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Weak magnetism for antineutrinos in supernovae

C. J. Horowitz*
Nuclear Theory Center and Department of Physics, Indiana University, Bloomington, Indiana 47405

~Received 14 September 2001; published 11 January 2002!

Weak magnetism increases antineutrino mean free paths in core collapse supernovae. The parity violating
interference between axial vector and vector currents makes antineutrino-nucleon cross sections smaller than
those for neutrinos. We calculate simple, exact correction factors to include recoil and weak magnetism in
supernova simulations. Weak magnetism may significantly increase the neutrino energy flux. We calculate, in
a diffusion approximation, an increase of order 15% in the total energy flux for temperatures near 10 MeV. This

should raise the neutrino luminosity. Weak magnetism also changes the emitted spectrum ofn̄x ~with x5m or

t) and n̄e . We estimate thatn̄x will be emitted about 7% hotter thannx becausen̄x have longer mean free

paths. Likewise weak magnetism may increase then̄e temperature by of order 10%. This increase in tempera-
ture coupled with the increase in neutrino luminosity should increase the heating in the low density region
outside of the neutrino sphere. This, in turn, could be important for the success of an explosion. It is important
to check our results with a full simulation that includes Boltzmann neutrino transport and weak magnetism
corrections.

DOI: 10.1103/PhysRevD.65.043001 PACS number~s!: 97.60.Bw, 11.30.Er, 26.50.1x
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I. INTRODUCTION

Core collapse supernovae are dominated by neutri
therefore many supernova properties may depend on the
ture of neutrino-nucleon interactions. This provides an
portunity to study characteristic symmetries and features
the standard model weak interactions. Supernovae may
vide macroscopic manifestations of charge conjugation@1,2#
or parity violation@3–5#.

In the laboratory at high energies, antineutrino-nucle
cross sections are systematically smaller than neutr
nucleon cross sections. This is related to charge conjuga
and parity violation in the standard model. Neverthele
most core collapse supernova simulations still use thesame
lowest order cross sectionds0 /dV for both neutrinos and
antineutrinos:

ds0

dV
5

G2k2

4p2 @cv
2~11cosu!1ca

2~32cosu!#. ~1!

Here k is the ~incoming! neutrino energy,u the scattering
angle, and the vectorcv and axial vectorca coupling con-
stants are listed in Table I.

In this paper, we discuss free space corrections to Eq~1!
from nucleon recoil, weak magnetism, strange quarks
single nucleon form factors. These corrections may be
portant for supernova simulations because they are prese
all densities. In contrast, the density dependent nucleon
relations discussed by@6# and@7# are important only at very
high densities, well inside the neutrino sphere.

Electron antineutrinos were detected from supern
1987A via their capture on protons. Weak magnetism redu
this cross section and impacts the deduced neutron star b
ing energy and antineutrino temperature. Weak magne
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also changes the rate of antineutrino capture in the neut
driven wind above a protoneutron star. This may change
electron fractionYe ~ratio of electrons or protons to baryon!
and nucleosynthesis yields in the wind@8,9#.

However, to confirm this change inYe , one should per-
form supernova simulations including weak magnetism
cause this may change the neutrino luminosities and em
spectra which will also impactYe . In this paper, we presen
simple formulas so that these corrections can be incorpor
in simulations. We also give estimates of the change in em
ted electron antineutrino spectrum and the differences
pected between the spectrum of mu or tau antineutrinos
neutrinos.

The reduction in opacities from recoil and weak magn
tism should increase luminosities of both neutrinos and
tineutrinos as more energy is transported to the neut
sphere. This could increase heating behind the shock
more than compensate for the smaller antineutrino abs
tion cross section. Weak magnetism should also reduce
cooling from positron capture on neutrons further increas
the net heating behind the shock. These changes in hea
could make a simulation more likely to explode.

Finally, weak magnetism allows mu and tau antineutrin
to escape the star faster than mu and tau neutrinos.
should lead to a large muon number~number of mu neutrinos
minus antineutrinos! or tau number of up to 1054 for the hot
protoneutron star@1#. This is accompanied by a nonzer
chemical potential for mu and tau neutrinos.

Accurate treatments of neutrino transport are now feas
based on the Boltzmann equation@10#. Therefore, it is im-
portant to systematically improve neutrino opacities. In S
II, we catalog a number of possible opacity corrections.

In Sec. III, we present exact neutrino-nucleon cross s
tions for both charged and neutral currents. These are a
rate to all orders ink/M wherek is the neutrino energy and
M the nucleon mass. We also present corrections from sin
nucleon form factors and strange quark contributions in
©2002 The American Physical Society01-1
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TABLE I. Coupling constants. Herega'1.260, sin2 uw'0.2325, mp51.793 andmn521.913.

Reaction cv ca F2

np→np
1
2

22 sin2 uw'0.035 ga/2'0.630
1
2

(mp2mn)22 sin2 uwmp'1.019

nn→nn 2
1
2 2ga/2'20.630 2

1
2

(mp2mn)22 sin2 uwmn'20.963

nen→e2p

n̄ep→e1nJ 1 ga'1.260 mp2mn'3.706
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nucleon. In Sec. IV we discuss recoil and weak magnet
corrections to mu and tau neutrino, energy and lepton n
ber fluxes, and spectra. Section V discusses corrections
electron antineutrinos. We also discuss possible change
electron fractionYe and heating rates. Finally, we conclud
in Sec. VI that these weak magnetism and recoil correcti
should be incorporated in future supernova simulations.

II. CORRECTIONS TO NEUTRINO OPACITIES

Recently, accurate numerical algorithms have been de
oped to solve the Boltzmann equation for neutrino transp
@10#. The high accuracy of these simulations now warra
systematic improvements in the neutrino opacities. The
fore, we discuss a number of opacity corrections.

