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Isospin breaking corrections to low-energys-K scattering
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We evaluate the matrix elements for the process®°— 7°K° and 7w~ K*— #°K° in the presence of
isospin breaking terms at leading and next-to-leading order. As a direct application the relevant combination of
the Swave scattering lengths involved in the pion-kaon atom lifetime is determined. We discuss the sensitivity
of the results with respect to the input parameters.
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I. INTRODUCTION [5]. Experiments on this system will constitute one of the
most stringent tests of chiral symmetry breaking existing up
Chiral perturbation theorl] has become one of the most to now. The lifetime(7) of the A atom is given in terms of
used tools in exploring QCD low-energy dynamics. It applies| 6]
in the nonperturbative regime of QCD. The initial QCD La-
grangianL, is then replaced by an effective one which con-
tains the same symmetries as the fundamefyalcomposed
of a string of higher and higher dimension operators involv-
ing derivatives and quark masses. Technically, the new Lawhere a}/’? and a3'? denote theSwave 7-K scattering
grangian is not renormalizablén the Wilsonian sengebut  lengths. Thus any theoretical insight into the corrections to
fortunately at a given order in the momeriguark mass  Eq. (1.1) due to the isospin breaking terms has a key role in
expansion the number of counterterms needed is finite. Thughe accurate determination of the scattering lengths.
assumingthat the chiral series convergg|, one can trun- In this paper our aim is to incorporate some of the theo-
cate it at a given order and deal with a finite number ofretical effects that were not taken into account in previous
unknown constants. Restricting the analysis to the next-toanalyses[7]. We shall deal first with the more academic
leading order in the mesonic secttsee beloy, one can 7°K°%— 7°K° process, where there is no presence of an ex-
obtain the unknown constants from the existing data angblicit virtual soft photon, but electromagnetic effects will ap-
largeN, arguments. In this respect one makes use of th@ear in the expressions for the scattering lengths as differ-
experimental knowledge of the pseudoscalar masses and dences between charged and neutral pseudoscalar masses. We
cay constants, pion vector form factor, ag, form factors.  proceed with the analysis by considering the K™
Therefore none of these data can be used to claim any thee- 7K transition, where in addition the explicit exchange
retical predictability. To exhibit the consistency of the theory of virtual photons should be considered.
one has to use other processes where the low-energy con- The paper is organized as follows. In Sec. Il we review
stants are given as mere inputs and confront the theoreticakiefly the inclusion of electromagnetic corrections inside the
results with the experimental data. With this aim ther  framework of effective Lagrangians, emphasizing the role of
scattering lengths have deserved careful examingBbbut  the low-energy constants. We continue with the isospin de-
unfortunately they give information only about the @J composition for ther-K scattering amplitudes, analyzing the
sector. In line with the previous general argumenK scat-  scattering lengths at leading order in Sec. Ill. Next, in Sec.
tering is the simplest meson-meson scattering process th&f we proceed with the analysis of the’K °— 7K process
involves strangeness and can be used as an independeitnext-to-leading order, first reviewing the kinematics and
source of information on the validity of the extra assump-carefully explaining how to deal with isospin breaking ef-
tions that are commonly believed to hold in chiral perturba-fects, both strong and electromagnetic ones, in order to have
tion theory, such as, for instance, laiyg-arguments. This an expression consistent with chiral power counting. In Sec.
will, hopefully, bring some insight into the role of the strangeV we turn to the evaluation of the experimental mode
quark mass inside the chiral expansion. Recently, it has been”K*— 7°K° emphasizing the soft-photon contribution,
noticed that the quark condensate depends strongly on tithe extraction of the Coulomb pole at threshold, and the
number of light sea quarkgl]. This fact might cast doubts proper definition of observables once isospin breaking cor-
on the validity of the chiral expansion in the &) sector rections are taken into account. In a more technical section,
wheremy is treated as a small parameter. Before any judgSec. VI, we explain how to perform the threshold expansion
ment is made it is necessary to make more accurate expetf the non-Coulomb part of the scattering amplitude. In Sec.
ments and precision calculations on testing processes. In th#ll we review the experimental and theoretical status of the
sense the next proposal for the measurement of the lifetime-K Swave scattering lengths and we present our results,
and the splitting between energy levels#rK atoms @A ) discussing them in terms of all input parameters. We make
at CERN constitutes a major step from the experimental sidase of our findings to determine the lifetime Af in Sec.
VIII. Section IX summarizes our results. Finally, in order not
to interrupt the discussion, we have collected in the Appen-
*Email address: nehme@cpt.univ-mrs.fr dixes all relevant expressions.
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ll. EFFECTIVE LAGRANGIAN TO LOWEST ORDER pole of the two-point Green function is shifted from its QCD
value, modifying therefore the kinematics of the low-energy

This section covers briefly the inclusion of electromag-region

netic corrections in a systematic way in the low-energy
theory describing hadron interactiof®,9]. Because of the

i C
smallness of the electromagnetic constagyf, , these effects L= Cc(Q UQU*) =— 292_2 (m KK )+
have been theoretically neglected so far in thK scattering Fo
process, but it is well known that near threshold isospin 2.7

breaking effects can considerably enhance some observablegbviously the coupling is taken to be universal; thus we

In the presence of electromagnetism it is convenient to tth tribution to th for ch d oi
split the lowest-order effective Lagrangian into three terms; SXPeCt the same contribution 1o theé masses for charged pions
and kaons. The inclusion of isospin breaking terms can be

_ 2) c seen in a very naive way as coming through two different
L= L7+ Locot £7 @1 sources in Eqé.l): first, aypuretrongigospin greaking, ie.,

,#7 My, and second amlectromagnetidnteractione#0,
g.(2.7). In view of the seemingly different roles of the two
{:_ontributions, one has to relate them in a consistent way. For

instance, the Lagrangian E.1) involves an expansion in
several parameters:p, m, e, and 6, wherep refers to the
external momentan to the quark masses, to the electric
charge, and finallyp=my—m,. To be consistent, E¢2.1)
should contain operators with the same chiral order in the
Frr—i(g, AM2, F, L =a,A,—d,A,. series expansion. To achieve this a possible choice can be
N “2.2 m~e’~0(p?). At the next-to-leading orde®(p*), none of
the following terms are prevented from appearing by chiral
The second term formally describes the dynamics of thdpower countingp®, m?, pm, p?e®, mé*, ps, ms, e*, and
strong interaction sectdd0] and it is given at lowest order 6, although there is quantitative support for the assumption,
by often used in phenomenological discussions, thaethand
5% contributions are tiny and can therefore be safely disre-
) 5 garded compared with the rest.
ﬁggéD:Z(d”UTdMU +x'U+xu'). 2.3 Hitherto we have listed all possible electromagnetic
lowest-order operators. Once quantum fluctuations are con-
As usual, the angular brackets ) stand for a trace over sidere_d using vertices from th_e functiorall) the results are
flavor. The fieldU parametrizes the dynamics of the low- ultraviolet divergent. Those divergences depend on the regu-
energy modes in terms of elements of the Cartan subalgebf@/zation method employed in the loop diagrams. As is cus-
[11]. The covariant derivative is slightly modified with re- tomary we shall adopt the modified minimal subtraction
spect to the pure QCD interaction expression to accommdMS) scheme. In order to remove these ultraviolet diver-

The foregoing Lagrangian possesses the same symmetry
strictions as the one in the strong sector. Additionally, on
has to impose an extra symmetry, charge conjugation, affec
ing only the photon fields and the spurioisge below The
first term in Eq.(2.1) corresponds to the usual Maxwell La-
grangian containing the classical photon fiélg and the
field strength tensoF ,,

Lr=—1F

wv

2

date the inclusion of the electromagnetic field: gences, higher-order operators, modulated by simple con-
stants, should be incorporated into the theory with the guid-
d,U=d,U-i(v,+QrA,+a,)U+iU(v,+QA,~a,). ance of the previously mentioned symmetry requirements.

