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Macroscopic effects in cold magnetized nucleons and electrons with anomalous magnetic mome

V. R. Khalilov
Department of Physics, Moscow State University, Moscow 119899, Russia

~Received 25 June 2001; published 22 January 2002!

A model of a degenerate neutron gas in chemical equilibrium with a background of degenerate electrons and
protons in a constant uniform ultrastrong magnetic field is applied to describe the state of matter in the cores
of strongly magnetized neutron stars. Expressions for the thermodynamic quantities are obtained including the
anomalous magnetic moments of the fermions. It is shown that~1! the inclusion of the anomalous magnetic
moments of charged fermions leads to nonperiodic magnetic oscillations of their thermodynamic quantities in
strong magnetic fields,~2! the total stress energy tensor relevant for neutron star structure must include
contributions from both the magnetized matter and the magnetic field and as a result the total pressure
produced is anisotropic, and~3! complete spin polarization of neutrons occurring in superstrong magnetic
fields must lead to an increase in the degeneracy pressure compared with the zero field case at the same neutron
densities. It is hoped that the results obtained will have applications for the structure in neutron stars with
ultrastrong frozen-in magnetic fields.

DOI: 10.1103/PhysRevD.65.056001 PACS number~s!: 04.40.Dg, 05.30.Fk, 13.40.Em, 97.60.Jd
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Study of a relativistic electron gas in a strong magne
field was stimulated by the discovery of magnetic fields
the order ofB>1013 G at the neutron star surface@1–3#.
Such a magnetic field ‘‘frozen in’’ a neutron star may b
come much stronger in its central domain. Gravitational c
lapse of macroscopic magnetized bodies, composed of
trons in a strong magnetic fieldB, may lead to extremely
magnetized neutron stars, or magnetars@4,5#. Their magnetic
fields at the star surface are estimated to be of the orde
B>1015 G @6,7# and the magnetic induction at the star co
may go up to 1018 G @8#. The magnetic inductionB needed
to affect neutron star structure directly was estimated in@9#
to beB;231018(M /1.4M ()(R/10 km)22 G, whereM and
R are, respectively, the neutron star mass and radius.

Recently, many works have been concerned with the
fect of strong magnetic fields on elementary processes oc
ring at the star core. The behavior of a relativistic nucle
and electron gas in a constant strong magnetic field was s
ied in @10#. The equation of state and the magnetization
relativistic fermions in strong uniform magnetic fields i
cluding the anomalous magnetic moments of the fermi
were partly discussed in@11–14#. The effect of strong mag
netic fields on dense neutron-star matter was studied
@15,16# in the mean field approximation. However, contrib
tions from the magnetic field energy density and press
were not included@15,16# while the anisotropic effect of uni
form magnetic fields either was not given enough attent
@11,12# or was considered incorrectly@13,14#.

As is known@17,18# the chemical equilibrium in a degen
erate gas of neutrons~n!, protons~p!, and electrons~e! must
take into account the direct URCA processesp1e→n1n,
n→p1e1 n̄ ~n and n̄ denote the neutrino and antineutrin
respectively! in which the total number of baryonsnb5np
1nn is conserved and the electroneutrality condition (np
5ne) is satisfied. Sincenb is conserved, the total energ
densityE depends only onnn and the approximate equilib
rium concentration is maintained through the equationmn
5mp1me among the particles’ chemical potentials. Neut
nos are assumed to escape from the star so its chemica
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tential is taken as zero. We recall the magnitudes of the
called critical magnetic fields: B05me

2/ueu54.431013 G
(me ande are the rest mass and electric charge of the e
tron!, and B0* 5mp

2/e53.43106B0 ~mp and e are the rest
mass and electric charge of the proton!. We use units where
\5c51.

We study the effect of strong magnetic fields on the th
modynamic properties~the energy density, pressure, an
magnetization! of degenerate nucleons and electrons~npe
gas! with the inclusion of the anomalous magnetic mome
~AMM’s ! of the fermions.