The corrections listed in Table II can be divided into tw
main groups. Numbers 1 through 5 are classified as mo
independent because they can be calculated exactly an
independent of the model used to describe dense matte
contrast, corrections 6 through 13 are model dependent.
only do these corrections depend on the model, but i
important that these corrections be consistent with the eq
tion of state.

Corrections 1, phase space, and 2, matrix element are
haps the simplest. These are the only ones that are prese
the limit of very low densities. They represent more accur
calculations of free space neutrino-nucleon scattering.
phase space we mean corrections from theQ value of the
reaction such as the neutron-proton mass difference or
cause the outgoing neutrino momentum is slightly differ
from the incoming momentum.

In this paper we focus on number 2, corrections to
matrix element. Recoil corrections, 2a, arise because
nucleon is not infinity heavy and recoils slightly from th
neutrino. Weak magnetism, 2b, arises from the parity vio
ing interference between the weak magnetic moment o
nucleon and its axial vector current. Weak magnetism is
portant because it has opposite sign for neutrinos and
tineutrinos. Thus weak magnetism increases the opacity
neutrinos and decreases the opacity for antineutrinos.

The first effects of the dense medium are 3, Pauli block
of some outgoing nucleon or electron states, and 4, the F
or thermal motion of the initial nucleon or electron. The
can be calculated exactly. The final model independent
rection in Table II is 5, Coulomb corrections. If heavy nuc
are present, the opacity may be dominated by coherent e
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tic scattering from nuclei. However, these nuclei have stro
Coulomb interactions and form a strongly correlated clas
cal liquid. The correlations between ions can greatly red
the opacity for low energy neutrinos that have waveleng
comparable to the distance between ions. This correctio
model independent because the Coulomb interaction
known. For example, Ref.@11# calculated the exact stati
structure factor of the ions with a simple Monte Carlo sim
lation. In principle, Coulomb correlations are also present
neutrino electron scattering@12#.

Corrections 6–13 depend on the model used for
strong interactions between nucleons. The mean field
proximation, 6, is perhaps the simplest way to treat the
teractions. Nonrelativistic mean field models incorpora
mean field effects in the density of states with an effect
mass. Relativistic mean field models have both Lorentz s
lar and vector mean fields and the scalar field changes
effective Dirac mass.

It is important that the opacities be consistent with t
model used for the equation of state~EOS!. This can be
achieved by using linear response theory@13# to calculate the
response of the medium to a neutrino probe. The rand

TABLE II. Corrections ton opacities.

Correction

1. Phase space
2. Matrix element

a. recoil
b. weak magnetism
c. form factors
d. strange quarks

3. Pauli blocking
4. Fermi/thermal motion of initial nucleons
5. Coulomb interactions
6. Mean field effects
7. NN Correlations in RPA
8. NN Correlations beyond RPA
9. Meson exchange currents
10. Other components such as hyperons
11. Other phases such as meson condensates or quark mat
12. Corrections from superfluid/ superconductor pairing
13. Nonuniform matter
14. Magnetic field effects
1-2
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WEAK MAGNETISM FOR ANTINEUTRINOS IN SUPERNOVAE PHYSICAL REVIEW D65 043001
phase approximation~RPA! or sum of ring diagrams pro
vides the linear response of a mean field theory ground s
Therefore, if one uses a mean field EOS and calculates
opacities in RPA, where the RPA effective interaction is t
same as that used for the EOS, then the opacities and
will be consistent. For example, the relativistic RPA opacit
of Ref. @6# are consistent with their mean field EOS.

We note that the nonrelativistic calculations of Burrow
and Sawyer@7# include corrections 1, 3–7 however they d
not contain any matrix element correction, 2. Likewise t
relativistic RPA calculations of@6# contain corrections 1, 3–7
and 2a recoil but do not contain most of 2b weak magneti
In the present paper we discuss weak magnetism correct
In later work we will incorporate these into full nonrelativ
istic and relativistic RPA calculations.

There are manyNN correlations beyond a simple RP
approximation, 8, for example those responsible
NN↔NNnn̄ @15#. In addition there are meson exchange c
rent corrections, 9. The Stony Brook group has done so
work calculating corrections from hyperons or other stran
hadron components, 10@18#. More work could be done cal
culating opacities for meson condensates or other ex
phases of dense matter, 11.

If superfluid or superconducting phases are present t
will be pairing corrections to the opacity, 12. These can
important for the late time cooling of a neutron star@16# or
perhaps if there is a color superconducting phase@17#. Fi-
nally there could be important corrections to opacities
nonuniform matter, 13, for example in the low density pa
phases present in a neutron star inner crust or for a non
form meson condensate@14#.

All of the above assumed magnetic fields do not p
important roles. If magnetic fields are important, they co
substantially complicate the opacity, 14, see for exam
@19#. Magnetic fields might be important in jets or to bre
the spatial symmetry to explain neutron star kicks@3–5#.

To conclude this section, now that accurate neutrino tra
port is possible, it is important to systematically improve t
neutrino opacities. One should include weak magnetism
other free space corrections along with the many density
pendent effects. Furthermore, these free space correc
can be included exactly and without any model depende

III. NEUTRINO NUCLEON SCATTERING

In this section we discuss recoil, weak magnetis
nucleon form factor, and strange quark corrections to
zeroth order cross section, Eq.~1!. Then we present differ-
ential, transport and total cross sections that are exact t
orders in the neutrino energy over the nucleon massk/M .

A. Phase space

Perhaps the simplest correction comes from the ph
space of the scattered lepton because its energyk8 is less
than the incident energyk. If we use full relativistic kinemat-
ics for the nucleon and we assume it is originally at re
then,

k85k/@11e~12x!#[hk, ~2!
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h5@11e~12x!#21, ~3!

with x5cosu.
We expect corrections to depend on the small parame

e[k/M . ~4!

To the first order ine,

k8'k@12e~12x!#. ~5!

If one uses the phase space withk8 but still uses the matrix
element forM→` then Eq.~1! becomes,

dsps

dV
5

G2k82

4p2
@cv

2~11x!1ca
2~32x!#, ~6!

