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Isospin breaking corrections to low-energyp-K scattering
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We evaluate the matrix elements for the processesp0K0→p0K0 and p2K1→p0K0 in the presence of
isospin breaking terms at leading and next-to-leading order. As a direct application the relevant combination of
theS-wave scattering lengths involved in the pion-kaon atom lifetime is determined. We discuss the sensitivity
of the results with respect to the input parameters.

DOI: 10.1103/PhysRevD.65.054023 PACS number~s!: 14.40.Aq, 12.39.Fe, 13.40.Ks, 13.75.Lb
st
ie
a-
n

lv
L

hu

o
-t

an
th

d

he
y
co
tic

th
nd
p
a

ge
e
t

dg
pe
th

tim

id

he
up

to
in

o-
us
ic
ex-
p-
ffer-
s. We

e

w
the
of

de-
e
ec.

nd
f-
ave
ec.
de
n,
the
or-
ion,
ion
ec.
the
lts,

ake

ot
en-
I. INTRODUCTION

Chiral perturbation theory@1# has become one of the mo
used tools in exploring QCD low-energy dynamics. It appl
in the nonperturbative regime of QCD. The initial QCD L
grangianL0 is then replaced by an effective one which co
tains the same symmetries as the fundamentalL0 , composed
of a string of higher and higher dimension operators invo
ing derivatives and quark masses. Technically, the new
grangian is not renormalizable~in the Wilsonian sense! but
fortunately at a given order in the momenta~quark mass!
expansion the number of counterterms needed is finite. T
assumingthat the chiral series converges@2#, one can trun-
cate it at a given order and deal with a finite number
unknown constants. Restricting the analysis to the next
leading order in the mesonic sector~see below!, one can
obtain the unknown constants from the existing data
large-Nc arguments. In this respect one makes use of
experimental knowledge of the pseudoscalar masses an
cay constants, pion vector form factor, andKl4 form factors.
Therefore none of these data can be used to claim any t
reticalpredictability. To exhibit the consistency of the theor
one has to use other processes where the low-energy
stants are given as mere inputs and confront the theore
results with the experimental data. With this aim thep-p
scattering lengths have deserved careful examination@3# but
unfortunately they give information only about the SU~2!
sector. In line with the previous general argument,p-K scat-
tering is the simplest meson-meson scattering process
involves strangeness and can be used as an indepe
source of information on the validity of the extra assum
tions that are commonly believed to hold in chiral perturb
tion theory, such as, for instance, large-Nc arguments. This
will, hopefully, bring some insight into the role of the stran
quark mass inside the chiral expansion. Recently, it has b
noticed that the quark condensate depends strongly on
number of light sea quarks@4#. This fact might cast doubts
on the validity of the chiral expansion in the SU~3! sector
wherems is treated as a small parameter. Before any ju
ment is made it is necessary to make more accurate ex
ments and precision calculations on testing processes. In
sense the next proposal for the measurement of the life
and the splitting between energy levels inp-K atoms (ApK)
at CERN constitutes a major step from the experimental s
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@5#. Experiments on this system will constitute one of t
most stringent tests of chiral symmetry breaking existing
to now. The lifetime~t! of theApK atom is given in terms of
@6#

1

t
}~a0

1/22a0
3/2!2, ~1.1!

where a0
1/2 and a0

3/2 denote theS-wave p-K scattering
lengths. Thus any theoretical insight into the corrections
Eq. ~1.1! due to the isospin breaking terms has a key role
the accurate determination of the scattering lengths.

In this paper our aim is to incorporate some of the the
retical effects that were not taken into account in previo
analyses@7#. We shall deal first with the more academ
p0K0→p0K0 process, where there is no presence of an
plicit virtual soft photon, but electromagnetic effects will a
pear in the expressions for the scattering lengths as di
ences between charged and neutral pseudoscalar masse
proceed with the analysis by considering thep2K1

→p0K0 transition, where in addition the explicit exchang
of virtual photons should be considered.

The paper is organized as follows. In Sec. II we revie
briefly the inclusion of electromagnetic corrections inside
framework of effective Lagrangians, emphasizing the role
the low-energy constants. We continue with the isospin
composition for thep-K scattering amplitudes, analyzing th
scattering lengths at leading order in Sec. III. Next, in S
IV we proceed with the analysis of thep0K0→p0K0 process
at next-to-leading order, first reviewing the kinematics a
carefully explaining how to deal with isospin breaking e
fects, both strong and electromagnetic ones, in order to h
an expression consistent with chiral power counting. In S
V we turn to the evaluation of the experimental mo
p2K1→p0K0 emphasizing the soft-photon contributio
the extraction of the Coulomb pole at threshold, and
proper definition of observables once isospin breaking c
rections are taken into account. In a more technical sect
Sec. VI, we explain how to perform the threshold expans
of the non-Coulomb part of the scattering amplitude. In S
VII we review the experimental and theoretical status of
p-K S-wave scattering lengths and we present our resu
discussing them in terms of all input parameters. We m
use of our findings to determine the lifetime ofApK in Sec.
VIII. Section IX summarizes our results. Finally, in order n
to interrupt the discussion, we have collected in the App
dixes all relevant expressions.
©2002 The American Physical Society23-1
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II. EFFECTIVE LAGRANGIAN TO LOWEST ORDER

This section covers briefly the inclusion of electroma
netic corrections in a systematic way in the low-ener
theory describing hadron interactions@8,9#. Because of the
smallness of the electromagnetic constantae.m., these effects
have been theoretically neglected so far in thep-K scattering
process, but it is well known that near threshold isos
breaking effects can considerably enhance some observa

In the presence of electromagnetism it is convenien
split the lowest-order effective Lagrangian into three term

L25Lg1LQCD
~2! 1LC. ~2.1!

The foregoing Lagrangian possesses the same symmetr
strictions as the one in the strong sector. Additionally, o
has to impose an extra symmetry, charge conjugation, aff
ing only the photon fields and the spurious~see below!. The
first term in Eq.~2.1! corresponds to the usual Maxwell La
grangian containing the classical photon fieldAm and the
field strength tensorFmn :

Lg52 1
4 FmnFmn2 1

2 ~]mAm!2, Fmn5]mAn2]nAm .
~2.2!

The second term formally describes the dynamics of
strong interaction sector@10# and it is given at lowest orde
by

LQCD
~2! 5

F0
2

4
^dmU†dmU1x†U1xU†&. ~2.3!

As usual, the angular brackets^¯& stand for a trace ove
flavor. The fieldU parametrizes the dynamics of the low
energy modes in terms of elements of the Cartan subalg
@11#. The covariant derivative is slightly modified with re
spect to the pure QCD interaction expression to accom
date the inclusion of the electromagnetic field:

dmU5]mU2 i ~vm1QRAm1am!U1 iU ~vm1QLAm2am!.

~2.4!

QR andQL are the aforementioned spurion fields, contain
the sources for the electromagnetic operat
Amq̄L(la/2)gmqL andAmq̄R(la/2)gmqR . Furthermore, from
now on we set them to their constant value

QL~x!5QR~x!5Q, Q5
e

3
3diag~2,21,21!. ~2.5!

As usual,am andvm stand for the axial and vector source
respectively. The scalar and pseudoscalar sources are
tained inside the SU~3! matrix x as

x5s1 ip52B0M1¯ , M5diag~mu ,md ,ms!.
~2.6!

At lowest order the last term in Eq.~2.1!, LC, determines the
masses of the mesons in the chiral limit, which are of pur
electromagnetic origin. This means that even at tree level
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pole of the two-point Green function is shifted from its QC
value, modifying therefore the kinematics of the low-ener
region,

LC5C^QUQU†&522e2
C

F0
2 ~p2p11K2K1!1¯ .

~2.7!

Obviously, the coupling is taken to be universal; thus
expect the same contribution to the masses for charged p
and kaons. The inclusion of isospin breaking terms can
seen in a very naive way as coming through two differe
sources in Eq.~2.1!: first, a purestrongisospin breaking, i.e.,
muÞmd , and second anelectromagneticinteractioneÞ0,
Eq. ~2.7!. In view of the seemingly different roles of the tw
contributions, one has to relate them in a consistent way.
instance, the Lagrangian Eq.~2.1! involves an expansion in
several parameters:p, m, e, and d, wherep refers to the
external momenta,m to the quark masses,e to the electric
charge, and finallyd5md2mu . To be consistent, Eq.~2.1!
should contain operators with the same chiral order in
series expansion. To achieve this a possible choice ca
m;e2;O(p2). At the next-to-leading orderO(p4), none of
the following terms are prevented from appearing by ch
power counting:p4, m2, p2m, p2e2, me2, p2d, md, e4, and
d2, although there is quantitative support for the assumpt
often used in phenomenological discussions, that thee4 and
d2 contributions are tiny and can therefore be safely dis
garded compared with the rest.

