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Soft-collinear factorization in effective field theory
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The factorization of soft and ultrasoft gluons from collinear particles is shown at the level of operators in an
effective field theory. Exclusive hadronic factorization and inclusive partonic factorization follow as special
cases. The leading-order Lagrangian is derived using power counting and gauge invariance in the effective
theory. Several species of gluons are required, and softer gluons appear as background fields to gluons with
harder momenta. Two examples are given: the factorization of soft gluoBs-ib 7 and the soft-collinear
convolution for theB— Xgy spectrum.

DOI: 10.1103/PhysRevD.65.054022 PACS nunider12.38.Bx

I. INTRODUCTION where the hard scattering kernels describe the short-distance
part of the process, the light-cone wave functions describe
Many processes that can be examined at current and fukhe collinear dynamics of the energetic mesons, and the form
ture colliders involve hadrons with energy much larger tharfactors encode soft interactions of the hadrons. To prove fac-
their mass. For such processes the large en@®yAqcp  torization formulas, momentum regions that give rise to in-
defines a scale that can be described by perturbative QCD. filared divergences via pinch surfaces are identified with the
is convenient to use light-cone coordinatep”  help of the Coleman-Norton theorem and Landau equations
=(p*,p”,p"), wherep*=n-p and p"=n-p, and the [5]. These pinch surfaces are reproduced by reduced graphs
light-cone unit vectors satisfy?’=n?=0 andn-n=2. Foran where all off-shell lines are shrunk to a point. Finally, the set
energetic hadron, the relevant momentum scales are the largé reduced graphs that contribute at leading power are ob-
n-p componentQ, the transverse momentum , and the tained by a power counting for the strength of the infrared
n-p component of ordepf/Q. The dynamics of these had- divergence. Despite its many strengths, the fact that the
rons can be described in a systematic way by constructing power counting occurs only at the end is a complication in
soft-collinear effective theorySCET) [1-3]. Fluctuations this approach. An alternative is to identify infrared diver-
with momentap?=Q? are integrated out and appear in Wil- gences using the method of regions or threshold expansion
son coefficients, while fluctuations with momentd<Q?  [15]. In this case, the complete expansion of a diagram in
appear in time-ordered products of effective theory fieldsQCD is reproduced by adding diagrams that are homoge-
The effective theory is organized as an expansion in powergeous in the expansion parameter. These diagrams are de-
of a small parametex, where in typical processes either fined by a particular scaling for their loop momenta. The
=Agcp/Q Or A= ‘/AQCD/Q- main advantf'iges of this ap_pro_ach are in fixed order compu-
Traditionally, energetic processes in QCD are describedations. In this case, complications occur due to the fact that
with the help of factorization theorems, which separate thénany momentum regions, both on-shell and off-shell, must
different scales from one anothgt,5]. In general, for inclu- be considered. In many ways, the power of the effective
sive processes the leading twist cross section is a convolutidfieory we discuss is that it synthesizes the advantages of
of a hard scattering kerndf, a jet functionJ, and a soft these two approaches.
function S There are several reasons why an effective theory for en-
ergetic processes may simplify their description. The basic
oc~H®JI®S. (1) idea is to focus solely on the physical infrared degrees of
freedom in such a way that the power counting is present
The functionH encodes the short-distance physics, the jefrom the start. Symmetries which emerge in the large energy
function describes the propagation of energetic particles ifimit are then explicit in the effective action, power correc-
collimated jets, and the soft function contains nonperturbations are simply given by matrix elements of operators that
tive long-distance physics. Examples of processes which caare higher order in the power counting, and Sudakov double
be described with Eq1) include Drell-Yan and large deep  logarithms are summed by solving renormalization-group
inelastic scattering5], as well as inclusivd decays in cer- equations in the effective theory. In this paper, we present
tain regions of phase spaf@-9]. A similar type of factor- some details of the structure of the effective theory focusing
ization also occurs for exclusive processes sucheay  on interactions involving the softer gluons. In particular, we
—e m, wtp—atp, yy*—aw [10,11], and decays in- wish to explain how soft-collinear factorization can be ad-
volving heavy quarks such @&— D [12—-14. Here cross dressed in a simple universal way in the SCET at leading
sections or decay rates are written as convolutions of hardrder in the power counting.

scattering kerneld, light-cone hadron wave function®, Reproducing the infrared physics for interactions between
and soft form factors-, energetic and nonenergetic massless particles in QCD re-
quires three classes of effective theory fields: collinear

N~TodeF, (2 modes with p*,p~,p")~Q(A?1)\), soft modes with
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p“~QN\, and ultrasoftusofy modes$ with p“~Q\?. Fluc- in the effective theory. In Sec. IV, we discuss how usoft and
tuations dominated by other regions of momenta are intesoft gluons factor from collinear particles in the effective
grated out. For heavy quarks, the large mass is factored otfteory. In Sec. V, we give two examples of the effective
as in the heavy quark effective thediyQET) [16]. Depend- theory formalism, followed by conclusions in Sec. VI. In
ing on the value of, heavy quarks with residual momentum Appendix A, we show how gauge-invariant soft-collinear op-
~ Aqcp are then included in either the soft or usoft category.erators are obtained by integrating out off-shell fluctuaitlons.
Since the SCET involves more than one distinct gluon [N Sec. VA, we take as an example the dec#ys

0 _— 0 - i i —
field, the nature of gauge symmetry is richer than in full 2D 7 andB —D" 7" at leading order in=Aqcp/Q.
QCD. In particular, it is necessary to use the idea of backJ nese exclusive decays are mediated by four-quark operators

ground fields[17] to give well-defined meaning to several for which a generalized factorization formula was proposed

distinct gluon fields. Technically, this occurs due to the ne" Refs.[12,13. In this example, soft interactions factor but

cessity of defining each gluon as the gauge particle assocg-o not cancel. Also a nontrivial convolution occurs between

ated with a local non-Abelian symmetry. However, physi—the hard Wilson coefficient and the collinear degrees of free-

cally the necessity of a background field treatment is eviden om which give _the I|ght—c9ne.p|on wave function. In Ref.
For instance, usoft gluons with?=(Q\2)? fluctuate over 22], the generalized factorization formula was shown to be

much larger distance scales than collinear fields with of'f-Valld a}t two-loop order._ln Re{14], a proof of this fprmulq
shellnessp?=(Q\)2. Thus, the picture is simply that usoft was given to all orders in perturbation theory. In this section,

gluons produce a smooth non-Abelian background througt{’® give a more detailed explanation of the part of the proof
which collinear particles propagate. For Drell-Yan, it was'T‘VO'V'”g the.decoupllng of{u)soft glg(_)ns from collinear
noted long ago by Tuc¢il8] that the proof of usoft-collinear f|elds. At leading orQer, we show explicitly that)soft gluon )
factorization is simplified by using background field Feyn_lnter_acnons ca_ncel in the sum of all Feynman diagrams in-
man gauge. In constructing the SCET, certain backgrouniﬁowmg color singlet four-quark operators. For the color oc-
fields are a necessity, not simply a tool. We will see tha et operators we show tha)soft gluons _Ieave_a color struc-
background fields also play a role in understanding factorizall"® which vanlshes_ between the physical singlet states.
tion and deriving Feynman rules for soft gluons. . 'F‘ Se_c. v B'. we d.'SCUSB_’XSV as an example O.f factor?
At lowest order in the SCET, onlp- A, soft andn- A, |zat_|on in an inclusive decay. In this case, the mt_e_restlng
usoft gluons interact with collinear quarkg9] and collinear region of phase space BS,=mg/2— A gcp=2.2 GeV, giving
gluons[14]. Furthermore, a consistent power countingin = VAqco/ Q. At leading order, the rate near the photon end
requires that the interactions af)soft gluons with collinear PCINt can be factored into a hard coefficient multiplying a
fields are multipole-expandeid,2]2 As a result, only the nontrivial convo[uﬂon qf a purgly colllnea'r function Wth a
n-p momenta of a collinear particle can be changed by inpure_ly soft function. This was first shqwn in RET]. In this _
teraction with an usoft gluon. We will show that these factsSection, we reproduce the proof of this result to all orders in
lead to simplifications in the structure of SCET matrix ele-Perturbation theory using the effective theory. The nonpertur-
ments, traditionally referred to as the factorization of uSoﬁbatlve soft function is the light-cone structure function of the

gluons from collinear jet§21]. A transformation is given for B meson[62], S(k™). Since the collinear particles have off-
the collinear fields which decouples all usoft gluons from theSnellnesspP*=QAqcp, the collinear function can be calcu-
collinear Lagrangian, at the expense of complicating thdated perturbatively with a light-cone operator product ex-
form of the operators responsible for production and decayp@nsion. At leading order, the decay rate s then given by a
Similar results are found for soft gluons once off-shell fluc-c@lculable function convoluted witB(k™).

tuations with momentgp*~Q(\,1\) are integrated out.

