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Leptogenesis and low-energy observables
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We relate leptogenesis in a class of theories to low-energy experimental observables: quark and lepton
masses and mixings. With reasonable assumptions motivated by grand unification, one can show that the
CP-asymmetry parameter takes a universal form. Furthermore the dilution mass is related to the light neutrino
masses. Overall, these models offer an explanation for a lepton asymmetry in the early universe.
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I. INTRODUCTION

Recent compelling evidence for neutrino oscillations h
accelerated work on formulating theoretical models for f
mion masses and mixings. The current data indicate
there are most likely two large mixing angles and one sm
one in the lepton sector. The first large mixing angle arise
the atmospheric neutrino data, while it is becoming incre
ingly likely that the solar neutrino data are described by
Mikheyev-Smirnov-Wolfenstein-~MSW-! type oscillation
with a large mixing angle~LMA ! @1–4#. On the other hand
the CHOOZ experiment@5# gives an upper bound on th
third mixing angle. A best fit@6# for the atmospheric neutrino
data and the LMA solution for the solar neutrino data is

Dm32
2 53.231023 eV2, ~1!

sin22u2351.000, ~2!

Dm21
2 53.231025 eV2, ~3!

sin22u1250.75, tan2u1250.33. ~4!

The observations of neutrino mixing and the measu
values for the differences in mass-squareds make very p
sible the existence of heavy Majorana neutrinos,nMi

. These
neutrinos can naturally be very heavy since they are stan
model gauge singlets and their masses are not connect
the breaking of the electroweak symmetry. These heavy
jorana neutrinos existed in the early universe and can h
CP-violating decay modes. Therefore the heavy neutrin
are natural candidates for producing a lepton asymmetry
out-of-equilibrium decays. This asymmetry produced in
early universe is recycled into a baryon asymmetry
sphaleron transitions which violated both baryon number
lepton number. The resulting baryon asymmetry is the sa
order of magnitude as the original lepton asymmetry@7#.

In the mass basis where the right-handed Majorana m
matrix MR is diagonal the asymmetry in heavy neutrino d
cays
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G~nMi

→ lH 2!2G~nMi
→ l cH2

c!

G~nMi
→ lH 2!1G~nMi

→ l cH2
c!

, ~5!

is given by@8–13#

e i5
3

16pv2
2

1

~N †N! i i
(
nÞ i

Im@~N †N!ni
2 #

Mi

Mn
, ~6!

whereN is the neutrino Dirac mass matrix in a weak bas
The massesMi are the three eigenvalues of the heavy M
jorana mass matrix andv2 is the vacuum expectation valu
~VEV! of the Higgs boson giving Dirac masses to the ne
trinos and up-type quarks.M1 is the mass of the lightest o
the three heavy Majorana neutrinos, and Eq.~6! is an ap-
proximate formula valid forMn@Mi . When this is the case
the lepton asymmetry is generated by the decays of the li
est Majorana neutrino,nM1

.

The size of the lepton asymmetry generated bynM1
de-

cays is also strongly dependent on the size of a mass pa
eter sometimes called the dilution mass defined as

m̃15
~N †N!11

M1
. ~7!

This parameter controls~a! the decay width of the lightes
right-handed Majorana neutrinonM1

since

GnM1
5

1

8p
~N †N!11

M1

v2
2 , ~8!

as well as~b! the amount of dilution caused by lepton num
ber violating scattering: the resulting lepton asymmetry
pends critically on the parameterm̃1 because it governs th
size of the most important Yukawa coupling in theDL52
scattering processes, as has been shown in detail in num
cal calculations@7,9,11,14,15#. These two constraints boun
the possible values ofm̃1 such that a sufficient asymmetry
produced to agree with observation. The generated lep
asymmetryYL is defined in terms of the number densities
the leptons and antileptons as well as the entropy densit

YL5
nL2nL̄

s
5k

e1

g*
, ~9!
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whereg* is the number of light~effective! degrees of free-
dom in the theory, andk is a dilution factor that can be
reliably calculated by solving the full Boltzmann equation

It has been shown@9,11# that aCP-violation parameter
e1;1026 and a dilution massm̃1 in the range of the light
neutrino masses can produce the sufficient amount of le
genesis to account for the observed baryon asymmetry. F
the definition of the dilution mass in Eq.~7! it is clear that
the dilution mass will indeed be related to the light neutri
masses in most models. It is a nontrivial occurrence that
amount of baryon asymmetry of the universe is obtain
from a recycling of the leptogenesis that naturally occurs
Majorana neutrino decays.