Hitherto we have listed all possible electromagne
lowest-order operators. Once quantum fluctuations are c
sidered using vertices from the functional~2.1! the results are
ultraviolet divergent. Those divergences depend on the re
larization method employed in the loop diagrams. As is c
tomary we shall adopt the modified minimal subtracti
~MS! scheme. In order to remove these ultraviolet div
gences, higher-order operators, modulated by simple c
stants, should be incorporated into the theory with the gu
ance of the previously mentioned symmetry requireme
This allows us to deal with a theory that is ultraviolet fini
order by order in the parameter expansion and hopefull
adequately describes several observables.

These modulated constants are order parameters of
effective theory~low-energy constants! and in the case a
hand are determined by the underlying low-energy dynam
of QCD and QED. For instance, at lowest order the or
parameters are given byF0 @Eq. ~2.3!#, B0 @Eq. ~2.6!#, andC
@Eq. ~2.7!#, describing the lowest pseudoscalar decay c
stant, the vacuum condensate parameter, and the electro
netic pion mass in the chiral limit, respectively. For th
strong SU~3! sector and at next-to-leading order, there a
ten new low-energy constants@10# L1 ,...,L10 and two high-
energy constants. At this level of accuracy the ten lo
energy constants may be extracted almost independe
from one other by matching some observables with the c
responding experimental determination. In the electrom
netic SU~3! sector there is also need of higher-order ope
tors, up to 16 modulated viaK1 ,...,K16, to render any
observable free of ultraviolet divergences. To gain some
3-2
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ISOSPIN BREAKING CORRECTIONS TO LOW-ENERGYp-K SCATTERING PHYSICAL REVIEW D65 054023
formation on these low-energy constants one has to reso
models @12#, to sum rules@13#, or to simple crude orde
estimates. All in all, one can see that the inclusion of el
tromagnetic corrections to hadronic processes increase
number of low-energy constants enormously and constit
the major source of uncertainty when making use of the
fective Lagrangian.

III. ISOSPIN BREAKING CORRECTIONS AT
LEADING ORDER

Under strong interactions symmetry pions are assigne
a triplet of states, ‘‘isotriplet states,’’ whereas kaons can
collected into doublets. This means that the pion and
kaon are isospin eigenstates with eigenvalues 1 and 1/2
spectively. Therefore, the amplitudes for thep-K scattering
processes are solely described in terms of two indepen
isospin eigenstate amplitudesT1/2 andT3/2,

M~p0K0→p0K0!5 1
3 T1/21 2

3 T3/2,

M~p2K1→p0K0!52
&

3
T1/21

&

3
T3/2,

M~p2K1→p2K1!5
2

3
T1/21

1

3
T3/2,

M~p1K1→p1K1!5T3/2. ~3.1!

It is obvious that unders↔u crossing the last two matrix
elements are related. In particular, one finds

T1/2~s,t,u!5 3
2 T3/2~u,t,s!2 1

2 T3/2~s,t,u!. ~3.2!

Thus in the isospin limit it is sufficient to compute one of t
processes. It is convenient to use, instead of the invar
amplitudesTI , the partial wave amplitudest l

I defined in thes
channel by

TI~s,cosu!532p(
l

~2l 11!Pl~cosu!t l
I~s!, ~3.3!

or by the inverse expression

t l
I~s!5

1

64p E
21

11

d~cosu!Pl~cosu!TI~s, cosu!, ~3.4!

wherel is the total angular momentum,u the scattering angle
in the center of mass frame, andPl the Legendre polynomi-
als with P0(cosu)51. Near threshold the partial wave amp
tudes can be parametrized in terms of the scattering len
al

I and slope parametersbl
I . Neglecting isospin breaking ef

fects and in the normalization~3.3!, the real part of the par
tial wave amplitude reads

Ret l
I~s!5q2l$al

I1bl
Iq21O~q4!%, ~3.5!

with q being the center of mass three-momentum.
We start by estimating the scattering lengths in the isos

limit at tree level. Using for instance the first two process
in Eq. ~3.1!, one can disentangle the values of each scatte
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length separately. In order to match the prescription of
scattering lengths given in@14# we define them in terms o
the charged pion and kaon masses. They read1

a0
1/25

Mp6MK6

16pF0
2 50.160 ~0.131!,

a0
3/252

Mp6MK6

32pF0
2 520.080 ~20.065!,

~3.6!

where the first quoted number refers to the choiceF0
25Fp

2

whereas the second is for2 F0
25FpFK .

When switching on the isospin breaking effects, we a
not longer allowed to refer to the scattering lengths in
given isospin state and new terms in addition to the previ
ones arise. Furthermore, in principle relations such as
~3.2! do not hold. This failure can be seen already at t
level in the isospin breaking contribution. The modified sc
tering lengths in the presence of isospin breaking can be
as

a0~00;00!5 1
3 a0

1/21 2
3 a0

3/21Da0~00;00!,

a0~12;00!52
&

3
a0

1/21
&

3
a0

3/21Da0~12;00!,

a0~12;12 !5 2
3 a0

1/21 1
3 a0

3/21Da0~12;12 !,

a0~11;11 !5a0
3/21Da0~11;11 !,

where Da0( i , j ,;l ,m) represents the leading correction
scattering lengths due to the isospin breaking effects. As
the i, j andl, m in the arguments, they refer to the charges
the particles in the initial and final states, respectively. T
evaluation of these corrections is straightforward and can
read from the scattering amplitude at leading order:

Da0~00;00!5
1

32pF0
2 F1

4
~Dp2DK!1

e

)
~Mp

2 1MK
2 !G

50.0032 ~0.0027!,

Da0~12;00!5
1

32p&F0
2 F2

e

)
~Mp

2 1MK
2 !

2
Dp

4

3MK15Mp

Mp1MK
1

DK

4

Mp2MK

Mp1MK
G

520.0016 ~20.0013!,

Da0~12;12 !5
Dp

32pF0
2 50.0014 ~0.0012!,

Da0~11;11 !5
Dp

32pF0
2 50.0014 ~0.0012!,

1See Sec. VII for the input values.
2In the following we shall useFK /Fp51.22.
3-3
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A. NEHME AND P. TALAVERA PHYSICAL REVIEW D 65 054023
whereDm5Mm6
2

2Mm0
2 ande refers to the lowest-orderp-h

mixing angle. Notice that, whereas in the isospin limit t
combination for the scattering lengths cancels in thep0K0

→p0K0 process, this is no longer true when isospin break
terms are considered. In thep2K1→p0K0 process the isos
pin breaking in the combination of the scattering lengths
roughly two orders of magnitude smaller than the lead
isospin limit quantity. Even though the future experimen
bound on the combination of scattering lengths for this p
cess is quite restrictive it is worthwhile to control highe
order corrections. For the rest of the processes the iso
effects are also rather small, roughly two orders of mag
tude less than their isospin limit counterparts.

IV. p0K0\p0K0 PROCESS

Let us start by considering the following process:

p0~pp1
!K0~pK1

!→p0~pp2
!K0~pK2

!. ~4.1!

Our aim in this section will be to compute its amplitud
taking into account all possible isospin breaking effec
Even if the process has not the same experimental intere
the p2K1→p0K0 reaction, it is worth considering becaus
both processes share almost the same features and com
tions, with the exception of the one-photon exchange con
bution ~see Sec. V A!.

A. Kinematics

The amplitude for the process Eq.~4.1! can be studied on
general grounds in terms of the Mandelstam variables

s5~pp1
1pK1

!2, t5~pp1
2pp2

!2, u5~pp1
2pK2

!2.
~4.2!

In the isospin limit and at lowest order of perturbation theo
~corresponding to the partially conserved axial-vector curr
results! @see diagram~a! in Fig. 1#, the off-shell amplitude is
given by @14,15#

M~s,t,u!5
1

6F0
2 H MK

2 1Mp
2 2

u1s

2
1tJ . ~4.3!

It is worth reviewing briefly the kinematics of the proce
that will be needed subsequently. In the center of mass fr
the Mandelstam variables are defined in terms ofq andu by

s5~AMp0
2

1q21AMK0
2

1q2!2,

t522q2~12cosu!,

FIG. 1. Irreducible topologies. Vertices in~a!, ~b!, and~c! come
from either Eq.~2.3! or Eq.~2.7!. The vertex in diagram~d! renders
the amplitude ultraviolet finite.
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u5~AMp0
2

1q22AMK0
2

1q2!222q2~11cosu!.

B. General framework

Hitherto we have considered the process Eq.~4.1! at lead-
ing order. In this section we shall sketch the role of isos
breaking at next-to-leading order. Indeed, as mentioned
the Introduction, the isospin violating terms that are retain
in p-K scattering differ from the ones in thep-p reaction
due to the inclusion of thes quark. The latter process can b
described fully in terms of SU~2! quantities where, for in-
stance, the difference between the charged and neutral
masses is of orderd2 and thus can be disregarded, whereas
the former there exist intermediate strangeness states
p-K that givee andd contributions.