The benefit of the effective theory is that the above results Il. WILSON LINES IN HQET

?nrgnverxo%igigisl' g?fcgatzebioip?:fd cl)? (alau;c?fltvegsr?ilcl\g ZW 0 Constructing and understanding the SCET requires the in-
yp ' pling P troduction of Wilson lines along various lightlike paths. In

appears only in the operators responsible for the PTOCESH,is section, we introduce some of the concepts using the

_cancellanon_s and simplifications that appear at leading Ordev(/ell-known example of heavy quark effective theory. The
in \ are easier to see.

. . . , physics for heavy quarks such as bottom and charm can be
W.e beg!n n Sec_;. Il by d|scuss!ng HQET_m th? I"’mguagedescribed in a systematic way by expanding about the infi-
of Wilson lines. This allows us to introduce in a simple con-

text some of the techniques we will need fajsoft gluons. Eger;r:]asi%;n“gg rﬂg;\r}c.—t(}fﬁe;—he cit?rgﬂ?gél]eadmg il
In Sec. lll, we explain how the leading)soft and collinear grang y VY
Lagrangians follow from invariance under gauge symmetries

v

Lrger= 2, byiv-Db,+ >, C,iiv'-De,,
U’

loften for a specific physical process only soft or usoft gluons are _
relevant, and the generic term “soft” may be adopted. For the sake Jywr=Cyi by, (3
of generality, we will describe soft and usoft particles separately.

2This is similar to the multipole expansion for ultrasoft gluons in Wherel is the spin structure. Here, andc,. are effective
nonrelativistic QCD[20], which is also necessary for a consistent theory fields labeled by their velocity, and the covariant de-
power counting. rivative iD#=i9*+gA* involves only soft gluons. This

054022-2



SOFT-COLLINEAR FACTORIZATION IN EFFECTIE . . . PHYSICAL REVIEW D 65 054022

theory of static quarks is related to a theory of Wilson lines TABLE I. Power counting for the effective theory quarks and

along directions specified hy [23]: gluons. The Wilson line®V, S andY are defined in Eq413)—(15).
X Type Momenta Fields Field scaling
SU(X)=PeXF(i9J dsv'A(vS))- 4 pr=(p".p".p")
Collinear p“~(N2,1)\) Enp A
The covariant derivative along the path of a Wilson line is (AnpAnpAnp)  (NLN)
zero,v-DS,=0, which is why Eq.(4) is referred to as a Wn-A, ] 1
;tatlc V(\lolgson Ilrgg). Now consider defining new heavy quarkSoft D~ (A ) Gy Nz
fieldsb,™ andc,,’ by AR N
S,p
Sn-Agp] 1
b,()=S,00b"(x), ¢, (=S, (), (x). (5 +
Usoft kA~ (N2 N2 0\2) Qus A3
2
Using v-DS,b{?=S,v-4b{”) and the unitarity condition v Aﬁ;\ )‘1
SIS,J:l, the Lagrangian and current are then [n-Aud
LHQETZE Huo)iv . ﬂbf)o)-l—E Ef}g)iv“ﬂcio,), I1l. SOFT-COLLINEAR EFFECTIVE THEORY
. v’ We begin in Sec. Il A by recalling some basic ideas that
Ot . go into the construction of the SCHT-3]. After describing
Jyv=C,’S, I'S,b,”. (6)  the degrees of freedom and power counting, we summarize

the general result for the structure of Wilson coefficients that

The new fie|dsb£0) and C,(ﬁ) still annihilate heavy quarks, can arise from integrating out hard fluctuations. Finally, we
however they no longer interact with soft gluchall soft review why a collinear Wilson line appears in the effective
gluon interactions are explicit in the Wilson lines which ap- theory. In Sec. 1l B, the collinear, soft, and usoft gauge sym-
pear in the heavy-to-heavy current. metries of the effective theory are discussed. In Sec. Il C,

Since Eq.(3) and Eq.(6) are simply related by a field the leading-order gauge-invariant actions for collinear and
redefinition, the new Lagrangian and current describe théWsoft quarks and gluons are given.
same physics as the original ones. For example, it is well
known that the matrix element af, ,, betweenB and D A. Basics

states is the universal Isgur-Wise functig], The goal of the SCET is to describe interactions between

energetic and nonenergetic particles in a common frame of
), @) reference. The relevant momentum scales @&\, and

Q2. Collinear modes are needed to describe fluctuations

about the collinear momen@(\?,1,\), while soft and usoft
which is normalized at zero recoi(1)=1. Forv’=v, we  modes are needed to describe fluctuations abouQthand
see that all soft gluon interactions & , in Eq. (6) cancel Q\? scales, respectively. Other possible momenta such as
sinceSIszl. This shows explicitly that with'-v=1 and  p*~Q(1,1,1) andp*~Q(\,1\) are integrated out since
my, .—%, the “brown muck” in theB and D does not ob- they describe off-shell fluctuations. In Table |, the effective
serve theb— c transition. theory quark and gluon fields are given along with their

In the remainder of the paper, we will use the standardpower counting in\. The power counting is assigned such

Lagrangian in Eq(3) to describe heavy quark fields. How- that in the action the kinetic terms for these fields are order
ever, the manipulations in this section allow us to draw\’. For instance, for an usoft gluon settifig*x,A,7°Ays
simple parallels with our discussion of the SCET. In Sec. Ill,~\% and usingd*x,s~\ 8 and 9~ \* gives AL~ \2.
we will introduce the analog of the effective Lagrangian in  In constructing the effective theory, a separation of mo-
Eq. (3) for interactions between usoft and collinear fields.mentum scales is achieved by decomposing the full momen-
Then in Sec. IV we will show that collinear fields analogoustum as P#=p*+k*, wherep* is a label containing mo-
to b{®) can be defined which do not couple to usoft gluons.menta of ordeQ andQX\, while the residual momentui*
Many statements about soft-collinear factorization in Sec. \&cales aQ\?. In the fields, the large phases dependingon
then simply follow from the unitarity condition which is are removed, and this momentum becomes a label on the
analogous tcslsvzl_ effective theory field[2,3]. For instance, for the collinear
gluon field Ay , one takes

(1+d") _(1+9)
2 r 2

<Dv’|‘]v,v’|§v>:Tr

3 . . . . . . i
Note that£ in Eqg. (6) is still ga_uge mvgnan& since gnder ?O)SOft AM(X)_)E e ip XA#,p(X)' )
QCD gauge transformatiorV(x) =exdia"(X)T"], the fieldsb, p

and ci(f) do not transform. The current is gauge invariant siSge

—VS, [with aB(*)=0]. UsingV'V=1 then gives], ,,—J, . Similarly, the collinear quark fieldg, ,(x) have a momen-
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teract with softer particles in a local manner is what leads to
the appearance al. Written out explicitly, the Wilson line
in Eq. (10) is

®F

02099999, 9m

+ perms —

00009000, 92
00999000, 41

(=g)"
w mE:O perms M!
FIG. 1. A matching calculation which shows how appears.
On the left, collineam-A, 4 gluons hit an incoming soft quark. W-Ailq --n- Ai’g
Integrating out the off-shell quark propagators gives the effective X T L
theory operator on the right, which contains a factoM6f

= Tem---T2, (12
N qqn- (g +gp) - ( 2 Qi)
tum labelp, and furthermore satisfpé, ,=0. It is conve-

nient to define an operatgP* which acts on fields with | the power countingV~\°. If we drop the dependence on

labels, x (i.e., the residual momenta Eq. (12) and take the Fourier
transform of then-q; labels, we obtain a Wilson line in
Py o bpy ~bp,) = (PE+-+PR—a{ == =af)  ogifion space,