(2.4 This allows us to deal with a theory that is ultraviolet finite
' order by order in the parameter expansion and hopefully it
Qg andQ, are the aforementioned spurion fields, containingadequately describes several observables.
the sources for the electromagnetic operators These modulated constants are order parameters of the
A,d. (N a/2)y*q. andA ,gr(Na/2) Y*gr. Furthermore, from effective theory(low-energy constantsand in the case at
now on we set them to their constant value hand are determined by the underlying low-energy dynamics
of QCD and QED. For instance, at lowest order the order
e . parameters are given B, [Eq. (2.3)], B [Eg. (2.6)], andC
QLX) =Qr(¥)=Q, Q=3zXxdiag2-1-1). 29 [Eq. (2.7)], describing the lowest pseudoscalar decay con-
stant, the vacuum condensate parameter, and the electromag-
As usual,a, andv, stand for the axial and vector sources, Netic pion mass in the chiral limit, respectively. For the
respectively. The scalar and pseudoscalar sources are cdifong SU3) sector and at next-to-leading order, there are

tained inside the S(3) matrix y as ten new low-energy constant$0] L,,...,Loand two high-
energy constants. At this level of accuracy the ten low-
x=stip=2BM+---, M=diagm,,my,mg). energy constants may be extracted almost independently

(2.6)  from one other by matching some observables with the cor-

responding experimental determination. In the electromag-

At lowest order the last term in E(R.1), £€, determines the netic SU3) sector there is also need of higher-order opera-
masses of the mesons in the chiral limit, which are of purelytors, up to 16 modulated vi&,,... K, to render any

electromagnetic origin. This means that even at tree level thebservable free of ultraviolet divergences. To gain some in-
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formation on these low-energy constants one has to resort fength separately. In order to match the prescription of the
models[12], to sum rules[13], or to simple crude order scattering lengths given ifil4] we define them in terms of
estimates. All in all, one can see that the inclusion of electhe charged pion and kaon masses. They*read

tromagnetic corrections to hadronic processes increases the

- M_=M=
number of low-energy constants enormously and constitutes a3’2= K ~0.160 (0.130),

the major source of uncertainty when making use of the ef- 167TF§
fective Lagrangian.
3/2 M ﬂ.tM K=
ag=— —-—=>=-—0.080 (—0.065,
I1l. ISOSPIN BREAKING CORRECTIONS AT 327k
LEADING ORDER (3.6

Under strong interactions symmetry pions are assigned twhere the first quoted number refers to the chcﬁxﬁ«;t Ff,
a triplet of states, “isotriplet states,” whereas kaons can bevhereas the second is foF3=F .F.
collected into doublets. This means that the pion and the \When switching on the isospin breaking effects, we are
kaon are isospin eigenstates with eigenvalues 1 and 1/2, r@ot longer allowed to refer to the scattering lengths in a
spectively. Therefore, the amplitudes for theK scattering  given isospin state and new terms in addition to the previous
processes are solely described in terms of two independeshes arise. Furthermore, in principle relations such as Eq.
isospin eigenstate amplitudd@s’? and 7372, (3.2) do not hold. This failure can be seen already at tree
M(7OKO— 7OK0) = LTV24 2732 Ieyel in the iso;pin breaking cont_ributiqn. The |_'nodified scat-
tering lengths in the presence of isospin breaking can be split

v2 v2 as
M(m KT 70KO)=— T2+ T2 1,12, 2,302

3 3 a,(00;00 = 3a5 “+ a3 “+Aay(00;00),

2 1 V2 V2
- - _ / / ) )
M(m K= K+)—§T12+§T32, a0(+—,00)=—?aé’2+§a8’2+AaO(+—,00),
M(m KT =t K*)=T3"2 (3.1) ag(+—;+—)=5ay’+ 383+ Aag(+ —;+—),
It is obvious that undes«u crossing the last two matrix ao(++;++):ag/2+ Aag(++;++),

elements are related. In particular, one finds
where Aay(i,j,;l,m) represents the leading correction of

TY(s,t,u)=3T%qu,t,5) = 5 T¥%(s,t,0). (3.2  scattering lengths due to the isospin breaking effects. As for
] . o o thei, j andl, min the arguments, they refer to the charges of
Thus in the isospin limit it is sufficient to compute one of the the particles in the initial and final states, respectively. The
processes. It is convenient to use, instead of the invariadyajuation of these corrections is straightforward and can be
arf?p”tU?EST', the partial wave amplitude defined inthes  read from the scattering amplitude at leading order:
channel by

LA A0+ S (M2aM2)
4 T K \/j T K

Aay(00;00= -—
T'(s,cosa)=32w2 (21+1)P,(cosh)t|(s), (3.3 ol 0 32mFg

=0.0032 (0.0027,

or by the inverse expression
€

@<Mi+M§>

| 1 (+1 | Aag(+—;00) =
ti(s)= Ej d(cosh)P,(cosh)T (s, cosh), (3.4

-1

32m/2F}

, , A, 3Mg+5M, Ax M_—Mg
wherel is the total angular momenturti the scattering angle - —

in the center of mass frame, afg the Legendre polynomi- 4 M+My 4 Mo+My
als with Py(cosf)=1. Near threshold the partial wave ampli- __ _

tudes can be parametrized in terms of the scattering lengths 0.0016 (-0.0013,

a{ and slope parametetr{,. Neglecting isospin breaking ef- -

fects and in the normalizatiof8.3), the real part of the par- Aag(+—;+—)= WZO'OOM (0.0013,

tial wave amplitude reads o

A
Ret|(s)=q?{a +bjg’+0(q")}, (5 Aag(++;++)= 2 =0.0014 (0.0012,
o
with q being the center of mass three-momentum.
We start by estimating the scattering lengths in the isospim—————
limit at tree level. Using for instance the first two processes !See Sec. VII for the input values.
in Eg. (3.1, one can disentangle the values of each scattering?n the following we shall usé /F,=1.22.
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= (VM%0+ 92— YMZo+q2)2—2g2(1+ cosh).
OO st
(a) (b) () ()

B. General framework

Hitherto we have considered the process @dl) at lead-

FIG. 1. Irreducible topologies. Vertices (@), (b), and(c) come  jng order. In this section we shall sketch the role of isospin
from either Eq/(2.3) or Eq.(2.7). The vertex in diagrantd) renders  preaking at next-to-leading order. Indeed, as mentioned in
the amplitude ultraviolet finite. the Introduction, the isospin violating terms that are retained

) ) in -K scattering differ from the ones in the- reaction
whereAn=M{ . — Mo anderefers to the lowest-order-z  que to the inclusion of the quark. The latter process can be
mixing angle. Notice that, whereas in the isospin limit thedescribed fully in terms of S(2) quantities where, for in-
combination for the scattering lengths cancels in ##°  stance, the difference between the charged and neutral pion
— m°K? process, this is no longer true when isospin breakingnasses is of ordef? and thus can be disregarded, whereas in
terms are considered. In the' K" — 7°K® process the isos- the former there exist intermediate strangeness states like
pin breaking in the combination of the scattering lengths isz-K that givee and & contributions.
roughly two orders of magnitude smaller than the leading In order to construct a matrix element consistent with the
isospin limit quantity. Even though the future experimentalchiral power counting one has to take into account all pos-
bound on the combination of scattering lengths for this prosible scenarios for the construction of the graphs. For in-
cess is quite restrictive it is worthwhile to control higher- stance, given a generic-22 reaction mediated via the dia-
order corrections. For the rest of the processes the isospiyam (b) in Fig. 1 there are two different possibilities for
effects are also rather small, roughly two orders of magniincorporating isospin violating terms:(i) consider that one

tude less than their isospin limit counterparts. of the vertices breaks isospin through #feterms or via the
quark-mass difference, so that at the order we shall work at
IV. 7°K%— 7°K° PROCESS the other vertex and the two propagators are taken in the

isospin limit; or (ii) if both vertices are taken in the isospin
limit that forces us to consider the splitting between charged
and neutral massd@ a given channglin the same triplet
for the pions or in the doublet for the kaons in the propaga-
Our aim in this section will be to compute its amplitude tors. Thus within this prescription we shall consider in the
chiral series terms up to and includidgnde? corrections

taking into account all possible isospin breaking effects.as well as the usug® at next-to-leading order.

