
PHYSICAL REVIEW D, VOLUME 65, 057303
Phenomenological study of lepton mass matrix textures
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The three active light neutrinos are used to explain neutrino oscillations. The inherently bilarge mixing
neutrino mass matrix and the Fritzsch-type, bismall mixing charged lepton mass matrix are assumed. By
requiring a maximalnm-nt mixing for the atmospheric neutrino problem and a mass-squared difference ap-
propriate for the almost maximal mixing solution to the solar neutrino problem, the following quantities are
predicted:ne-nm mixing, Ve3 , CP violation in neutrino oscillations, and the effective electron-neutrino mass
relevant to neutrinoless double beta decays.
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Understanding the fermion mass pattern is a great c
lenge in elementary particle physics. Lacking a stand
theory for flavor physics, a phenomenological ansatz mi
be very helpful@1#. In view of the recent observation abo
neutrino oscillations@2#, this paper studies the lepton sect
The masses of charged leptons have been known experi
tally quite well @3#. They are expected to have a simil
origin as quarks which have small mixings among three g
erations.

The small neutrino masses indicated by experiments
be naturally understood by the seesaw mechanism@4#. How-
ever, the observations have shown increasing evidence
leptonic mixings are bimaximal, or almost bimaximal amo
the three generations. Such a mixing scenario was then
sidered in various ways@5–7#.

This paper starts from the flavor eigenstates of b
charged leptons and neutrinos. We assume that the cha
lepton mass matrix is of the Fritzsch type@8#: namely,

Ml5S 0 aeia 0

ae2 ia 0 beib

0 be2 ib c
D , ~1!

wherec@b@a.0 anda,b2/c. The neutrino mass matrix
is of the inherently bilarge mixing type@5#:

Mn5S e m1 m2

m1 e 0

m2 0 e
D , ~2!

wherem1;m2@e.0. Note thatm1 , m2, ande are always
real in the above form ofMn . These two matrices are o
simplicity in the analysis, and the parameters in them
uniquely fixed. Although Eq.~2! will be speculated upon
further in this paper, we still have no definite principles f
these two matrices@Eqs.~1! and~2!#. Some more theoretica
works for the bimaximal leptonic mixing were considered
Refs.@5–7#.

The mass matrix Eq.~1! gives
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a5S memmmt

me2mm1mt
D 1/2

,

b5S mmmt1mmme2memt2
memmmt

me2mm1mt
D 1/2

, ~3!

c5me2mm1mt .

Equation~2! gives neutrino masses,

mn1
52Am1

21m2
21e,

mn2
5Am1

21m2
21e, ~4!

mn3
5e.

Charged leptons provide bismall mixing among the th
generations, whereas neutrinos provide bilarge mixing. T
diagonalization ofMl is made by the following unitary ma
trix @9#:

Ul5S U11
l U12

l U13
l

U21
l e2 ia U22

l e2 ia U23
l e2 ia

U31
l e2 i (a1b) U32

l e2 i (a1b) U33
l e2 i (a1b)

D ,

~5!

where

U11
l 5F11S me

a D 2

1S b

a

me

mt2mm
D 2G21/2

, ~6!

U22
l 5F11S a

mm
D 2

1S b

mt1me
D 2G21/2

,

U33
l 5F11S mm2me

b D 2

1S a

b

mm2me

mt
D 2G21/2

,

U12
l 52

a

mm
U22

l ,
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U13
l 5

a

b

mm2me

mt
U33

l ,

U23
l 5

mm2me

b
U33

l ,

U21
l 5

me

a
U11

l ,

U31
l 52

b

a

me

mt2mm
U11

l ,

U32
l 52

b

mm1me
U22

l .

Mn is diagonalized by

Un5S 1

A2
2

1

A2
0

sinu

A2

sinu

A2
2cosu

cosu

A2

cosu

A2
sinu

D , ~7!

where sinu5m1 /Am1
21m2

2. Note thatUn is independent of
e. The physical lepton mixing is given by

V5Ul
†Un . ~8!

It is the combination of the large mixing fromUn and the
small mixing from Ul that gives the maximal mixing o
e

is

05730
nm-nt . In our scenario, cosu deviates from61/A2 remark-
ably. This is because the~23! component ofV is mainly
composed of cosu and U23

l ;Amm /mt;0.3, which is not
negligible. On the other hand, the matrixUn itself will give a
maximal mixing in the ne-nm oscillation, because the
charged lepton contribution toV12 is only aboutAme /mm
;0.01.