X(Bd, ba, oy bp)- (9 _—
_ Wn,szex;{igf ds n-An(sﬁ). (13

This operator enables us to writdg“e 'P*¢,(x) o
=e PX (PrEigt X). Thus, all large phases can be . i ) )
pulled to Ehe front )o(fpa(n)a operator, and t%e rl?amaining derivaHiere the position space fielt;(z) is the Fourier transform
tives give only the residuat Q12 momentum. Label sums ©f Anp(0) with respect tan-p. . .
and phases can be suppressed if we simply remember to !N Tableil, two more eikonal Iln'es appear which will be
conserve label momenta in interactions. For convenience, wgsed later in the paper. The functiorgals built out of soft

define the operatoP to pick out only the orden® labels fields,
n-p on collinear effective theory fields, and the operag®gr «
to pick out only the ordei labels. Thus, for soft field®* S(x)= Pexp< igf dsn As(sn)), (14)
gives the full momentum of the field?*qs ,=p*ds - -
In the effective theory, hard fluctuations are integrated out
and appear in Wilson coefficients. Beyond tree level, thes@hich vary over scales of ord€\, andY is the analogous
Wilson coefficients are nontrivial functior@(n-p;) of the  functional built out of usoft fields
large collinear momenta. However, collinear gauge invari-
ance restricts these coefficients to only depend on the linear Y(x) = Pexp< . fx dsn Aus(sn)>, 15

combination picked out by the operatBr[3]. Thus, in gen-

eral Wilson coefficients are functior®(P,P") which must

. ) A ) . 2 . .
be inserted between gauge-invariant products of collineaphich vary over scales of ordepA®. Unlike W, neitherS
fields. norY are necessary to construct the Lagrangiar(dgsoft or

From Table I, we notice that the- A, , collinear gluon collinear fields. However, both turn out to be useful in un-
field is order\® in the power counting. These gluons play g derstanding how(u)soft-collinear factorization arises as a

special role in the effective theory, since at a given order in Property of the effective theory at lowest order.
any number of them can appear. However, as described in
Ref. [3], collinear gauge symmetry restricts them to only B. Gauge symmetries in the SCET

appear in the Wilson line functional, The presence of several gluon modes raises the question

of how each is related to local transformations from the
(10 ~ 9auge group S(B). Of the possible QCD gauge transforma-

tions, the ones that are relevant to constructing the effective

theory have support over collinear, soft, or usoft momenta.

Thus, in the effective theorW should simply be treated as a An usoft gauge transformatioW,q(x) =exr[iﬁﬁs(x)TA] is
basic building block for constructing operators. Gauge-defined as tge subset of gauge transformations where
invariant combinations ofi- A, ; can be written entirely in  #Vy(X)~QA". A soft gauge transformationV(x)

1
Wz[z exp(—g:ﬁ-An’q .
P

perms

terms of W since =exp:iB§(x)TA] satisfies 9*V¢(xX)~QN. Finally, collinear
- - gauge transformationd (x) =exfia"(X)TA] are the subset
f(p+gﬁ.An'q):Wf('p)WT_ (1)  where *U(x)~Q(\?,1)\). The usoft, soft, and collinear

gluon fields are then the gauge fields associated with these
Alternatively, we can view factors iV as arising from hav- transformations. The gauge transformations for the effective
ing integrated out off-shell propagatdi®|, as in Fig. 1. The theory fields are shown in Table Il. The physics that restricts
figure illustrates that the inability of collinear gluons to in- the transformations of fields from one momentum region
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TABLE Il. Gauge transformations for the collinear, soft, and usoft fields and the Wilson\ih&; and
Y. Thep labels on collinear fields are fixed, whii@andR are summed over. For simplicity, labels on the soft
fields are suppressed here.

Gauge transformations

Fields Collineardz Soft Vg Usoft Vs
gn,p UP*anYQ gn.p Vusgn,p
1
AL UoAf dlh eyt UL DUy ] Alp Vb Vs
qS qS VSqS VUS‘JS
1
A AL v e vt ViALV
qIJS qLIS qUS VUQUS
i
Als Als Als Vu:( Al+ a 3”) VZS
Wilson lines
W UW w VusWVEs
S s \S VusSVis
Y Y Y isY

with respect to the gauge symmetry of another region ar¢he presence of usoft gluons the collinear gluon field trans-

discussed below. We discuss the usoft, soft, and collinediorms like a quantum field in a background color field. The

transformations in turn. covariant derivative appearing in the transformation of the
Invariance under usoft gauge transformations constrainsollinear gluon in Table Il is therefote

the self-interactions of usoft gluons as well as their coupling

to collinear fields. The slowly varying usoft gluon field acts n*__ n*

like a classical background field in which the collinear and iDt=—P+PL+ 5 in-D. 17

soft particles propagate. Under a usoft gauge transformation,

V {X), the usoft quarks and gluons transform the same as ip|

QCD. The collinear and soft particles have larger momenta,

so they see the usoft gauge transformation as a smooth ) )

change in the background, and transform similar to a global iD#=id"+gAfs, (18

color rotation. For soft fields, all momentum components are

larger than the usoft momenta so the transformations are eénd by power counting only the- A ¢ gluons can appear in

fectively global. For collinear quarks and gluons, the usoftEq. (17) at leading order ir\ (since they are the same order

transformations are local at each point of the residudé- as n-A; ;). Under a collinear gauge transformation, the

pendence. (u)soft quarks and gluons do not transform since they fluc-
Soft gauge transformations have support over a region diuate over wavelengths which cannot resolve the fast local

momenta which leave neither usoft nor collinear particleschange induced by (x).

near their mass shell. The usoft and collinear fields do not

transform since they cannot resolve the local change induced

by V4(x). Therefore, soft gluons do not appear in the ) ) . ] .

Lagrangians for collinear or usoft particles. On the other In this section, the gauge properties discussed in Sec. IllB

hand, soft fields transform wit, like fields in QCD. We are used to construct the SCET Lagrangian. The full La-

will see in Sec. IVB that the gauge invariance of operatorsdrangian can be broken up into terms involving soft fields

with soft and collinear fields requires factors ®fo appear. ~Ls. terms involving collinear field#;, and terms with nei-
For a collinear gauge transformatith(x), we factor out ther soft nor collinear field,,

the large momenta just as was done for collinear fields, L= Lot Lot Ly, (19

ereD* contains only the usoft field

C. The effective Lagrangian

U(x) =2 e "R 2Us(x), (16)
R 4If Uy is independent of, the collinear transformations are given
in Ref. [3] and withi D*—P* are equal to those in Table Il. This
where 9“Uz~\?. As explained above, the usoft gluons actglobal reparametrization invariance fixes the collinear action, ex-
like a background field for the collinear particles. Thus, incept for the way in whictin-D appears.
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Invariance under usoft gauge transformations forced\gll invariant under usoft gauge transformations, including the
fields to appear through the covariant derivaiie* defined 1/« gauge-fixing term. This complies with the notion of the
in Eq. (18). Invariance under soft gauge transformations con-usoft gluon as a background field. In fact, E84) is identi-
strains the appearance of the soft gauge field. Finally, froncal to the action obtained by expanding the covariant back-
invariance under collinear gauge transformations, the collinground field action in QCD with quantum fieldﬁ’q and

ear gluon fields can only appear in factors\éfand background fieldA% to leading order in\. The Feynman
rules for collinear gluon self-interactions are the same as
those in QCD except that the residkal andn-k momenta

do not appear. The mixed usoft-collinear Feynman rules that

where D is defined in Eq.(17). Under a collinear gauge fo|iow from Eq. (24) are more interesting and are shown in
transformation, this operator transforms as Fig. 2.

iD*+gAL g, (20)

For completeness, we also give the collinear quark La-

- T .
IDE+gAL = UQY AN RUG + r—q F Ui D UG—q - (21) grangian[2,3], which is derived in a similar manner,

The purely usoft and soft Lagrangians for gluons and
massless quarks are the same as those in QCD and are de- 1
termined uniquely by power counting and invariance under L<CQ>:§n p,{ in-D+gn-A, q+(7PL+gA#q)W:WT(PJ_
(usoft gauge transformations, ’ ’ TP

— i _1 v h
Lys=dud D qus— ztr{G* GMV}’ 22 +gAﬁ’q,)] Efn’p. (25
Ls:as,p'(P+gAs,q)qs,p_ %tl’{GgVGiV},

where G*'=i[D#,D"]/lg and iGE"=[P*+gAL,,P"  The terms involving gluons in Eq25) are simply compo-
+gA; /1/g. The traces are normalized such th&TftT®]  nents ofiD*+gAl ,, as required by gauge invariancg”

= §"B/2. Gauge-fixing terms for the usoft and soft gluons areis the unique orden® collinear quark Lagrangian that is
not specified, and can be freely chosen without affecting thénvariant under both collinear and usoft gauge transforma-
couplings of other modes. For heavy quarks, we have thdons.