Even if the process has not the same experimental interest as The previous distinction, disentangling strong and electro-

tbhoeﬂ? pr};c;SZSKsh;erzcgmésli 'ti;Ng;t:q:?gg’;greer;ngn%eggaspe" mggn.etic contributions to the isospin breaking terms, is quite

tions, with the exception of the one-photon exchange contri(f;éﬁltlflf:Ial as one realizes when Fhe pseudoscalgr masses are

butiO,n (see Sec. VA rewritten in terms of bare quantities. However,_lt constltute_s
' a great conceptual help because ultraviolet divergences in-

volving e and 6 terms do not mix at this order, allowing us

to keep track of each term independently.

The amplitude for the process E@.1) can be studied on For the case we are interested in, involving only neutral

Let us start by considering the following process:

7P )K(Pk,) = 7(P,) K(Pi,)- (4.9)

A. Kinematics

general grounds in terms of the Mandelstam variables particles, there is no direct exchange of virtual photons, and
) ) ) therefore the amplitude is safe from infrared singularities and
$=(Pm, T Pk) t=(Pr,=Pz,)% U=(Pm —Pk,)" all the e* dependence is due to the e.m. mass difference of

(4.2  the mesons or the integration of hard-photon loops. Hence, to
obtain the amplitude including alD(«. ) corrections, one
In the isospin limit and at lowest order of perturbation theoryneeds to restrict the evaluation to the one-particle-irreducible
(corresponding to the partially conserved axial-vector currengiagrams depicted in Fig. 1 corresponding to the Born am-
resulty [see diagranta) in Fig. 1], the off-shell amplitude is  piitude (a), unitary contribution(b), tadpole(c), and finally

given by[14,15 the counterterm piecl). For the explicit expressions of this
1 last contribution we refer the reader to the original literature
Mistu)=—giM2am2- 5l 4y (810
6F; T 2 To ascertain the correctness of our expression we look at

the scale independence of the result once all contributions of
It is worth reviewing briefly the kinematics of the processthe one-particle-irreducible diagrams are added, the wave
that will be needed subsequently. In the center of mass fram@inction renormalization for the external field is taken into
the Mandelstam variables are defined in termgahd @ by  account, and the-» mixing is treated correctlysee below.
Furthermore, when we restrict the expressions to the isospin

s=(YM io+ 9>+ VM io+ 9?)?, limit we recover the results given {i7].
Once the amplitude is finite in terms of bare quantities we
t=—20%(1—cosb), have to renormalize the coupling constagtand the masses
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appearing at lowest order. For the latter contribution we ob-
tain agreement with the results quoted[ 0] for the terms
up to and includinge corrections and with8] for the elec-
tromagnetic ones. For the former we shall use two choices:
the first one is to fully renormaliz€3 asF2 and for com-
(a) (b)

parison purposes as the combinatfepF, . To this end we
use the isospin limit quantitigd.0]
FIG. 2. Soft-photon contributions to the process K*

4 4 — °K°. Diagram(a) has a crossed term. The photon interchanged
_ 2 2 r 2y r _ _
Fra=Fo 1+ F_S(M 7t 2ZMiLg+ F_(Z) MZls— 207~ 1 in diagram(b) is possible only between the initial states.
(4.9
s=(E;+Ey)?,
and (E1+Ep)
4 4 3 3 =M?2 2 _ 2 12 !
FK:FO[ 14 3(M727+2Mﬁ)|—2+ ﬁMiLrs_ St 5 t=M_.+M’—2E;\M o+0q’'“+2qq’ cosb,
0 0
3 u=Mit+Mio—ZElx/MzKoJrq’z—qu' C0sd, (5.3
g Ml (4.9
with
where up is the finite part of the well-known tadpole inte-
gral. We do not usé-_o in the numerical estimates &f, E2— M2 +
1~ ,n.i ]

because experimentally it is quite poorly known; instead we

shall make use of the charged decay constant value.
2

The final contribution enters through the » mixing. At E3= Mii’Lq ,
lowest order it is given by
V3 mg—m 1 Mzo_ Mzo 2
—e=_—__"9 1 12_ = = K E.- —M?2
€E=E€ 4 ms_m ’ (46) q —4 E1+E2+Mii—Mit(El E2) MWQ,
L . (5.4
wherern is the mean value of the light quark masses,
M=% (m,+my). andq (q’) the three-momentum of the chargeututra) par-

ticles.
Notice that, given the order of accuracy we are considering, As has been pointed out earlier, the relevance of this pro-
€ does not suffice and the next-to-leading order contribucess is intimately related to the lifetime of the K system,
tion € to the mixing angle needs to be considered. We shaleven though we want to stress that our formalism allows us
use the same approach as[i6], to which we refer for a to deal only with free, on-shell external particles, in clear
more detailed explanation. It consists essentially in diagonaleontrast with ther-K atom where the states are bounded and
izing the mixing matrix at the lowest order, redefining in thatoff shell [18,19. We shall not pursue the more complete
way the 7° and 7 fields, while higher-order terms in the approach here.

mixing are treated by direct computation of tBenatrix off- For the construction of most of the grapltkose equiva-
diagonal elements. We have cross-checked our results explient to Fig. 2 we shall use the same arguments presented in
itly using the procedure outlined 17]. the preceding section. For the remaining ones we shall

Taking into account all the mentioned contributions wesketch their treatment in the next section.
obtain the renormalize®matrix elementAM%% for the
transition 7°K°— 7K that is given in Appendix A, where

: " A. Soft-photon contribution
we refer the reader for a detailed exposition. P

In the case of ther” K™ — 7°K° process, as well as the
V. 7K+ —7°K° PROCESS corrections due to the mass difference of the up and down
quarks and those generated by the integration of hard pho-
In this section we shall consider the more relevant procesgns, one has to consider corrections due to virtual photons.
3 N 0 o At ordere?p? these corrections arise from the wave function
T (P )K" (Pk+)— 7 (PA0)K™(Pko), (51D renormalization of the charged particles and from the one-
photon exchange diagrams depicted in Fig. 2. The result of
diagram(a) in this figure reduces at threshold to combina-
s=(P-+px)? t=(P-—P,0)>% U=(p,-—pro)> tions of polynomials and logarithms, whereas the second,
(5.2 (D), needs closer consideration. It develops a singular behav-
ior at threshold. This singularity issues from the ultraviolet
In the center of mass frame these variables read finite three-point functiorC defined by

with the following Mandelstam variables:
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C(M2,M3,m%p;,p,)

_1f dd

i) (2m)d

1
" (Z=md)[(p1—1) 2= M2][(p,—1)?—M3]’

(5.9

with the on-shell conditionp=M3, p5=Mg andm? act-

PHYSICAL REVIEW D 65 054023

'\/Iﬂ'tl\/IKi e_2 MK

ReM ™ "%, t,u)=— +ReM;, %
( ) \/QFS 4 q thr
+0(q), (5.7
with
M_+My+
T K (5.9

Mﬂ'K:Mﬂ.:-FMK:

ing as an infrared cutoff for the photon mass. Using standar¢éhe reduced mass of the-K system.

techniques, the integrdb.5 can be expressed in terms of

logarithms and dilogarithms. Fop?=(p;—p,)?>(Mp
+Mg)? andm>—0 it is given as follows:

32m2\p3(p2) C(ME,ME,m2;: 1 ,py)

=—{Iog Apo(p?) 1 o9 [Apo—Npg(pA)1>—p? —iw]
p?m2 | 2 7 [Apgt+Apa(P)12—p?