5
ds0

dV
h2, ~7!

'
ds0

dV
@122e~12x!#. ~8!

We note that Burrows and Sawyer’s work@7# in the limit of
low densities reduces todsps /dV, see Appendix A.

B. Recoil

If one evaluates the matrix element to first order ine and
includes the phase space corrections one has,

dsR

dV
'

ds0

dV
@123e~12x!#. ~9!

We note that the full recoil correction in Eq.~9! is 50% larger
than that fordsps /dV in Eq. ~8!. Equation~9! still neglects
the parity violating interference between axial and vec
currents. This interference is dominated by weak magneti

C. Weak magnetism

The full weak vector currentJm has Dirac (cv) and Pauli
or tensor (F2) contributions,

Jm5cvgm1F2

ismnqn

2M
~10!

where qm5km2km8 is the momentum transfered to th
nucleon. The weak currentJm is related by CVC~conserved
vector current! to the electromagnetic current. Therefore t
large anomalous magnetic moments of the proton and n
tron give rise to a largeF2. The couplingscv and F2 are
collected in Table I.

The cross section to the first order ine is,

ds

dV
'

ds0

dV F11S 6
4ca~cv1F2!

cv
2~11x!1ca

2~32x!
23De~12x!G ,

~11!

with plus sign forn and minus sign forn̄. Weak magnetism
increasesn and decreasesn̄, while recoil decreases bothn
and n̄ cross sections. Therefore weak magnetism and re
1-3
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C. J. HOROWITZ PHYSICAL REVIEW D 65 043001
corrections approximately cancel forn but add forn̄. Note,
Burrowset al. @20#, see also for example@21#, include weak
magnetism for the charged currents but neglect it for neu
currents. Equation~11! is a good approximation forn. How-
ever it can become negative for largen̄ energies. To cure this
problem we include corrections to all orders ine.

D. Exact cross section

The exact cross section can be calculated, see also@22#,

ds

dV
5

G2k2

4p2 h2H cv
2@11h22h~12x!#

1ca
2@11h21h~12x!#62ca~cv1F2!~12h2!

1h2
e2

2
~12x!@F2

2~32x!14cvF2~12x!#J . ~12!

In general theF2
2 andcvF2 terms are small because the

only enter at ordere2. However, their inclusion is importan
to ensure a positive cross section at high energies. N
Schinde considers thecacv term but neglected allF2 contri-
butions@23#.

E. Nucleon form factors

The finite size of the nucleon can be included in Eq.~12!
by using appropriate form factors,

F2→F2~Q2!,

cv→cv~Q2!, ~13!

ca→ca~Q2!,

that are functions of the four momentum transfer square

Q252qm
2 52k2h~12x!. ~14!

For example, fornen→e2p,

ca~Q2!'ga /~11Q2/MA
2 !2, ~15!

with ga'1.26 and the axial massMA'1 GeV. Form factors
only enter at ordere2. They reduce the cross section by abo
10% atk'100 MeV, and even less at lower energies. Ho
ever, for completeness we include simple parametrization
the form factors in Appendix B. Because the corrections
so small, we will ignore the form factors in the rest of th
paper.

F. Total charged current cross section

The opacity forne from charge current reactions depen
on the total cross section fornen→e2p,

s5E ds

dV
dV. ~16!

The zeroth order result is,
04300
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G2k2

p
~cv

213ca
2!, ~17!

while the correction factor from just phase space is,

sps5E dsps

sV
dV5s0Rps~k!, ~18!

Rps~k!5H cv
2F1

e
2

1

2e2 ln~112e!G1ca
2F 2e21

e~112e!

1
1

2e2 ln~112e!G J Y ~cv
213ca

2!, ~19!

Rps'12
4

3 S cv
215ca

2

cv
213ca

2D e1O~e2!. ~20!

The exact result is,

s5E ds

dV
dV5s0R~k!, ~21!

R~k!5H cv
2S 114e1

16

3
e2D13ca

2S 11
4

3
eD 2

64~cv1F2!caeS 11
4

3
eD1

8

3
cvF2e2

1
5

3
e2S 11

2

5
eDF2

2J Y @~cv
213ca

2!~112e!3#,

~22!

R~k!'122S cv
215ca

21̄2~cv1F2!ca

cv
213ca

2 D e1O~e2!.

~23!

FIG. 1. FactorR(k) that corrects the total charged current cro
section for weak magnetism and recoil, Eq.~22!, versus neutrino
energyk. Solid line is for neutrinos, dashed line is for antineutrin
and the dot-dashed line includes only phase space corrections
~19!. Also shown as dotted lines are the corresponding lowest o
correction factors, Eqs.~20! and ~23!.
1-4
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For n̄e using Table I this is,

Rn̄e
'127.22e ~24!

while for ne we have,

Rne
'111.01e. ~25!

We note the main effect of weak magnetism and recoil is
reduce then̄e opacity by the large amount in Eq.~24!. For a
typical neutrino energyk;^E&;20 MeV this is a 15% re-
duction.

The full correction factorR(k), is plotted in Fig. 1 along
with the lowest order forms in Eqs.~24!,~25!. We see that the
lowest order is fine for neutrinos but fails for antineutrin
above about 50 MeV.
ib
s

04300
o

G. Neutral current transport cross section

For mu and tau neutrinos the scattering opacity depe
on the transport cross section,

s t5E dV
ds

dV
~12x!. ~26!

Note, strictly speaking this is true only in the limitk85k
nevertheless Eq.~26! provides a good estimate whenk8'k.

The zeroth order transport cross section is

s0
t 5

G2k2

p

2

3
~cv

215ca
2!. ~27!

The transport cross section including only phase space
rections is
sps
t 5s0

t Rps
t ~k!, ~28!