leading-order HQET Lagrangian

ﬁHQET: E Fviv -Dh,,. (23 IV. COLLINEAR FIELDS INTERACTING WITH  (U)SOFT
v GLUONS
Hereh, is defined as the flavor doublet of the fields, (c,) In this section, we present a way of organizing the cou-

used in Sec. II. For the Lagrangians in E(&2) and(23), o plings of (u)soft gluons to collinear particles which makes
additional information is gained from collinear gauge invari- factorization properties more transparent by moving interac-
ance since théu)soft fields do not transform. tion vertices into operators. The traditional method of prov-

For collinear gluons, the gauge-fixing terms are nontrivialing the factorization ofu)soft gluons uses reduced graphs

since they affect how colline_ar g_lu_ons interact with the back-and eikonal Ward identitiefs]. While our approach makes
ground usoft gluons. For simplicity, we will use a general

. ; ] i use of similar physical observations, we believe that the
covariant gauge,owhlch causes_collmear ghosts fieldsto SCET organizes these properties in a simpler way. For ex-
appear. At ordeR”, the Lagrangian for collinear gluons and ample, in the effective theory the multipole expansion for
ghosts is then !

usoft couplings and appearance of onlyA ¢ gluons is ex-
plicit in the collinear Lagrangian. We start by discussing

1
E(cg)zptr{[il)”ngAﬁ’q,iD”+gA§ q,]}2 usoft gluon couplings to collinear fields in Sec. IVA. At
9 ’ lowest order in\, the couplings of usoft gluons to collinear
+2t{Cp o/ [iD, [ID*+gA,.Cp o]} quarks and gluons can be summed into Wilson lines which
mem marene act like field-valued gauge rotations. Similar to th§”
1 heavy quarks in Sec. Il, the new collinear field$) and
+—tr{[iD, , A% 1}?, 24 b P
o TP An g1} 249 AD* no longer couple to usoft gluons. In Sec. IVB and

) ] ) _ Appendix A, we discuss the factorization for soft modes.
whereD* is defined in Eq(17). Note thatA,  andn- A ¢ do

not appear until higher order since they are suppressed com———

pared to the collinear gluon fields. TheA,scomponent can  Sapart from the coupling to usoft gluons and the treatment of
appear since it is the same orderrash, ;. The first two  residual momenta, the collinear quark action is similar to the action
terms in Eq.(24) are invariant under collinear gauge trans-for a quark in light-cone quantizatidi25]. Given the equivalence
formations, while the last is the gauge-fixing term with pa-[26] of QCD quantized on the light cone and QCD in the infinite
rametera. Furthermore, the complete collinear Lagrangian ismomentum frame, this is not too surprising.
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8 i b, v —i 9ug
—(l—a)—2dv 1§
- 1., 7 v — a
HEEECEEERTEEEE6666 Aqnk+q (5’# ( )n-qn-kﬂu b
(q.k)
a, U
§ gf*n, {ﬁ @1 gon — 3(1— D)Anqu + ﬁUQ2,\]}
b, A% g C, A
FEEREEECREEEEETE
qi qQ2
>, a, u b, v
02\% ~%Z‘92n,u{fabef6de(ﬁ/\gup - ﬁpgw\)
o>
+fad€fbce(ﬁug)\p - ﬁ)\gl/p) + facefbde(ﬁ'ugAp - ﬁpgyz\)}
d, p c, A
a, b, v

Tig°nun,inia (1 — 1) { face fbde y fade fbce}

FIG. 2. Collinear gluon propagator with label momentgrand residual momentut and the ordek° interactions of collinear gluons
with the usoft gluon field. Here usoft gluons are springs, collinear gluons are springs with a line, ianthe covariant gauge-fixing
parameter in Eq(24).

A. Ultrasoft couplings to collinear quarks and gluons Y is related to the Fourier transform of the path-ordered ex-

Consider the interaction of the collinear fields with an Ponential given in Eq(15),
usoft background gluon field. The relevant diagrams are

shown in Figs. 3 and 4. Matching on-shell, the sum of the x
diagrams which couple usoft gluons to the collinear quark Y(X)=P8XF( igJ dsn Aﬁs(nS)Ta)- (28
gives o
Enp=YED, (260 |n Eq.(26), the new collinear quark fiel%) does not inter-
act with usoft gluons. Thus, all interactions with usoft gluons
where have been summed into the Wilson line. Although E2f)

was derived at tree level, the presence of soft or collinear

o (—g)™ loops does not change this result. We will prove this at the
Y=1+> > g level of the action near the end of this section.

m=1 perms M! In a similar manner, we can compute the sum of the dia-

grams which couple usoft gluons to a collinear gluon shown

in Fig. 4. Using the Feynman rules in Fig. 2 in Feynman

a, . .n. A%m
n-AuS n Aus

an. .. Ta1
’ T T @D gauge 1) gives
n-kin-(ky+ky)---n- Z K;
=1
Anp =Y AR (29)

Ml’ @, H'Z' 2} un’ an

A} N 3

%kl akz .. akn + perms. ~ Where

=)

Q Q
Ii-——)—-—a-—)-—a-——>——--‘3-——>-—®
8In other gauges, the derivation is complicated by the presence of
FIG. 3. The attachments of usoft gluons to a collinear quark linethe four-gluon vertex and the need to yseA, ,=0 for the collin-
which are summed up into a path-ordered exponential. ear gluon field.
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M Mo, & M, ay
] Q P
§k1 §k2 gy k, + perms.
vb P 9 C\i gf W a
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where (7%)2°=—if®3 The adjoint representation can be
defined in terms of the fundamental representation by

Y oYt =ybatb, (32)

FIG. 4. The attachments of usoft gluons to a collinear gluonFrom this result we immediately obtain that

which are also summed up into a path-ordered exponential.

(ig)"
b_ 6ab+
Y E1 p;'ns m!
a am
v n'Au;.“n'Aus

n-k1n~(k1+k2)-~~n~(21 ki>

X famAXm-1. . ,fazxlefalxlb.

(30

—_ AD, — aA(0)a, — aA(0)a, — 0
Al = APETE= A2 #)PaTd= AD 2y TaY T—y ADYT,

(33

Repeating the above calculation for the collinear ghost field,
we find

Cnp=Ca , TA=Ci )P Ta=Y g YT, (34)
Recalling thatA, , and henceW are local with respect to
their residual momentum, they are therefore local with re-

Similar to the quark field A{’) denotes a collinear gluon spect to the coordinateof Y(x). Thus,

which does not couple to usoft gluons. The result in §)

is gauge-invariant with respect to the usoft gluons because of
the usoft invariance of the collinear gluon Lagrangian. Thus,
in deriving this result it is crucial that the derivative in the

1/a gauge-fixing term in Eq(24) is covariant with respect to
the usoftn-A, background field. The?" in Eq. (30) is
related to the Fourier transform of the Wilson liivéx) in
the adjoint representation,

X ab
Yab(x)= Pex;(igf dsn-Aﬁs(ns)Te” , (3D

E(cq):a%,y‘r[ in-D+gYn A(O)YT+ (P, + YgA]O)LyT)YVV(O)YT

0
_FO

n,p’

sinceY commutes withp, .
that

Usingn-D Y=0, it then follows

Y'.-DY=n-4. (37

Therefore, the collinear quark Lagrangian becomes

LY=E0Lin-o+gn- AL+ (P,

ﬁ_g(o)

+gA 5 &nps

1
DWOZWOT(P, +gAL)
P

(39)

: 1
[Yhn : DY+gn-Ag?g+(pﬁgAg?gli)W(o%W(

W= =YWOYT (35

1
> exp( —g=YnADY'
perms P '

which shows how usoft gluons couple to the collinear Wilson
line.

Finally, we return to the claim that the field redefinitions
in Egs. (27) and (29) which define&(’) andAY), decouple
usoft gluons at the level of the Lagrangian. Starting with the
collinear quark Lagrangian in E¢25), we obtain

-
. YWOTY(P, +Yg "”Y*)}EYfSﬁ’é]

-
°>T(7PL+9A;?;%>} > &b

which is completely independent of the usoft gluon field. In
a similar fashion, the collinear gluon Lagrangian becomes

£o ! tr{[i Dy, + GALY i Dl + gAY 1}
c22 (O)anv(O)g

+ %tr{[iDﬁf’) ARF2+ 2 tr{C [|D(°) [iDf,
+9ALY" chpll (39
where
n*— n#
Dl == P+ P+ -in-a. (40)
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SCET. Finally, soft gauge invariance severely restricts the
most general allowed operators involvifg

In this section, we give an explicit example of the above
properties and discuss how gauge invariance restricts the ap-
pearance of factors @& In Appendix A, we show in general
that only n-Ag gluons appear at ordex®. There we also
show to all orders in perturbation theory how gauge-
invariant soft-collinear operators are obtained from integrat-

FIG. 5. The interaction of a soft and collinear gluon with mo- ing out off-shell quarks and gluons. The proof is reduced to
mentak~Q(\,\,\) and g~Q(N\2,1\), respectively, to produce solving a classical two-dimensional QCD action in the pres-
an off-shell gluon with momenturk+qg~Q(\,1\). ence of adjoint and fundamental sources.

