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de Broglie–Bohm FRW universes in quantum string cosmology
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The purpose of this paper is to establish possible implications of the de Broglie–Bohm interpretation of
quantum mechanics towards superstring cosmological dynamics. In this context, we investigate spatially flat
FRW models retrieved from scalar-tensor theories of gravity with a cosmological constant present in the
gravitational sector. These models are further characterized by the presence of different types of de Broglie–
Bohm quantum potential terms. These are constructed from various classes of wave packets formed by super-
positions of Bessel functions of different imaginary orders. As far as pre-big-bang scenarios are concerned, we
find that quantum potentials yield varied types of an amplified influence of the singular classical boundary into
the FRW early dynamics. Some consequences of the de Broglie–Bohm program towards pre-big-bang inflation
and the graceful exit problem are then discussed. Other cosmological scenarios are also studied by means of
modulation effects extracted from additional wave packets. We subsequently obtain a broader set of new
solutions. Among the new solutions we find that they could still be related by duality properties, although a
separation into pre- and post-big-bang classes is less clear. Some solutions show a cyclical behavior. Inflation-
ary solutions can be identified and some of their dynamical features are subsequently analyzed. In particular,
we discuss some of the differences between string inspired inflationary cosmologies with quantum potentials.
The results suggest that de Broglie–Bohm quantum gravitational terms slow down inflation, constituting an
effect similar to others previously described in the literature.
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I. INTRODUCTION

Our scientific knowledge on the origin and early stages
the Universe has recently reached a promising vantage p
Superstring theory, or if one prefers, five ‘‘different’’ supe
string variants, related through dualities and pointing to
more fundamental domain~so far labeled M theory! @1#, con-
stitute auspicious candidates for a unified theory of the f
damental interactions.

From a cosmological perspective, superstring theories
ply to energies of the order of the Planck scale, thus prov
ing appealing initial conditions for the universe very close
a classical singularity. An innovative scenario based on
underlying superstring symmetries was then pioneered@2#
and led to an expanding wealth of literature1 ~see, e.g., Refs
@2–23#!. Perhaps its most attractive characteristic is the p
sibility of a superinflationary phase driven by the kine
energy of the dilaton field, which is free from the fine-tunin
problems present in usual de Sitter or power-law inflati
Furthermore, cosmological solutions come in duality-rela
pairs@2#. This, when combined with time reversal, results
new solutions. One element of the pair is the superinflati
ary expansion, while the other describes a decelerated ex
sion. In addition, the superinflationary phase emerges fro
state of very small curvature and string coupling defined
negative times (t,0) and identified as thepre-big-bangsce-

*Email address: jmarto@mercury.ubi.pt
†Also at CENTRA, IST, Rua Rovisco Pais, 1049 Lisboa Cod

Portugal. Email address: pmoniz@mercury.ubi.pt
1For an extensive and thoroughly written report see@3#, while a

regularly maintained update can be found at@4#.
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nario. However, its dual pair@designated as thepost-big-
bangphase and occurring for positive times (t.0)# is sepa-
rated by a singularity in curvature and string coupling.
would be desirable to smoothly join the initial pre-big-ba
phase to a subsequent standard Friedmann-Robertson-W
~FRW! radiation-dominated evolution. But this does n
seem to be easily achieved and constitutes the most cru
obstacle for inflationary models of this sort. It has thus be
named the ‘‘graceful exit’’ problem in superstring cosmolo
@5#.

The graceful exit transition has been thoroughly discus
@7#. In particular, a new type of ‘‘no-go’’ theorems has show
that a transition cannot occur while the curvature is bel
the string scale and the string coupling is weak@8#. An inter-
mediate ‘‘string phase’’ of high curvature and strong co
pling seems required@9#, where~i! string corrections~adopt-
ing high order terms with respect to the inverse string tens
@9#! and ~ii ! higher quantum loop effects@10,11# would be
represented. A successful proposal built on a free dila
field model (V(F)50) made use of severalad hoccorrec-
tions of type~i! and ~ii ! @13#. Other proposals have recent
appeared@14#.