As compared to the earlier work cited, here we pres
new results. These results prove the following.~1! The inclu-
sion of the anomalous magnetic moments of the charged
mions leads to nonperiodic magnetic oscillations of th
thermodynamic quantities in strong magnetic fields. The
riod of the nonperiodic oscillations is aB-dependent quan
tity, unlike the oscillation period of the so-called va
Alphen–de Haas oscillations.~2! The total stress energy ten
sor ~i.e., the total energy and pressure! relevant for neutron-
star structure must include contributions from both the m
netized matter and the magnetic field. The total press
produced is anisotropic, having a smaller value along th
perpendicular to the magnetic field; the outcome could b
gravitational collapse of the magnetized star along the m
netic field. The magnetic field contribution begins to dom
nate the magnetized matter pressure, for the neutron dens
of interest atB.331022B0* . ~3! The complete spin polar
ization of neutrons occurring in ultrastrong magnetic fie
must lead to a significant increase in the pressure comp
with the zero field case at the same neutron densities.~4!
There is a reason to discuss the appearance of spontan
magnetization in cold neutron-star matter when exchange
fects between neutrons are included.

The energy spectra for fermions in a constant unifo
magnetic field with the inclusion of the AMM’s are given b

Ens5Ap21@AueuB~2n112s sgne!1me,p
2 2sMe,pB#2

~1!
©2002 The American Physical Society01-1
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V. R. KHALILOV PHYSICAL REVIEW D 65 056001
~for charged fermions@19#! wherep is the component of the
momentum along the magnetic fieldB5(0,0,B), e is the
electric charge of the fermion,n50,1,2,... enumerates th
Landau levels, and

E5Ap21~Ap'
2 1mn

21sMnB!2 ~2!

~for a neutron@20#! wherep andp' are parallel and perpen
dicular components~to the magnetic fieldB! of the momen-
tum; me,p,n are the fermion masses,s561 are the spin pro-
jections along the magnetic field axis, andMe,p,n are the
anomalous magnetic moments of the fermions. It will also
noted that neutrons with anomalous magnetic moments
interact with electromagnetic fields through nonminimal co
pling.

If Me,p50 then all the energy levels described by Eq.~1!,
except the level withn50, s521 ~for sgne,0! and the
level with n50, s511 ~for sgne.0! are doubly degener
ate: the levels withn, s511 andn11, s521 ~for sgne
,0! and the levels withn, s521 and n11, s511 ~for
sgne.0! coincide. The state withn50, s521 ~for sgne
,0! and with n50, s511 ~for sgne.0! is the single
ground state; in this state the electron~proton! spin projec-
tion onto the magnetic field direction may take only t
value s521 (s511). The spacing between the Landa
levels in the magnetic fieldsB0 for electrons andB0* for
protons becomes equal to the rest energy of these partic

If Me,pÞ0 then the ground states are single states w
n50, s521 for sgne,0 and with n50, s51 for sgne
.0. Equations~1! and ~2! show clearly that every energ
level splits up into two spin-~and Me,p,n!-dependent levels
when the interaction of the anomalous magnetic mome
with the magnetic field is included.

In strong magnetic fieldsB@B0 , contributions from the
anomalous magnetic moments of the nucleons must ne
sarily be considered. Indeed, experimentally, the magnitu
of the nucleon AMM’s areM p5(gp/221)MN for the proton
and Mn5gnMN/2 for the neutron, whereMN is the nuclear
magneton andgp55.58 andgn523.82 are the Lande´ g fac-
tors for the proton and neutron, respectively. Since
anomalous magnetic moments of the nucleons are of the
der of MN , their coupling energies uMn ,M puB
>70(B/B0* ) MeV become significant forB@B0 and can
lead to changes in the chemical equilibrium condition and
the nucleon Fermi energies. For the Fermi energies of in
est~from a few MeV to tens of MeV!, it is clear that signifi-
cant changes can occur whenB.1022B0* .