Consider the example of a soft-collinear heavy-to-light

Equation (39) is derived using iD*+ gAﬁyqu(in‘O) current. Under soft and collinear gauge transformatisog-
+gA§1(?()1M)YT_ The result in Eq(39) shows that the new col- Pressing the soft field labelsthe fermions transform as

linear gluon and ghost fielda{’) and c{’) also decouple h
' ’ Vsh,, soft,
from usoft gluons. v Vshy,  &np—&np
To summarize, we have shown that making the field re- h —h £ U of collinear.
definitions vt SnpT7Up-Qsn,Q 43
—y£0 _ v A0 _y 0 _ — _ .
Enp=Yép, AL =YAYYT, cp =YYt Thus, the simplest curredt=¢, ,T'h, (whereT is the spin

(41) structure is not invariant under the gauge symmetries. To
construct a gauge-invariant current requires the addition of
the new collinear fields no longer couple to usoft gluonssoft and collinear Wilson lines. Using the transformation
through their kinetic term. This gives the important resultproperties
that all couplings of usoft gluons to collinear particles can be
absorbed into Wilson line¥ along the direction of the col-
linear particlgs. With these field redefinitions, faptors\bf it is easy to see that the gauge-invariant current is
only appear in external operators or currents which contain
collinear fields. We_ hasten to add that this is_a property of the \]:a pWFSThU _ (45)
SCET only at leading order in. Beyond leading order, sub- ’
leading couplings of usoft gluons appear in the collinear La-Thus, we see that soft gauge invariance determines $ow
grangian which cannot be reproduced solely by factor.of appears.
It is also possible to obtain this current by matching, start-
B. Soft couplings to collinear quarks and gluons ing with the QCD currengl'b, and using background field
auge for the external gluons. There are three properties of

situation is quite different from the usoft case. This is be- q. (45 that need to be reproduced by this calculation,

cause soft gluons cannot couple to collinear particles withou amely that onlyn- A, q gluons appear to give, thafc only
then- A component of the soft gluons appear to buildSip

taking them off their mass shell. Together with soft gauge T . . ! o
invariance, this ensures that soft gluons do not appear in th nd thatWands appear in t_he_ gauge-invariant combination
shown. The calculation is similar to produciig by attach-

collinear Lagrangian, and must therefore be explicit in op- . . ;

erators. When a soft particle interacts with a collinear par-Ing cqllmear gluons to hgavy quar'ks and m;egratmg out the
ticle, it produces an off-shell particle with momentum resulting off-shell fluctuations as discussed in Sec. lll A. Na-
NQé?\,lJ\)- For example, a triple gluon vertex with a soft ively, attaching collinear gluons to tHeand soft gluons to

and collinear gluon has an off-shell gluon with momentumth€q, one might expect to build up the currefit,STWh, ,
Q(\,1)) as shown in Fig. 5. These off-shell modes haveand in the non-Abelian theor$’ and W do not commute.
p2~Q2\>(Q\)2 and can therefore be integrated out of theHowe_ver, adding diagrams involving no_n-Abe_Ilan gluon
theory. couplings reverses thg order of the two Wilson 'I|nes.
There are several important properties that soft gluons FOr example, consider the 'ordg? graphs which match
obey. At lowest order in\, soft interactions with collinear ©ONto Ed.(45) and which contain one soft an_c71 one collinear
fields only involve then- A, component. Furthermore, inte- 9luon. The necessary graphs are shown in Figegpanding
grating out all off-shell fluctuations simply builds up factors the diagram in Fig. @) to leading order gives
of the Wilson lineS,

WoUoW,  S—VS, (44)

For processes with soft gluon degrees of freedom, th

M nv __
H — _ N2 arTb
1 Fig. 6(a) g N-Go1-0e EnpT?T'Th,,. (46)
S= 2 exp —9—=Nn-Asql | (42
perms n-p '
where &, ,.pS is the Fourier transform of Eq14). Thus, "Note that only graphs in which all propagators are off-shell need

much like W, Sturns out to be a fundamental object in the to be considered for this matching.
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(a) (b)

FIG. 6. QCD graphs for the curreql’b with off-shell propagators induced by a soft gluon with momengyrand a collinear gluon with
momentumg; .

We see that the leading contribution contains only thdine, which gives the light-cone structure function of tBe
WAn,q~)\° collinear gluon by power counting, and only the meson.

n-As gluon because the” for this vertex is sandwiched

between aEn,p and anmh from the off-shell light quark propa- A.B—Dax

gator. Finally, the color factors in Ed46) correspond to In this section, we make use of the results in Sec. IV to
expandingg, ,S'TTWh, , or in other words are in exactly the explain in detail why(u)soft gluons factor from the collinear
opposite order to those in E@45). At leading order, the particles in the pion foB— D . The proof is simplified by

remaining two non-Abelian graphs are equal and give the fact that the cancellation ¢fi)soft gluons appears at the
5 P level of the operators and the Lagrangian in the SCET.
Fig. 6(b)=Fig. 6(c)= 9 ipavepe %0 olh, . At leading order, the decaB— D is mediated by the
2 n-gsn-gc-" four-quark operators
(47)
4G _
Adding the three graphs together reverses the order of the HWZ_FV:dvcb[cg(?')’p.PLb)(d')’MPLU)
color matrices in Eq(46) to give V2
oy +CE(Cy,P T?b)(dy*P T2U)], (49
Fig. 6(a)+6(b)+6(0)=~¢7; " £,,TT T, . skt :
“Ys " Ye

(48) whereP, =3(1—vys) and the coeﬁ‘icientg:g’8 are obtained

by running down from the weak scale. At the scalg, the
This is the desired result and is in agreement with @§).  operators in Eq(49) can be matched onto operators in the
In Appendix A, we extend this matching calculation to all SCET. The four linearly independent gauge-invariant opera-

orders in perturbation theory. tors are[3,14]
J— d g
V. APPLICATIONS 6°=(C, Ty ,) (&) WCHA P, PIT W),
. . . o 50

In this section, we give two applications of our results. QL5=(c,, STES'TL%b,) 50
The factorization of soft and collinear modes has implica- 8 ! !
tions for the exclusive decay8 —D°7w~ and B° ><(Ef]d),WC§'5(77,77*)T3F/WT§§]”£,),
—D" 7, and is discussed in Sec. VA. The SCET can be P '

gsed to give a simple proof of the cgncellation. of nonfactor-wherer%,sz 12, Aysl2 andF/:WP,_IZ. Note that the hard
izable (u)soft gluon effects at leading order iAgcp/my,

[14], and this result is discussed using the notation intro . . S
duced in Sec. Ill. The cancellation follows from gauge in- erator and appear between gauge-invariant combinations of

variance and the unitarity of the Wilson line operat8rand collinear fields. . .
Y y P In Egs. (50), c,» andb, are the usual HQET fields with

In Sec. VB, we give a simple proof of the factorization thfSLagrangian E Eq(3_). _For Fhe color singlet operators
formula for the photon spectrum in the end-point region ofQ0 " the product, I'b, is invariant under soft gauge trans-

the inclusive decad— X.y. This formula was first derived formations and factors &do not appear. Equivalently, if we

in Ref.[7]. In this region, the photon spectrum can be writtenintégrate out off-shell fluctuations induced by coupling the
as a product of hard, usoft, and collinear factors, each ofCft gluons and collinear particles as in Appendix A, then we
which have field-theoretical interpretations in the effectiveobtain &, ,, WS'CoSW'¢, , and the soft gluon couplings
theory. In this case, the nontrivial part is the factorization ofcancel since they commute with, and S'S=1. Thus, no
usoft gluons. When the field redefinition for collinear fields soft gluons appear in the color singlet case and the matrix
is made in the time-ordered product, factors of the usoft Wil-element of the effective theory operator factors. In the color
son lineY appear at different space-time points and theiroctet casec,,T?b,, is not gauge-invariant, but invariance of
cancellation is incomplete. They leave behind a finite WilsonS'b, and<¢,.S implies thatc,, ST8S'b, and henceQ3” are

Wilson coefficients(?%vg(fj?r) are functions of the label op-
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soft B—D form factor (Isgur-Wise functiomn T(X,u)
=C}(u,(4x—2)E,) is the hard Wilson coefficient, and
¢ (X, 1) is the nonperturbative light-cone pion wave func-
tion determined by a matrix element of collinear fields.