[P*=Apg(PP)°—A%q
[P?+\pg(P*)]°—ARq
p2+ApQ+xé%<p2>}
p2+ Apg— )\llo%(pz)
p>-— Apo— Mlvlczg(pz)}
p?—Apgt+Apa(p?)]’

x[log

+2 Li,

+2i7‘r]

-2 Liz[ (5.6

where
Apo=M3—M3,
Apo(P?)=[p*— (Mp+Mg)?I[p*~(Mp—Mq)?],

and finally the dilogarithm function is defined as

z log(1—
Li2(z)E—detM.

We have performed several checks on the validity of the
(i) when reduced to the equal mass case
we recover the result as given [ia0] and (ii) it numerically

expression5.6):
agrees with the results given ja1] for the general case.
The contribution of theC function via the diagrantb) in
Fig. 2 to the amplitude ifcf. Eq. (B20)]
eZ

V2F3

(s—u)(s—MZ-MZ)C(MZ M&,m?;p,-, — pc-+).

A remarkable feature of the threshold expansion is that
neither ReM,,"*® nor the long-range force of the photon
exchange is affected by the infrared singularity, which con-
tributes only toO(qg?) or to higher-order terms. These infra-
red terms arise from the wave function renormalization and
from the three-point scalar integral function via the diagram
(b) in Fig. 2. Adding the infrared contributions of both pieces
one gets

. S—u
0

2
2 (m?)
1672 29 My

X[l-l——l > TrK|
(0]
2 ;‘qlrlli(s) g

[s—AYE(s)12— A%,
[s+AZ(s)]P— A%,

with
Smn=M 2m+ Mﬁ'

As is expected, when evaluated at threshold, this expression
vanishes, rendering Rt % as an infrared finite quantity.
Although the scattering lengths defined in this way are infra-
red finite the slope parameters are not. The proper definition
of an infrared finite observable requires one in addition to
take into account the real emission of a soft photon from the
external particles. Notice that the experimental data will in-
clude this bremsstrahlung effect. The cancellation of infrared
divergences takes place order by orderin, and therefore

it is just sufficient in our case to consider one single-photon
emission, whose amplitude reads

2V2F3

(2p+—k,)*
+pko) - (Pr++Pr0—K,) m
Y ™ Y

~(P7++P70) - (Px-+Pro—Kk,)

(2pg-—k,)*
m’,—2p- -k,

with k,, ande,,(k,) being the momenta of the photon and its

Expanding the real part of the preceding function in the vi-polarization vector, respectively. As a result, one can write

cinity of the threshold by the use of E¢$.6) and(5.4) one  the infrared finite cross section including @l(«, ) but
obtains a Coulomb type behavior, i.g;, 1. Then schemati- neglectingO(ai ) terms as

cally the threshold expansion of the real part of the ampli- '
tude takes the following form: o(s;AE)=0" T%s)+ ¢~ T0%(s; AE), (5.9
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where AE stands for the detector resolution. Once this is M, = -

done, the corrected scattering lengty(+ —;00) might be M -+ M-~ M +MK[1+O(€)+O(62)]- (6.3
defined from the threshold expansion of the infrared finite i i

cross section Eq5.9) by subtracting the Coulomb pole term Only for estimating higher-order corrections shall we even-
and excluding the corrections due to the mass squared diffefyally keep the charged masses in the ratios introduced in Eq.

ences in the phase space in the following Wag]: (6.2).
2 Even though the outlined procedure for shifting the neu-
AE)= A oio(S) M=My= €% wox tral masses is rather involved, it allows us to expand all
o(s;,AB)= 327s }\qlfw(s) B VIF2 4 q one-loop integrals in an analytical form with quite compact

expressions. For instance, in tkechannel for the neutral
2 —neutral transition we obtain after performing the men-
+3278,(+ —;000+O(q) | . (5.10 tioned steps the following expansion:

ST VIRV 2
. ReJ(M*,,M M_o+M
We have checked that the corrections due to real soft-photon €I(M70,Myco; (M0 ko))

emission are negligible and thus we expect that the corrected 1 MMy

scattering lengtfBo(+ —;00) will differ only beyond our = S| 1+ 2”__ — log gt

accuracy from the one obtained using E8}7), that is, from 16m l My=—MZ« M7=

the infrared finite real part of the scattering amplitude at 1 1 M M

threshold. e 2(_KA __”AK)
Finally, in order to present our results we shall collect in a 32" (Mi—M9)“ M7 My

single, infrared finite expressiofenoted by Mg photon i M2

Egez(g;:\blei; the contributions at threshold of Eq®86), (B7), x| —2(M ﬁ_ Mi) + (MiJr M ﬁ)log( M_g) } _

For loop functions involving the; mass the use of the Gell-
Mann—Okubo relation reduces the expression considerably.
Let us explain how we obtain the scattering lengths from In the neutralneutral process, although the kinematics
the scale invariant amplitudes Eqé1) and (B1). Since we  allowst=qg?~0 at threshold, there is no need to consider the
are interested in only th&wave threshold parameters it is expansion of the function in powers ofy. This is the case

just sufficient to expand the scattering amplitude around g5 se il channel contributions behave as polynotdial
threshold values. Even so, this step is not quite straightfor,

; o , without any inverse power of the kinematical variab{es
ward because in order to match the prescription givei this case This does not turn out to be the case in the

for the scattering lengths we need to ?hiﬁ the isospin limit harged- neutral transition. There, one deals with terms like
and neutral masses to the corresponding charged ones. '\I;Evf

. . . . . 2 .
procedure is rather cumbersome and we shall use the follo I/, where mz th2e |sc;sp|n “Tm“q —0. Expandmg negr
ing substitutions for the masses: thresholdJ[ m7,m3;t(q)]~bg"+--- we shall obtain contri-

butions from terms linear ig?. Apart from this, there are no

M2,—M2.—A (6.2 more differences in the treatments of the two processes.
K k= TKo et OO
Because of the relevance of the processK™— 7K

whereA; are small quantities that in the case of pions conWe collect, as well as the expression for the scattering am-
tain at leading ordee? pieces while for kaons they contain Plitude in Appendix B 1, the expression for tavave scat-
both €2 and e terms. It is therefore sufficient to expand all tering lengths in Appendix B 2.
guantities up to first order im\;. For instance, in the

VI. THRESHOLD EXPANSION

MZ—MZ.—A

T

charged-neutral transition we obtain, for the kinematical VII. RESULTS AND DISCUSSION
variables, Let us first point out that, because of the high threshold of
S=(M -+ My=)2 production/s;,~632 MeV, it is not necessarily true that a
i ’ single one-loop calculation is enough to approach the physi-
M M cal values for the scattering lengths. Because of the fuzzy
Ki ﬂ.t .. . . .
t=— — Ax, existingm-K data, we consider that this question can only be

An
M+ + Mg+ M=+ My answered once the size of the next-to-next-to-leading order

M M term is computed. Also, there are openings for intermediate
T* K*

U=(M _+—My=)2— A — Ag. particle production, for instancK in the t channel, that
T Mp=+Mg= " Mg=+ Mg 6.2 presumably strongly affect the chiral series convergence.
6.2
Once this step is performed, and in order to bookkeep the A. Input parameters
power counting properly, any charged mass multiplying Before presenting our results we want to stress the rel-
or € pieces is settled at its isospin limit: evance of ther-K scattering process. Its importance goes
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beyond the determination of some threshold quantities and 10°XL}=0.46+0.23, 10xL5,=1.49+0.23,
can play a key role in our knowledge of spontaneous sym-
metry breaking. Up to now chiral perturbation theory has
been used tparametrizethe low-energy QCD phenomenol-

ogy. Lacking enough processes to determine all low-energy

10°x L= —3.18+0.85,

constants, one has to resort to theoretical ingatspreju- 10°XLy=0=0.5, 10°XLg=1.46+0.2,
dices. For instance, the low-energy constants in the electro-

magnetic sector have in general a quite mild impact on the 103X Lg=0+0.3",

results and therefore have been relegated to a secondary

place and have only recently received some atterfi@nl3 10°X L= —0.49+0.15, 16x LL=1.00+0.20.