For electrons, this is far from the case. To see the rea
we should remember that the anomalous magnetic mom
of an electron has a dynamical origin~due to the so-called
radiative corrections! @21# and its magnitude is very small~in
weak magnetic fields! @21# Me52(ge/221)MB[
2(e2/2p)MB , where MB is the Bohr magneton. In wea
magnetic fieldsuMeu is much less thanMB . It becomes a
vanishing function of the magnetic field forB@B0 @22#.
Therefore, contributions from the electron AMM are ve
small for the rangeB0* @B@B0 .
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At zero temperature and in the presence of a cons
uniform magnetic fieldB, the energy density of charged fe
mions,Ee,p , is defined by

Ee,p5
eB

2p2 (
s51,21

(
0

nmax E
0

pe,p
f

dp

3Ap21~A2ueBun1me,p
2 2sMe,pB!2. ~3!

Here,pe,p
f is the Fermi momentum for a level with givenn

ands. After integrating Eq.~3! in p, we obtain

Ee,p5
e2B~B0 ,B0* !

4p2 (
s561

(
n50

nmax F zn~e,p!A11zn
2~e,p!1be,pn

1~A11be,p7sMe,pB/me,p!2

3 ln
zn~e,p!1A11zn

2~e,p!1be,pn

A11be,pn
G , ~4!

in which

zn
2~e,p!5

me,p
2 2~A2ueBun1me,p

2 1sMe,pB!2

me,p
2 ,

be,p[
2ueBu
me,p

2 , ~5!

nmax5F ~me,p7sMe,pB!22me,p
2

2ueBu G . ~6!

The pressure of the charged fermions in constant unifo
magnetic fields,Pe,p , is defined by

Pe,p5
eB

2p2 (
s51,21

(
0

nmax E
0

pe,p
f

dp

3
p2

Ap21~A2ueBun1me,p
2 1sMe,pB!2

. ~7!

Integrating this, we obtain

Pe,p5
e2B~B0 ,B0* !

4p2 (
s561

(
n51

nmax F zn~e,p!A11zn
2~e,p!1be,pn

2~A11be,pn7sMe,pB/me,p!2

3 ln
zn~e,p!1A11zn

2~e,p!1be,pn

A11be,pn
G . ~8!

The magnetization of the gas is

Me,p52]Ee,p /]B.

Note that any physical quantity (Ee,p ,Pe,p ,Me,p) as a
function of magnetic induction may be separated into mo
tonic and oscillating parts. The oscillating term describes
1-2
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MACROSCOPIC EFFECTS IN COLD MAGNETIZED . . . PHYSICAL REVIEW D65 056001
so-called Landau oscillations@23#. In order to find the oscil-
lating part, sayEe,p , it is helpful to insert in Eq.~4! a u(x)
function of argumentx[zn

2(e,p) with

zn
2~e,p!.

me,p
2 22ueBun2me,p

2 22sme,pMe,pB

me,p
2 ,

and to expand the sum overn from 0 to `. Then, the oscil-
lating functions may be found by using for the summation
n the Poisson summation formula@23#

(
n50

`

f ~n!5E
0

`

f ~x!dx1 f ~0!/2

12(
k51

` E
0

`

f ~x!cos~2pkx!dx. ~9!

Finally, one can get the leading oscillating term of the ene
density in the form

Eosc.
me,p

8p5/2 (
s561

(
k51

` S ueBu
pk D 3/2cos~2pkv2p/4!

kv
,

~10!

wherev5(me,p
2 2me,p* 2)/2ueBu, me,p* >me,p6Me,pB.

We see that the energy density of charged fermions~as
well as the pressure and magnetization! oscillates with the
frequenciesv65me,p

2 2(me,p6Me,pB)2; the oscillation pe-
riods over the variable (2ueBu)21 are B-dependent quanti
ties. So the magnetic oscillations of thermodynamical qu
tities describing charged fermions with anomalous magn
moments are not strictly periodic~see also@24#!.