B. Factorization in inclusive B— X4y decays

The weak radiative decaB— X,y is mediated by the
D effective Hamiltonian
&

B [owvw

| 9099599991

E e _
FIG. 7. Example illustrating how the soft and collinear gluons H=- fvtbvrs(:?O?y O7ZﬁmbSUWFMPRby

factor in theB— D 7 matrix element in the soft-collinear effective bm

theory. The® denotes an insertion @3, the double lines are for (52)

b, orc,:, the springs with a line are collinear gluons, the dashed | o N

lines are collinear quarks, the springs without a line are soft gluongWVith F,, the electromagnetic field tensor ark=73(1

and the normal solid lines are soft quarks. + vs5). (The contributions from operators other thék are
neglected hergWe define the kinematics of the decay such

gauge-invariant. In this case, factors ®fppear in the op- that the photon momenturis along the light-cona direc-

erator, but they do so in a way that preserves the color octdton, q,=E,n,. HereE,,=v-q is the photon energy in the

structure of the matrix between the heavy quarks. Thereforggest frame of thé8 meson pg=mgv).

the effective theory matrix element Qé'5 is zero between The inclusive photon energy spectrum can be written us-
physical color singlet states. ing the optical theorem as
For completeness, we note that the coupling of all usoft
gluons to collinear fields in thB— D 7 matrix element also 1 dI' 4E, 1
factor® Following Sec. Ill A, we redefine the collinear fields F_o d_Ey = Eb?( - ;) ImT(E,), (53)

by &np=YED) andW=YWOYT. For the color-singlet op-

erator, the |den_t|ty{\_( =1 toge_ther with the ganc_ellat!on of \where the forward scattering amplitud¢E ) is
the usoft couplings in the collinear Lagrangian, implies that

the usoft gluons factor from the collinear part of the operator. .

For the color octet operator the same conclusion follows T(E ):'_J d*x e "X(B|TJI (x)J*(0)|B), (54
once we use the color identity?®Y'TaY=Y Y e T2 7 mg .

This identity is easily derived by noting thay T2Y'

=)P2T" and using the properties of in the adjoint repre-  with relativistic normalization for théB) states. Here the

sentation. currentd ,=sio,,,q"Pgb, and
Since the(u)soft and collinear particles decoupleQ‘é'S,
the matrix element foB— D factors into a soft matrix ;2: g
element forB—D and a collinear matrix element for ro=w|vtbv;;|2aen4c5(mb)|2 (55)

vacuum tom. In Ref.[14], it was also shown that the depen-
dence of the Wilson coefficient€§™(u,P,) on P,=P
+P" leads to a nontrivial convolution of this hard coefficient
with the light-cone pion wave function described by the ma-
trix element of collinear fields. The only gluons giving non- ; ;
canceling contributions to thB—D rza?rix ele?nentga - In the end-po!nt regiomg/2— E, = Aqcp, the spectrum

g C o : , P~ cannot be described by a completely local operator product
pear as in the example in Fig. 7. This resulted in the firs, hansion. However, it can be described by a twist expan-
proof[14] of the B— D factorization formulaproposed in  gjon For this region of phase space, the time-ordered product
Refs.[12], [13]), in Eq. (54) becomes simpler once we match onto effective

theory fields and drop power corrections. At leading order in

is the parton level decay rate fir—sy with the Wilson
coefficientC§ obtained by running down from the weak
scale.

1
(D, 7,|Q}|B,)=N FBﬁD(O)f dx T(X, ) p(X, ), X\, we will show thatdI'/dE,, can be written in the factorized
0 form [7]
(51)
to all orders inas and leading order i\ ocp/Q, WhereQ 1dr JK e
=my, M, or E_. HereN=imgE_f_/2, F5~P(qg?) is the Iy dE, H(my, 1) ZEy_mbdk S(k™ )
X J(K* +my—2E.,, ). (56)

8For soft heavy quarks this proof is not really necessary, since the
coupling of a usoft gluon to a soft heavy quark is of ordei.e., ~ The different factors account for the contributions of differ-
power-suppressed. ent distance scales, and their dependence cancels. The
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factor H(my,u) arises from hard gluons and is calculable
perturbatively as an expansion in(m,). The jet factord
contains the contributions from the collinear particles, while
the usoft matrix elemers describes the nonperturbative dy-
namics of the usoft modes.

We start by matching the weak current onto an operator in
the soft-collinear effective theory. At leading orderNnthis
gives

‘J/.L= _ Eyei[P(n/2)+’PL*mbv]~X{[2cq(7?,/vL)+Clz(ﬁﬂ)]‘]iﬂ

_ D\ Ie FIG. 8. Example of the type of graph that contributesBo

Cad P )‘]Mﬂ}' (57 — Xgv in the soft-collinear effective theory. The denotes an in-
sertion of the current in Eq64), the double lines arb, quarks, the
springs with a line are collinear gluons, and the springs without a
line are usoft gluons.

where
I g, Wy PLb,, 3=T & WPgb,. (58

The SCET Wilson coeﬁiciem@gllo,ﬂ(ﬁ M) are given at one
loop in Eq.(33) of Ref.[2]. Thex dependence of the currents

will lead to conservation of both label and residual momenta h th li fields in thi td tint t with
separately. For example, for label momemtap’ and re- where the collinear fields in this current do not interact wi

: ) usoft fields. With this current, an example of the type of
sidual moment, k SCET graph contributing t®°" is shown in Fig. 8. Thus, the
time-ordered product of the effective theory currenfs is

Je= WOy P YD, , (64)

f d4X ei(pfp'+kfk’).x=5p’p/(2ﬂ_)454(k_kr)
Teff:if dx ei[mb(m)fq]‘X(E,|TJfLﬁT(X)JEﬁ’“(0)|§U>
=5p,p,fd4x dikDx (59

_ —i | dx dm2-a1%B |T[b. Y Pay- WO £0)
In Eq. (57) label conservation se®=m, and?, =0 and the If X (Bu[TIB, Y PRy, énpl %)

remaining momenta in the time-ordered product will be
purely residual. The curreﬁlﬁff does not contribute for real

transversely polarized photons, and will be omitted from the 4%k
future discussion. Inserting E@57) into Eq. (54), we can :_f d4xf ellm(2-a-kl-x(B | T[b,Y](X)

X[EQWO P YT0,1(0)[B,)

write to leading order (2m)*
4E, of X P fﬂyﬂp [Y'h,1(0)|B,)Ip(k)
3 T(E)=H(my )T (E,,, ). (60 RYug 7P D)B0) e
4
HereT®" is the forward scattering amplitude in the effective :%f d“xf d k4 ei[mb(ﬁlz)quk].x<§ |T[E Y](x)
theory (2m) vl 110y
X[Y"b,1(0)|B,)Ip(K). (65)

Teff:i f d4x ei[mb(mz)fq].x<§U|TJIe;ffT(X)Jef‘f/.L(O)|§U>’

(61) In the third line, we used the fact that tiBe meson state

contains no collinear particles, and we defirkgk) as the
with HQET normalization for the stat¢46], and in terms of  contraction of all collinear fields,
the SCET Wilson coefficients the hard amplitude is

167 (OITIWOTER OO EW 1(0)]0)
H(my, p)= mgy|C9(mb,M)+%Clz(mbal’«”z- (62) o dk f
:If (27T)4e ‘]P(k)zv (66)

Next the usoft gluons iT®" can be decoupled from the
collinear fields as explained in Sec. Ill, by making the sub-where the labeP equals the sum of the label momenta car-

stitutions

§n'pHY§g%, W—YWOYT, (63 Even though the usoft and collinear fields factor in the current,
the sameu must be used when renormalizing loops involving usoft
This results in or collinear gluons.
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ried by the collinear fields in botfWOT&P)] and  =n.k of the residual momenturk. This follows from the
[£P)WO]. In the fourth line of Eq(65), the spin structure collinear Lagrangians in Eq$24) and (25), which contain
was simplified using the fact thatb,=b, and that theB  only then- ¢ derivative. This simplification allows us to per-
meson is a pseudoscalar. To proceed further, we can makerm thek_ ,k, integrations in Eq(66), which putsx on the
use of the fact thafip only depends on the componet light cone,