In order to construct a matrix element consistent with
chiral power counting one has to take into account all p
sible scenarios for the construction of the graphs. For
stance, given a generic 2→2 reaction mediated via the dia
gram ~b! in Fig. 1 there are two different possibilities fo
incorporating isospin violating terms:~i! consider that one
of the vertices breaks isospin through thee2 terms or via the
quark-mass difference, so that at the order we shall wor
the other vertex and the two propagators are taken in
isospin limit; or ~ii ! if both vertices are taken in the isosp
limit that forces us to consider the splitting between charg
and neutral masses~in a given channel! in the same triplet
for the pions or in the doublet for the kaons in the propa
tors. Thus within this prescription we shall consider in t
chiral series terms up to and includingd ande2 corrections
as well as the usualp4 at next-to-leading order.

The previous distinction, disentangling strong and elect
magnetic contributions to the isospin breaking terms, is qu
artificial as one realizes when the pseudoscalar masses
rewritten in terms of bare quantities. However, it constitu
a great conceptual help because ultraviolet divergences
volving e2 andd terms do not mix at this order, allowing u
to keep track of each term independently.

For the case we are interested in, involving only neut
particles, there is no direct exchange of virtual photons,
therefore the amplitude is safe from infrared singularities a
all the e2 dependence is due to the e.m. mass difference
the mesons or the integration of hard-photon loops. Hence
obtain the amplitude including allO(ae.m.) corrections, one
needs to restrict the evaluation to the one-particle-irreduc
diagrams depicted in Fig. 1 corresponding to the Born a
plitude ~a!, unitary contribution~b!, tadpole~c!, and finally
the counterterm piece~d!. For the explicit expressions of thi
last contribution we refer the reader to the original literatu
@8,10#.

To ascertain the correctness of our expression we loo
the scale independence of the result once all contribution
the one-particle-irreducible diagrams are added, the w
function renormalization for the external field is taken in
account, and thep-h mixing is treated correctly~see below!.
Furthermore, when we restrict the expressions to the iso
limit we recover the results given in@7#.

Once the amplitude is finite in terms of bare quantities
have to renormalize the coupling constantF0 and the masses
3-4



ob

e

-

w

in
bu
ha

na
a
e

p

e

e

ro-

us
ar
nd
te

d in
hall

e
wn
ho-
ns.

on
ne-
t of
a-
nd,
av-

let

ed

ISOSPIN BREAKING CORRECTIONS TO LOW-ENERGYp-K SCATTERING PHYSICAL REVIEW D65 054023
appearing at lowest order. For the latter contribution we
tain agreement with the results quoted in@10# for the terms
up to and includinge corrections and with@8# for the elec-
tromagnetic ones. For the former we shall use two choic
the first one is to fully renormalizeF0

2 as Fp
2 and for com-

parison purposes as the combinationFpFK . To this end we
use the isospin limit quantities@10#

Fp5F0H 11
4

F0
2 ~Mp

2 12MK
2 !L4

r 1
4

F0
2 Mp

2 L5
r 22mp2mKJ

~4.4!

and

FK5F0H 11
4

F0
2 ~Mp

2 12MK
2 !L4

r 1
4

F0
2 MK

2 L5
r 2

3

4
mp2

3

2
mK

2
3

4
mhJ , ~4.5!

wheremP is the finite part of the well-known tadpole inte
gral. We do not useFp0 in the numerical estimates ofFp

because experimentally it is quite poorly known; instead
shall make use of the charged decay constant value.

The final contribution enters through thep-h mixing. At
lowest order it is given by

e5e~2![
)

4

md2mu

ms2m̂
, ~4.6!

wherem̂ is the mean value of the light quark masses,

m̂5 1
2 ~mu1md!.

Notice that, given the order of accuracy we are consider
e (2) does not suffice and the next-to-leading order contri
tion e (4) to the mixing angle needs to be considered. We s
use the same approach as in@16#, to which we refer for a
more detailed explanation. It consists essentially in diago
izing the mixing matrix at the lowest order, redefining in th
way the p0 and h fields, while higher-order terms in th
mixing are treated by direct computation of theS-matrix off-
diagonal elements. We have cross-checked our results ex
itly using the procedure outlined in@17#.

Taking into account all the mentioned contributions w
obtain the renormalizedS-matrix elementM00;00 for the
transitionp0K0→p0K0 that is given in Appendix A, where
we refer the reader for a detailed exposition.

V. pÀK¿\p0K0 PROCESS

In this section we shall consider the more relevant proc

p2~pp2!K1~pK1!→p0~pp0!K0~pK0!, ~5.1!

with the following Mandelstam variables:

s5~pp21pK1!2, t5~pp22pp0!2, u5~pp22pK0!2.
~5.2!

In the center of mass frame these variables read
05402
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s5~E11E2!2,

t5Mp6
2

1Mp0
2

22E1AMp0
2

1q8212qq8 cosu,

u5Mp6
2

1MK0
2

22E1AMK0
2

1q8222qq8 cosu, ~5.3!

with

E1
25Mp6

2
1q2,

E2
25MK6

2
1q2,

q825
1

4 FE11E21
Mp0

2
2MK0

2

Mp6
2

2MK6
2 ~E12E2!G 2

2Mp0
2 ,

~5.4!

andq (q8) the three-momentum of the charged~neutral! par-
ticles.

As has been pointed out earlier, the relevance of this p
cess is intimately related to the lifetime of thep-K system,
even though we want to stress that our formalism allows
to deal only with free, on-shell external particles, in cle
contrast with thep-K atom where the states are bounded a
off shell @18,19#. We shall not pursue the more comple
approach here.

For the construction of most of the graphs~those equiva-
lent to Fig. 1! we shall use the same arguments presente
the preceding section. For the remaining ones we s
sketch their treatment in the next section.

A. Soft-photon contribution

In the case of thep2K1→p0K0 process, as well as th
corrections due to the mass difference of the up and do
quarks and those generated by the integration of hard p
tons, one has to consider corrections due to virtual photo
At ordere2p2 these corrections arise from the wave functi
renormalization of the charged particles and from the o
photon exchange diagrams depicted in Fig. 2. The resul
diagram~a! in this figure reduces at threshold to combin
tions of polynomials and logarithms, whereas the seco
~b!, needs closer consideration. It develops a singular beh
ior at threshold. This singularity issues from the ultravio
finite three-point functionC defined by

FIG. 2. Soft-photon contributions to the processp2K1

→p0K0. Diagram~a! has a crossed term. The photon interchang
in diagram~b! is possible only between the initial states.
3-5
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C~M P
2 ,MQ

2 ,mg
2;p1 ,p2!

[
1

i E ddl

~2p!d

3
1

~ l 22mg
2!@~p12 l !22M P

2 #@~p22 l !22MQ
2 #

, ~5.5!

with the on-shell conditionsp1
25M P

2 , p2
25MQ

2 andmg
2 act-

ing as an infrared cutoff for the photon mass. Using stand
techniques, the integral~5.5! can be expressed in terms
logarithms and dilogarithms. Forp2[(p12p2)2.(M P

1MQ)2 andmg
2→0 it is given as follows:

32p2lPQ
1/2~p2!C~M P

2 ,MQ
2 ,mg

2;p1 ,p2!

52H logFlPQ~p2!

p2mg
2 G2

1

2
logF @DPQ2lPQ

1/2~p2!#22p4

@DPQ1lPQ
1/2~p2!#22p4G2 ipJ

3H logF @p22lPQ
1/2~p2!#22DPQ

2

@p21lPQ
1/2~p2!#22DPQ

2 G12ipJ
12 Li2Fp21DPQ1lPQ

1/2~p2!

p21DPQ2lPQ
1/2~p2!G

22 Li2Fp22DPQ2lPQ
1/2~p2!

p22DPQ1lPQ
1/2~p2!G , ~5.6!

where

DPQ[M P
2 2MQ

2 ,

lPQ~p2![@p22~M P1MQ!2#@p22~M P2MQ!2#,

and finally the dilogarithm function is defined as

Li2~z![2E
0

z

dt
log~12t !

t
.

We have performed several checks on the validity of
expression~5.6!: ~i! when reduced to the equal mass ca
we recover the result as given in@20# and~ii ! it numerically
agrees with the results given in@21# for the general case.

The contribution of theC function via the diagram~b! in
Fig. 2 to the amplitude is@cf. Eq. ~B20!#

e2

&F0
2 ~s2u!~s2Mp

2 2MK
2 !C~Mp

2 ,MK
2 ,mg

2;pp2,2pK1!.