Rps
t ~k!5H cv

2F ~11e!

e3 ln~112e!2
2

e2G1ca
2F2e1~2e22e21!ln~112e!

e3~112e! G J Y F2

3
~cv

215ca
2!G , ~29!

Rps
t '12S 2cv

2114ca
2

cv
215ca

2 D e1O~e2!. ~30!

Finally the exact transport cross section is

s t5s0
t Rt~k!, ~31!

Rt~k!5H cv
2Fe21

2e3 ln~112e!1
3112e19e2210e3

3e2~112e!3 G1ca
2F11e

2e3 ln~112e!2
10e3127e2118e13

3e2~112e!3 G

6~cv1F2!ca
F 1

e2 ln~112e!2

2110e1
28

3
e2

e~112e!3
G1cvF2F 1

e2 ln~112e!2
2

3S 3115e122e2

e~112e!3 D G

1F2
2F 1

4e2 ln~112e!1
8e3222e2215e23

6e~112e!3 GJ Y F2

3
~cv

215ca
2!G , ~32!

Rt'11S 2~3cv
2121ca

2!68~cv1F2!ca

cv
215ca

2 D e1O~e2!. ~33!
et

ins

alar
,
n for
The full correction, Eq.~32!, is plotted in Fig. 2. Corrections
for n2n are very close to those forn2p elastic scattering.
We also plot the lowest order result, Eq.~33!. This fails for
antineutrinos at high energies.

H. Strange quark contributions

Neutrino nucleon elastic scattering is sensitive to poss
strange quark contributions in the nucleon. Strange quark
le
do

not contribute tocv(Q250) because the nucleon has no n
strangeness. However bothF2(Q250) andca(Q250) can
be modified. Parity violating electron scattering constra
F2 @24#. In this section we concentrate onca becauseF2
only contributes at orderk/M .

Strange quark contributions are assumed to be isosc
while the dominant contribution toca is isovector. Therefore
strange quarks are expected to increase the cross sectio
n2p scattering and decrease that forn2n. We write,
1-5
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C. J. HOROWITZ PHYSICAL REVIEW D 65 043001
ca~Q250!5
1

2
~6ga2ga

s!, ~34!

with ga51.26 and the plus sign forn2p and the minus sign
for n2n scattering. The strange quark contributionga

s is
expected to be negative or zero. The best limit comes fro
Brookhavenn2p scattering experiment@22#. We assume

ga
s'20.160.1. ~35!

A better measurement ofga
s from a laboratory experimen

would be very useful.
We make a simple estimate of strange quark effects s

ing from the zeroth order transport cross section in Eq.~27!.
We consider the neutral current opacity for a mixture of n
trons and protons of electron fractionYe . For simplicity we
setcv50 for n2p scattering. The ratio of the opacity wit
ga

s to that withga
s50 is,

S~ga
s!5

5@ga
21~ga

s!2#110gaga
s~122Ye!112Ye

5ga
2112Ye

.

~36!

For ga
s520.2, S represents a 21% reduction in the opac

at Ye50.1 or a 15% reduction atYe50.2. Thus strange
quarks could reduce opacities by 10–20 %. Note, stra
quarks do not contribute to charged current interactions.

IV. MUON AND TAU NEUTRINOS

In this section, we use the weak magnetism and re
corrections for transport cross sections, Eq.~32! to discuss
muon and tau neutrino properties in supernovae. First,
examine muon and tau lepton number currents. Because
trinos now have shorter mean free paths than antineutri
there will be netnm andnt densities and nonzeronm andnt

FIG. 2. FactorRt(k), that corrects transport cross sections
weak magnetism and recoil, Eq.~32!, versus neutrino energyk. The
upper thick solid line is fornn→nn while the upper thin solid line
is for np→np. The corresponding lower solid curves are for a
tineutrino scattering while the dotted curves give lowest order
sults, Eq.~33!.
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chemical potentials. We then calculate the increase in thenm
and nt energy flux because of weak magnetism and rec
This should increase the neutrino luminosities. Finally
examine corrections to the emitted spectra ofnm ,nt and
n̄m,n̄t . We show that then̄m ,n̄t are expected to be hotte
thannm ,nt because of weak magnetism.

For simplicity, we neglect charged muons. These co
play some role at very high densities and or temperatu
Without muons, our results are identical for muon and
neutrinos. Therefore, we writenx in this section wherex
could bem or t.

A. Lepton number currents

We start by considering high densities, well inside t
neutrino sphere, where a simple diffusion approximation
valid. Earlier work@1,2# calculated the lepton number cu
rent to first order ine5k/m. We extend this work to all
orders.

The transport mean free path for anx of energyk is,

l~k!5l0

k0
2

k2

1

Rn
t ~k!

, ~37!

with the zeroth order mean free pathl0 evaluated at an ar
bitrary reference energyk0,

l05@s0
t ~k0!rn#21, ~38!

andrn is the neutron number density. Note, for simplicity w
assume pure neutron matter,Ye50. Because the correctio
factor Rn

t , Eq. ~32!, is so similar forn2p andn2n scatter-
ing our results are not expected to change much forYe.0.

The lepton number current fornx in a simple diffusion
approximation is,

JW nx
52E d3k

~2p!3

l~k!

3
¹W

1

11exp@~k2mnx
!/T#

. ~39!

Heremnx
is the neutrino chemical potential. Forn̄x we have,

l̄~k!5l0

k0
2

k2

1

Rn̄
t
~k!

. ~40!

This is now longer thanl(k) because of the different wea
magnetism correction factorsRn̄

t
,Rn

t . Then̄x lepton number
current has the same form as Eq.~39! with mnx

replaced by

2mnx
,

JW n̄x
52E d3k

~2p!3

l̄~k!

3
¹W

1

11exp@~k1mnx
!/T#

. ~41!

The total lepton number current is,

-

1-6
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JW5JW nx
2JW n̄x

52
l0k0

2¹W

6p2 F E
0

`dk

Rn
t

1

11exp@~k2mnx
!/T#

2E
0

`dk

Rn̄
t

1

11exp@~k1mnx
!/T#G . ~42!