Suppose one starts in a basis whereMR is diagonal with
eigenvaluesM j , and suppose the matrixMR is connected to
the light neutrino mass matrixmn by a seesaw mechanism

MR5N Tmn
21N. ~10!

One can then define mixing matricesUL,R
(N) andVL that diag-

onalizeN andmn , respectively:

N5UL
(N)NdiagUR

(N)† , ~11!

N T5UR
(N)* NdiagUL

(N)T , ~12!

mn
215VL* mdiag

21 VL
† . ~13!

With these transformation matrices defined,M j can be writ-
ten in terms of mass eigenvalues and mixings of (mn ,N):

M j5(
k

(
l

mk
21~VL

†UL
(N)!kl

2 Nl
2URl j

(N)†2 ~14!

where Nl are the diagonal elements ofNdiag . The unitary
transformation UR

(N) diagonalizes N †N as N †N
5UR

(N)Ndiag
2 UR

(N)† , then

~N †N!1 j5(
k

Nk
2UR1k

(N) UR jk
(N)* . ~15!

By invertingM j in Eq. ~14!, the mass eigenvalues ofmn can
be expressed in terms ofVL , mixing angles and eigenvalue
of Dirac mass matrix, and Majorana neutrino masses,

mk5(
j

(
l

~VL
†UL

(N)!kl
2 Nl

2URl j
(N)†2M j

21 . ~16!
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II. ASSUMPTIONS

It is well known that one must make theoretical assum
tions about the structure of the neutrino masses and mix
to make progress in ascertaining whether leptogenesis is
able. For example the source ofCP violation responsible for
producing theCP-violating decays of heavy Majorana neu
trinos ~and hence giving rise to leptogenesis! does not have
to be related to theCP violation that might be measurable a
low-energy experiments in the future@16,17#. An extensive
study of the weak-basisCP invariants in models with three
iso-singlet neutrinos is given in Ref.@18#. If one makes the
assumption of single right-handed neutrino dominance, t
the low energy neutrino observables and the leptogen
predictions decouple entirely@19#. On the other hand, in cer
tain classes of grand unified theories previously unc
strained parameters become related to observables. Fo
ample, in models with a left-right symmetry, the righ
handed mixing angles can be related the left-handed o
that enter into low-energy experiments@20#. In this section
we list our theoretical assumptions about the underly
grand unified theory. Many authors have discussed lepto
nesis in the context of grand unified theories@21–36#; our
emphasis here is on making the most general assump
that allow us to relate low-energy observables like mas
and mixing angles to the required lepton asymmetry that
ultimately account for the baryon asymmetry of the univer

@A1# We assume that the Dirac mass matricesN andU are
symmetric, andN;U.1 This similarity between the neutrino
Dirac mass matrix and the up-quark mass matrix is m
vated by grand unified theories.

@A2# The mixing angles contained in the transformati
matrices that diagonalize the neutrino Dirac mass matrixN
are related to the eigenvalues2 si j ;ANi /Nj . In general these
mixing angles cannot be larger thanANi /Nj , but can in prin-
ciple be smaller. Thesi j being suppressed compared
ANi /Nj might occur, for example, if some elements ofN are
suppressed or zero. So the result of our second assumpti
that there is no such suppression or cancellation in the D
neutrino matrix.

The crucial features that follow from our two assumptio
listed above are~a! the neutrino Dirac mass matrix has e
genvalues that mimic the large hierarchy that exists in
up-quark sector, and~b! the mixing anglessi j are fixed to be
of some definite size related to the up-type quark masses,
s13;AN1 /N3;Amu /mt. These two results will be importan
in arriving at the relatively simple results that follow.