due to increasing precision in the experiment. But very little
is known about them with the exception of model esnmates.l_he second(set 1) is obtained with the same inputs and

In our treatment these constants can play an important ro'%nder the same assumptions as the previous one. but this
and we include them as given ji2], where they are esti- P P ’

mated by means of resonance saturatibfereafter all our time the fitted expressions are next-to-next-to-leading quan-

results are given at the scale=M,.) tities:
Ki=-6.4x10"3, K)=-3.1x103, 10°xL;=0.53+0.25, 16xL,=0.71+0.27,
K;=6.4x103, K,=-6.2x10"3, 103X Ly=—2.72+1.12,
Ks=19.9<10 % Kg=8.6x10"°, 10°XL,=0+05", 10°xL5=0.91+0.15,

r ro_ ro_ —3
ey 10_0, K11_0.6X10 ’ 10’3><L23:0i0_3*'

1=—9.2x10 73, Ki;=14.2x10 3,
2 B 10X LY=-0.32+0.15, 16X L§=0.62+0.20.

Ki,=2.4x103. _
As one can see by comparing both sets, the central value of
If instead we use a naive dimensional analysis the value a§ome of the low-energy constants is sizably shifted from one

signed to each of them would be restricted to be inside th& the other. We stress at this point that the error in the
range determination of the scattering lengths is mainly associated

. with the errors on the low-energy constants. The other quan-
IK{|= 1672 tities involved in the calculation are hadron masses, and for
those there are rather accurate determinations. For the latter

which is taken as a crude indication of the error. Notice thatve Use[26]
the central values quoted 23,13 lie inside this error band.
Contrary to the previous case the low-energy constants in M,+=139.570 MeV, M ,0=134.976 MeV,
the strong sector are better known. In a series of works
[10,24] most of the next-to-leading low-energy constants My==493.677 MeV, My0=497.672 MeV.
were pinned down. In addition to the experimental datum
largeN; arguments were used to settle the marginal relnotice that in principle there is no need to consitit as an
evance of some operatofgiose enttga/rzmg together with,  aqgitional input. It always appears through loop propagators
andLe). The use ofr-K data in theT”* channel can disen-  ang therefore it is sufficient to consider it via the Gell-

tangle(in principle) the value ofL;, due to its product with  pmann—Okubo relation in the presence of isospin breaking

Mﬁ which enhances its sensitivity to the role rof [25]. (including e.m. corrections

In order to have more complete control over our results
we use two different sets of constafis]. The first one was Acyuo=M 37_ %(Mii +M io) +1i2M ii — Mio) -0.
obtained by fitting simultaneously the next-to-leading ex- (7.1

pressions of the meson masses, decay constants, and thresh-
old values of theK,, form factors to their experimental

. o However, we shall also use the valkk,=547.30 MeV and
values® We shall refer to it as set | and it is given‘y wever, W , vallre,

consider the difference as an indication of higher-order cor-
rections.
Furthermore, we make use of the isospin limit quantities

Notice that in the decal{ — w#lv thes quark is involved. Thus M, andM , which can be defined through combinations of

although in principle it can be used to obtain the valud_bfthe the physical masses
form factorsF and G turn out to be rather insensitive to its actual
value[16]. 2 P 2 1.2 2 2 2

4Quantities with an asterisk are theoretical inputs. MZ=M70, M =3(Mi=+Myoty[Mo—M7-]).
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TABLE |. Different chiral contributions to the combination of scattering lengths proportiona}60;00). We have chosen to renor-
malize the coupling constant ﬁﬁ, with the valueF .=92.4 MeV. In parentheses we show the values obtained with set I.

ag?+2ay3/2 € A, Ay
Tree — 0.0053 0.0011 0.0034
Born (a) —0.0038(—0.0106 —0.0021(—0.0029 —0.0007(—0.0012 —0.0020(—0.0030
Born (b) 0.0084(0.0489 0.0019(0.0039 0 (—0.0022 —0.0001(0.0002
Born (c) — — — —
Mixing — 0.0014 — 0
F2 — 0.0014(0.0019 0.0003(0.0002 0.0009(0.0009
Tadpole —0.0458 0.0021 0 —0.0007
s channel 0.0520 —0.0008 —0.0021 0.0036 —
t channel 0 —0.0008 0 0 —
u channel 0.0592 —0.0013 —0.0018 0.0001 —
0.0700(0.1032 0.0070(0.0080 —0.0032(—0.0059 0.0052(0.0045 0

The factory will take into account any deviation from Dash- Even if it seems that from the theoretical point of view
en’s theoren{27]. At lowest order (y=1) the e.m. relation there is some general consensus the experimental results on
between the pseudoscalar masses reads the scattering lengths are more widespread. In the earlier
experiments most of the collected datam®#K were obtained
via the scattering of kaons on proton or neutron targets. The
data were then analyzed by determining the contribution of
Next-to-leading contributions to the previous relation can bethe one-pion exchange. This technique does not allow one to
quite sizable. As an indication we shall ys] obtain the initial pion on the mass shell and hence some
5 5 ) 5 model dependent extrapolation is needed. The central values
(Mi=—=Myo)|em=(1.84:029(M7-=M70). (7.2  obtained are a}?<[0.168,0.33% [37-4(0 and a3?
o e[ —0.072;-0.14] [40—-45. Later experiments analyzed the
For the 7-» mixing angle at lowest order we use the valueeaction near the threshold using dispersive techniques. Even
[28] though the experimental results are slightly improved with
_ respect to the oldest ones, the threshold parameters are
€=(1.061+0.083 10" kno?/vn only within a factor of 246—-48. A morepinteresting
analysis was performed i48]. There, using the forward
sum rule and measured phase shifts a direct determination of
the combinatiorja’?—a®? was obtained with the result

(M2 =MZ0)| e m=M2.—MZ,.

The only remaining input is

F.=92.4 MeV,
1/2_ A3/2
corresponding to the charged pion decay constant with the 0.2l=a™"-a""<0.32. (7.3

electromagnetic effects remové29]. o .
This will be used as a reference point for us.

Let us turn now to discuss our findings. In Table | we
. ] ) have collected the partial contributions to each of the terms

The studies on ther-K scattering started quite early given in Appendix A withF2 as the renormalization choice
[14,19 within a current algebra approach and followed laterfo the coupling constants. We show the isospin limit contri-
by a series of works based on dispersion relations by meangsion (first column and the different corrections to it. We
of unitarity and crossing symmetf@0] (see als§30-32for  gha| pear in mind in the remainder the following set of con-
recent work using the same technigué/ith the advent of  jtions: (i) We have used the Gell-Mann—Okubo relation
chiral perturbation theory the process was analyzed ONCg the eta mass inside the loop functiofis) we have kept
more[7]. Novyadays, .its interest hgs been revived and NeVhnly the first term in the right-hand sidRHS) of Eq. (6.3);
approaches like the inverse amplitude metti8d—-39, or  4nq (ji) we assume Dashen’s theorem to hold at next-to-
like the treatment of kaons as heavy parti¢l@8] have been  |eading order(We shall discuss below the uncertainties as-
considered. Broadly speaking, all mentioned techniques leagyciated with these considerations.
to a fairly constant prediction flc/)zr the scattering lengths, in- |5 parentheses are quoted the contributions corresponding
side the rang¢0.16, 0.24 for ag“ and[—0.05, —0.07] for  tg set | instead of set II. The first thing to remark is that
ad?. The corrections to the current algebra valliels Eq.  jsospin breaking corrections are roughly of the same order of
(3.6)] are roughly 20% fom3? and 30% fora3?, thus being magnitude as the isospin limit quantities. It is worth recalling
in the ballpark of the usual shifts between the next-to-leadinghat the isospin limit correction comes purely from the next-
and leading order quantities in processes where chiral pertute-leading terms.
bation applies. The final result is given by

