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Macroscopic effects in cold magnetized nucleons and electrons with anomalous magnetic moments
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A model of a degenerate neutron gas in chemical equilibrium with a background of degenerate electrons and
protons in a constant uniform ultrastrong magnetic field is applied to describe the state of matter in the cores
of strongly magnetized neutron stars. Expressions for the thermodynamic quantities are obtained including the
anomalous magnetic moments of the fermions. It is shown(thathe inclusion of the anomalous magnetic
moments of charged fermions leads to nonperiodic magnetic oscillations of their thermodynamic quantities in
strong magnetic fields(2) the total stress energy tensor relevant for neutron star structure must include
contributions from both the magnetized matter and the magnetic field and as a result the total pressure
produced is anisotropic, an@®) complete spin polarization of neutrons occurring in superstrong magnetic
fields must lead to an increase in the degeneracy pressure compared with the zero field case at the same neutron
densities. It is hoped that the results obtained will have applications for the structure in neutron stars with
ultrastrong frozen-in magnetic fields.
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Study of a relativistic electron gas in a strong magnetictential is taken as zero. We recall the magnitudes of the so-
field was stimulated by the discovery of magnetic fields ofcalled critical magnetic fields: Bo=m2/|e|=4.4x 10" G
the order ofB=10"3 G at the neutron star surfagé—3]. (m ande are the rest mass and electric charge of the elec-
Such a magnetic field “frozen in” a neutron star may be-tron), and B =m?/e=3.4x 10°B, (m, and e are the rest
come much stronger in its central domain. Gravitational col-mass and electric charge of the protowe use units where
lapse of macroscopic magnetized bodies, composed of neé—=c=1.
trons in a strong magnetic fielB, may lead to extremely We study the effect of strong magnetic fields on the ther-
magnetized neutron stars, or magnefdt§]. Their magnetic modynamic propertiesthe energy density, pressure, and
fields at the star surface are estimated to be of the order ahagnetizatiop of degenerate nucleons and electrdnpe
B=10% G [6,7] and the magnetic induction at the star coregas with the inclusion of the anomalous magnetic moments
may go up to 1& G [8]. The magnetic inductio® needed (AMM'’s) of the fermions.

to affect neutron star structure directly was estimatefRin As compared to the earlier work cited, here we present
to beB~2x 10'%(M/1.4M o) (R/10 km) 2 G, whereM and ~ new results. These results prove the followifi. The inclu-
R are, respectively, the neutron star mass and radius. sion of the anomalous magnetic moments of the charged fer-

Recently, many works have been concerned with the efmions leads to nonperiodic magnetic oscillations of their
fect of strong magnetic fields on elementary processes occuthermodynamic quantities in strong magnetic fields. The pe-
ring at the star core. The behavior of a relativistic nucleorriod of the nonperiodic oscillations is B-dependent quan-
and electron gas in a constant strong magnetic field was stutity, unlike the oscillation period of the so-called van
ied in [10]. The equation of state and the magnetization ofAlphen—de Haas oscillation&) The total stress energy ten-
relativistic fermions in strong uniform magnetic fields in- sor (i.e., the total energy and pressurelevant for neutron-
cluding the anomalous magnetic moments of the fermionstar structure must include contributions from both the mag-
were partly discussed if11-14. The effect of strong mag- netized matter and the magnetic field. The total pressure
netic fields on dense neutron-star matter was studied iproduced is anisotropic, having a smaller value along than
[15,16 in the mean field approximation. However, contribu- perpendicular to the magnetic field; the outcome could be a
tions from the magnetic field energy density and pressurgravitational collapse of the magnetized star along the mag-
were not included15,16 while the anisotropic effect of uni- netic field. The magnetic field contribution begins to domi-
form magnetic fields either was not given enough attentiomate the magnetized matter pressure, for the neutron densities
[11,17] or was considered incorrectl\t3,14). of interest atB>3x 10 2B} . (3) The complete spin polar-