Other superstring inspired cosmological scenarios~with-
out necessarily having duality related pairs of solutions! have
also been studied. These included other fields~e.g., the axion
or Ramond-Ramond fields! present in superstring theorie
besides the mandatory dilaton. The aim was to investig
beyond the pre-big-bang framework, conveying a richer a
wider analysis~see Refs.@22,23# and references therein!.
Some specific features associated with superstring or
theory at strong coupling were explored as they could pr
fundamental at the very early stages of the Universe.

Several models of the early Universe within superstr

,
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theory and extended related theories have also been stu
from the point of view of canonical quantum cosmolog
Indeed, it is reasonable to suppose that quantum gravitati
effects should indeed become important in the high curva
and strong coupling regimes. Several publications have
cently been devoted to this line of investigation@2,16–21#,
describing quantum transitions which are possible in mini
perspaces with a scale-factora and a dilaton fieldf. Other
publications that included axion or Ramond-Ramond fie
@23,24# recently provided a broader quantum cosmologi
analysis. SolutionsC(a,f) of the Wheeler-DeWitt equation
have been interpreted as reflections in minisuperspace a
ciated with the pre-big-bang singularity@18#. However, the
results produced so far seem restricted to the computatio
transition coefficients. Further progress could be sought
addressing the following related issue. A canonical quant
tion is intrinsically a nonperturbative formulation. It could b
worthwhile to inquire within canonical string cosmology
specifically introduced terms would produce effects sim
to a suitable selection of assembled perturbative correcti
In particular, such as the ones employed in Refs.@9–11#
regarding the ‘‘string phase’’ of high curvature and stri
coupling near the ‘‘graceful exit’’ singularity.

In this paper we focus our investigation on a closely
sociated objective. More precisely, we proceed with a
search line for superstring cosmology that was fi
introduced2 in Ref. @25#: the de Broglie–Bohm~dBB!
@26,27# perspective of geometrodynamics applied to qu
tum gravity @25–33#. Our purpose is then to construct an
employ quantum mechanically derived dBB terms, establ
ing if and how they imply new cosmological scenarios f
the early Universe. In particular, we are interested whet
any dBB canonical terms will influence superstring inspir
cosmologies. Furthermore, it would be important to det
mine how such terms will modify pre-big-bang dynami
near singularities in curvature and string coupling.

The issue of quantum gravitational back-reaction effe
in the early universe and inflation dynamics has been
cussed in other publications but from different points
view. In Ref. @34# the authors investigated nonperturbati
effects for the quantum gravitational back-reaction on in
tion, pointing that such quantum effects seem to slow do
inflation. In Refs.@35,37,36# the issue of effective loop quan
tization back-reaction was addressed in different models
cosmological inflation. String inflation was specifically in
vestigated in Ref.@36#. However, in neither of them the dBB
program was considered.

Our case study is constituted by a specific and illustra
model, which is both simple as well as physically realistic
allow computations and interpretation. More precisely,
will investigate spatially flat FRW models that extend b
yond truncated string effective actions. Theories of this ty
place superstring cosmology in the wider perspective

2Recently, another publication@33# appeared on this subjec
claiming ~through Gaussian superpositions of wave function so
tions! to have found Bohmian trajectories exibiting a smooth tra
sition from a pre-big-bang to the post-big-bang phase withL50.
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scalar-tensor theories with action of the form

S5E d4xA2gF f ~F!R2v~F!
~¹F!2

F
1V~F!G , ~1!

where the metricgmn has (2,1,1,1) signature,R is the
Ricci curvature scalar, the parameterv(F) determines the
strength of the coupling between dilatonic and gravitatio
degrees of freedom,f (F) is an arbitrary function ofF and
V(F) is a potential determining the self-interaction of th
dilaton field F. Action ~1! includes the usual Brans-Dick
@38# action. Moreover, it coincides up to minor redefinition
with generic Einstein gravity non-minimally coupled to
scalar field, employed to study renormalization group f
malism in quantum gravity@39#. For simplicity, we will re-
strict ourselves to a cosmological constant within the gra
tational sector. Theories extracted from action~1! arise in the
low energy limit of superstring theories and dimensiona
reduced supergravity Kaluza-Klein theories of 4 dimensio
depending on the way the compactification is made.