B. Scattering lengths
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TABLE |II. Different chiral contributions to the combination of scattering lengths proportional tavRe °°. We have choose to
renormalizeFS as Ff, with the valueF .=92.4 MeV. We show the first four digits without any rounding. Quantities in parentheses

correspond to set I.

ag?+2ay3/2 € A Ag e
Tree 0.2408 0.0026 0.0018 —0.0009 —
Born (a) —0.1060(—0.1389 —0.0010(—0.0014 —0.0007(—0.0008 —0.0001(0.0003 —
Born (b) 0.0540(0.0867% 0.0006(0.0012 —0.0006(—0.0008 0 (—0.0005 —
Mixing — 0.0010 — 0 0
F2 0.0664(0.0688 0.0007(0.000% —0.0008(—0.0009 —0.0003(—0.0003 —
Tadpole 0.0415 0.0011 0.0002 —0.0005 —
s channel 0.0283 0.0013 0.0005 0 —
t channel —0.0312 —0.0004 0.0001 —0.0004 —
u channel —0.0265 —0.0009 0 0.0001 —
Soft photon — — — — —0.0004
0.2674(0.2695 0.0047(0.0053 0.0005(0) —0.0011(-0.0020 —0.0004

two orders of magnitude smaller than the isospin limit quan-
tity. In this case it seems that the experimental setup sensi-
tivity is not enough to detect the new effect we have incor-
porated. Adding all partial contributions we obtain

3a,(00;00 = ag’>+ 2a3?+ 3A4(00;00
=0.0700+0.0090+ 0.0511
(0.1032+0.0066+ 0.0463, (7.4)

renormalizing F3 as F2. The first quoted number corre-
sponds to the isospin limit and the second to the isospin
breaking corrections. Interesting enough are the assigned er-
rors, which wash out any sensitivity with respect to the
choice of the set or to any of the choices in the renormaliza-
tion of the coupling constar(see below. They come about
through the uncertainty in the low-energy constants and wW§ve stress that the content of the previous expression is in-
have propagated them in quadrature. The dominant contribyicative only, because of the way we have chosen to renor-
tions by far come from the low-energy constahtsandL;  malize the coupling constant. Notice that the assigned errors
of the pure strong sector, whereas the electromagnetic onege on the same footing as the isospin breaking terms. A
give an imperceptible contribution. Unfortunately, this is notcloser look at the errors reveals that they have mainly an
an experimental mode because this strong sensitivity wouldlectromagnetic origin. Furthermore, they are clearly domi-
constitute a cross-check on the consistency of the values fofated by thek’, andK';; low-energy constants. In the strong
Lz andLy. For the sake of completeness we also show thgector the dominant errors corttey order of dominant con-
final result if instead we renormaliZ€ asF ,F and use set tribution) from Lt andLg. Those low-energy constants are
I strongly correlated.

Our main results are collected in Table Ill. It corresponds
to the choice of renormalizatioR .Fy for the decay con-
stant. Once more isospin breaking effects turn out to be two
orders of magnitude smaller than the isospin limit quantities.

Let us turn now to discuss the most interesting mode, théurthermore, like Table Il but in a more accentuated way,
charged-neutral transition. The experimental proposal Table Il shows a strong cancellation between the isospin
claims an accuracy of 20—30 % on the measurement of thereaking contributiongsee, for instance, the contributions of
lifetime; this roughly translates to 10—15 % accuracy for thed , and Ay). Adding all contributions from the table, one
determination of the scattering lengths. As before we havé@btains
disentangled all contributions and explored all possible sce-
narios allowed by the input parameters. Even though the
most natural choice for the coupling constant$-idy we
shall proceed as in the previous case and also show the re-
sults usingFfT as an indication of the sensitivity to this pa-
rameter.

We have collected the results f62 in Table Il. As one  Notice that once more the theoretical errors are small but still
can see the difference between the two sets is at most 2% ftompetitive in size with the isospin breaking effects. It also
the final result. Also, the isospin breaking effects are roughlyseems that with this choice of renormalization of the cou-

3 3
— —ay(+—;00=aj*—a3?*~ 5 Ao+ =300

=0.2674+0.0037#0.0022
(0.2695+ 0.0033-0.0023. (7.6

3a,(00;00 =ag*+ 2a3?+3A,(00;00
=0.0423+0.0172-0.0343. (7.5

3
- —2a0( + —;00)=0.2412+ 0.00370.0034

(0.2520+ 0.0038-0.0043. (7.7
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TABLE III. Different chiral contributions to the combination of scattering lengths proportional td/Re ®°. The entries in the table
differ from Table 1l just in the renormalization of the coupling constant. Here we have used the combmafigrwith the constraint
Fx/F_,=1.22 and the valug .=92.4 MeV. We shows the first four digits without any rounding. Quantities in parentheses correspond to set
I

ag?+2ay3/2 € A Ay e?
Tree 0.1974 0.0021 0.0015 —0.0008 —
Born (a) —0.0712(—0.0933 —0.0007(—0.0009 —0.0004(—0.0005 0 (0.0002 —
Born (b) 0.0363(0.0582 0.0004(0.0008 —0.0004(—0.0005 0(0) —
Mixing — 0.0007 — 0 0
F.Fg 0.0705(0.0815 0.0007(0.0008 0(0) —0.0001(—0.0002 —
Tadpole 0.0279 0.0007 0.0001 —0.0003 —
s channel 0.0192 0.0009 0.0003 0 —
t channel —0.0209 —0.0003 0.0001 0.0002 —
u channel —0.0179 —0.0006 0 0.0001 —
Soft photon — — — — —0.0003
0.2412(0.2520 0.0038(0.0043 0.0011(0.0009 —0.0009(—0.00113 —0.0003
pling constants we weight more the role of the low-energy VIIl. PERSPECTIVES

o . . L
constantz (this is reflected in the sizable uncertainty if we Using the previous estimates for the combination of scat-

use set). It is worth stressing at this point that the eXpreS'tering lengths, Eq(7.8), we can partially calculate the life-

sion for the amplitude for the chargecheutral transition  ime of theA _, atoms. The probability of the transition of an
does not depend on the low-energy constaptvhereas. A_y atom

only occurs inside isospin breaking terms. Because of the

numerical irrelevance of these last terms and even lacking a A — T+ KO
complete knowledge of the role of lardé:- suppressed op-

erators, our estimate@n that senspare precise and unam- Can be cast as
biguous. The difference between the central values of the

two sets is at most 5%. Hence, without taking into account

the error bars, and in the most optimistic case, 10% of acCuzqcsing on the isospin limit, the previous relation is given
racy in the experimental result, any sensitivity to the set Ofby [6]

low-energy constants is just borderline. Before concluding

W, o 70K ) e (Re M%) 2.

let us comment on the role of the physical eta mass, the full v 0 8 (2Am)\ 2

expression in the LHS in Eq6.3), and Dashen’s theorem Wy o 7K )“7 )

Eq. (7.2. If instead of using the Gell-Mann—Okubo relation ek

(7.1) one uses the physical eta mass, the central value in Eq. y (af?—al? 2W, 5(0)?