At zero temperature the energy density of neutrons in
presence of a constant uniform magnetic field,En , is

En5
1

2p2 (
s51,21

E
0

p'
f E

0

pf

dp'dp p'

3Ap21~Ap'
2 1mn

21sMnB!2 ~11!

where

pf5Amn
22~Ap'

2 1mn
21sMnB!2

and

p'
f 5A~mn2sMnB!22mn

2.

After integrating Eq.~11!, we obtain
05600
y
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En5
1

16p2 (
s51,21

H mn~mn
22mn*

2 !3/21mn
3Amn

22mn*
2

2
mn*

4

2
ln

mn1Amn
22mn*

2

mn2Amn
22mn*

2
2

sMnB

3

3F25mn* mnAmn
22mn*

2 12mn*
3

3 ln
mn1Amn

22mn*
2

mn2Amn
22mn*

2
1mn

3 arcsin
Amn

22mn*
2

mn
G J ,

~12!

wheremn* 5mn1sMnB.
The pressure of neutrons in constant magnetic fields

fined by P52(]EnV/]V)S50 ~V andS are the volume and
entropy of the neutron gas! is

Pn5
1

8p2 (
s51,21

H S mn
3

3
2

5mnmn*
2

6 DAmn
22mn*

2

1
mn*

4

4
ln

mn1Amn
22mn*

2

mn2Amn
22mn*

2
1sMnBF S mn*

3

2mn

2
25mn* mn

18 DAmn
22mn*

2 1
mn* ~mn

22mn*
2 !

18mn

1
mn*

3

3
ln

mn1Amn
22mn*

2

Amn
22mn*

2

1
mnmn*

2

6
arcsin

Amn
22mn*

2

mn
G J . ~13!

The exact expression for the magnetization of neutr
has the form

Mn5
1

4p2 (
s51,21

sMnFmnAmn
22mn*

2 S 7mn

6
1sMnBD

1
4

3
mn*

3 ln
mn1Amn

22mn*
2

mn2Amn
22mn*

2
1mn

3 arcsin
Amn

22mn*
2

mn
G

~14!

and its value in the two limits is given by

Mn.
9e2B

2p2 S nn

n0n
D 1/3

, nn!n0n ,

M.
9e2B

2p2 S nn

n0n
D 2/3

, nn@n0n5
mn

3

3p2 .

~15!
1-3
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The monotonic parts of the magnetization of the protons
described by Eq.~15! in the corresponding limits where w
must replacenn ,n0n ,Mn by np ,n0p ,M p . As a result, the
numerical factor 9 and the rationn /n0n in Eq. ~15! must be
replaced by 13 andnp /n0p , respectively.

The oscillating parts of the energy density and the pr
sure are small with respect to their monotonic ones. In c
trast, the absolute value of the oscillating part of the mag
tization is much greater than the monotonic one at a gi
chemical potential. Indeed, since

Mosc;Mmon~m/MB!1/2, ~16!

where m is the chemical potential andM is the magnetic
moment of charged fermions, for the oscillating part of t
magnetization of protons one can get

Mp>
13e2B

2p2 S np

n0n
D 2/3S B0*

B D 1/2

, np!n0n ,

Mp>
13e2B

2p2 S np

n0n
D 5/6S B0*

B D 1/2

, np@n0n . ~17!

At np!n0n , the oscillating part of the magnetizatio
mainly contributes to the macroscopic magnetic stren
~H!, which is defined by@25#

H5B24pM~B!. ~18!

Consider the total stress tensor of the matter and the m
netic field. The energy-momentum tensor of the magn
field has the following components@26#:

T0052T335T115T225~B24pM!B/8p. ~19!

Extra terms, in addition to the usual ones proportional toB2,
are introduced into the structure of the pressure from
magnetic field.