@A3# Our approach does not allow us to determine
CP-violating phase that enters into the parametere1 in Eq.
~6!. We simply assume that phases are of order one, and t
is no suppression arising from unnaturally small paramet

A standard parametrization of the unitary transformat
involving three angles and a phase is

1We use the notation; to denote that entries are the same size
leading order in all small quantities such as small mass ratios
small mixing angles.

2We use the shorthand notationci j [cosuij andsi j [sinuij .
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U5S 1 0 0

0 c23 s23

0 2s23 c23

D S c13 0 s13e
2 id

0 1 0

2s13e
id 0 c13

D S c12 s12 0

2s12 c12 0

0 0 1
D

5S c13c12 s12c13 s13e
2 id

2s12c232s23s13c12e
id c23c122s23s13s12e

id s23c13

s23s122s13c23c12e
id 2s23c122s13s12c23 c23c13

D . ~17!
a

e
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The right-handed and left-handed mixing matrices with sm
angles (ci j '1) are

UR
(N)'UL

(N)'S 1 s12 s13

2s122s23s13 1 s23

s23s122s13 2s232s13s12 1
D ,

~18!

where we will assume that phaseeid is not suppressed:d is
not close to 0 orp. For our purposes, we consider only th
leading contributions to each element so that

uUR
(N)u;uUL

(N)u;S 1 s12 s13

s12 1 s23

s13 s23 1
D . ~19!

III. NEUTRINO TRANSFORMATION

In general, we can write the transformation as

VL;S 1 Q12 Q13

2Q122Q23Q13 1 Q23

Q23Q122Q13 2Q232Q13Q12 1
D .

~20!

We henceforth interpret the quantitiesQ i j as

cosQ;1, sinQ;1, for large angles

cosQ;1, sinQ;Q, for small angles.
~21!

In other words, the matrix can be expressed in the same
in terms of Q i j if we are only interested in the order-o
magnitude size of the elements~including the ones on the
diagonal which would only be of order one in general!. The
Maki-Nakagawa-Sakata~MNS! neutrino mixing matrix@37#
is

UMNS5UL
(E)†VL , ~22!

whereUL
(E) is the matrix that diagonalizes the charged lep

mass matrix. The constraints from reactor neutrino mix
data@5# imply that Q13 must be small provided there is n
cancellation amongVL andUL

(E) . Retaining only information
about the size of the individual elements, we may write E
~20! as follows:
05301
ll

ay

n
g

.

VL;S 1 Q12 Q13

max~Q12,Q23Q13! 1 Q23

max~Q23Q12,Q13! Q23 1
D , ~23!

with the entries interpreted according to Eq.~21!.

IV. HEAVY MAJORANA NEUTRINO MASSES

Define the matrix

Wk j[(
l

~VL
†UL

(N)!kl
2 nl

2URl j
(N)†2 , ~24!

whereni[Ni /N3 are the ratios of the Dirac neutrino masse
The heavy Majorana neutrino masses are

M j5N3
2(

k
mk

21Wk j , ~25!

and the light neutrino masses are given by Eq.~16! as

mj5N3
2(

k
WjkMk

21 . ~26!

The factornl
2URl j

(N)†2 in Wk j has the form

nl
2URl j

(N)†2;S n1
2 n1

2s12
2 n1

2s13
2

n2
2s12

2 n2
2 n2

2s23
2

s13
2 s23

2 1
D . ~27!

Now we make use of our assumptions@A1# and @A2# that
allow us to compare the relative sizes of theni and the mix-
ing anglessi j . Specifically we have thatsi j ;Ani /nj as well
asni!nj for i , j so that

n1
2UR1 j

(N)†2!n2
2UR2 j

(N)†2!UR3 j
(N)†2 . ~28!

We henceforth refer to this condition as ‘‘third-generati
dominance.’’ In fact if, as we have assumed, the hierarchy
the Dirac masses for neutrinos is as strong as it is for the
quark Dirac masses, as one might expect in a grand un
theory, then the smallness ofn1 andn2 suppresses all othe
contributions toWk j relative to the dominant contribution
coming from (VL

†UL
(N))k3

2 and UR3 j
(N)†2 . So we arrive at the

following factored form for the matrix:
9-3
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Wk j;S ~VL
†UL

(N)!13
2

~VL
†UL

(N)!23
2

~VL
†UL

(N)!33
2
D ~s13

2 s23
2 1!. ~29!