(7.7) increases by~0.0003. Higher-order terms as intro-

2 1/2 3/2\2
duced by Eq.(6.3 also increase Eq(7.7) roughly by an 1+ 5 umAm(ag™+2ag”)

amount~0.003. And finally the shift allowed by the viola- 1
tion of Dashen’s theorem and by the error induced by the ~— (8.2
lowest -7 mixing goes beyond the accuracy we quote. A Tn,0

consistent way of incorporating these effects in our eStimate\%/heren is the principal quantum number
is to consider them as a crude guess at higher-order correc- '
tions, and we shall treat them as theoretical uncertainties; Am=(My=+M_=)—(M o+ Myo), (8.2
therefore we add all three in quadrature and to the previous

error bar in Eq(7.7). This leads to our final estimate for the and 4 is given in Eq.(5.9). Finally, W, (0) is theA ¢

combination of scattering lengths: Coulomb wave function at the origin and is given by
3 2
Ps €
|\I’n,o(0)|zzmy Pe= g~ Mk - (8.9

3 3
~ 5ot - ;00) =ag’— a3’ 5 Ao(+-:00
2 2 Furthermore, the orbital angular momentliroan be safely
(set ) 0.2520+0.0038+0.0073, taken equal to zero. If one allows-0 the transition is sup-

= pressed by chiral power counting, i.e., it turns to be of
(set ) 0.2412+0.0037-0.0045. O(e*. Notice that in the previous relatiof8.1) enter pre-

(7.9 cisely both combinations of scattering lengths we have
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found,al?—a3? andal’?+2a32. Even so, the term added to been shown the isospin breaking effects are quite mild and
unity in the denominator of E48.1) can be neglected, since hidden by sizable error bars. This reference essentially leads
it is of order 10°, and thus beyond the accuracy of our to the same numerical conclusions. However, after some par-
calculation or the experimental sensitivity; hence only thetial checks we noticed some differencesi) our expres-
combinationad?— a3 turns out to be of relevance. This sim- sions contain some logarithmic dependence from the three-
plify the expression slightly to point function that is missing in Ref50]. As we mentioned,
our results have been cross checked 821]. (ii) The
-7 mixing is not treated correctly in Ref50] where there

0.274<10 %5/ 2 is a doubl ina of : o |
- < L 002 2 is a double counting of some pieces. Our results are cross
710 Mii 9 2l 00 84 checked witH17]. (iii) Finally in [50] the pole appearing in

the t channel is mistreated.

Inserting Eq.(7.8) in Eq. (8.4) one finds the following value
for the A ¢ lifetime in the ground state:
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not taken into account any source of isospin breaking and
consequently we are only halfway to a theoretical determi-
nation of thew-K lifetime. Hence the content of E¢B.5) is

just indicative. In fact Eq(8.1) is not suitable for handling
bound state systems, the framework of a nonrelativistic La- |n this appendix we collect all relevant formulas for the
grangian49] being by far the most efficient way of treating neutral—neutral amplitude. We are aware that the “diges-
bound states. Even so, without any further control over thejon” of this kind of expression is always hard; thus for the

errors on the low-energy constants it seems not worthwhilgaie of clarity we have not mixed the contributions very
to pursue this analysis. much. This has probably enlarged the expressions slightly

but we find this worthwhile for any future comparison.
IX. SUMMARY The amplitude is written as

In this work we have estimated the role of isospin break-
ing effects in the transitionsm®K°— 7°K® and 7 K™
—a°K°. They turn out to be rather mild. Furthermore, the M(s,t,u)=
former reaction is quite interesting because of its sensitivity
to the largeN. suppressed operator involvirg,. From a
more practical point of viewessentially because of the ex- + M| channet F{Mls channe S UL, (A1)
istence of experimental datare have carefully evaluated the
shift in the scattering lengths for the” K * — 7K reaction.
While the error from the low-energy constants turns out to be
compatible with future experimental sensitivity, estimates ofmaking explicit use of thes« u symmetry. In the following
higher-order corrections are on the same footing. Contrary tove briefly discuss the relevant pieces. Notice also that we
the previous case this reaction does not contain sizable coexplicitly useF at all orders. This stands for thenrenor-
tributions from largeN. suppressed operators. Bearing in malizeddecay constant.
mind the results in Eq(7.8) and the expected experimental  The leading order contribution is given by
sensitivity, we can conclude that in principle isospin break-
ing effects do not affect the determination of the lifetime. An
accuracy in the determination of theK Swave scattering
lengths at the same level as in pionium experiments will
distinguish between the two sets of low-energy constants and
thus will constitute a major step in understanding the basic (A2)
structure of the effective Lagrangian. As a direct application
we have evaluatedpartially) the expected lifetime of the
Ak atom. The Born-type term containing the wave-function renor-

Note addedWhen we were completing this work, Ref. malization and bare mass renormalization contributions is
[50] appeared. It contains partially the same work. As hagiven by

APPENDIX A:  7°K°— K% SCATTERING AMPLITUDE

M|tree+ i =§b c M(i)|Born+ M| mixing+ M|tadpo|e

(s+u—2t).

1 1 €
= FA,— A+ == | —
Migee= gz (148, 8) ZFO( v
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1 1 €
M(a>|Bom=—4F2<t+Aﬁ—AK>[ (a0+ 3pa,+ 6o+ 104 e+ Apaic) = 2[2<Mi+2Mi>Lz+2wKLgJ+%w,,—uw)
0 0
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where as is customai,=M? . +M?2,
The effect of ther-# mixing is taken into account by

1 36e 24¢ 8646
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The Born-type contribution containing one insertion of the str@{g@?) counterterms is written as

(0)]Bom™= F42 PLI, (AS)
with
P1=8(2M2o—1)(2MZo—1),

Py=4[(3 poxo—8)%+ (3 yoxo—u)?],
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The same kind of diagram but with the e.m. counterterm is

given by

Ge
—t M3,+2M§—73(M,27+2M§) ,

16e
2ME4+15M2M2 4+ M4+ — (M3
K T VK T \f3( K
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2
e
M olgom=— ﬁg(3K'1+ 3K+ KL+ KE) (s+u—2t)
e2
+ 52 (3K + 3K+ KG+Kig Sy (AB)
0

If mesons were really massless, any tadpole type contribu-
tion would vanish, as S(3) symmetry is broken precisely by
quark masses this does not turn out to be the case in nature.
One thus obtains

Km0 12 2 2
M|tadpole:_18|:2 t+2M o——(t+|v| —2M2)
12¢
18F2 3t— 4MK0——(t—2MK)
Mm> 2 € 2 2
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9_2-F0 ( -0) ‘f3( p )
_ Hko 6e )
3t—2M o——(3t 2M2—4M2)
9F0
s 2 -8 3 2
18':2 t+ M 70 MKO__( t+4M
—4MQ) |- (A7)

Hitherto we have shown terms that are polynomials.
When performing the one-loop corrections one obtains a uni-
tary piece. This is given in terms of nonanalytical functions,
i.e., essentially functions with a momentum dependence in
the argument. In order to present them we have kept track of
the internal propagators; thus the identification of each dia-
gram is straightforward. They are given in thehannel by

Mt channel™ Mw0w0+ Mr]1]+ MWO’I]+ M77+777 + MKOEO

+MK+K71
where
M My ar2 1- %) e t+a_—A
m070= 24F0 \/j M0 T K
2e = s2 2
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2
2 2
M= 72F4[12|: 1+ +[9t—6M?
OMZo+ 3(Ag—A )+ 5 (3t
w0 K T ‘/3
—25 ) [BIMZ,M2:t) ¢, (A9)
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Thegij functions are defined in Appendix C.

APPENDIX B: @ K*¥—a7%°

In this appendix we display the relevant formulas concerning the more interesting process. As before our philosophy has
been not to mix the terms too much. One can verify that the following results are scale invariant.