As is known[17,18 the chemical equilibrium in a degen- ization of neutrons occurring in ultrastrong magnetic fields
erate gas of neutrorn(®), protons(p), and electronge) must  must lead to a significant increase in the pressure compared
take into account the direct URCA procesgese—n+ v, with the zero field case at the same neutron densiti®s.
n—p-+e+v (v andv denote the neutrino and antineutrino, There is a reason to discuss the appearance of spontaneous
respectively in which the total number of baryong,=n,  magnetization in cold neutron-star matter when exchange ef-
+n, is conserved and the electroneutrality conditian), (  fects between neutrons are included.
=n,) is satisfied. Sincen, is conserved, the total energy  The energy spectra for fermions in a constant uniform
density £ depends only om, and the approximate equilib- magnetic field with the inclusion of the AMM’s are given by
rium concentration is maintained through the equatign
= up+ ue among the particles’ chemical potentials. Neutri- Eps= \/szr[\/|e|B(2n+1—ssgne)+mip—sMe,pB]2
nos are assumed to escape from the star so its chemical po- D
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(for charged fermion§19]) wherep is the component of the At zero temperature and in the presence of a constant
momentum along the magnetic fieBl=(0,0B), e is the  uniform magnetic field, the energy density of charged fer-
electric charge of the fermiom=0,1,2,... enumerates the mions,&, ,, is defined by

Landau levels, and
eB

Nmax f
ge’p:2_772 ; 1 % J‘opeypdp
E=p?+ (o7 + i+ SM,B)? @

X \/p2+(\/2|eB|n+ m;,—SMe B2 (3)
(for a neutron20]) wherep andp, are parallel and perpen-

dicular componentéto the magnetic fiel®) of the momen-  Here,pe , is the Fermi momentum for a level with given
tum; m,, , are the fermion masses= + 1 are the spin pro- ands. After integrating Eq(3) in p, we obtain
jections along the magnetic field axis, aMi, , , are the

anomalous magnetic moments of the fermions. It will also be €’B(By,Bj) i v
noted that neutrons with anomalous magnetic moments can®?  47? ;1 nZ‘o Zn(€.p) \/1+zn(e,p)+be,pn
interact with electromagnetic fields through nonminimal cou-
pling. +(V1+Dbe pFSMg pB/M )2
If M ,=0 then all the energy levels described by EQ, .
except the level witm=0, s=—1 (for sgne<0) and the y ann(e.p)+ V1+2z5(e,p)+bgpn @
level with n=0, s=+1 (for sgne>0) are doubly degener- m '
ate: the levels witm, s=+1 andn+1, s=—1 (for sgne ’
<0) and the levels witm, s=—1 andn+1, s=+1 (for in which
sgne>0) coincide. The state witm=0, s=—1 (for sgne
<0) and with n=0, s=+1 (for sgne>0) is the single ) 1ép—(V2leBn+ms +sM, ,B)?
ground state; in this state the electr@roton spin projec- n(€,p)= m2 '
tion onto the magnetic field direction may take only the P
value s=—1 (s=+1). The spacing between the Landau _ 2|eB|
levels in the magnetic field8, for electrons andBj for ep— me?IO ’ ®)
protons becomes equal to the rest energy of these particles. '
If M ,#0 then the ground states are single states with (Me’pIsMe,pB)z—mép
n=0, s=—1 for sgne<0 and withn=0, s=1 for sgne Nmax= 2led) (6)

>0. Equations(1) and (2) show clearly that every energy
level splits up into two spintand M, , ,)-dependent levels  The pressure of the charged fermions in constant uniform
when the interaction of the anomalous magnetic momentgagnetic fieldsPe ,, is defined by

with the magnetic field is included. '

In strong magnetic field8>B,, contributions from the eB Mimx of
. — e.p
anomalous magnetic moments of the nucleons must neces- Pe,p—ﬁ > > f dp
sarily be considered. Indeed, experimentally, the magnitudes Ts=1-1 0 0
of the nucleon AMM's areéM ;= (g,/2— 1)M\ for the proton 0?

andM,=g,M\/2 for the neutron, wher&l, is the nuclear % _
magneton ang,=5.58 andg,,= — 3.82 are the Landg fac- 24 (\/2leBin+m2 . +sM. .B)2
tors for the proton and neutron, respectively. Since the \/p (V2leB ep epB)
anomalous magnetic moments of the nucleons are of the o[pegrating this, we obtain

der of My, their coupling energies M, ,M/B

)