The content of this paper can then be outlined as follo
Section II conveys the basics of dBB program for quant
mechanics and in particular when employed in a quant
cosmological scenario, while in Sec. III the dBB approach
quantum string cosmology is applied to a FRW universe.
will employ wave packets formed by a superposition
Bessel functions J6r , r52 i (k/k), k
5A(413v)/(614v), of different imaginary order. The
reason for it is mainly to allow the use of explicit analytic
techniques and expressions, instead of restricting our s
to a strict numerical analysis. These superpositions will be
the form*dkA(k)e2 ikbJ6r(z). We will first address the im-
plications of the dBB program within the pre-big-bang sc
nario through case~a!, where the superposition is determine
by A(k)5exp(dk), d521. A particular emphasis is given t
influence of quantum potentials as far as cosmological in
tion is concerned. In Sec. IV we investigate case~b! where
different superpositions withA(k)5exp(d1k)1exp(d2k) are
used, together withd1 ,d2 satisfying d1k5jp, d2k5zp
(j,z are real numbers!. Particular attention is given to phys
cal differences concerning dilaton driven inflation in th
presence of dBB potentials within cases~a! and ~b!, in con-
trast with standard FRW models in quantum string cosm
ogy. Section V concludes this paper with a summary a
discussion of our results, together with an outline of possi
future work.

II. A REVIEW OF THE de BROGLIE –BOHM APPROACH
TO QUANTUM MECHANICS

The dBB program of quantum mechanics@26,27# pro-
vides interesting insights and possibilities within quantu
cosmology@25–33#. In order to substantiate the use of th
approach in string cosmology, we briefly review some of
properties and benefits. The following aspects ought the
fore to be noticed.

~1! The de Broglie–Bohm theory is a causal version
quantum mechanics. It is based on the assumption tha
individual system describing a particle is constituted by t

-
-
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DE BROGLIE–BOHM FRW UNIVERSES IN QUANTUM . . . PHYSICAL REVIEW D65 023516
particle satisfying certain equations of motionanda waveC
satisfying a corresponding equation~e.g., the Schro¨dinger
equation!. Both the particle and wave fieldC are taken to be
objectively real whether they are observed or not.

Let us describe in some detail the main implications of
dBB causal interpretation of quantum theory. For the cas
a nonrelativistic particle with massm the Schro¨dinger equa-
tion determines forC5ReiS the following equivalent equa
tions:

]S

]t
1

~¹S!2

2m
1VC1Q50, ~2!

]P

]t
1¹S P

¹S

m D50, ~3!

with

Q52
\2

2m

¹2R

R
, ~4!

R5uCu andP5R2. Clearly Eq.~2! resembles the Hamilton
Jacobi equation except for an additional term,Q. This sug-
gests we may regard this particle with momentump5¹S ~or
velocity field ¹S/m) subject not only to the classical pote
tial VC but also to the new quantum potential termQ. The
action of Q will be the major source of difference betwee
the classical and quantum theory.3 The classical limit corre-
sponds toQ50.

~2! The quantum particle follows trajectories independ
on observation, satisfying

m
d2x

dt2
52¹VC2¹Q. ~5!

That is, the quantum potential determines the influence
quantum force, and will therefore be responsible for a
quantum effects. Moreover, the quantum potential depe
on the form ofC, not in its absolute value, so that its effe
does not necessarily fall off with distance.4 Hence, even dis-
tant features in the configuration space can profoundly af
the movement of the particle. On the one hand, this meanQ
can be very important even thoughC is small. On the other
hand, it follows from the previous remark that a system m
not be separable from particular features of its configura
space~e.g., potential wells or obstacles!. This fact brings
about the possibility of nonlocal effects.