Expanding the real part of the preceding function in the
cinity of the threshold by the use of Eqs.~5.6! and~5.4! one
obtains a Coulomb type behavior, i.e.,q21. Then schemati-
cally the threshold expansion of the real part of the am
tude takes the following form:
05402
rd

e
e

-

i-

ReM21;00~s,t,u!52
Mp6MK6

&F0
2

e2

4

mpK

q
1ReMthr

21;00

1O~q!, ~5.7!

with

mpK5
Mp6MK6

Mp61MK6
~5.8!

the reduced mass of thep-K system.
A remarkable feature of the threshold expansion is t

neither ReMthr
21;00 nor the long-range force of the photo

exchange is affected by the infrared singularity, which co
tributes only toO(q2) or to higher-order terms. These infra
red terms arise from the wave function renormalization a
from the three-point scalar integral function via the diagra
~b! in Fig. 2. Adding the infrared contributions of both piec
one gets

ReMir
21;005S s2u

&F0
2D F e2

16p2 log~mg
2!G

3H 11
1

2

s2SpK

lpK
1/2~s!

logS @s2lpK
1/2~s!#22DpK

2

@s1lpK
1/2~s!#22DpK

2 D J
with

Smn5Mm
2 1Mn

2.

As is expected, when evaluated at threshold, this expres
vanishes, rendering ReMthr

21;00 as an infrared finite quantity
Although the scattering lengths defined in this way are inf
red finite the slope parameters are not. The proper defini
of an infrared finite observable requires one in addition
take into account the real emission of a soft photon from
external particles. Notice that the experimental data will
clude this bremsstrahlung effect. The cancellation of infra
divergences takes place order by order inae.m. and therefore
it is just sufficient in our case to consider one single-pho
emission, whose amplitude reads

M21;00g5
e

2&F0
2

em~kg!F22~pp02pK1!m1~pK1

1pK0!•~pp11pp02kg!
~2pp12kg!m

mg
222pp1•kg

2~pp11pp0!•~pK21pK02kg!

3
~2pK22kg!m

mg
222pK2•kg

G ,
with kg andem(kg) being the momenta of the photon and
polarization vector, respectively. As a result, one can w
the infrared finite cross section including allO(ae.m.) but
neglectingO(ae.m.

2 ) terms as

s~s;DE!5s21;00~s!1s21;00g~s;DE!, ~5.9!
3-6
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where DE stands for the detector resolution. Once this
done, the corrected scattering lengthã0(12;00) might be
defined from the threshold expansion of the infrared fin
cross section Eq.~5.9! by subtracting the Coulomb pole term
and excluding the corrections due to the mass squared d
ences in the phase space in the following way@22#:

s~s;DE!5
1

32ps

lp0K0
1/2

~s!

lp2K1
1/2

~s! H 2
Mp6MK6

&F0
2

e2

4

mpK

q

132pã0~12;00!1O~q!J 2

. ~5.10!

We have checked that the corrections due to real soft-ph
emission are negligible and thus we expect that the corre
scattering lengthã0(12;00) will differ only beyond our
accuracy from the one obtained using Eq.~5.7!, that is, from
the infrared finite real part of the scattering amplitude
threshold.

Finally, in order to present our results we shall collect in
single, infrared finite expression~denoted byMsoft photon in
the tables! the contributions at threshold of Eqs.~B6!, ~B7!,
~B20!.

VI. THRESHOLD EXPANSION

Let us explain how we obtain the scattering lengths fr
the scale invariant amplitudes Eqs.~A1! and~B1!. Since we
are interested in only theS-wave threshold parameters it
just sufficient to expand the scattering amplitude around
threshold values. Even so, this step is not quite straight
ward because in order to match the prescription given in@14#
for the scattering lengths we need to shift the isospin li
and neutral masses to the corresponding charged ones
procedure is rather cumbersome and we shall use the fol
ing substitutions for the masses:

Mp0
2 →Mp6

2
2Dp , MK0

2 →MK6
2

2DK , ~6.1!

whereD i are small quantities that in the case of pions co
tain at leading ordere2 pieces while for kaons they contai
both e2 and e terms. It is therefore sufficient to expand a
quantities up to first order inD i . For instance, in the
charged→neutral transition we obtain, for the kinematic
variables,

s5~Mp61MK6!2,

t52
MK6

Mp61MK6
Dp2

Mp6

Mp61MK6
DK ,

u5~Mp62MK6!22
Mp6

Mp61MK6
Dp2

MK6

Mp61MK6
DK .

~6.2!

Once this step is performed, and in order to bookkeep
power counting properly, any charged mass multiplyingD i
or e pieces is settled at its isospin limit:
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Mp6

Mp61MK6
'

Mp

Mp1MK
@11O~e!1O~e2!#. ~6.3!

Only for estimating higher-order corrections shall we eve
tually keep the charged masses in the ratios introduced in
~6.2!.

Even though the outlined procedure for shifting the ne
tral masses is rather involved, it allows us to expand
one-loop integrals in an analytical form with quite compa
expressions. For instance, in thes channel for the neutra
→neutral transition we obtain after performing the me
tioned steps the following expansion:

ReJ̄„Mp0
2 ,MK0

2 ;~Mp01MK0!2
…

5
1

16p2F11
Mp6MK6

MK6
2

2Mp6
2 logS MK6

2

Mp6
2 D G

2
1

32p2

1

~MK
2 2Mp

2 !2 S MK

Mp
Dp2

Mp

MK
DKD

3F22~MK
2 2Mp

2 !1~Mp
2 1MK

2 !logS MK
2

Mp
2 D G .

For loop functions involving theh mass the use of the Gell
Mann–Okubo relation reduces the expression considera

In the neutral→neutral process, although the kinemati
allows t}q2'0 at threshold, there is no need to consider
expansion of theJ̄ function in powers ofq. This is the case
because all channel contributions behave as polynomia3 J̄
without any inverse power of the kinematical variables~t in
this case!. This does not turn out to be the case in t
charged→neutral transition. There, one deals with terms li
J̄/t, where in the isospin limitt}q2→0. Expanding near
thresholdJ̄@m1

2,m2
2;t(q2)#'bq21¯ we shall obtain contri-

butions from terms linear inq2. Apart from this, there are no
more differences in the treatments of the two processes.

Because of the relevance of the processp2K1→p0K0

we collect, as well as the expression for the scattering a
plitude in Appendix B 1, the expression for theS-wave scat-
tering lengths in Appendix B 2.

VII. RESULTS AND DISCUSSION

Let us first point out that, because of the high threshold
productionAsth;632 MeV, it is not necessarily true that
single one-loop calculation is enough to approach the ph
cal values for the scattering lengths. Because of the fu
existingp-K data, we consider that this question can only
answered once the size of the next-to-next-to-leading o
term is computed. Also, there are openings for intermed
particle production, for instanceKK̄ in the t channel, that
presumably strongly affect the chiral series convergence

A. Input parameters

Before presenting our results we want to stress the
evance of thep-K scattering process. Its importance go
3-7
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A. NEHME AND P. TALAVERA PHYSICAL REVIEW D 65 054023
beyond the determination of some threshold quantities
can play a key role in our knowledge of spontaneous sy
metry breaking. Up to now chiral perturbation theory h
been used toparametrizethe low-energy QCD phenomeno
ogy. Lacking enough processes to determine all low-ene
constants, one has to resort to theoretical inputs~or preju-
dices!. For instance, the low-energy constants in the elec
magnetic sector have in general a quite mild impact on
results and therefore have been relegated to a secon
place and have only recently received some attention@12,13#
due to increasing precision in the experiment. But very lit
is known about them with the exception of model estimat
In our treatment these constants can play an important r
and we include them as given in@12#, where they are esti
mated by means of resonance saturation.~Hereafter all our
results are given at the scalem5M r .!

K1
r 526.431023, K2

r 523.131023,

K3
r 56.431023, K4

r 526.231023,

K5
r 519.931023, K6

r 58.631023,

K7
r ,...,K10

r 50, K11
r 50.631023,

K12
r 529.231023, K13

r 514.231023,

K14
r 52.431023.

If instead we use a naive dimensional analysis the value
signed to each of them would be restricted to be inside
range

uKi
r u&

1

16p2 ,

which is taken as a crude indication of the error. Notice t
the central values quoted in@23,13# lie inside this error band

Contrary to the previous case the low-energy constant
the strong sector are better known. In a series of wo
@10,24# most of the next-to-leading low-energy constan
were pinned down. In addition to the experimental dat
large-Nc arguments were used to settle the marginal
evance of some operators~those entering together withL4
andL6!. The use ofp-K data in theT3/2 channel can disen
tangle~in principle! the value ofL4

r , due to its product with
MK

2 which enhances its sensitivity to the role ofms @25#.
In order to have more complete control over our resu

we use two different sets of constants@16#. The first one was
obtained by fitting simultaneously the next-to-leading e
pressions of the meson masses, decay constants, and th
old values of theKl4 form factors to their experimenta
values.3 We shall refer to it as set I and it is given by4

3Notice that in the decayK→pp lv thes quark is involved. Thus
although in principle it can be used to obtain the value ofL4

r the
form factorsF andG turn out to be rather insensitive to its actu
value @16#.

4Quantities with an asterisk are theoretical inputs.
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1033L1
r 50.4660.23, 1033L2

r 51.4960.23,

1033L3
r 523.1860.85,

1033L4
r 5060.5* , 1033L5

r 51.4660.2,

1033L6
r 5060.3* ,

1033L7
r 520.4960.15, 1033L8

r 51.0060.20.