R dk . S —
o= [ xR 9 ) o, ) [ e 2K (B TTB, YIOOTY b, OB, ek )

=1 [ ke 3uthe) [ G Rk (B T, Y (W25 Y, OB 67)

Note that the typical off-shellness of the collinear particles isWilson line contour in Ref[7]. The universal nonperturba-
p2~mbAQCD so the functionJp can be calculated perturba- tive function S(k*) encodes all the relevant information
tively. At lowest order inag(VmpAqcp), Jp(k™) is deter-  about the usoft dynamics of tfiemeson, and is the structure
mined by the collinear quark propagator carrying momentunfunction introduced in Ref.6],
(P+Kk), _ _
S(k*)=3(B,|b,8(in-D—k*)b,|B,), (70
n-P 1
= —= — —. (68)  where thel accounts for our normalization for the states
P+k)?+i k+P2/(n-P)+ ( 2 ol : '
( )"+ie n L/(n-P)tie Equation (70) makes clear the physical interpretation of
Finally, the remaining matrix element in E@7) is purely ~ S(k") as the probability to find thé quark inside theB
usoft, meson carrying a residual momentum of light-cone compo-
nentk®. The structure function is real, has support over the
infinite range—o <k <A, and peaks arounki" =0.
Inserting Eq.(69) into Eq.(67) and taking the imaginary

Jp(k™)

sm% f %e*<”2>'+X'<§IT[EY]((n/2>x*)

. part gives
x[Y'b,1(0)|B)
1 dr A
_ ——=H(mb,u)f dk*S(k")JI(k* +m,—2E.)
_E dx =21 X (BITb.((n/2)x~ o dE, 2E,—my 7
_2 At € < | v((n )X ) (71)
(xR — with the jet function
X P ex |gf d\ n-A(n\) |b,(0)|B). (69)
0
1
J(k*)s—;lm\]p(k*). (72

In the second line, we have used the multiplicative nature of
the Wilson linesY(x~/2)Y'(0) illustrated in Fig. 9. If we

use h,(f’) andS, from Sec. I, then Eq(67) reproduces the The result in Eq(71) agrees with Ref[7] and is valid to all

orders inag and leading order it 5cp/Q, WhereQ=E,, or

x- m, . The lower limit of integration is fixed by the fact that
P S J(k*) is nonzero only for positive values of its argument,
and the upper limit is fixed by the support of the shape func-
tion S(k*). In summary, at leading order in the photon
energy spectrum is given by the hard coefficient in &)
Y and the collinear functiod(k*) both calculable perturba-
0 tively, together with the nonperturbative structure function
S(k*) of the B meson. Thus, Eq.71) shows how to match
-00 onto this shape function consistently at any ordewin

VI. CONCLUSIONS
FIG. 9. Wilson lines that appear in the time-ordered product for

B— X7y. The vertical double lines represent the heavy quarks along In this paper, we considered the interactions of collinear,
directionv and the diagonal single lines are the usoft Wilson lines,soft, and ultrasoftusoft) particles in an effective theory. The
Y, along directiom. The parts from—< to 0 cancel leavingy (0,x). soft-collinear effective theorySCET) is organized with a
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power counting in\ or equivalentlyA ocp/Q, whereQ de- ing a stimulating environment while this paper was com-
notes the large momentum in an energetic process or theleted. We would also like to thank I. Rothstein and S. Flem-
large mass of a heavy quark. The lowest-order Lagrangian i§g for helpful discussions.

determined by power counting together with collinear, soft,

a_md usoft gauge i_nva_rian<_:e. C_ollinear gauge invar_iance acts AppENDIX A: INTEGRATING OUT Q(\,1A) MODES

like a reparametrization invariance on collinear fields and

constrains Wilson coefficients to depend only on the large In this appendix, we explicitly integrate out the off-shell
momentum picked out by the label operafar modes that arise in QCD when soft and collinear particles

In the collinear Lagrangian, the usoft gluons appear a§ouple to one another. In Sec. IVB, an or@gr matching
background fields. Power counting and gauge invariance agalculation was performed in which off-shell modes were
low only then- g usoft momentum and- A, usoft gluons to mtegrated out quvmg behl_nd the collinear and soft W|I.son
appear in the collinear Lagrangian at leading ordek.idt  linesWandS. This calculation was performed by matching
this order, a field redefinition involving a Wilson linewas  directly from QCD onto the effective theory, without specifi-
identified under which all usoft gluons are decoupled fromc@lly identifying the off-shell fluctuations. Since the sum of
collinear fields while reappearing explicitly in collinear op- SOft and collinear momenta givgs~Q(A,1), some off-
erators. Soft gluons couple in a somewhat different manneghell propagators have off-shellngss-Q*\<Q? and it is
Since they cannot interact with a collinear particle withoutinteresting to see how they can be integrated out of the
taking it far off-shell, they do not show up in the collinear theory reliably to all orders in the coupling.

Lagrangian. A collinear-soft interaction produces a particle 10 facilitate integrating out the off-shell modes to all or-
with momentaQ(\,1\), and these are integrated out in con- ders, we find it useful to introduce auxiliary fields for these
structing operators in the effective theory. This was done tdluctuations as an intermediate step. First we match onto a
all orders in Appendix A. As a result, the: A soft gluons Lagrangian with couplings betv_veen the on-she_ll ar_1d off-shell
appear in a Wilson lineS which shows up in a way that fields, a_nd then the off_-shell f_|elds are e_pr|C|tIy |_ntegrated
preserves the gauge invariance of operators with soft an@ut- A simple example illustrating how this works is the ap-
collinear fields. This is similar to the appearance of the col?€arance otV in the current coupling of an ultrasoft heavy
linear Wilson lineW, which is necessary to construct gauge-duark and a collinear quark, ;\WI'h, . The full QCD cal-
invariant operators with collinear field8]. With then-A  culation was displayed in Fig. 1. Instead of immediately in-
usoft and soft gluons explicit in operators, the manner int€grating out the off-shell lines, consider first matching onto
which they factor from collinear fields is readily seen. an action with an auxiliary fields, for the off-shell heavy

Two examples of the simplicity of factorization in the quark. The vertices then include the initial production of the
effective theory were given. As an exclusive example, we¥ , its interaction with thex- A, 4 gluons, and its annihila-
discussedB— D in Sec. VA. In the limit of infinitely ~ tion at the current. For the auxiliary Lagrangian and current
heavy quarks and pion energy, we discussed how soft ande find
usoft gluons decouple from the collinear quarks and gluons
that make up the pion. In Sec. VB, we discussed factoriza- ., [ ¢H]=ZHgﬁ. An,qhv+ZH(ﬁ' P+gn-An o) u
tion for the inclusive deca— Xsy in the region of large
photon energy. In this case, usoft gluons factor fromXge

collinear jet function,J(k*), in a way that leaves a non- J=&npl'(hy+ ). (A1)
trivial convolution ofJ(k*) with a usoft light cone structure
function, S(k*), for the B meson. The spin structure in the vertices and propagator always mul-

Throughout this paper, we have focused on results whichiplies to give a projector on the final on-shell fieith,
appear at leading order iin the SCET. However, the real =h,, so we have simplified’,,, by suppressing this struc-
advantage of the effective theory approach is that the strudure. We also will suppress the p label on the fieldiy, .
ture of power corrections can be addressed in a systematiénlike for on-shell fields, the power counting fak, is not
way. To do so, one must simply extend the effective La-unique. Choosing the measutéx~\~"% one finds i
grangian and currents to subleading orders.in the lan- ~\P. However, this arbitrarp dependence cancels between
guage we have developed, such an analysis should be quitee vertices in whichjy is produced and the current which
similar to the analysis of i corrections in HQET. In gen- annihilatesyy, . This makes any graph involving the vertices
eral, the resultingd(\) results will be described in terms of in Eq. (A1) of order\°. Using Eq.(11), one can solve the
the same(u)soft and collinear degrees of freedom, but will equation of motion for thej, field in terms of the usoft
not necessarily obey factorization formulas. The power ofheavy quark fielch, ,
the effective theory language is that it is general enough to
describe these corrections in terms of subleading operators. Yu=(W-1)h,. (A2)

ACKNOWLEDGMENTS This solution sums the tree-level graphs in Fig. 1. Inserting

This work was supported by the DOE under Grant No.Ed- (A2) into J in Eq. (A1) then gives
DOE-FGO03-97ER40546 and by NSERC of Canada. We o
would like to thank the Aspen Center for Physics for provid- J=§&, ,WI'h,, (A3)
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FIG. 10. Mixed gluon vertices
with off-shell A% gluons (spring
with a double ling, soft gluons
(spring, and collinear gluons
(spring with a single ling Purely
soft or purely collinear vertices
are not shown.