Let us discuss the numerical results. The quan
Am1

21m2
2 is taken to be 0.05 eV as indicated by the atm

spheric neutrino problem. By requiring the maximalnm-nt
mixing, we obtain

m1.4.331022 eV, m2.2.531022 eV. ~9!

The solar neutrino problem is solved by the energy indep
dent solution@10# which needs

ueu.1023–1024 eV or 1026–1028 eV. ~10!

The ne-nm mixing deviates from the maximal one slightly
With the above results, we get

sin2 2uem.0.99. ~11!

The ne-nt mixing is predicted as

uVe3u.0.049. ~12!

The CP violation in the neutrino oscillations is dete
mined by the rephasing-invariant parameterJ @11#,

Im~VilVj rVir* Vj l* !5J(
k,d

e i jkelrd . ~13!

In our case, Eqs.~5!–~8! give
J5
U12

l

2
~2U11

l21U21
l2 sin2 u1U31

l2 cos2 u1U21
l U31

l sin 2u cosb!@U22
l sinu sina1U32

l cosu sin~a1b!#

2
U11

l

2
~2U12

l21U22
l2 sin2 u1U32

l2 cos2 u1U22
l U32

l sin 2u cosb!@U21
l sinu sina1U31

l cosu sin~a1b!#

.
1

4
Ame

mm
cosuH sin 2u sina22Amm

mt
@sin~a1b!22 sin2 u sina cosb#J . ~14!
he
to
Numerically, choosinga5b5p/2, we can getJ.0.008;
choosinga50 andb5p/2, J.0.004.

The neutrinoless double beta decay experiments will m
sure the effective electron-neutrino mass

^mne
&[U(

l
Vel

2 mnlU ~15!

which, by keepinge terms to the leading order, in our case
a-

^mne
&52Am1

21m2
2U11

l @~U21
l sinu1U31

l cosu cosb!2

1~U31
l cosu sinb!2#1/22eU11

l2

.2Am1
21m2

2Ame

mm
sinu2e.0.006 eV. ~16!

Experiments in the near future will check the reality of t
lepton mass matrices studied in this paper. In addition
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SNO, Borexino and KamLAND will check the result of Eq
~11! for the ne-nm mixing @12#. The long baseline neutrino
experiments@13# and neutrino factories will measureVe3 and
CP violation in neutrino oscillations. GENIUS is able to te
the ^mne

& given in Eq.~16!.
Finally let us look at the underlying reasons of the ne

trino mass matrix in Eq.~2!. These Majorana masses a
thought to be generated by the seesaw mechanism. It is n
ral to assume that the Dirac neutrino mass matrix has a s
lar form as that of charged leptons,
in
ix,

i
y
th

cl

0

m
to
c,

J.

, p

oy

ys
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MD5S 0 ã 0

ã 0 b̃

0 b̃ c̃
D , ~17!

where the possible phases are not considered becauseMn of
Eq. ~2! is real and what we are looking at is magnitudes
right-handed neutrino masses. In this case, the texture of
~2! requires the following form of the right-handed neutrin
mass matrix:
MR5
1

e S ã2 cos2 u 2ãb̃ sinu cosu 2ã cosu~ c̃ sinu2b̃ cosu!

2ãb̃ sinu cosu b̃2 sin2 u b̃ sinu~ c̃ sinu2b̃ cosu!

2ã cosu~ c̃ sinu2b̃ cosu! b̃ sinu~ c̃ sinu2b̃ cosu! ~ c̃ sinu2b̃ cosu!2
D

1
ã

Am1
21m2

2S 0 ã sinu 0

ã sinu 2b̃ cosu c̃ cosu1b̃ sinu

0 c̃ cosu1b̃ sinu 0
D . ~18!
ure
o

-
the
nt
Note that in the above equation, the first matrix is the lead
one. But it is of rank one. Only with the second matr
which is a perturbation to the first, isMR nonsingular. In the
right-handed neutrino spectrum, there is a heavy one w
mass around 1015–1016 GeV, and there are two relativel
light neutrinos which are about two orders smaller than
first if we takee;1024 eV. It seems that the form ofMR
g

th

e

needs some tuning in order to keep the form of the text
assumed in Eq.~2!. We wonder if there is a natural way t
produce it, for instance from some flavor symmetry.
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