The second~set II! is obtained with the same inputs an
under the same assumptions as the previous one, but
time the fitted expressions are next-to-next-to-leading qu
tities:

1033L1
r 50.5360.25, 1033L2

r 50.7160.27,

1033L3
r 522.7261.12,

1033L4
r 5060.5* , 1033L5

r 50.9160.15,

1033L6
r 5060.3* ,

1033L7
r 520.3260.15, 1033L8

r 50.6260.20.

As one can see by comparing both sets, the central valu
some of the low-energy constants is sizably shifted from o
to the other. We stress at this point that the error in
determination of the scattering lengths is mainly associa
with the errors on the low-energy constants. The other qu
tities involved in the calculation are hadron masses, and
those there are rather accurate determinations. For the l
we use@26#

Mp65139.570 MeV, Mp05134.976 MeV,

MK65493.677 MeV, MK05497.672 MeV.

Notice that in principle there is no need to considerMh
2 as an

additional input. It always appears through loop propagat
and therefore it is sufficient to consider it via the Ge
Mann–Okubo relation in the presence of isospin break
~including e.m. corrections!,

DGMO[Mh
22 2

3 ~MK6
2

1MK0
2

!1 1
3 ~2Mp6

2
2Mp0

2
!50.

~7.1!

However, we shall also use the valueMh5547.30 MeV and
consider the difference as an indication of higher-order c
rections.

Furthermore, we make use of the isospin limit quantit
Mp andMK , which can be defined through combinations
the physical masses

Mp
2 5Mp0

2 , MK
2 5 1

2 ~MK6
2

1MK0
2

1g@Mp0
2

2Mp6
2

# !.
3-8
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TABLE I. Different chiral contributions to the combination of scattering lengths proportional toa0(00;00). We have chosen to reno
malize the coupling constant asFp

2 with the valueFp592.4 MeV. In parentheses we show the values obtained with set I.

a0
1/212a03/2 e Dp DK e2

Tree — 0.0053 0.0011 0.0034 —
Born ~a! 20.0038~20.0106! 20.0021~20.0029! 20.0007~20.0011! 20.0020~20.0030! 0
Born ~b! 0.0084~0.0484! 0.0019~0.0036! 0 ~20.0022! 20.0001~0.0002! —
Born ~c! — — — — 0
Mixing — 0.0014 — 0 —

Fp
2 — 0.0014~0.0014! 0.0003~0.0002! 0.0009~0.0009! —

Tadpole 20.0458 0.0021 0 20.0007 —
s channel 0.0520 20.0008 20.0021 0.0036 —
t channel 0 20.0008 0 0 —
u channel 0.0592 20.0013 20.0018 0.0001 —

0.0700~0.1032! 0.0070~0.0080! 20.0032~20.0059! 0.0052~0.0045! 0
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The factorg will take into account any deviation from Dash
en’s theorem@27#. At lowest order (g51) the e.m. relation
between the pseudoscalar masses reads

~MK6
2

2MK0
2

!ue.m.5Mp6
2

2Mp0
2 .

Next-to-leading contributions to the previous relation can
quite sizable. As an indication we shall use@23#

~MK6
2

2MK0
2

!ue.m.5~1.8460.25!~Mp6
2

2Mp0
2

!. ~7.2!

For thep-h mixing angle at lowest order we use the val
@28#

e5~1.06160.083!31022.

The only remaining input is

Fp592.4 MeV,

corresponding to the charged pion decay constant with
electromagnetic effects removed@29#.

B. Scattering lengths

The studies on thep-K scattering started quite earl
@14,15# within a current algebra approach and followed la
by a series of works based on dispersion relations by me
of unitarity and crossing symmetry@30# ~see also@30–32# for
recent work using the same technique!. With the advent of
chiral perturbation theory the process was analyzed o
more @7#. Nowadays, its interest has been revived and n
approaches like the inverse amplitude method@31–35#, or
like the treatment of kaons as heavy particles@36# have been
considered. Broadly speaking, all mentioned techniques
to a fairly constant prediction for the scattering lengths,
side the range@0.16, 0.24# for a0

1/2 and @20.05, 20.07# for
a0

3/2. The corrections to the current algebra values@cf. Eq.
~3.6!# are roughly 20% fora0

1/2 and 30% fora0
3/2, thus being

in the ballpark of the usual shifts between the next-to-lead
and leading order quantities in processes where chiral pe
bation applies.
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Even if it seems that from the theoretical point of vie
there is some general consensus the experimental resul
the scattering lengths are more widespread. In the ea
experiments most of the collected data onp-K were obtained
via the scattering of kaons on proton or neutron targets.
data were then analyzed by determining the contribution
the one-pion exchange. This technique does not allow on
obtain the initial pion on the mass shell and hence so
model dependent extrapolation is needed. The central va
obtained are a0

1/2P@0.168,0.335# @37–40# and a0
3/2

P@20.072,20.14# @40–45#. Later experiments analyzed th
reaction near the threshold using dispersive techniques. E
though the experimental results are slightly improved w
respect to the oldest ones, the threshold parameters
known only within a factor of 2@46–48#. A more interesting
analysis was performed in@48#. There, using the forward
sum rule and measured phase shifts a direct determinatio
the combinationua1/22a3/2u was obtained with the result

0.21<a1/22a3/2<0.32. ~7.3!

This will be used as a reference point for us.
Let us turn now to discuss our findings. In Table I w

have collected the partial contributions to each of the ter
given in Appendix A withFp

2 as the renormalization choic
for the coupling constants. We show the isospin limit con
bution ~first column! and the different corrections to it. W
shall bear in mind in the remainder the following set of co
ditions: ~i! We have used the Gell-Mann–Okubo relatio
for the eta mass inside the loop functions;~ii ! we have kept
only the first term in the right-hand side~RHS! of Eq. ~6.3!;
and ~iii ! we assume Dashen’s theorem to hold at next-
leading order.~We shall discuss below the uncertainties a
sociated with these considerations.!

In parentheses are quoted the contributions correspon
to set I instead of set II. The first thing to remark is th
isospin breaking corrections are roughly of the same orde
magnitude as the isospin limit quantities. It is worth recalli
that the isospin limit correction comes purely from the ne
to-leading terms.

The final result is given by
3-9
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TABLE II. Different chiral contributions to the combination of scattering lengths proportional to ReM12;00. We have choose to
renormalizeF0

2 as Fp
2 with the valueFp592.4 MeV. We show the first four digits without any rounding. Quantities in parenth

correspond to set I.

a0
1/212a03/2 e Dp DK e2

Tree 0.2408 0.0026 0.0018 20.0009 —
Born ~a! 20.1060~20.1389! 20.0010~20.0014! 20.0007~20.0008! 20.0001~0.0003! —
Born ~b! 0.0540~0.0867! 0.0006~0.0012! 20.0006~20.0008! 0 ~20.0005! —
Mixing — 0.0010 — 0 0

Fp
2 0.0664~0.0688! 0.0007~0.0007! 20.0008~20.0009! 20.0003~20.0003! —

Tadpole 0.0415 0.0011 0.0002 20.0005 —
s channel 0.0283 0.0013 0.0005 0 —
t channel 20.0312 20.0004 0.0001 20.0004 —
u channel 20.0265 20.0009 0 0.0001 —

Soft photon — — — — 20.0004

0.2674~0.2695! 0.0047~0.0053! 0.0005~0! 20.0011~20.0020! 20.0004
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3a0~00;00!5a0
1/212a0

3/213D0~00;00!

50.070010.009060.0511

~0.103210.006660.0462!, ~7.4!

renormalizing F0
2 as Fp

2 . The first quoted number corre
sponds to the isospin limit and the second to the isos
breaking corrections. Interesting enough are the assigne
rors, which wash out any sensitivity with respect to t
choice of the set or to any of the choices in the renormal
tion of the coupling constant~see below!. They come about
through the uncertainty in the low-energy constants and
have propagated them in quadrature. The dominant contr
tions by far come from the low-energy constantsL3

r andL4
r

of the pure strong sector, whereas the electromagnetic
give an imperceptible contribution. Unfortunately, this is n
an experimental mode because this strong sensitivity wo
constitute a cross-check on the consistency of the values
L3

r andL4
r . For the sake of completeness we also show

final result if instead we renormalizeF0
2 asFpFK and use set

II:

3a0~00;00!5a0
1/212a0

3/213D0~00;00!

50.042310.017260.0343. ~7.5!

Let us turn now to discuss the most interesting mode,
charged→neutral transition. The experimental propos
claims an accuracy of 20–30 % on the measurement of
lifetime; this roughly translates to 10–15 % accuracy for
determination of the scattering lengths. As before we h
disentangled all contributions and explored all possible s
narios allowed by the input parameters. Even though
most natural choice for the coupling constants isFpFK we
shall proceed as in the previous case and also show th
sults usingFp

2 as an indication of the sensitivity to this pa
rameter.