1. Scattering amplitude

The amplitude is written as

M(s,t,u)= M|tree+i:gc d M(i)|Born+Mlmixing+M|tadpole+M|s channel™ M|t channel™ M|u channeﬁ_M|one photo} .
(B1)
In the above expression the splitting between the terms is essentially the same as in the pure neutral case, but in addition we

have the last term, which concerns the explicit photon exchange.
For the tree-level amplitude we have

u—s AL A=A, 1 €
M|tree: + - 1/_3

S+u-—2t). B2)
2VIFZ 2V2F3  4V2FE  2V2F} )( ) (

The Born amplitude is given by

M U L o 8 4 B0 B s+ By ) — o [2(M242M2)LL4S Lf]]+ Mic | e ( )
= _—\a 71'0 0 T* )T 22 T T = - T
(a)lBorn 2\/§F(2, 6 I My OHK M MK Fg K/ b4 KLs5 \/QF(Z) V3 Mp— M
+ A [l(nu —,+10u )—3[(M2+2M2)(L'+2U)—A Lr+4M2L']}—L[3Li
4‘/2Fg 6 My K F(Z) T K 4 6 K75 K-8 4‘/2Fg 1677_2':%
+£(129M +5u +42,uK)—%[(M2+2M2)(3Lr+2Lr)+2M2(Lr+2L')])— £ (s+u—2t)
6 m n F2 m K 4 6 kibks 8 Z\QFg 3
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X 6(11M7r+3ﬂ7;+10:u’K)_Eg[Z(Mw+2MK)L4+EWKL5] . (B3)
As in the neutral to neutral transition, there is a term from the treatment of-themixing:
36¢ 24¢ de
Mmixing= — 5 [2(STU=20) = A o, + 2A ]} =3k = pk0) = —— (Rr— py) = —— (Hr— )+ ———5 A7y (3L
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+Lg) _144\/§F2 MZO—MZ -1 122770K0(,U«K—_,U«K0)_EMW(MW_MK)+89 MZI3(2K3—Ky)
0 ™ n
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5 6 9 1
The strong leading Lagrangian @(p*) contributes as
2 8
M(b>|Bom=‘/?i23 PiLi, (BY)
ME

where
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The polynomials not displayed explicitly do not contribute to the process.
The equivalent contribution but in the e.m. sector is cast as
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The e? contribution from the wave function renormalization reads

e*(u-s) m2 m2 1 r r r r r r
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with
Mp 3272F2 Mz :

The tadpole diagram contributes as
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As in the neutral case, we display the unitary contribution disentangling each term separately. We recall that the subscripts
refer to the internal particles running in the propagators. Fossttigannel one gets
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Finally, for theu channel we get the following set of results:
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For each term separately,
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The only remaining piece is the soft-photon exchange diagram. It contains an infrared divefigehaed in theC
function). Its result is given by
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where the function§_, andG; are defined in Appendix C.

2. Scattering lengths

Because of the relevance of the procesK " — 7°K° we display the combination for tH®wave scattering lengths. For
the sake of simplification, the results will be presented as functions of the codstifined at leading order by

M2 —M2,=2ZeF3+---. (B21)

After performing all the steps mentioned in Sec. VI we make the following substitutions:
Ag—A —4—6(M2—M2) A_—2e°ZF?2
™ V3 K w/ ™ 0

This leads to the following expression:
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where for the sake of clarity we have expressed the combinagioh —;00) in terms of the bare coupling const&nt. If one
chooses to renormalize the decay constants 45 the following term should be added to the previous expression:

2
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+ oo | 16202 {42|v| My +51272 M2 (ALY +LE) — 4M M (3L4+LE) + M2(2L5+LE) ]+ 11M ,(2M
0

2

M2 M?
—Mﬂ)log( ) 10M (M — ZMW)Iog< +(—4M2+6M M+ M )Iog( )} (B23)

Otherwise, if the desired renormalization isF&S the term to be added is

5 _3Mﬂ.tMKi
P 32r | 167°FS

M, My 1
- 327 |16x%Fi)\v3

2 2
12872 (M2, +2M2 )L+ M2.LE]—2M2. | Mo | 2. ogl MK
[(M?-+2M2)Ly+ M7 Lg] -+ 100 2 k=109 2

M2
[2(M2 M2)— 1287 3(2M&Z—M2)LL+M L]+2M2Iog< )

+(3M2-2 Iog( ]
327 | 167°F2 i ’ ’

2

M2
+2M _(—2Mg+M )Iog( +M(M—2M )Iog(ﬂ )} (B24)

Obviously, once the renormalization of the coupling con-mg/m this implies that the uncertainty from this quantity is

stant is taken into account there are some cancellations thaery small[51].
slightly simplify the expression for the combination of scat-
tering lengths. In writing this expression we have applied the

Gell-Mann—Okubo relation extensively to the polynomial APPENDIX C: LOOP INTEGRALS

terms and to thd functions but otherwise kept the eta mass  In this appendix we collect for completeness some famil-

inside the logarithmic functions. The functiodis. and 5_ iar formulas. Thegij functions are the finite components of
are defined in Appendix C. Notice that this combination ofthose defined if152-54. Using Lorenz decomposition and

scattering lengths is independent at leading order of the ratisome simpler algebraic manipulation they can be reduced to
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the tadpole integralt and the one-loop functiod, through p?[ 1 32m1m2
the following set of finite relations: + E( 16772) - 02 ,
_ Mm, ~ Mm,
B(m2,m3; p?) = — % + 3(m, m3;p?),
m;m;
_ 1 Amlm2 — g (m2 m2: 2):_L \ ( Z)J_(mz m2- 2)
Bu(mimip%) =5 || 1+ —pz— | (ma,mzip?) e e
4
Mm, ™ Mm, _|_21 1 _ 32m1m2 _(n?
—, 3 16772 p2 (p

Amlmz
+ Amlmz)Mml_ (pz_ Amlmz),u'm2

Boy(m3,m;p?) = ! |1[ (p?) fhm, ~
) ] m m. m m.
3p? | p?H +Nmym,(P?) %] (C1)
. m;m,
+3p°mi]I(mi, m3;p?)
p?—m3 p?—mi
+ A Mem, — A — . )
m;m, m;m, In the J function we have to consider at least two branches:
Am m m m mf m m p +)\mlm2)2 m m
24| - —— (7) 122 2\ 7_ r— if p?=(m+my)?
o p mlmz 2 ( p mlmz) mlmz
32723(m?2,m3; p?) =
A mlmz m1m2> ( %) mlmz p + A mlmz
2+| —— 5 arctan) ——
p m1m2 m; vV )\mlmz

—p%+A, mym,
—arctan ———- if (ml_m2)2$p2$(m1+m2)2-

A\ )\mlmz

(C2

With the use of the Gell-Mann—Okubo relation théunction can be reduced to simpler combinations of logarithmic and
arctangent functions. In the latter case we define the functions

B.=B(My ,M;)=B(My,—My),

where

V(X—y)(2x+Yy)

B == 2 x+y)

(C3)

ta’( V(x=y)(2x+Y)

2(x—y)

+arct ’( xX+2y )
arctal .
2V(x=y)(2x+y)

In addition to the previous integrals the three-point function integrals are needed in the calculation. These arise through the
photon exchange diagram. The scalar function, the only one that is actually IR divergent, is given(fSEgvhile the
remaining one is

CH(m3,ma,m2;p,k)=—iu*" dDID 7 " 7 2
Py (2m) (Iz_my)[(p_l)z_MP][(k_I)Z_MQ]
:(p_k)”GEQ(p,k)+(p+k)MG;Q(p,k)- (C4

In the convention of52] the previous decomposition reads
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Ca(p,k) - Cua(p.k)
Ghg(P K=~ —"5—,  Gpg(P.k)x— 5+ Crl p,K).

In terms of the basic functions we obtain

<

o=l AT gt - L 2_ M@
GPQ(q P k) g APQ ‘JF‘Q(q ) 16’772 32772[(p+k) 2PQ]IOg Mé '

1 J— 1 1 Sp M3
Pk ==1qg? 2y _ _ 27PQ_ A oal —2
where
G=[a*(p+k)*~Agq] and g*=(p—k)*.
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