Finally we can write the Majorana masses in the followi
way

~M1 ,M2 ,M3!;N3
2W̃3~s13

2 ,s23
2 ,1!, ~30!

where

W̃35(
k

mk
21~VL

†UL
(N)!k3

2 . ~31!

The result in Eq.~30! indicates that, based on our assum
tions, the mass ratios of the Majorana masses are relate
the mixing anglessi3 and are independent of the light ne
trino mixings which appear only in the overall factorW̃3.
This result follows from the third-generation dominance E
~28! which is related to the large hierarchy in the Dirac ne
trino masses that is inherited from the large hierarchy in
experimentally measured up-quark masses. On the o
hand, the light neutrino masses under the third-genera
condition are given by Eq.~26! as

~m1 ,m2 ,m3!;
N3

2

M3
„~VL

†UL
(N)!13

2 ,~VL
†UL

(N)!23
2 ,~VL

†UL
(N)!33

2
….

~32!

So the mass ratios of the light neutrinos can be expresse
terms of the left-handed mixing angles.

V. LEPTOGENESIS

In this section we utilize the simple form for the ma
ratios of the heavy Majorana neutrino masses found in
last section to derive a simple formula for th
CP-asymmetry parametere1 in Eq. ~6!. The couplings give

~N †N!1 j5N3
2(

k
nk

2UR1k
(N) UR jk

(N)* , ~33!

where the dominant contribution is given in this case byk
53,

~N †N!1 j;N3
2UR13

(N) UR j3
(N)* . ~34!

As with the Majorana masses, third-generation domina
implies that simple expressions exist for

@~N †N!11,~N †N!12,~N †N!13#;N3
2s13@s13,s23,1#.

~35!

The resultingCP-asymmetry parameter in Eq.~6! can now
be expressed to leading order as

e1;
3

16p

N3
2

v2
2 ImF ~N †N!12

2

~N †N!11

M1

M2
1

~N †N!13
2

~N †N!11

M1

M3
G ~36!

and one arrives at the simple result
05301
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e1;1021s13
2 ;1021

mu

mt
, ~37!

where we have used Eqs.~30! and ~35!. We have also used
N3;v2 since the largest Yukawa coupling in the neutri
Dirac mass matrix is similar (N;U) to the top quark
Yukawa coupling which is close to one. One can underst
that the contribution involving the mixing angles13

2 is the
leading contribution in the following way: The dominan
contribution to leptogenesis comes from the decay of
lightest Majorana neutrino (i 51) and the dominant Yukawa
couplings occur in the third generation (j 53). One obtains
an acceptable amount of baryon asymmetry ife1;1026; this
indeed results ifs13;Amu /mt.

The dilution mass defined in Eq.~7! can be expressed a

m̃1;
N3

2s13
2

N3
2W̃3s13

2
5W̃3

21 , ~38!

using the third-generation dominance that results from
sumptions@A1# and @A2#. Given the expression forW̃3 in
Eq. ~31! it is clear that the dilution mass is related in all cas
to the light neutrino masses. This is precisely the range
dilution mass that gives a large asymmetry as has b
pointed out many times before as an attractive and nat
feature of the leptogenesis scenario.

We now proceed to examine some special cases for
size of the dilution mass. Assumptions@A1# and @A2# allow
us to identify the sizes of the mixing angles in the the mixi
matrix UL

(N) . For examples23;Amc /mt. So Eq.~19! can be
written as

UL
(N);S 1 s12 s13

s12 1 s23

s13 s23 1
D . ~39!

Recall that the left-handed mixing angles are similar to
right-handed mixing angles according to our assumptio
Using Eq.~23! we have that

~VL
†UL

(N)!k3
2

;S max~s13
2 ,Q12

2 s23
2 ,Q23

2 Q12
2 ,Q23

2 Q13
2 s23

2 ,Q13
2 !

max~s23
2 ,Q23

2 !