The neutron fractionnn /(nn1np) at the central densitie
of neutron stars depending upon both the density and
magnetic field is supposed to be 0.9–0.8 so the contribu
from neutrons typically dominates. The leading terms of
total stress tensor of the matter and the magnetic field
therefore be written as

T115T225~g21!Eg1~1/22g!MB1B2/8p,

T335~g21!Eg1~3/22g!MB2B2/8p, ~20!

with

Eg55/3>
3mn

4

24p2 S nn

n0n
D 5/3

, Eg54/3>
3mn

4

45p4~3p2!2/3 S nn

n0n
D 4/3

.

~21!

Here g55/3,4/3; Eg55/3,4/3 and MB are the energy~at B
50! and magnetic energy densities~the magnetic pressure!
of neutrons atnn!n0n andnn@n0n , respectively.

Whennn!n0n the magnetic pressure of neutrons has
form
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MB.23104Eg55/3S B

B0*
D 2S n0n

nn
D 4/3

. ~22!

The total stress tensor may contain the sum of the sev
species involved, that is,E5S iEi , and M5S iMi , i
5n,p.

It follows from Eq. ~22! that the magnetic field contribu
tions dominate the magnetic pressure of the matter at
neutron densities of most interest~at nn<n0n! while the field
contributions can dominate the matter pressure only foB
.1023B0* at nuclear densities, and forB.331022B0* at
the central densities of neutron stars~at nn;0.1n0n!. The
magnetic field contributions must therefore be included wh
the neutron star is in mechanical equilibrium under the b
ance of the magnetic field, magnetized neutrons, and gr
tational pressures. The total stress tensor is anisotropic,
ing a smaller value along~due to the2B2/8p term! than
transverse the magnetic field. So the outcome could b
collapse of the star along the magnetic field but not a tra
verse collapse~compare with the conclusions made
@13,14#!.

Thus, the neutron star withB;331022B0* and nn

.0.1n0n could become an oblate spheroid but the existe
of such ultrastrong magnetic fields is not likely.

Electrons and protons in the presence of constant unif
magnetic fields can become completely spin polarized e
though the interactions of the anomalous magnetic mom
of the fermions with the field are not included@22#. This
happens when only one~lowest! Landau level is occupied by
the fermions@22,10#:

&ni

3n0n
~B0* /B!3/2,1, i 5e,p.

Neutrons may also become spin~up! polarized in constant
uniform ultrastrong magnetic fields~see@11#! but only if the
interaction of the anomalous magnetic moment with
magnetic field is included. In order to estimate the magnitu
of the magnetic field required to induce this effect for t
neutrons, we need to determine the number density of qu
tum states~NDQS! in the presence of the magnetic fiel
This number is given by

nn5
1

2p2 (
s51,21

H ~mn
22mn*

2 !3/2

3
1

sMnB

2 Fmn*
Amn

22mn*
2

2mn
2 arcsin

Amn
22mn*

2

mn
G J . ~23!

Note that atB50 the NDQS is equal to the number de
sity of neutrons, but they differ in the presence of magne
fields since the neutron energy now must include a term
scribing the interaction of the anomalous magnetic mom
with the magnetic field. With increasingB, the fraction of
spin ~up! polarized neutrons increases. This leads to a co
sponding increase in the degeneracy pressure. It is clear
complete spin polarization of neutrons may occur at the m
nitude ofB when the NDQS of neutrons withs51 becomes
1-4
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equal to nn , and from Eq. ~23! we obtain for B, Bn

>0.6(mn
22mn

2)/2uMnu. At B5Bn the NDQS with spins
51 becomes equal tonn and the increase of the thermod
namical quantities is halted since the neutrons needed to
ther fill the quantum states withs51 are absent. When th
magnetic induction approachesBn the pressure of neutrons
increased by almost 1.5 times over the zero field case a
same neutron densities. This increases the maximum ma
the star relative to the field-free value.