=70(B/B) MeV become significant foB>B, and can e’B(By,B¢) Nmax
lead to changes in the chemical equilibrium condition and inPep=—7——— > 2 | za(e.p)1+Z5(e,p)+bepn
. . . . : ™ s=+1n=1
the nucleon Fermi energies. For the Fermi energies of inter-
est(from a few MeV to tens of MeY, it is clear that signifi- 1+b. nT 2
(v SMe pB/m
cant changes can occur whBn-10 2B} . ( ep+ SMe,oB/Me p) _
For electrons, this is far from the case. To see the reason z,(e,p)+\1+z(e,p)+be N
. ! n\ > €,p
we should remember that the anomalous magnetic moment XIn Tibon (8)
of an electron has a dynamical origidue to the so-called 1+bepn
radiative correctiong21] and its magnitude is very smdih L .
weak magnetic fields [21] Mo= —(gJ/2—1)Mg= The magnetization of the gas is
—(e?/2m)Mg, whereMg is the Bohr magneton. In weak Mg o= — 08y, 1B.
magnetic field§M| is much less thaMg. It becomes a P P
vanishing function of the magnetic field f@>B, [22]. Note that any physical quantitys{,,Pe . Mep) as a
Therefore, contributions from the electron AMM are very function of magnetic induction may be separated into mono-
small for the rangdj >B>B,,. tonic and oscillating parts. The oscillating term describes the
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so-called Landau oscillatiod23]. In order to find the oscil-
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1
lating part, sayt p, it is helpful to insert in Eq(4) a (x) Ey= 5 2 Mn(#ﬁ_mﬁ*)3/2+ Mﬁ /Mﬁ—mﬁ*
function of argumenk= zn(e p) with 16m°s=1-1
4 [2 2
Z2(e o) ﬂip_zleBln_mg’p_zs%’pM _ My n Mnt Nup—MmMp, sMB
e mi‘p 2 Mn— \//J'ﬁ_mﬁ* 3
and to expand the sum ovarfrom 0 to<. Then, the oscil- —BMpy V2 —mz, +2m3,
lating functions may be found by using for the summation in
n the Poisson summation formula3]
| st Vﬂﬁ_mﬁ* N VM n*
n——— arcsin—-———
@ . e #Z—mz Iu“n i
> f(n)=| f(x)dx+f(0)/2 no VAT Wk
n=0 0 (12)
+2> f f(x)cog 2kx)dx. (9  Wheremy, =m,+sM,B. . o
k=1 Jo The pressure of neutrons in constant magnetic fields de-

fined by P=—(9£,V/9dV)s-q (V and S are the volume and

Finally, one can get the leading oscillating term of the energy
density in the form

Mep
8o

5OSC

i |eB| 32 cog 2mkw — 71'/4)
==+1 k= k(l)

(10

wherew= (ug ,—m52)/2/eB|, ms,=me,* M, B.

We see that the energy density of charged fermi@ss
well as the pressure and magnetizatioscillates with the
frequenciesw .. = ,ue p— (Mg pEMg, pB)2 the oscillation pe-
riods over the variable (2B|) ! are B-dependent quanti-
ties. So the magnetic oscillations of thermodynamical quan-
tities describing charged fermions with anomalous magnetic
moments are not strictly periodisee alsd24]).

At zero temperature the energy density of neutrons in the
presence of a constant uniform magnetic figlgl, is

entropy of the neutron gass

1 T Ty T R E—
Ph=5= 2 o T T & | VM My,
8 s=1,—1 3 6
mﬁ* In Mt \/Mﬁ_mﬁ* LSM.B (mﬁ*
n
4 Mon™ N ™ My, 2pn
25M,, mn 5 > Mpx (:“ﬁ_ mﬁ*)
Sl L N S I Sl L —
18 )V~ Mns 184,
mﬁ* MnT VMI’]_ nx
+ 3 In
\/Mn n*
Mnmﬁ* VM My,
+ 6 arcsin . . (13
n

The exact expression for the magnetization of neutrons

has the form

1 of [pf
= M RIX T 1 e LY
s M, ms— ‘ SMn| n Mn_mn*( 6 n )
X \/p2+(\/pf+mﬁ+sMnB)2 (11)
3 Mn TN = My, VMn ™ My
+ § My IN——F—=—==+ ws arcsin————=
where Mon =\ M~ Hn
(14
p'= \/Mﬁ—(\/pf+mﬁ+sMnB)2 and its value in the two limits is given by
9e?B [ n, \1?
and n— 2772 (E) v Np<<Ngp,
n
p! = (sn—SM,B)?— 9e?B [ n, | %3 m?
Mzz—’nj— n—on y nn>n0n—§2.
After integrating Eq{(11), we obtain (15
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2/ gy 43
) e