1
D .

~40!

These elements together with Eqs.~31! and~38! allow one to
determine the dilution mass. The quantitiessi j are all small
compared with one since they have been related to the~left-
handed! Cabibbo-Kobayashi-Maskawa~CKM! matrix ele-
ments, but theQ i j might or might not be small. From the
CHOOZ data@5# we know that the mixing angleQ13 must be
small as long as there is no unnatural cancellation betw
this angle and the one involved in converting the weak ba
to the mass basis for the charged leptons, cf. Eq.~22!. One
9-4
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can relate the dilution mass in Eq.~38! to the light neutrino
masses using Eqs.~31!, ~32!, and ~40!. The mass ratios be
tween light neutrinos are

mi

mj
;

~VL
†UL

(N)! i3
2

~VL
†UL

(N)! j 3
2

. ~41!

One can investigate a number of cases. Without any fi
tuning one expects the anglesQ i j to be of the same order a
the anglessi j . In that case~1!, one obtains

m2;
mc

mt
m3 , m1;

mu

mt
m3 , ~42!

from Eqs.~40! and ~41!. The dilution mass ism̃1;m3 from
Eqs.~31! and ~38!. This does not give good agreement wi
the experimental data sincem2.ADm21

2 is too small to rec-
oncile it with the solar LMA data and atmospheric neutri
datam3.ADm32

2 . The neutrino masses inherit the large h
erarchy from the up quark sector. The conclusion is that
needs some amount of fine-tuning to get masses in acc
able agreement with the solar LMA data.

~2! If one accepts some fine-tuning so that the mixi
angleQ23 is large and order one rather than similar tos23 and
Q12 remains small, then Eq.~40! reduces to

~VL
†UL

(N)! j 3
2 ;S Q12

2

1

1
D . ~43!

Even in this case the determinant of the seesaw mass
mula, Eq.~10!, must satisfy

m1m2m35mumcmtS mt

M3
D 3

. ~44!

Then sinceQ23 is large one expects the mass eigenvalue
satisfy

m2;m3;AmcmtS mt

M3
D , ~45!

so that

m1;muS mt

M3
D . ~46!

The masses can be consistent with the LMA solar and at
spheric neutrino data. Then the dilution mass is given
m̃1;m2;m3 from Eqs.~31! and~38! and is in an acceptabl
range.
05301
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~3! With additional fine-tuning both the mixing angle
Q12 andQ23 can be made large. Eq.~40! reduces to

~VL
†UL

(N)! j 3
2 ;S 1

1

1
D . ~47!

The light neutrino masses are all the same order so that f
Eq. ~44! one gets

m1;m2;m3;~mumcmt!
1/3S mt

M3
D , ~48!

wheremi cannot be larger thanmj if i , j . Then the dilution
mass ism̃1;m1. This solution does not offer any explana
tion for a hierarchy in neutrino masses.

In all three cases the dilution massm̃1 lies roughly in the
range spanned by light neutrino masses

m1&m̃1&m3 . ~49!

It should be understood here that the& means thatm̃1 could
be outside the upper and lower ends of the range by an o
one parameter.

More generally, and outside the assumptions of this pa
one can consider the possibility that the charged lepton m
matrix contributes to large mixing for both the solar neutri
and atmospheric netrino oscillations or for either on
through the charged lepton transformation matrixUL

(E) via
Eq. ~22!.

VI. SUMMARY

We have shown that based upon a limited number of r
sonable assumptions about the neutrino sector motivate
grand unification, one obtains the universal expression in
~37! for the dominant contribution to theCP-violation pa-
rametere1 that determines the amount of leptogenesis in
early universe. Furthermore the dilution massm̃1 is ex-
pressed in terms of mixing angles in the light neutri
masses and it naturally falls in the range needed to exp
the baryon asymmetry of the universe. While these assu
tions are not required to obtain the necessary lepton as
metry to explain the observed baryon asymmetry of the u
verse, they provide enough constraints to allow one to re
theCP violation in the heavy Majorana neutrino decays a
the important Yukawa couplings of these heavy neutrinos
low-energy observables: fermion masses and mixing ang
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