It should be noted that Eq.~18! has a nonzero solution
(BÞ0) even ifH→0. Indeed, substituting Eq.~15! into Eq.
~18!, we obtain

B5
18e2B

p S nn

n0n
D 2/3

which implies that spontaneous magnetization may occu

S nn

n0n
D 2/3

5
p

18e2 >24. ~24!

Spontaneous magnetization is likely to occur if we a
sume that the exchange interaction exists between neut
To discuss the problem, let us consider a quantum syste
N5nnV neutrons in the volumeV and introduce

N15N~11h!/2, N25N~12h!/2 ~25!

for the neutron concentrations with the spin up (N1) and
down (N2). In terms ofN1 and N2 the energy ofN neu-
trons in the magnetic fieldB at nn!n0n may be written in
the form

En5E0@~11h!5/31~12h!5/3#2NMnBh, ~26!

where E053Nmn/10, andmn is the chemical potential o
neutrons atB50.

We assume that the exchange interaction between
trons may be described in analogy with the exchange in
action of conduction electrons@27#, that is, the exchange
energy of neutrons with parallel spins is2J,0, and that
with antiparallel spins is zero. Then, the energy~26! must be
written as

En~J!5E0@~11h!5/31~12h!5/3#2JN2~11h2!/4

2NMnBh. ~27!

The minimum of Eq.~27! with respect toh is determined by

dEn~J!

dh
5 5

3 E0@~11h!2/32~12h!2/32ah2NMnB#50.

~28!

Here

a53JN2/10E0[JN/mn . ~29!
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If a,4/3 then it follows from Eq.~28! under the assump
tion h!1 that Eq.~28! has the only real root (heq50), and
the magnetization has the form

Mn52
]En~J!

]B
5

6NMn
2B

4mn23JN
. ~30!

However, whena.4/3 then Eq.~28! at B50 has other real
solutions. At a>4/3 these real roots areheq5
63A3(3a/421). In the casea.4/3 the energy atB50 and
h50 turns out to be unstable and the energy in a ferrom
netic state (hÞ0) will be less than that in a paramagnet
state@27#.

Unfortunately, the constantJ, having the meaning of the
exchange energy of neutrons, is unknown. We shall supp
that the magnitude ofJ may roughly be estimated in analog
with the electronic exchange energy for bound states.
latter may be written asJee;1022e2/b, whereb is a con-
stant. Then, by similar arguments forJ, one can suppose tha
it has the form

J;eg2
exp~2bn / l !

a
3energy;eg2~nn!1/3

3exp@2c~n0n /nn!1/3#3energy,

wheree is a small numerical constant,g is the strong inter-
action constant,c is a numerical constant of the order o
unity, bn;(nn)21/3 is the characteristic distance betwe
neutrons, andl is the Compton length of thep meson. Fi-
nally, the conditiona.4/3 may easily be written as

N.~2/eg2!~nn /n0n!1/3exp@c~n0n /nn!1/3#.

This discussion implies that new mechanisms for the c
ation of ultrastrong magnetic fields frozen in neutron st
should be considered.

In this paper it has been shown that~1! nonperiodic mag-
netic oscillations must appear of all the thermodynami
quantities of charged fermions with AMM’s in magnet
fields;~2! the total pressure produced by the magnetized m
ter and the magnetic field is anisotropic and the outco
could be a gravitational collapse of the magnetized star al
the magnetic field;~3! the complete spin polarization of neu
trons in ultrastrong magnetic fields must lead to an incre
in the degeneracy pressure of neutrons and as a result
may increase the maximum mass of the star relative to
field-free value;~4! there is a reason to discuss the appe
ance of spontaneous magnetization in a cold neutron-
matter when exchange effects between neutrons are inclu

Thus, a description of neutron-star matter in the prese
of ultrastrong magnetic fields must necessarily include
effects due to the nucleon anomalous magnetic mome
1-5
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