If JWÞ0 the lepton number of the star~number ofnx2number
of n̄x) will rapidly change. This buildup in lepton numbe
gives rise to a nonzero chemical potentialmnx

.
Reference@1# argued that the system rapidly reach

steady state equilibrium whereJW5JW nx
2JW n̄x

50. We numeri-

cally solve for the chemical potentialmnx
so that,

E
0

` dk

Rn
t ~k!

1

11e(k2mnx
)/T

5E
0

` dk

Rn̄
t
~k!

1

11e(k1mnx
)/T

.

~43!

This is shown in Fig. 3 as a function ofT. This chemical
potential insuresJ50.

If we expand Eq.~43! to first order inmnx
/T and use

Rn
t (k) and Rn̄

t (k) expanded to the first order ink/M one
reproduces the lowest order chemical potm0 of Ref. @1#,

mnx
'm05

dcp
2

6

T2

M
, ~44!

with dc58(cv1F2)ca /(cv
215ca

2)'3.30 for n2n scatter-
ing. The lowest orderm0 is seen in Fig. 3 to be an excellen
approximation to the exact result even atT580 MeV. Note,
this nonzeromnx

can lead to muon number~number ofnm

minus number ofn̄m) or tau number for the protoneutron st
as large as 1054 @1#.

FIG. 3. Muon or tau neutrino chemical potential over tempe
turemnx

/T versusT for matter in steady state equilibrium. The sol
line is the full result from the solution to Eq.~43! while the dashed
line is correct to lowest order ink/M andm/T, Eq. ~44!.
04300
B. Energy flux

We calculate the energy flux carried bynx by multiplying
the integrand in Eq.~39! by k,

JW nx

E 52E d3k

~2p!3

l~k!

3
¹W

k

11e(k2mnx
)/T

. ~45!

We use Eq.~44! for mnx
'm05aT2 with a5dcp

2/6M and

add then̄x energy flux. We assume the temperatureT has
only a radial dependence so that,

JE5Jnx

E 1Jn̄x

E

52
l0k0

2

6p2

dT

dr F E0

`dk

Rn
t S ak1

k2

T2D
3~e(k/T)2aT1eaT2k/T12!211E

0

`dk

Rn̄
t S k2

T2 2akD
3~e(k/T)1aT1e2aT2k/T12!21G . ~46!

In the absence of weak magnetism and recoil correctio
mnx

[0 and the energy flux becomes,

JE
052

l0k0
2

6p2

dT

dr
2E

0

`

dk
k2

T2~ek/T1e2k/T12!21. ~47!

In Fig. 4 we plot the ratio of the full energy current wit
weak magnetism and recoil to the zeroth order resultJE /JE

0 .
We see that weak magnetism and recoil substantially
hances the energy flux. This should raise the neutrino lum
nosity of the protoneutron star. At a temperature of 30 M
the enhancement is over 50%.

- FIG. 4. Ratio of the full energy flux ofnx and n̄x neutrinos
including weak magnetism and recoilJE to the energy flux without
weak magnetism and recoilJE

0 versus temperature. The solid line
the full result Eq.~46! over Eq.~47!. The dashed line neglects th
neutrino chemical potentialmnx

in Eq. ~46! and corresponds to
mnx

5a50.
1-7
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C. J. HOROWITZ PHYSICAL REVIEW D 65 043001
Many supernova simulations combinenx and n̄x into one
effective species. In this approximationmnx

50. Therefore,

we evaluateJE in Eq. ~46! while settinga50. This would
correspond to using a~geometric! average for the correction
factor,

^R&215
1

2
@~Rn

t !211~Rn̄
t
!21#, ~48!

for both nx and n̄x . We see thatJE(a50)/JE
0 is slightly

larger thanJE /JE
0 . This is because the chemical potent

somewhat reduces the number ofn̄ and hence their energ
current. Even so,JE(a50) is a much better approximatio
thanJE

0 .

C. Spectrum

The above lepton number and energy fluxes are base
a diffusion approximation. This is valid inside the neutrin
sphere wherel is much less than the size of the system. W
now discuss weak magnetism and recoil corrections to
emittednx andn̄x spectra. We will use a simple Monte Car
model of Raffelt @25# to estimate the emitted spectra. W
emphasize that this simple model should be checked ag
full simulations that include weak magnetism and reco
Nevertheless, we expect the model to provide a first orie
tion.

Raffelt @25# discusses the formation ofnx spectra. At high
densities, reactions such ase1e2↔nxn̄x , nxe→nxe, or
NN↔NNnxn̄x keepnx in chemical and thermal equilibrium
with the matter. We define the energy sphere as the appr
mate location where these reactions, which all have sm
cross sections, become too slow to maintain thermal equ
rium.

Next the nx propagate through a scattering atmosph
where neutrinos diffuse because ofNnx→Nnx which has a
much larger cross section. However the small energy tran
in nucleon scattering is assumed to be too small to main
thermal equilibrium. Finally, the neutrinos escape from
neutrino sphere.

Note, the average spectrum for neutrinos and antineu
nos may be modified somewhat by nucleon-nucleon bre
strahlung in the scattering atmosphere@25#. However, we
expect weak magnetism in nucleon scattering to provide
estimate for thedifferencebetween the spectrum of neutrino
and antineutrinos. This should be explicitly checked in futu
work that includes weak magnetism for nucleon-nucle
bremsstrahlung.

We model the energy sphere as a blackbody with temp
ture TES'12 MeV. This high temperature is chosen so th
the final temperature of the emittednx agrees with detailed
simulations. Alternatively,TES is the hot matter temperatur
well inside the neutrino sphere at densities high eno
(;1013 g cm3) so that thenx are thermalized. We assum
the sameTES for both nx and n̄x because they are produce
in pairs.
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We next assume thenx propagate through a scatterin
atmosphere of optical depth,

t~k!5
t0k2

12TES
2

Rn
t ~k!. ~49!

