it does not, unli
most proposed mechanisms, require the explicit introduc
of conformal invariance breaking terms in the Lagrangian
any exotic fields other than the ones of the standard mo
and the inflaton field. Moreover, we do not have to specif
particular GUT group, or involve grand unification in an
way.

An intriguing possibility was that our magnetic field cou
be further amplified during preheating. In order to study t
we considered a~supersymmetric! hybrid inflationary model
and grand unification under flipped SU~5!, both well moti-
vated. However, we have found that preheating amplificat
is probably negligible since the hypercharge field is amp
fied only via indirect narrow resonance which turns out to
rather inefficient. Still, a better~possibly numerical! treat-
ment of the magnetic field at preheating is probably nec
sary to provide an adequate understanding of its behav
Such treatment should, in principle, address issues suc
the conductivity of the newly created plasma or the fate
the hyperelectric field.

In particular, the behavior of the conductivity during pr
heating may inhibit our hypermagnetic field. However,
analytic treatment of this issue is rather complex and bey
the scope of the present article and numerical studies
inconclusive. It seems that the behavior of the conductiv
~spatial distribution and growth rate! is highly non-trivial,
non-perturbative and model dependent@22#. It has been
shown, however, that the appearance of conductivity in p
heating does not necessarily inhibit the growth or the ex
tence of ~hyper!magnetic fields but may allow substanti
5-19
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amplification@22,53#. This is certainly an issue that deserv
further investigation.

In summary, we have presented a natural mechanism
magnetogenesis by inflation which may be an explana
for galactic magnetic fields.
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APPENDIX A: THE HARTREE APPROXIMATION

In this appendix we discuss the use of the Hartree
proximation in the computation of scalar and gauge fiel
This approximation is applicable in this case mainly due
the classicality of the superhorizon modes and also since
typical value of the quality factorq of the parametric reso
nance is about one or smaller, essentially until the fi
grows to its maximum value.19

The Hartree approximation takes account of elastic s
terings only, which do not change the momenta of incom
particles, and it models the dynamics well when 2-to-2 sc
terings are the only ones that are relevant. This is indee
at the early stages of preheating, as is known from ex
classical simulations~e.g., of the scalar theory!. When ther-
malization begins, inelastic scatterings, which include 2-to
etc., become important. They combine the infrared mo
into more energetic ones, as is required by the thermaliza
process, because particles produced by parametric reson
are more infrared in comparison to a thermal distributio
The Hartree approximation breaks down after a signific
fraction of the inflaton’s energy has decayed.

The Hartree approximation consists essentially of rep
ing a product of two fields~in an equation of motion! with
the spatial average as follows:

A~x,t !B~x,t !→^A~x,t !B~x,t !&V5ÃB̃1^dA~x,t !dB~x,t !&V

~A1!

where Ã and B̃ denote the zero modes defined asÃ

[^A(x,t)&V , B̃[^B(x,t)&V and also dA(x,t)5A(x,t)
2Ã, dB(x,t)5B(x,t)2B̃, with the volume averages be
ing defined as

^dA~x,t !dB~x,t !&V[
1

VE d3xdA~x,t !dB~x,t !

5
1

VE 8 d3k

~2p!3
A~k,t !B~2k,t !

19The validity of the Hartree approximation can be checked
performing a consistent one-loop calculation.
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Ã[
1

VE d3xA~x,t !5
1

V
A~k50,t !.

~A2!

In these definitions the volumeV is defined by the follow-
ing discretized version of the momentum integral:

E d3k

~2p!3
→ 1

V (
k

. ~A3!

The prime in the momentum integral indicates that t
zero mode should be taken out of the integral. The z
modes require special care, since they may become ma
scopic, leading to a condensate.20

1. Hypercharge source current

Let us employ the Hartree approximation in computi
the source current of the hypercharge which is shown exp
itly in Eq. ~38!. In the spirit of our approximation, we sha
neglect the terms in which the zero modes figure incoh
ently in quadratic or cubic combinations. This means tha
this point we shall take account only of those nonlinear c
tributions from the zero modes which oscillate coherently
time.

Some of the remaining terms are composed of the fie
which have incoherent phases in different points in spa
so that, when averaged over space, they vanish. Includ
these terms is strictly speaking beyond the Hart
approximation.21 Therefore, to first approximation we kee
only the terms that contribute to the genuine Hartree appr
mation, which are the terms that oscillate coherently in sp
and time, since they dominate the resonant production.