We have collected the results forFp
2 in Table II. As one

can see the difference between the two sets is at most 2
the final result. Also, the isospin breaking effects are roug
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two orders of magnitude smaller than the isospin limit qua
tity. In this case it seems that the experimental setup se
tivity is not enough to detect the new effect we have inc
porated. Adding all partial contributions we obtain

2
3

&
a0~12;00!5a0

1/22a0
3/22

3

&
D0~12;00!

50.267410.003760.0022

~0.269510.003360.0023!. ~7.6!

We stress that the content of the previous expression is
dicative only, because of the way we have chosen to re
malize the coupling constant. Notice that the assigned er
are on the same footing as the isospin breaking terms
closer look at the errors reveals that they have mainly
electromagnetic origin. Furthermore, they are clearly do
nated by theK10

r andK11
r low-energy constants. In the stron

sector the dominant errors come~by order of dominant con-
tribution! from L5

r and L8
r . Those low-energy constants a

strongly correlated.
Our main results are collected in Table III. It correspon

to the choice of renormalizationFpFK for the decay con-
stant. Once more isospin breaking effects turn out to be
orders of magnitude smaller than the isospin limit quantiti
Furthermore, like Table II but in a more accentuated w
Table III shows a strong cancellation between the isos
breaking contributions~see, for instance, the contributions
Dp and DK!. Adding all contributions from the table, on
obtains

2
3

&
a0~12;00!50.241210.003760.0034

~0.252010.003860.0043!. ~7.7!

Notice that once more the theoretical errors are small but
competitive in size with the isospin breaking effects. It al
seems that with this choice of renormalization of the co
3-10
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TABLE III. Different chiral contributions to the combination of scattering lengths proportional to ReM12;00. The entries in the table
differ from Table II just in the renormalization of the coupling constant. Here we have used the combinationFpFK with the constraint
FK /Fp51.22 and the valueFp592.4 MeV. We shows the first four digits without any rounding. Quantities in parentheses correspond
I.

a0
1/212a03/2 e Dp DK e2

Tree 0.1974 0.0021 0.0015 20.0008 —
Born ~a! 20.0712~20.0933! 20.0007~20.0009! 20.0004~20.0005! 0 ~0.0002! —
Born ~b! 0.0363~0.0582! 0.0004~0.0008! 20.0004~20.0005! 0 ~0! —
Mixing — 0.0007 — 0 0
FpFK 0.0705~0.0815! 0.0007~0.0008! 0 ~0! 20.0001~20.0001! —

Tadpole 0.0279 0.0007 0.0001 20.0003 —
s channel 0.0192 0.0009 0.0003 0 —
t channel 20.0209 20.0003 0.0001 0.0002 —
u channel 20.0179 20.0006 0 0.0001 —

Soft photon — — — — 20.0003

0.2412~0.2520! 0.0038~0.0043! 0.0011~0.0009! 20.0009~20.0011! 20.0003
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of

ve
pling constants we weight more the role of the low-ene
constantL5

r ~this is reflected in the sizable uncertainty if w
use set I!. It is worth stressing at this point that the expre
sion for the amplitude for the charged→neutral transition
does not depend on the low-energy constantL4

r whereasL6
r

only occurs inside isospin breaking terms. Because of
numerical irrelevance of these last terms and even lackin
complete knowledge of the role of large-Nc suppressed op
erators, our estimates~in that sense! are precise and unam
biguous. The difference between the central values of
two sets is at most 5%. Hence, without taking into acco
the error bars, and in the most optimistic case, 10% of ac
racy in the experimental result, any sensitivity to the set
low-energy constants is just borderline. Before conclud
let us comment on the role of the physical eta mass, the
expression in the LHS in Eq.~6.3!, and Dashen’s theorem
Eq. ~7.2!. If instead of using the Gell-Mann–Okubo relatio
~7.1! one uses the physical eta mass, the central value in
~7.7! increases by;0.0003. Higher-order terms as intro
duced by Eq.~6.3! also increase Eq.~7.7! roughly by an
amount;0.003. And finally the shift allowed by the viola
tion of Dashen’s theorem and by the error induced by
lowest p-h mixing goes beyond the accuracy we quote.
consistent way of incorporating these effects in our estima
is to consider them as a crude guess at higher-order co
tions, and we shall treat them as theoretical uncertaint
therefore we add all three in quadrature and to the prev
error bar in Eq.~7.7!. This leads to our final estimate for th
combination of scattering lengths:

2
3

&
a0~12;00!5a0

1/22a0
3/22

3

&
D0~12;00!

5H ~set I! 0.252010.003860.0073,

~set II! 0.241210.003760.0045.

~7.8!
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VIII. PERSPECTIVES

Using the previous estimates for the combination of sc
tering lengths, Eq.~7.8!, we can partially calculate the life
time of theApK atoms. The probability of the transition of a
ApK atom

ApK→p01K0

can be cast as

Wn,0~p0K0!}~ReMthr
6;0!2.

Focusing on the isospin limit, the previous relation is giv
by @6#

Wn,0~p0K0!'
8p

9 S 2Dm

mpK
D 1/2

3
~a0

1/22a0
3/2!2uCn,0~0!u2

11 2
9 mpKDm~a0

1/212a0
3/2!2

1¯

'
1

tn,0
, ~8.1!

wheren is the principal quantum number,

Dm5~MK61Mp6!2~Mp01MK0!, ~8.2!

and mpK is given in Eq.~5.8!. Finally, Cn,0(0) is theApK
Coulomb wave function at the origin and is given by

uCn,0~0!u25
pB

3

pn3 , pB5
e2

4p
mpK . ~8.3!

Furthermore, the orbital angular momentuml can be safely
taken equal to zero. If one allowsl .0 the transition is sup-
pressed by chiral power counting, i.e., it turns to be
O(e4). Notice that in the previous relation~8.1! enter pre-
cisely both combinations of scattering lengths we ha
3-11
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found,a0
1/22a0

3/2 anda0
1/212a0

3/2. Even so, the term added t
unity in the denominator of Eq.~8.1! can be neglected, sinc
it is of order 1025, and thus beyond the accuracy of o
calculation or the experimental sensitivity; hence only
combinationa0

1/22a0
3/2 turns out to be of relevance. This sim

plify the expression slightly to

t1,0'
0.274310215

Mp6
2 S 2

9Da0~12;00!22. ~8.4!

Inserting Eq.~7.8! in Eq. ~8.4! one finds the following value
for the ApK lifetime in the ground state:

t1,054.58310215 s ~4.20310215 s!, ~8.5!

where the quantity quoted in the parentheses correspon
set I.

Let us stress once more that in writing Eq.~8.1! we have
not taken into account any source of isospin breaking
consequently we are only halfway to a theoretical deter
nation of thep-K lifetime. Hence the content of Eq.~8.5! is
just indicative. In fact Eq.~8.1! is not suitable for handling
bound state systems, the framework of a nonrelativistic
grangian@49# being by far the most efficient way of treatin
bound states. Even so, without any further control over
errors on the low-energy constants it seems not worthw
to pursue this analysis.

IX. SUMMARY

In this work we have estimated the role of isospin bre
ing effects in the transitionsp0K0→p0K0 and p2K1

→p0K0. They turn out to be rather mild. Furthermore, t
former reaction is quite interesting because of its sensiti
to the large-Nc suppressed operator involvingL4

r . From a
more practical point of view~essentially because of the e
istence of experimental data! we have carefully evaluated th
shift in the scattering lengths for thep2K1→p0K0 reaction.
While the error from the low-energy constants turns out to
compatible with future experimental sensitivity, estimates
higher-order corrections are on the same footing. Contrar
the previous case this reaction does not contain sizable
tributions from large-Nc suppressed operators. Bearing
mind the results in Eq.~7.8! and the expected experiment
sensitivity, we can conclude that in principle isospin brea
ing effects do not affect the determination of the lifetime. A
accuracy in the determination of thep-K S-wave scattering
lengths at the same level as in pionium experiments
distinguish between the two sets of low-energy constants
thus will constitute a major step in understanding the ba
structure of the effective Lagrangian. As a direct applicat
we have evaluated~partially! the expected lifetime of the
ApK atom.

Note added. When we were completing this work, Re
@50# appeared. It contains partially the same work. As h
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been shown the isospin breaking effects are quite mild
hidden by sizable error bars. This reference essentially le
to the same numerical conclusions. However, after some
tial checks we noticed some differences:~i! our expres-
sions contain some logarithmic dependence from the th
point function that is missing in Ref.@50#. As we mentioned,
our results have been cross checked with@8,21#. ~ii ! The
p-h mixing is not treated correctly in Ref.@50# where there
is a double counting of some pieces. Our results are c
checked with@17#. ~iii ! Finally in @50# the pole appearing in
the t channel is mistreated.
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APPENDIX A: p0K0\p0K0 SCATTERING AMPLITUDE

In this appendix we collect all relevant formulas for th
neutral→neutral amplitude. We are aware that the ‘‘dige
tion’’ of this kind of expression is always hard; thus for th
sake of clarity we have not mixed the contributions ve
much. This has probably enlarged the expressions slig
but we find this worthwhile for any future comparison.