As the quantum potential can be nonlocal, it may int
duce radical changes@2# when considering dilaton potentia
terms in quantum string cosmology.Ad hocnonlocal poten-

3The usual~Copenhagem! probabilistic interpretation takes Eq
~3! as a continuity equation for the probability densityR2, where all
physical information of the system is contained. The total phaseS is
completely irrelevant.

4By contrast, classical waves which act mechanically~i.e., trans-
fering energy to push an object! always produce effects that ar
more or less proportional to the strength of the wave.
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tials were briefly discussed some years ago@15# and recently
in Ref. @19#, but without any relation with the dBB picture
Although it was pointed in Ref.@15# how such potentials
could assist in the graceful exit problem, no convincing p
posal was advanced to introduce them within superstr
cosmology. However, a dBB formulation might achieve th
aim in a self-consistent manner.

~3! The standard formulation of quantum mechanics
tablishes thatP is the probability density offinding the par-
ticle there by means of a suitable measurement. In the d
approach the functionP gives the probability density for the
particle tobeat a certain position. The dBB approach brin
about in an interesting way the classical reality intertwinn
with quantum mechanics through Eqs.~4!, ~5!. It does
not need to invoke the notion of ‘‘classical emergenc
from a ‘‘collapse of the wave function.’’ The motion is de
termined from the wave field C through dx/dt
5(1/m)¹S(x,t)ux5x(t) . Hence the designation of ‘‘pilote
guide’’ formulation for the dBB approach, namely as info
mation about the configuration space of the whole system
directing the particle in the form of the quantum wave. Th
‘‘wholeness’’ also determines the designation of ‘‘ontologic
interpretation’’ for the dBB theory. Parts of the system inte
act through the wave function, which is contingent on t
state of the whole~e.g., boundary conditions or singularitie!
system.

The above described features should, in principle, ap
to the entire universe. Because it is first and foremos
theory of individual systems and does not rely on the
semble or probability concepts for its formulation, the dB
theory of motion is quite suited for a description of a syste
that is essentially unique, such as the Universe. The d
program allows to consistently maintain the notion of
uniquely determined and objective quantum universe. E
stein’s equation are recovered but with additional terms o
quantum mechanical origin. These terms would be resp
sible for all the possible geometrical effects of quantu
gravity. The corresponding quantum cosmological desc
tion of the universe would therefore correspond to an ana
sis of the trajectories in minisuperspace. These would refl
the action of the constraints but translated into equival
equations, where quantum mechanical correction terms~the
dBB quantum potentials! could be of physical significance.

The wave function of the Universe in quantum string co
mology would consequently have a twofold role. On the o
hand, generating the quantum graviton-dilaton potential,
on the other hand, acting as a probabilistic interpretation.
to now, only the latter seem to have been considered, to
detriment of the former. This attitude may have neglec
crucial quantum cosmological features, since the quan
potential yields a repulsive quantum force counteract
other fields and becomes significantly important near a
gularity, cancelling its influence and possibly reinforcing i
flation ~see Ref.@32#!.

Finally, it ought to be remarked that the universe wou
thus be discussed without invoking the concepts of ‘‘collap
of the wave function’’ and absolute need for the presence
observers. This causal approach assumes an objective
6-3
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J. MARTO AND P. VARGAS MONIZ PHYSICAL REVIEW D65 023516
verse, with its particles and its wave functions, which is n
dependent on observers, though it may contain them@40,41#.