Here t0 is the thermally averaged optical depth in the a
sence of recoil and weak magnetism corrections. Raffelt
sumes a Boltzmann distribution for the initial thermaliz
neutrinos for whicĥ k2&512TES

2 . Note, the optical depth is
the thickness of the scattering atmosphere in units of
energy dependent mean free path. A value oft0;30 corre-
sponds to one typical simulation@25#.

Raffelt calculates the survival probabilityS„t(k)… for a nx
of energyk to make it through the atmosphere and esca
Otherwise it is assumed to be scattered back to the en
sphere and absorbed. A fit to Ref.@25# Monte Carlo results
is,

S~t!5F11
3

4
tG21

3F12
0.033

111.5~ l t10.17!210.5~ l t10.32!6G , ~50!

with l t5 log10t. Therefore the final emitted spectrum is,

f nx
~k!5k2e2k/TESS„t~k!…. ~51!

For antineutrinos the optical depth is,

t̄~k!5
t0k2

12TES
2

Rn̄
t
~k!, ~52!

and then̄x spectrum is,

f n̄x
~k!'N0k2e2k/TESS„t̄~k!…. ~53!

The normalizationN0 is chosen so that*0
`dk fn̄x

5*0
`dk fnx

.
This corresponds to steady state equilibrium and no
change in the lepton number. Note,N0 is related to the
chemical potentialmnx

.

The nx and then̄x spectra are shown in Fig. 5. Both o
these curves differ from a Boltzmann distribution. Neverth
less the average energy can be characterized by a spe
temperature,

T[^k&/3. ~54!

Table III collects T values. We find that T forn̄x is about 7%
larger than that fornx almost independent of the choice o
t0. Thus weak magnetism insures that then̄x spectrum is
hotter than that fornx . At high energiesRn̄

t (k) is small.
Therefore f n̄(k) becomes significantly larger thanf nx

(k).

This is shown in Fig. 5 as an increasing ratio off n̄x
(k) to

f nx
(k). Thus the high energy tail in the spectrum is expec

to be antineutrino rich.
1-8
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WEAK MAGNETISM FOR ANTINEUTRINOS IN SUPERNOVAE PHYSICAL REVIEW D65 043001
The difference between thenx and then̄x spectra in Fig. 5
is a macroscopic manifestation of charge conjugation, C,
lation in the standard model. If the weak interactions h
conserved C thenRn

t 5Rn̄
t . In principle, this difference is

directly observable. However, it may be very difficult to di
tinguish a detectednx from a n̄x . Instead, a superposition o
the nx and then̄x spectra may be more easily observab
Weak magnetism, by separating thenx and then̄x spectra and
by increasing the high energy tail of then̄x may lead to an
observable broadening of the combinednx and n̄x spectrum.

V. ELECTRON ANTINEUTRINOS

The reduction inn̄e charged current interactions from
weak magnetism and recoil can change the emittedn̄e spec-
trum, decrease the electron number current and increas
n̄e energy flux. These changes, in turn, impact theYe in the
neutrino driven wind which is a possible site forr-process
nucleosynthesis@8,9#. Finally these changes could be impo
tant for analyzing the detectedn̄e events from SN 1987A or
a future galactic supernova.

A. Lepton number current

The increasedn̄e mean free path from recoil and wea
magnetism will increase then̄e number current or decreas
the total electron lepton number currentJe5Jne

2Jn̄e
. This

FIG. 5. Spectrum of muon or tau antineutrinosn̄x ~solid curve!
and neutrinosnx ~dashed curve! versus neutrino energyk, see Eqs.

~51! and~53!. The ratio of then̄x to nx spectrum is shown by the do
dashed curve using the right-hand scale.

TABLE III. Spectral temperatureT5^k&/3.

t0 Tnx
~MeV! Tn̄x

~MeV! Tn̄x
/Tnx

3 8.75 9.24 1.056
10 7.48 7.96 1.064
30 6.49 6.92 1.066
100 5.64 6.04 1.071
300 5.09 5.46 1.073
04300
-
d

.

the

can increase thene density in the star. For simplicity, con
sider a situation wheremne

is near zero in a simulation with
out recoil or weak magnetism. Then in steady state equi
rium, we expect recoil and weak magnetism to lead to amne

of order themnx
from Sec. III, Eq.~44!. This chemical po-

tential will lead to an increase in the electron fraction b
cause, inb equilibrium,me1mn5mp1mne

. This will lead to
a small change in the electron fraction of order,

Ye;Ye
0F11

3mne

me
0 G . ~55!

Hereme
0 is the electron chemical potential andYe

0 the elec-
tron fraction without weak magnetism andYe is the new
electron fraction. Using Eq.~44! for mne

at T510 MeV,

me
0515 MeV one has,

Ye;Ye
0~110.12! ~56!

an increase of 10%. Note, Eqs.~55!,~56! slightly overesti-
mate the change inYe because the charged current opac
for n̄e increases withYe . Nevertheless, weak magnetis
could lead to a modest increase inYe .

In principle, weak magnetism will increase the lepto
number diffusion time scale. However this time scale is ve
sensitive to temperature. We also expect weak magnetis
increase then̄e energy flux in a similar way to Fig. 4. With
weak magnetism, the protoneutron star should cool fa
and the lower temperatures will decrease the lepton num
diffusion time. These contrary effects should be investiga
in a full simulation.

B. Spectrum of n̄e

We consider the following simple model@25# to estimate
the change in then̄e spectrum with weak magnetism. Let th
n̄e neutrino sphere be at a temperatureT0 without weak mag-
netism. For simplicity we assume a Boltzmann spectr
e2k/T0.