The amplitude is written as

M~s,t,u!5HMu tree1 (
i 5a,b,c

M~ i !uBorn1Mumixing1Mu tadpole

1Mu t channelJ 1$Mus channel1s↔u%, ~A1!

making explicit use of thes↔u symmetry. In the following
we briefly discuss the relevant pieces. Notice also that
explicitly useF0 at all orders. This stands for thenonrenor-
malizeddecay constant.

The leading order contribution is given by

Mu tree5
1

4F0
2 ~ t1Dp2DK!1

1

2F0
2 S e

)
D ~s1u22t !.

~A2!

The Born-type term containing the wave-function reno
malization and bare mass renormalization contributions
given by
3-12
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M~a!uBorn5
1

4F0
2 ~ t1Dp2DK!H 1

6
~mp013mh16mK0110mp614mK6!2

8

F0
2 @2~Mp

2 12MK
2 !L4

r 1SpKL5
r #1

e

)
~mh2mp!

2
16

F0
2 S e

)
D DKpL5

r J 1
MK0

2

6F0
2 H 2

2

3
mh2

8e

)
~mh2mp!2

16

F0
2 S e

)
D DKp~2L8

r 2L5
r !2

8

F0
2 @~Mp

2 12MK
2 !~2L6

r 2L4
r !

1MK
2 ~2L8

r 2L5
r !#J 1

Mp0
2

6F0
2 H mp01

1

3
mh22mp62

8

F0
2 @~Mp

2 12MK
2 !~2L6

r 2L4
r !1Mp

2 ~2L8
r 2L5

r !#J
1

DK

4F0
2 H 2

3
mh1

8

F0
2 @~Mp

2 12MK
2 !~2L6

r 2L4
r !12MK

2 ~2L8
r 2L5

r !#J 1
Dp

4F0
2 H Mp

2

16p2F0
2 14mp22mK2

2

3
mh

2
8

F0
2 @~Mp

2 12MK
2 !~2L6

r 2L4
r !12MK

2 ~2L8
r 2L5

r !2DpKL5
r #J 1

1

2F0
2 S e

)
D ~s1u22t !H 1

6
~11mp13mh110mK!

2
8

F0
2 @2~Mp

2 12MK
2 !L4

r 1SpKL5
r #J 2

e2t

18F0
2 @24~K1

r 1K2
r !218K3

r 19K4
r 114~K5

r 1K6
r !#1

e2MK
2

6F0
2 F 3

8p229F0
2m̃K

1
2

9
@12~K1

r 1K2
r 2K72K8

r !25K5
r 25K6

r 24K9
r 150K10

r 154K11
r #G1

e2Mp
2

6F0
2 F2

3

8p2 19F0
2m̃p1

1

9
@24~K1

r 1K2
r

2K72K8
r !118K3

r 29K4
r 120~K5

r 1K6
r !22K9

r 2110K10
r 2108K11

r #G , ~A3!

where as is customarySm5Mm6
2

1Mm0
2 .

The effect of thep-h mixing is taken into account by

Mumixing5
1

144F0
2 @2~s1u22t !2Dp0h#H 23~mK62mK0!2

36e

)
~mp2mh!2

24e

)
~mp2mK!1

864e

)F0
2

Dph~3L71L8
r !J

1
1

144F0
2 F2S s1u22t

Mp0
2

2Mh
2 D 21G H 12Sp0K0~mK62mK0!2

96e

)
Mp

2 ~mp2mK!18e2Mp
2 @3~2K3

r 2K4
r !22~K5

r 1K6
r !

12~K9
r 1K10

r !#J . ~A4!

The Born-type contribution containing one insertion of the strongO(p4) counterterms is written as

M~b!uBorn5
1

F0
4 (

i 51

8

PiL i
r , ~A5!

with

P158~2Mp0
2

2t !~2MK0
2

2t !,

P254@~Sp0K02s!21~Sp0K02u!2#,
054023-13
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P352S 12
2e

)
D ~2Mp0

2
2t !~2MK0

2
2t !

1S 11
2e

)
D @~Sp0K02s!2

1~Sp0K02u!2#,

P452
2

3 FMp
2 114MK

2 2
6e

)
~5Mp

2 22MK
2 !G

3~2Mp0
2

2t !2
2

3 F13Mp
2 12MK

2

2
6e

)
~Mp

2 12MK
2 !G ~2MK0

2
2t !

1
2

3
tFMp

2 12MK
2 2

6e

)
~Mp

2 12MK
2 !G ,

P552
2

3 S Mp
2 13MK

2 2
12e

)
Mp

2 D ~2Mp0
2

2t !2
2

3 F3Mp
2 1MK

2 2
4e

)
~5Mp

2

22MK
2 !G ~2MK0

2
2t !1

2

3
tF2SpK

1
4e

)
~2Mp

2 25MK
2 !G ,

P65
8

3 F2MK
4 115Mp

2 MK
2 1Mp

4 1
16e

)
~MK

4

1Mp
2 MK

2 22Mp
4 !G ,

P75
64e

)
~2MK

4 2Mp
2 MK

2 2Mp
4 !,

P85
8

3 FMK
4 16Mp

2 MK
2 1Mp

4 1
2e

)
~19MK

4

26Mp
2 MK

2 213Mp
4 !G .

The same kind of diagram but with the e.m. counterterm
given by
05402
is

M~c!uBorn52
2e2

27F0
2 ~3K1

r 13K2
r 1K5

r 1K6
r !~s1u22t !

1
4e2

27F0
2 ~3K713K8

r 1K9
r 1K10

r !SpK . ~A6!

If mesons were really massless, any tadpole type contr
tion would vanish, as SU~3! symmetry is broken precisely b
quark masses this does not turn out to be the case in na
One thus obtains

Mu tadpole52
mp0

18F0
2 F t12Mp0

2
2

12e

)
~ t1Mp

2 22MK
2 !G

2
mh

18F0
2 F3t24MK0

2
2

12e

)
~ t22MK

2 !G
2

mp6

9F0
2 F2~ t23Mp0

2
!2

e

)
~9t22Mp

2 24MK
2 !G

2
mK0

9F0
2 F3t22Mp0

2
2

6e

)
~3t22Mp

2 24MK
2 !G

2
mK6

18F0
2 F t12Mp0

2
28MK0

2
2

4e

)
~3t14Mp

2

24MK
2 !G . ~A7!

Hitherto we have shown terms that are polynomia
When performing the one-loop corrections one obtains a
tary piece. This is given in terms of nonanalytical function
i.e., essentially functions with a momentum dependence
the argument. In order to present them we have kept trac
the internal propagators; thus the identification of each d
gram is straightforward. They are given in thet channel by

Mt channel5Mp0p01Mhh1Mp0h1Mp1p21MK0K̄0

1MK1K2,

where

Mp0p05
Mp0

2

24F0
4 H 4F0

2S 12
6e

)
D mp013F t1Dp2DK

2
2e

)
~3t22SpK!G B̄~Mp0

2 ,Mp0
2 ;t !J , ~A8!

Mhh5
Mp0

2

72F0
4 H 12F0

2S 11
2e

)
D mh1F9t26Mh

2

22Mp0
2

13~DK2Dp!1
6e

)
~3t

22ShK!G B̄~Mh
2,Mh

2;t !J , ~A9!
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Mp0h5
1

3F0
4 S e

)
D DKp@2F0

2mp12F0
2mh1~3t

24MK
2 !B̄~Mp

2 ,Mh
2;t !#, ~A10!

Mp1p25
1

36F0
4 @4F0

2mp6~5t23Mp0
2

!19t~ t

2Mp0
2

!B̄~Mp6
2 ,Mp6

2 ;t !#, ~A11!

MK0K̄05
1

72F0
4 H 24F0

2mK0F25t13~DK2Dp!

1
6e

)
~5t22SpK!G19tF t1Dp2DK2

2e

)
~3t

22SpK!G B̄~MK0
2 ,MK0

2 ;t !J , ~A12!
05402
MK1K25
1

144F0
4 H 4F0

2mK6F5t13~DK2Dp!1
6e

)
~5t

22SpK!G19tF t1DK2Dp1
2e

)
~3t

22SpK!G B̄~MK6
2 ,MK6

2 ;t !J . ~A13!

For thes ~u! channel the intermediate particles contributi
is

Mus channel5Mp1p21Mp0K01MhK0.

The above terms are given by
Mp1K25
1

8F0
4 H 2F0

2mK6F3s23Mp6
2

2MK6
2

14Dp1
2e

)
~3s23Mp

2 2MK
2 !G1Fs2Sp6K612Dp1

e

)
~s

2SpK!G 2

B̄~Mp6
2 ,MK6

2 ;s!12Fs2Sp6K612Dp1
e

)
~s2SpK!GFs2Dp0K01

e

)
~s

13DpK!G B̄1~Mp6
2 ,MK6

2 ;s!1Fs2Dp0K01
e

)
~s13DpK!G 2

B̄21~Mp6
2 ,MK6

2 ;s!12sF2MK0
2

2t2
2e

)
~2u2t

22Mp
2 !G B̄22~Mp6

2 ,MK6
2 ;s!J , ~A14!