which is the expected gauge-invariant current in the effectivés also true for pure gluon vertices, and expanding we find

theory. This is the same result obtained in R8f.by explicit ~ contributions from the graphs shown in Fig. 10. The Feyn-

matching from QCD. man rules for these graphs are reproduced by the auxiliary
For the case of off-shell fluctuations induced by soft-gluon Lagrangian

collinear interactions, the situation is more complicated and

the above auxiliary field approach turns out to be crucial for

an all orders matching calculation. In this case, collinear glu-

ons still knock the soft particles off-shell, but the soft par-

ticles also knock the collinear particles off-shell. Therefore,

one needs auxiliary fieldgy, ¢, andAg for the off-shell

heavy quarks, off-shell collinear quarks, and off-shell gluons,

respectively. Herely, is off-shell by p2~Q?, while ¢4 and ~ Where

A% are off-shell byp?~Q?\. Both of these scales are much B

greater than the fluctuation scales for on-shell particles which iDQ:n_(EJF gn-A, o) +

have p?<Q?\2. For simplicity, we will suppress both the 2 a

n-p~N\ labels ony, andA% and then- p~\° label onA% . _ B

Just likeyyr, , the power counting for they, andA# fields is ~ Recall thatP picks out only then- p component of the mo-

not unique, but this dependence again cancels between prBlentum label which is of ordex® and n-P picks out the

duction and annihilation vertices in any graph. Takdftk NP label of ordem. The terms inC{;? do not scale homo-

~\"%, one finds ¢ ~\""Y? and (-Ay,n-Ax,Ax) geneously with\, but all graphs with auxiliary fields on only

~(\ NI\, internal lines are of ordex®. Finally, we note thatZ{9) is
To ensure gauge invariance under soft and collinear gauggymmetric under the interchanges

transformations, the gluon fields(,, andAf , are included o _ o

as background fields. We also include interactions with a soft nen, Pon-P,on-Apgeon-Agp. (A7)

quark,qs, and a collinear quarké,, ,. The Lagrangian for o ) .

the interaction of these fields with the off-shell modes can be A further simplification can be achieved by taking

obtained by expanding the QCD Feynman rules and in each e =

case keeping only the leading termXn From these Feyn- Al=—T- A+ —=n-Ay. (A8)

man rules, one can construct the quark and gluon 2 2

Lagrangians for interactions with the auxiliary fields,

Y Ay . For the auxiliary quark Lagrangian we obtain This is sufficient since all théé( gluons come in pairs, and
can therefore never be produced and subsequently annihi-

1 H H v 14
Q%l{Ax]:z—gztr{[lD§+gAﬂ,|Dx+gAx]}2

1
+ a—Ltr{[liﬂ ALY, (A5)

3

n
?(n-P+gn~Aslp). (AB)

LT A= gy (gn- Ay +gne Ang)h, Iqted by _coupling to Fhe ex}ernﬁf- Anq andn-Ag , fields.
o Finally, since the auxiliary fields are far off-shell and do not
+ yu(P+gn-Ax+gn-A, o) ¥y really propagate, loops involving, ¢, or A{ (or off-
_ shell ghostsdo not need to be considerd&uch loops could
+&np(gn-Ax+gn-Ag p) i contribute to hard corrections, but cannot spoil the infrared
— structure of the operator generated by eliminating these
i (n-P+gn-Ax+gn-Asp) i, modes). Thus, for our purposes Eq&\4) and(A5) reduce to

(A4) a classical two-dimensional QCD action coupled to external
adjoint and fundamental sources.
where again the spin structure is suppressed. We see explic- We begin by integrating ou# and ¢, , and find solu-
itly that only then- A, , andn-Ag components appear. This tions similar to the result in EqA2),
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T 9. N @) FIG. 11. Example of pure glue

@‘g@»}? @53\ @‘9 graphs which look like they could

‘-‘ + =0 induce a four-gluon soft-soft-

3 collinear-collinear coupling, but

% add up to zero.
Yu=(Wx—1)h,, ¢ =(Sx—1)én,. (A9)  We now make the following ansatz for a solution to this
' equation:
Here Wy and Sy satisfy
SIWy =W, (A16)

(P+1- A+ Ay o) Wy=0,

which satisfies the symmetry in EqA7). Inserting Eq.
(A16) into Eq. (A15), and using[P,S]=0 and[n-P,W]

and are essentially the Fourier transforms of the Wilson lines;- 0 9ives

(n-P+n-Ax+n-Ag;)Sx=0, (A10)

Wx(W:PeXF{ig f _ymdS[W'Ax(smﬁ-Ac(sm}, 2WyS(P?n- P)S'WE— Wy S(P2n- P)W'S)
(A11) —SW(P?n-P)STWi . (A17)

z
Sx(z)zPexp{igj ds[n-AX(sn)Jrn-AS(sn)]J,
- Now the ansatzSjWy=WS' implies W'S!=S'W} and
SxW=WyS so the three terms in EqA17) cancel. Thus,

v_vhere A and AS_ are .the position space.collinear and soft Eqg. (A16) is indeed a solution of the equations of motion for
fields. The solutions in EqA9) still contain then- Ay and (1)

n- Ay fields, which must be eliminated by solving the gluon 2% ° I . .
Lagrangian in Eq(A5). The solution in Eq(A16) gives only one equation for the

S . two unknownsn- Ay andn- Ay . The remaining redundancy
(91) X X

The gIL:ozr)l action in Eq(AS) conta|n§ Fwo termsﬁé}ux is removed by demanding the vanishing of the gauge-fixing

+(La) L5 - The second is a gauge-fixing term which re- ;arm

moves the ambiguity associated with finding a definite solu-
tion for A{*. The two terms can be solved independently _ -
since o is arbitrary. We begin by solving the equations of 2[iDx, ,ALl=[P+gn-A, q.n-Ax]

motion for £, which are +[n-P+gn-Ap - Ax]=0. (A18)

[iD&+ gAY [iD4+gAL,iDY+gAL]]=0. (A12)
xTOALIDLT xT9Ad In terms of Wy and Sy, Eg. (A18) implies that

This is the direct analog of the QCD equations of motion

[D#,F‘”]=0..T0 proceed, we write EqA12) in terms of [WﬁNf,an,ps;r(]Jr[Sn, PST,WXE\N;]=O. (A19)
Wy and Sy using

n“ n* Together Eqs(A9), (A16), and(A18) solve the Lagrangian
iDngAQ:?WxPW;ﬁL 7an'7’s;r< (A13)  for the auxiliary quark and gluon fields and sum up all
graphs with off-shell lines that involve heavy and light fer-
mions coupling to soft and collinear gluons.
It should be emphasized that the Lagrangian in @&¢)
does not induce pure glue operators which couple soft and
collinear gluons. Using EqA13) to write £{Y in terms of
! — ! (A14) Wy andSy and then substituting in the solution in E&16)
[Sxn- PSx.[WxPWy ,Sxn- PSy]]=0. gives £V =0 (using similar techniques to those used for the
) o ] . equations of motion Furthermore, Eq(A18) implies that
Itis suff!ment to only sol_ve one of these equations since theﬁg%i)zo_ Thus, no pure glue soft-collinear couplings are in-
second is equal to the first under the symmetry in @d).  duced by integrating out the A, andn- Ay fields. This fact
Expanding the first equation and usiMlyWx=S,Sx=1  can also be seen perturbatively. As an example, consider the

to give

[WxPWY [ Sxn- PS Wy PW,]1=0,

gives diagrams in Fig. 11. Here we show the three graphs with
_ _ _ vertices from Eq(A5) that contribute to the four-point func-
2Wy PWLSy(n- P) SWy PWE — Wy PPWLSyn - PS) tion with two soft and two collinear gluons. Adding the three
oy =Deast graphs gives zero, so no operator with two soft and two
— Sxn- PS Wy P Wy =0. (A15)  collinear gluons is induced.

As a nontrivial example of the above results, consider the
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heavy-to-light soft-collinear current discussed in Sec. IV B.Finally, using Eq.(A16) gives
In terms of the auxiliary fields, this current is

— = -z 1
3= (I + Enp) D0+ ). (A20) I= WIS, (A22)
Inserting intoJ the result in Eq(A9), we find Thus, integrating out the off-shell heavy and light quarks and
— all the off-shell gluons exactly reproduces the gauge-
J= &n pSK['Wxh, . (A21)  invariant current in Eq(45).
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