Consider first the derivative terms of the source curren
Eq. ~38!:

2A 5

12
sinQJY

n @X]X#[2ḡY Im$@]m1~]m ln A2Dg!#

3gmrgns~Xr
aX̄s

a1Yr
aȲs

a!

1gmrgns@Xm
a]rX̄s

a1Ym
a]rȲs

a

2~r↔s!#%. ~A4!

In CFRW with a.1 the above may be written as

y

20Note that this ensemble averaging corresponds to the clas
ensemble representation of the quantum state.

21One way of improving on the Hartree approximation is to tre
the terms that incoherently contribute as noise. When averaged
time, these terms yield zero. In@52# it has been shown that includ
ing these noise terms can only enhance resonant production. T
when not considering these terms we adopt a conservative appr
on the resonant growth.
5-20
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2A 5

12
sinQJr

Y@X]X#52ḡYhms Im$]m~Xr
aX̄s

a1Yr
aȲs

a!

1Xm
a~]rX̄s

a2]sX̄r
a!

1Ym
a~]rȲs

a2]sȲr
a!%. ~A5!

Hartree averaged the terms in the above are of the fo

^Xm
a]0X̄s

a&V[
1

VE d3xXm
a]0X̄s

a

5
1

VE d3k

~2p!3
X m

a~k,t!]tX̄s
a~k,t!

^Xm
a] i X̄s

a&V[
1

VE d3xXm
a] i X̄s

a

5
1

VE d3k

~2p!3
X m

a~k,t!ik iX̄s
a~k,t! ~A6!

whereX m
a is defined in Eq.~120!. As a consequence of tem

poral and spatial isotropy, we havêXm
a]rX̄s

a&V5X̃m
a]rX! s

a

}hms , that is

^Xm
a]rX̄s

a&V5
1

2
hms]r(

a
uX̃s

au2⇒ Im~^Xm
a]rX̄s

a&V!50

~A7!

where there is no summation over thes index. Since all the
terms in Eq.~A5! are of the same form we conclude that,
the Hartree approximation,Jr

Y@X]X#50, i.e., the spatial av-
erages of the quadratic derivative terms in Eq.~38! average
to zero and only the cubic terms survive.

Let us consider the cubic terms now. We start by not
that, for two different gauge fieldsAm and Bm , we have

^AmBn&V5hmnÃrB̃r. The zero modes are proportional to th
polarization vectors, that is

Ãr
p5

1

V
A r

p~k50,t!}erk→0
p

and

B̃r
p85

1

V
B r

p8~k850,t!}erk8→0
p8 , ~A8!

wherep5T,L(T51,2 andL53) denotes polarization, an

erk
p (e k8

p8)r52e k
p
•e k8

p852dk,k8d
pp8.

As a consequence of the vectorial nature of the cond
sates, and their origin in quantum fluctuations, we concl
that they are randomly oriented, and hence, for any differ
gauge fields

^AmBn&V5hmn ÃrB̃r[0. ~A9!
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In view of the above result the hypercharge source curr
in Eq. ~38! in the Hartree approximation can be recast as

2A 5

12
sinQJY

n 52ḡY
2E mnrs Re~^Xm

aX̄s
a&V1^Ym

aȲs
a&V!Yr

2cotQḡY
2E mnrs Re~^Xm

aX̄s
a&V

1^Ym
aȲs

a&V!Vr

2
1

A2
ḡYgE mnrs Re~^Ym

aȲs
a&V

2^Xm
aX̄s

a&V!Wr
3. ~A10!

Because theXm
a andYm

a bosons are entirely equivalent w
define

^XmX̄s&V[^Xm
aX̄s

a&V5^Ym
aȲs

a&V

; a51,2,3 ~no summation!.
~A11!

Thus, the above becomes

2A 5

12
sinQJY

n 526ḡY
2E mnrs Re~^XmX̄s&V!Yr

26 cotQḡY
2E mnrs Re~^XmX̄s&V!Vr.

~A12!

Therefore, in the Hartree approximation only the terms
the Ym andVm bosons contribute to the hypercharge sou
current. In view of the definition~39! it is straightforward to
show that

E mnrs Re~^XmX̄s&V!5 Rê XrX̄n&V2hrn^XsX̄s&V.

~A13!