The monotonic parts of the magnetization of the protons are
described by Eq(15) in the corresponding limits where we MB=2X10%,_53
must replacen,,ng,,M, by ny,ng,,M,. As a result, the

numerical factor 9 and the rati, /no, in Eq. (15) must be e tota) stress tensor may contain the sum of the several

replaced by 13 and,/nop, respectively. species involved, that isf=3,&, and M=3,M;, i
The oscillating parts of the energy density and the pres—

sure are small with respect to their monotonic ones. In con-

trast, the absolute value of the oscillating part of the magneg,
tization is much greater than the monotonic one at a given,,
chemical potential. Indeed, since

B
Ba

It follows from Eq. (22) that the magnetic field contribu-
ns dominate the magnetic pressure of the matter at the
utron densities of most interdst n,<ng,) while the field
contributions can dominate the matter pressure onlyBfor
- 12 >10®B} at nuclear densities, and f@>3x10 ?B} at
Mose Minor w/MB) 18 the central densities of neutron staet n,~0.1n,,). The
WherEM is the chemical potentia| anM is the magnetic magnetic field contributions must therefore be included when
moment of Charged fermionS, for the Osci”ating part of thethe neutron star is in mechanical equilibrium under the bal-

magnetization of protons one can get ance of the magnetic field, magnetized neutrons, and gravi-
tational pressures. The total stress tensor is anisotropic, hav-
13e?B [ n, \ 3B\ *? ing a smaller value alongdue to the—B?/8x term) than
pETwr o B/ Np<<Nop, transverse the magnetic field. So the outcome could be a
on collapse of the star along the magnetic field but not a trans-
1362B [ n. | 56/ g* | 12 verse collapse(compare with the conclusions made in
= |2 |2 np>no,. (17 [13,14).
P~ 272 \n B) @ PN ; 2%
m on Thus, the neutron star witlB~3X10"“Bg and n,

_— ... =0.1ny, could become an oblate spheroid but the existence
At n,<ng,, the oscillating part of the magnetization Do X .
P f . , of such ultrastrong magnetic fields is not likely.
mainly contributes to the macroscopic magnetic strength : .
A . Electrons and protons in the presence of constant uniform
(H), which is defined by25] . . )
magnetic fields can become completely spin polarized even
H=B—47M(B). (18) though the interactions of the anomalous magnetic moments
of the fermions with the field are not includg@2]. This

Consider the total stress tensor of the matter and the madlappens when only oréowes Landau level is occupied by
netic field. The energy-momentum tensor of the magnetidhe fermions(22,1Q:

field has the following componenf&6]: s
ni * 3/2 -
TOOZ_T33:T11:T22:(B_47TM)B/87T. (19) 3n_0n(BolB) <1, I=e,p.

Extra terms, in addition to the usual ones proportiondtp  Neutrons may also become spinp) polarized in constant
are introduced into the structure of the pressure from theniform ultrastrong magnetic fieldsee[11]) but only if the
magnetic field. interaction of the anomalous magnetic moment with the
The neutron fractiom,/(n,+np) at the central densities magnetic field is included. In order to estimate the magnitude
of neutron stars depending upon both the density and thgf the magnetic field required to induce this effect for the
magnetic field is supposed to be 0.9-0.8 so the contributioReutrons, we need to determine the number density of quan-
from neutrons typically dominates. The leading terms of theum states(NDQS) in the presence of the magnetic field.
total stress tensor of the matter and the magnetic field caphis number is given by
therefore be written as

1 ( 2_m2 )3/2 sM.B
T11=T22=('y— 1)574-(1/2— '}/)MB+ 82/877, nn:ﬁ Hn Sn* + 2” mn* \//u'n_mn*
T s=1-1
Tas=(y—1)E,+(3/2— y) MB—B?/8r, (20) ———
” ’ _ u2arcsinyfin M (23
with Fon fhn '
4 5/3 4 4/3 _ H
_ 3m, [ n, _ 3m, n, Note that aB=0 the NDQS is equal to the number den-
Ey=s1= 2472\ ng,| Ey=ais= 457%(37%)%R ng, sity of neutrons, but they differ in the presence of magnetic

(21)  fields since the neutron energy now must include a term de-
scribing the interaction of the anomalous magnetic moment