Now we include weak magnetism and recoil described
Rn̄(k). This reduction in the opacity will shift the neutrin
sphere inwards to higher densities and temperatures. We
fine a new energy dependent temperatureT(k) to include this
shift,

T~k!'F 1

Rn̄~k!
G u

T0 . ~57!

Hereu is the ratio of temperature to density gradients,

u5
d ln T

d ln r Y Fd ln r

d ln r
21G , ~58!

for the protoneutron star at the neutrino sphere. The e
21 in the denominator follows because the optical de
involves a path integral from the neutrino sphere to infin
@25#. Realistic values ofu could be;0.25 to 0.35@25#.
1-9
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C. J. HOROWITZ PHYSICAL REVIEW D 65 043001
The energy dependent temperatureT(k) defines the emit-
ted spectrum

f n̄e
~k!'k2e2k/T(k). ~59!

If we expand Rn̄(k)'12dck/M , with dc5@2cv
2110ca

2

14(cv1F2)ca#/(cv
213ca

2)13'7.22 and expandf n̄e
to first

order ink/M ,

f n̄e
~k!'k2F11

udck
2

MT0
Ge2k/T0. ~60!

We define a spectral temperatureTn̄e
as,

Tn̄e
[^k&/3'T0@118udcT0 /M #. ~61!

For u50.3 andT055 MeV one has,

Tn̄e
'1.090T0 . ~62!

Thus weak magnetism and recoil can increase the emitten̄e
average energy by of order 10%. It is important to check
simple model with full simulations.

Figure 6 shows the full spectrum, Eq.~60!. We see that
weak magnetism and recoil shift the strength to higher en
gies and increase the high energy tail significantly. This
shown by a large ratio of the spectrum with weak magnet
to k2e2k/T0 at high energies.

C. Conditions outside the gain radius

We now discuss some possible implications of weak m
netism on neutrino heating, electron fraction and neutr
cooling in the low density region outside the gain radius. T
gain radius is the point where cooling from neutrino em
sion balances heating from neutrino absorption and sca
ing. The net amount of heating outside the gain radius co
be important for the success of the explosion.

FIG. 6. Spectrum of electron antineutrinosn̄e versus neutrino
energyk. The solid curve includes weak magnetism and recoil,
~59!, while these are neglected in the dashed curve. The rati
solid to dashed curves is plotted as the dot-dashed curve usin
right-hand scale.
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The absorption ofn̄e outside the gain radius will be re
duced by the smaller cross section from weak magneti
However the cross sections grows with the square of
energy so the new absorption rate may be proportional t

Rate;S Tn̄e

T0
D 2

^Rn̄e
~k!&. ~63!

The first factor could increase the rate by about 20% wh
the second factor̂Rn̄e

&; 0.8 could decrease the rate by

similar amount. Therefore, the net rate ofn̄e absorption
might be little changed. Thus the electron fraction, whi
depends on the absorption rate, should not change gre
However, then̄e’s absorbed have a higher energy so the
heating should increase by about 10% because of the hi
average energy in Eq.~62!.

This assumes the luminosity of then̄e changed only be-
cause of the change inTn̄e

. If the luminosities ofne and n̄e

increased further because of the increased energy fluxe
Fig. 4 then the total heating could be even larger.

Finally we discuss cooling from positron capture outsi
the gain radius,

e11p→n1 n̄e . ~64!

The rate for Eq.~64! will be reduced by weak magnetism,

Rate}E
0

`

dkk2k3Rn̄e
~k!e2k/T,

'E
0

`

dkk5S 12dc

k

mDe2k/T,

55!T6S 12
6dcT

M D . ~65!

At T52 MeV the factor in parentheses reduces the cool
rate by 9%. Thus weak magnetism can change then̄e lumi-
nosity to increase the heating while, at the same time, red
ing the cross section to decrease the cooling. These re
should be checked with full simulations.

VI. CONCLUSION

In this paper we examine recoil and weak magnetism c
rections ton-nucleon interactions. These are important b
cause they are present at all densities, even at the relat
low densities near the neutrino sphere. Furthermore, the
rections are model independent. We calculate simple, e
correction factors Eqs.~12!,~22!,~32! to include recoil and
weak magnetism in supernova simulations.

Perhaps the most important effect of weak magnetism
recoil is to increase energy fluxes of bothn̄x and n̄e an-
tineutrinos. We calculate, in a diffusion approximation,
increase of order 15% in the total energy flux for tempe
tures near 10 MeV. This should raise the neutrino luminos

Weak magnetism and recoil will also change the emit

.
of
the
1-10
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WEAK MAGNETISM FOR ANTINEUTRINOS IN SUPERNOVAE PHYSICAL REVIEW D65 043001
spectrum ofn̄x and n̄e . We estimate thatn̄x will be emitted
about 7% hotter thannx becausen̄x have longer mean free
paths. Likewise weak magnetism may increase then̄e tem-
perature by of order 10%. This increase in temperat
coupled with the increase in neutrino luminosity should ov
come the reduced absorption cross section and increas
heating in the low density region outside of the neutri
sphere. This, in turn, could be important for the success o
explosion.

We find large corrections. However, supernova simu
tions are very complicated with many degrees of feedba
Therefore, it is important to check our results with a fu
simulation that includes Boltzmann neutrino transport a
weak magnetism corrections.
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APPENDIX A: LOW DENSITY LIMIT OF BURROWS
AND SAWYER

In this appendix we discuss the low density limit of Bu
rows and Sawyer’s calculations@7# and show that it reduce
to our phase space result,dsps /dV, in Eq. ~6!. Burrows and
Sawyer start by considering a pure vector interaction. Th
Eq. ~2! for the differential rate of neutrino scatteringk→k8
is,

d2G

dvd cosu
5

G2

4p2 k82@12 f n~k8!#L00S~q,v!. ~A1!