Thus the source current becomes

2A 5

12
sinQJY

n 526ḡY
2~Rê XrX̄n&V2hrn^XsX̄s&V!

3~Yr1cotQVr!. ~A14!

In Eq. ~135! we need the spatial component of the abo
for which we find

2A 5

12
sinQ~JY! i56ḡY

2F ^uX0u2&V2
2

3
^uXu2&VG

3~Yi1cotQVi ! ~A15!

where uX0u2[X0X̄0 , uXu2[XjX̄j and we used^X1X̄1&V

5^X2X̄2&V5^X3X̄3&V5 1
3 ^uXu2&V . Becausê •&V is a func-

tion of time only, we can immediately obtain the Fouri
transformed current

2A 5

12
sinQJY

'56ḡY
2F ^uXtu2&V2

2

3
^uXu2&VG

3~Y'1cotQV'! ~A16!
which is used in Eq.~135!.
5-21
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2. Gravitational production during inflation

Here we will briefly calculate the volume averages of s
lar and gauge fields which are gravitationally produced d
ing inflation. In particular we will focus on theZ-boson field
and the electroweak Higgs fieldc.

a. The case of the Z boson

For theZ-boson field we have

^Z2&V[^0uZ•Zu0&2^0u~Z•Z!vacu0&

5
1

VE d3k

~2p!3 (
p

FZ p
(1)~kt!Z p

(2)~kt!2
V

2vZ
p~k,t!

G
~A17!

where p denotes the three possible polarizations,vZ
p(k,t)

denotes the dispersion relation forZ and for the vacuum,

Z vac
p ~k,t!5F V

2vZ
p~k,t!

G 1/2

e2 i *vp(k,t)dt. ~A18!

Now, using Eq.~83! and takingvZ.k Eq. ~A17! becomes

^Z2&V.23E
0

Hk dk

4p2 F uG~n!u2

p S 2
2

kt D 2n21

21G .
~A19!

Then, considering1
2 2n.(MZ /H)2!1 we get

^Z2&V.23H2E
0

1 du

8p2 F S 4

uD 2(MZ /H)2

21G
.

3H2

8p2 S MZ

H D 2

,H2 ~A20!

where u[(kt)2. Obviously, one arrives at a similar resu
also for theW bosons.

b. The electroweak Higgs field

Similarly for the EW-Higgs field one has

^y2&V[^0uy2u0&2^0uyvac
2 u0&

5
1

VE d3k

~2p!3 Fy(1)~kt!y(2)~kt!2
V

2vc~k,t!G
~A21!

wherevc(k,t) denotes the dispersion relation for the sca
field and for the vacuum,

yvac~k,t!5F V

2vc~k,t!G
1/2

e2 i *vc(k,t)dt. ~A22!

Using then Eq.~94! and alsovc.k, we obtain
06350
-
r-

r

^y2&V.E
0

H kdk

4p2 F uG~n* !u2

p S 2
2

kt D 2n
*

21

21G .
~A23!

With n* . 3
2 the above gives

^y2&V.a2H2E
0

1 du

8p2 S 1

u
21D.

a2H2

4p2
lnUt i

t U ~A24!

where the infrared cutoff corresponds to the onset of inflat
and, for superhorizon scales,kutu;k/H!1. The above di-
rectly results in Eq.~95!.22 Comparing the backreactio
terms in view of Eqs.~A19! and ~95! we see that the
3l* ^C†C&V term is indeed the dominant whenl*
>g4/2p2;1023.

APPENDIX B: THE RMS VALUE OF THE
HYPERMAGNETIC FIELD

Here we will calculate the rms value of the hypermagne
field Brms

Y ( l ) as a function of scale at the end of inflation. Th
definition of the hypermagnetic field implies

B i
Y~k;t !5 i e i j l kjYl5 i e i j l kjY l

' ~B1!

where we used,e i j l kjY l
i50 and

B i
Y~k,t !5E d3xe2 ik•xBi

Y~x,t !,

Bi
Y~x,t !5E d3k

~2p!3
eik•xB i

Y~k,t ! ~B2!

Yi~k,t !5E d3xe2 ik•xYi~x,t !,

Yi~x,t !5E d3k

~2p!3
eik•xYi~k,t !. ~B3!

We now define

~Brms
Y !25^B̄i

Y~ l ,x!B̄i
Y~ l ,x!&[

1

VE d3xB̄i
Y~ l ,x!B̄i

Y~ l ,x!