Mp0K05
1

144F0
4 H 6F0

2mK0Fs2Mp0
2

23MK0
2

2
4e

)
~3s23Mp

2 25MK
2 !G1F5Mp0

2
1MK0

2
2s2

6e

)
~5Mp

2 23MK
2

2s!G 2

B̄~Mp0
2 ,MK0

2 ;s!22~s13Dp0K0!F5Mp0
2

1MK0
2

2s1
12e

)
~s25Mp

2 1MK
2 !G B̄1~Mp0

2 ,MK0
2 ;s!1S 1

2
12e

)
D ~s13Dp0K0!2B̄21~Mp0

2 ,MK0
2 ;s!12sS 12

12e

)
D @4~u2t1Dp0K0!12MK0

2
2t#B̄22~Mp0

2 ,MK0
2 ;s!J ,

~A15!

MhK05
1

432F0
4 H 18F0

2mK0F3s1Mp0
2

25MK0
2

2
2e

)
~6s16Mp

2 214MK
2 !G1F3s27Mp0

2
1MK0

2
2

2e

)
~3s1Mp

2

27MK
2 !G 2

B̄~Mh
2,MK0

2 ;s!16~s13Dp0K0!F3s27Mp0
2

1MK0
2

2
12e

)
~s2Mp

2 2MK
2 !G B̄1~Mh

2,MK0
2 ;s!19

3S 12
4e

)
D ~s13Dp0K0!2B̄21~Mh

2,MK0
2 ;s!118sS 12

4e

)
D @4~u2t1Dp0K0!12MK0

2
2t#B̄22~Mh

2,MK0
2 ;s!J .

~A16!
3-15



phy has

dition we

A. NEHME AND P. TALAVERA PHYSICAL REVIEW D 65 054023
The B̄i j functions are defined in Appendix C.

APPENDIX B: pÀK¿\p0K0

In this appendix we display the relevant formulas concerning the more interesting process. As before our philoso
been not to mix the terms too much. One can verify that the following results are scale invariant.

1. Scattering amplitude

The amplitude is written as

M~s,t,u!5HMu tree1 (
i 5a,b,c,d

M~ i !uBorn1Mumixing1Mu tadpole1Mus channel1Mu t channel1Muu channel1Muone photonJ .

~B1!

In the above expression the splitting between the terms is essentially the same as in the pure neutral case, but in ad
have the last term, which concerns the explicit photon exchange.

For the tree-level amplitude we have

Mu tree5
u2s

2&F0
2
2

Dp

2&F0
2

1
DK2Dp

4&F0
2

2
1

2&F0
2 S e

)
D ~s1u22t !. ~B2!

The Born amplitude is given by

M~a!uBorn5
u2s

2&F0
2 H 1

6
~3mp013mh15mK018mp615mK6!2

8

F0
2 @2~Mp

2 12MK
2 !L4

r 1SpKL5
r #J 1

MK
2

&F0
2 S e

)
D ~mh2mp!

1
DK

4&F0
2 H 1

6
~11mp2mh110mK!2

8

F0
2 @~Mp

2 12MK
2 !~L4

r 12L6
r !2DKpL5

r 14MK
2 L8

r #J 2
Dp

4&F0
2 H 3Mp

2

16p2F0
2

1
1

6
~129mp15mh142mK!2

8

F0
2 @~Mp

2 12MK
2 !~3L4

r 12L6
r !12MK

2 ~L5
r 12L8

r !#J 2
1

2&F0
2 S e

)
D ~s1u22t !

3H 1

6
~11mp13mh110mK!2

8

F0
2 @2~Mp

2 12MK
2 !L4

r 1SpKL5
r #J . ~B3!

As in the neutral to neutral transition, there is a term from the treatment of thep-h mixing:

Mumixing52
1

144&F0
2 @2~s1u22t !2Dp0h12Dp#H 23~mK62mK0!2

36e

)
~mp2mh!2

24e

)
~mp2mK!1

864e

)F0
2

Dph~3L7

1L8
r !J 2

1

144&F0
2 F2S s1u22t1Dp

Mp0
2

2Mh
2 D 21G H 12Sp0K0~mK62mK0!2

96e

)
Mp

2 ~mp2mK!18e2Mp
2 @3~2K3

r 2K4
r !

22~K5
r 1K6

r !12~K9
r 1K10

r !#J . ~B4!

The strong leading Lagrangian atO(p4) contributes as

M~b!uBorn5
2

&F0
4 (

i 53

8

PiL i
r , ~B5!

where
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e
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e
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The polynomials not displayed explicitly do not contribute to the process.
The equivalent contribution but in the e.m. sector is cast as
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The e2 contribution from the wave function renormalization reads
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with

m̃P5
1

32p2F2 logS M P
2

m2 D .

The tadpole diagram contributes as
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As in the neutral case, we display the unitary contribution disentangling each term separately. We recall that the s
refer to the internal particles running in the propagators. For thes channel one gets
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In the t channel
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Finally, for theu channel we get the following set of results:
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For each term separately,
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The only remaining piece is the soft-photon exchange diagram. It contains an infrared divergence~included in theC
function!. Its result is given by

Muone photon52
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where the functionsGpK
2 andGpK

1 are defined in Appendix C.

2. Scattering lengths

Because of the relevance of the processp2K1→p0K0 we display the combination for theS-wave scattering lengths. Fo
the sake of simplification, the results will be presented as functions of the constantZ defined at leading order by
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After performing all the steps mentioned in Sec. VI we make the following substitutions:
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2.

This leads to the following expression:
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where for the sake of clarity we have expressed the combinationa0(12;00) in terms of the bare coupling constantF0 . If one
chooses to renormalize the decay constants asFpFK the following term should be added to the previous expression:
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Otherwise, if the desired renormalization is asFp
2 the term to be added is
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Obviously, once the renormalization of the coupling co
stant is taken into account there are some cancellations
slightly simplify the expression for the combination of sca
tering lengths. In writing this expression we have applied
Gell-Mann–Okubo relation extensively to the polynom

terms and to theJ̄ functions but otherwise kept the eta ma
inside the logarithmic functions. The functionsB1 and B2

are defined in Appendix C. Notice that this combination
scattering lengths is independent at leading order of the r
05402
-
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e
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f
io

ms /m̂ this implies that the uncertainty from this quantity
very small@51#.

APPENDIX C: LOOP INTEGRALS

In this appendix we collect for completeness some fam
iar formulas. TheB̄i j functions are the finite components o
those defined in@52–54#. Using Lorenz decomposition an
some simpler algebraic manipulation they can be reduce
3-22
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the tadpole integralm and the one-loop functionJ̄, through
the following set of finite relations:
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1 J̄~m1
2,m2

2;p2!,
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2;p2!5
1

2 F S 11
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p2 D J̄~m1
2,m2

2;p2!

1
mm1

2mm2

Dm1m2

G ,

B̄21~m1
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2;p2!5
1

3p2 H 1

p2 @lm1m2
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13p2m1
2# J̄~m1

2,m2
2;p2!

1S p22m2
2
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2S p22m1
2

Dm1m2
Dmm2
05402
1
p2

6 S 1

16p2D S 12
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1
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1
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!mm1
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mm1
2mm2

Dm1m2
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In the J̄ function we have to consider at least two branch
and

ough the
32p2J̄~m1
2,m2

2;p2!55 21S 2
Dm1m2

p2 1
Sm1m2

Dm1m2

D logS m1
2

m2
2D 2
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D
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With the use of the Gell-Mann–Okubo relation theJ̄ function can be reduced to simpler combinations of logarithmic
arctangent functions. In the latter case we define the functions

B6[B~MK ,Mp!6B~MK ,2Mp!,

where

B~x,y!52
A~x2y!~2x1y!

12p2~x1y! FarctanSA~x2y!~2x1y!

2~x2y!
D 1arctanS x12y

2A~x2y!~2x1y!
D G . ~C3!

In addition to the previous integrals the three-point function integrals are needed in the calculation. These arise thr
photon exchange diagram. The scalar function, the only one that is actually IR divergent, is given in Eq.~5.5!, while the
remaining one is

Cm~mP
2 ,mQ

2 ,mg
2;p,k![2 im42DE dDl

~2p!D

l m

~ l 22mg
2!@~p2 l !22M P

2 #@~k2 l !22MQ
2 #

5~p2k!mGPQ
2 ~p,k!1~p1k!mGPQ

1 ~p,k!. ~C4!

In the convention of@52# the previous decomposition reads
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GPQ
1 ~p,k!}2

C11~p,k!

2
, GPQ
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2
1C12~p,k!.

In terms of the basic functions we obtain
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where
G5@q2~p1k!22DPQ

2 # and q25~p2k!2.
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