Here the momentum transferred to the neutrons isq5k
2k8 and the energy transferred isv5k2k8. The neutrino
distribution isf n(k) andL00 is the neutrino tensor, Eq.~3! of
Ref. @7#. The dynamic structure functionS(q,v) for the neu-
trons is,

S~q,v!52E d3p

~2p!3 f ~p!@12 f ~ up1qu!#

32pd~v1ep2ep1q!, ~A2!

where f (p) is the neutron distribution function andep the
energy of a neutron of momentump.

One can recover our Eq.~6! by, ~a! neglecting the final
state neutrino Pauli blocking,~b! integrating Eq.~A1! over
v, ~c! assuming that the density is low enough so tha
2 f (p1q)'1 in Eq. ~A2!,

E
0

`

dvS~q,v!'2E d3p

~2p!3 f ~p!2p, ~A3!

52prn . ~A4!
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Herern is the neutron density. Finally~d! we assume, in the
limit of low density, that thev dependence ofS(q,v) is
sharply peaked near,v5k2k8, with k8 given by our Eq.~2!.
Adding a similar expression for the axial interactions give

E
0

` dG

dvd cosu
dv→2prn

dsps

dV
, ~A5!

with dsps /dV given by our Eq.~6!.

APPENDIX B: SINGLE NUCLEON FORM FACTORS

In this appendix we collect simple parametrizations of t
single nucleon form factors for use in Eq.~13!. We write the
weak form factors in terms of the electromagnetic Dirac,F1

i ,
and Pauli,F2

i , form factors fori 5p or n.
~i! Reactionnp→np:

cv5S 1

2
22 sin2 uwDF1

(p)2
1

2
F1

(n) ~B1!

ca5
ga

2
~113.53t!22 ~B2!

F25S 1

2
22 sin2 uwDF2

(p)2
1

2
F2

(n) . ~B3!

~ii ! Reaction tonn→nn:

cv5S 1

2
22 sin2 uwDF1

(n)2
1

2
F1

(p) ~B4!

ca52
ga

2
~113.53t!22 ~B5!

F25S 1

2
22 sin2 uwDF2

(n)2
1

2
F2

(p) . ~B6!

Reactionnen→e2p:

cv5F1
(p)2F1

(n) ~B7!

ca5ga~113.53t!22 ~B8!

F25F2
(p)2F2

(n) . ~B9!

Here, see Eq.~14!,

t5Q2/4M2, ~B10!

F1
(p)5@11t~11lp!#G/~11t!, ~B11!

F2
(p)5lpG/~11t!, ~B12!

F1
(n)'tln~12h!G/~11t!, ~B13!

F2
(n)5ln~11th!G/~11t!, ~B14!

with
1-11
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lp51.793, ln521.913, ~B15!

h5~115.6t!21, ~B16!

and finally,
Jo

.

.

04300
G5~114.97t!22. ~B17!

These parametrizations are from Ref.@26#.
ys.
.

er,

n,
@1# C. J. Horowitz and Gang Li, Phys. Lett. B443, 58 ~1998!.
@2# C. J. Horowitz and Gang Li, Phys. Rev. D61, 063002~2000!.
@3# A. Vilenkin ~unpublished!; Astrophys. J.451, 700 ~1995!.
@4# C. J. Horowitz and J. Piekarewicz, Nucl. Phys.A640, 281

~1998!.
@5# Phil Arras and Dong Lai, Phys. Rev. D60, 043001~1999!.
@6# Sanjay Reddy, Madappa Prakash, James M. Lattimer, and

A. Pons, Phys. Rev. C59, 2888~1999!.
@7# A. Burrows and R. F. Sawyer, Phys. Rev. C58, 554~1998!; 59,

510 ~1999!.
@8# C. J. Horowitz and Gang Li, Phys. Rev. Lett.82, 5198~1999!.
@9# C. J. Horowitz, astro-ph/0108113.

@10# See, for example, M. Rampp and H.-T. Janka, Astrophys
Lett. 539, 33 ~2000! or M. Liebendorfer, O. E. B. Messer, A
Mezzacappa, and W. R. Hix, astro-ph/0103024.

@11# C. J. Horowitz, Phys. Rev. D55, 4577~1997!.
@12# C. J. Horowitz, Phys. Rev. Lett.66, 272 ~1991!.
@13# A. L. Fetter and J. D. Walecka,Quantum Theory of Many

Particle Systems~McGraw-Hill, New York, 1971!, p. 171.
@14# S. Reddy, G. F. Bertsch, and M. Prakash, Phys. Lett. B475, 1

~2000!.
se

J.

@15# Steen Hannestad and Georg Raffelt, Astrophys. J.507, 339
~1998!.

@16# E. G. Flowers, M. Ruderman, and P. G. Sutherland, Astroph
J. 205, 541 ~1976!; A. D. Kaminker, P. Haensel, and D. G
Yakovlev, Astron. Astrophys.373, L17 ~2001!.

@17# Gregory W. Carter and Sanjay Reddy, Phys. Rev. D62, 103002
~2000!.

@18# Sanjay Reddy, Madappa Prakash, and James M. Lattim
Phys. Rev. D58, 013009~1998!.

@19# Stephen J. Hardy and Markus H. Thoma, Phys. Rev. D63,
025014~2001!.

@20# Adam Burrows, Timothy Young, Philip Pinto, Ron Eastma
and Todd A. Tompson, Astrophys. J.539, 865 ~2000!.

@21# P. Vogel and J. F. Beacom, Phys. Rev. D60, 053003~1999!.
@22# L. A. Ahrenset al., Phys. Rev. D35, 785 ~1987!.
@23# P. J. Schinde, Astrophys. J., Suppl. Ser.74, 249 ~1990!.
@24# B. Muelleret al., Phys. Rev. Lett.78, 3824~1997!; K. A. Aniol

et al., ibid. 82, 1096~1999!.
@25# Georg G. Raffelt, Astrophys. J.561, 890 ~2001!.
@26# M. J. Musolf and T. W. Donnelly, Nucl. Phys.A546, 509

~1992!.
1-12