~B4!

where

B̄i
Y~ l ,x!5

1

VEux2x8u< l
d3x8Bi

Y~x8!. ~B5!

Thus, in view of the above, we have

22Here we used thatk5aH521/t⇒ lnuk1 /k2u5 lnut2 /t1u.
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~Brms
Y !25

1

V3E d3xE
ux2yu< l

d3yE
ux2zu< l

d3z

3E d3kd3k8

~2p!6
exp@ i ~k•y1k8•z!#BY~k!•BY~k8!.

~B6!

Now, sinceBY5 ik3Y'(k), we have

BY~k!•BY~k8!5@k•Y'~k8!#@k8•Y'~k!#2~k•k8!

3@Y'~k!•Y'~k8!#. ~B7!

Using this and substitutingK[ 1
2 (k1k8), k[ 1

2 (k2k8),
and r1[y2x, r2[z2x we can recast Eq.~B6! as

~Brms
Y !25

8

V3E d3xE
ur1u< l

d3r 1E
ur2u< l

d3r 2E d3Kd3k

~2p!6

3exp$ i @K•~r11r212x!1k•~r12r2!#%

3$K•@Y'~K1k!1Y'~K2k!#2k•@Y'~K1k!

2Y'~K2k!#1~k22K2!

3@Y'~K1k!•Y'~K2k!#% ~B8!

whereK5uKu and k5uku. Since*d3x*@d3K/(2p)3#e2iK•x

5 1
8 d(K) the above becomes

~Brms
Y !25

4

V3Eur1u< l
d3r 1E

ur2u< l
d3r 2

3E d3k

~2p!3
eik•(r12r2)k2uY~k!u2 ~B9!

where we putk→k and23 Y'(k)•Y'(2k).4uY(k)u2 ~be-
cause the transverse component has two polarizations! while
also using,k•Y'(k)5k•Y'(2k)50.

It is easy to show that

E
uru< l

d3re6 ik•r5E
0

l

2pr 2drE
21

1

d~cosq!e6 ikr cosq

5
4p

k2 F1

k
sin~kl !2 l cos~kl !G ~B10!

23Because the coefficients forZ' in Eq. ~74! do not depend on
direction, it is reasonable to assume that, on average, the hype
gnetic field depends only on the magnitude of the momentum
thatY'(k)5Y'(k), wherek5uku.
06350
where cosq[(k•r)/kr and r 5uru. Using the above into Eq
~B9! we obtain Eq.~99!,

@Brms
Y ~ l !#25

18~sinuW!2

p2l 6 E
0

1`

dkF1

k
sin~kl !

2 l cos~kl !G2uZ~k!u2

V
~99!

where, from Eq.~98!, Y'.2sinuWZ' and we tookV
5 4

3 p l 3. Since we expect that the contribution of the mod
with k.1/l is negligible we may consider only the superh
rizon spectrum ofZ'(k), which is the one given by Eq.~89!.
Inserting the latter into Eq.~99! and after some algebra w
find

@Brms
Y ~ l !#25

9

2p2l 2

~sinuW!2H2

~2lH !2(MZ /H)2 S MZ

H D 4E
0

1`dw

w

3Fsinw

w2
2

cosw

w G 2

~B11!

wherew[kl. Using spherical Bessel’s functions the integr
I in the above evaluates toI 51/4. Therefore, we obtain

Brms
Y ~ l !5

3A2 sinuW

2l ~2lH !
(MZ /H)2 S H

2p D S MZ

H D 2

} l 212(MZ /H)2
.

~B12!

In fact, one obtains,Brms
Y ( l )} l n23/2 which, in the limit when

MZ→H/2 (n→0) corresponds to the thermal spectrum
massless particles,B} l 23/2. However, we actually have
(MZ /H)2!1 so that the above becomes Eq.~100!.

In a similar way one can obtain the rms value of t
Z-boson field over superhorizon scales. One finds

Zrms~ l !5
A2G@~MZ /H !2#

8~2lH !
(MZ /H)2 S H

2p D S MZ

H D 2

} l 2(MZ /H)2
.

~B13!

We see that the spectrum is almost scale invariant. N
that the value of theG function is very large for (MZ /H)2

!1. Physically, this is because the scale invariance of
spectrum results in all the modes withk,1/l contributing
substantially to the rms value.
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