Here y=5/3,4/3; £,_5/343 and MB are the energyat B with the magnetic field. With increasinB, the fraction of
=0) and magnetic energy densitiehe magnetic pressure spin(up) polarized neutrons increases. This leads to a corre-

of neutrons an,<ng, andn,>n,,, respectively. sponding increase in the degeneracy pressure. It is clear that
Whenn,<ng, the magnetic pressure of neutrons has thecomplete spin polarization of neutrons may occur at the mag-
form nitude of B when the NDQS of neutrons witt=1 becomes
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equal ton,, and from Eq.(23 we obtain for B, B, If a<<4/3 then it follows from Eq(28) under the assump-
=0.6(u2—m?)/2|M,|. At B=B, the NDQS with spins tion <1 th_at I_Eq.(28) has the only real root#¢,~=0), and
=1 becomes equal to, and the increase of the thermody- the magnetization has the form
namical quantities is halted since the neutrons needed to fur-
ther fill the quantum states witk=1 are absent. When the 5
L ; ; JEL(J) 6NM;B
magnetic induction approachBg the pressure of neutrons is _ e n-_
increased by almost 1.5 times over the zero field case at the . B dp,—3IN
same neutron densities. This increases the maximum mass of
the star relative to the field-free value.
It should be noted that Eq18) has a nonzero solution However, whera>4/3 then Eq(28) at B=0 has other real
(B#0) even ifH—0. Indeed, substituting Eq15) into Eq.  solutions. At a=4/3 these real roots arene.=
(18), we obtain +3y3(3a/4—1). In the case>4/3 the energy aB=0 and
7n=0 turns out to be unstable and the energy in a ferromag-
( n )2,3 netic state ¢+#0) will be less than that in a paramagnetic
n

(30

18e’B
B:

T

state[27].
Unfortunately, the constard having the meaning of the
exchange energy of neutrons, is unknown. We shall suppose

which implies that spontaneous magnetization may occur af'at the magnitude of may roughly be estimated in analogy
with the electronic exchange energy for bound states. The

Non

no\23 latter may be written ad.~ 10 %e%/b, whereb is a con-
<—”> =——>=24. (24 stant. Then, by similar arguments férone can suppose that
Mon 18e it has the form

Spontaneous magnetization is likely to occur if we as-
sume that the exchange interaction exists between neutrons. exp — b, /I
. . 2 n
To discuss the problem, let us consider a quantum system of J~e€g
N=n,V neutrons in the volum¥ and introduce

X energy- eg?(n,,)

X ex] —c(Non/np) 3] X energy,
N,=N(1+#%)/2, N_=N(1-7%)/2 (25) <} on/MNn 3] ay

for the neutron concentrations with the spin U9.() and  wheree is a small numerical constarg,is the strong inter-
down (N_). In terms ofN, andN_ the energy ofN neu-  action constantc is a numerical constant of the order of
trons in the magnetic fiel at n,<ng, may be written in  unity, b,~(n,) *® is the characteristic distance between
the form neutrons, and is the Compton length of the meson. Fi-

nally, the conditiora>4/3 may easily be written as
En=&l(1+7)%%+ (1= 7)%]-NMBn,  (26)

where £=3Nu,/10, and i, is the chemical potential of N> (2/eg?)(np/Non) Y3 exd c(ngn /ny) 3.
neutrons aB=_0.

We assume that the exchange interaction between neu-
trons may be described in analogy with the exchange inter- This discussion implies that new mechanisms for the cre-
action of conduction electroni27], that is, the exchange ation of ultrastrong magnetic fields frozen in neutron stars
energy of neutrons with parallel spins 1sJ<0, and that should be considered.

with antiparallel spins is zero. Then, the ene(@§) must be In this paper it has been shown ttaj nonperiodic mag-
written as netic oscillations must appear of all the thermodynamical
quantities of charged fermions with AMM'’s in magnetic
En(d) =& (1+ 7)%3+(1— )53 —IN?(1+ 7?)/4 fields; (2) the total pressure produced by the magnetized mat-

ter and the magnetic field is anisotropic and the outcome
could be a gravitational collapse of the magnetized star along
the magnetic field{3) the complete spin polarization of neu-
trons in ultrastrong magnetic fields must lead to an increase
dE.(J) in the degeneracy pressure of neutrons and as a result this
n\J) ¢ 213 213 _ may increase the maximum mass of the star relative to the
dy =3&l(1+ )T (1= )™ =an-NM,B]=0. fielg—free value;(4) there is a reason to discuss the appear-
(28 ance of spontaneous magnetization in a cold neutron-star
matter when exchange effects between neutrons are included.
Here Thus, a description of neutron-star matter in the presence
of ultrastrong magnetic fields must necessarily include the
a=3IN?/105,=IN/ u,, . (290  effects due to the nucleon anomalous magnetic moments.

—NM,B7. 27)

The minimum of Eq(27) with respect tor is determined by
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