The dBB interpretation of quantum theory thus conve
some attractive and interesting features but two specific
gredients have not yet been incorporated in a full satisfac
and uncluttered manner in this program. These two asp
are the notion of spin and a quantum field theory framewo
but it is pertinent to stress that some relevant progress
been obtained recently regarding them~for a brief review see
chapters 9, 10 and 12 in Ref.@27#!. To be more precise, th
inclusion of nonrelativistic spin 1/2 systems in the dB
quantum mechanical perspective was carried through s
decades ago@42# and claimed to have been further develop
with sucess more recently@43,44#. The dBB interpretation
has also been applied to field quantization of nonrelativi
bosonic and fermionic systems@44,45#. As far as the dBB
program and quantum field theory~or relativistic quantum
mechanics! are concerned, some relevant contributions h
further advanced our current understanding of the issue
particular, a bosonic dBB field theory has been introduced
appears to be entirely consistent and reproducing the co
ant statistical predictions of quantum field theory but so
problems remain though@46#. Interestingly, some of thos
problems intrinsic to bosonic fields are somewhat ame
rated when spin 1/2 fields are instead investigated@44,45#.
Some other recent published results@48# point to a relativis-
tic dBB theory both for a single or multiparticle system
including an extension to curved spaces.

In what regards the application of the dBB perspective
quantum string cosmology, some specific properties h
been discussed in this section@see items~2! and ~3! above#.
Although it may be considered a speculative program, it d
have the virtue of giving a concrete interpretation with
quantum string cosmology. In fact, it can be applied to
single system~for criticisms see@28#! and hence it could
prove relevant to examine what it can be said about a d
quantum mechanical description of cosmological string m
els. The corresponding analysis will often require to trunc
the superstring inspired action to the bosonic sector an
FRW cosmology, so that no fermionic or quantum fie
theory aspects survive and then apply the dBB program
may be pointed out that the untruncated action involves fi
theory and fermionic aspects. These are precisely the in
dients whose satisfactorily and uncomplicated inclusion
the dBB program is sought and have been the subjec
recent investigation. But as mentioned in the previous pa
graph, some relevant progress has been recently obtain
those directions@42–48#. Hence, it seems possible that
dBB approach to quantum string cosmology would adm
wider suitable framework and eventually establish an
proved correspondence with the original untruncated su
string action. Furthermore, there is no compelling indicat
from a fundamental theory of quantum gravity~where super-
string or M theory constitute promising candidates! regard-
ing which interpretations of quantum mechanics applied
quantum string cosmology should be employed or ind
rejected. In such absence, one can decide to investigate
possible implications determined by a suitable interpreta
line. This is scientifically acceptable if this line is itse
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physically reasonable and it has been discussed previous
the published literature in similar physical contexts. In th
sense, one can use a less popular but nevertheless phys
admissible approach like the dBB perspective@26–33#. This
research procedure would be worthwhile if new and intere
ing insights concerning the early universe behavior could
found, possibly related with other approaches dealing w
quantum gravitational effects in cosmology~e.g., Refs.@34–
36#!. This is indeed what is pointed out in this paper and
the subsequent Secs. III and IV we will analyze the poss
implications of the dBB approach towards a spatially fl
FRW model retrieved from a string inspired action.

III. FRW de BROGLIE –BOHM QUANTUM PRE-BIG-BANG
COSMOLOGY

We will assume henceforth a flat FRW geometry w
metric ds252N2dt21e2a(t)dxW2 ~whereea(t) represents the
scale factor!, v is a constant parameter~the truncated string
effective action corresponds tov521) and in additionF
5e2f, f 5e2f. Moreover, we chooseV(F)5Le2f, which
means that a cosmological constant within the gravitatio
sector was chosen to constitute the potential for the dila
field. This scenario has been widely studied in the literat
of string quantum cosmology@2–23#.

Under the redefinitionf(t)→f(t)2 ln *d3x, the obtained
minisuperspace action is

S5E dte(3a2f)F 1

N
~26ȧ216ȧḟ1vḟ2!22NL~f!G ,

~6!

which is invariant under the scale factor duality@16#

a5S 213v

413v D ã2S 2~11v!

413v D f̃,

f52S 6

413v D ã2S 213v

413v D f̃. ~7!

Defining

b5A 6

413v
@a1~11v!f#, ~8!

s5k21~f23a!, ~9!

with k5A413v/614v @under which the duality transfor
mation ~7! becomess̃5s,b̃52b#, the Wheeler-DeWitt
equation can be written as@16#

F ]2

]s2
2

]2

]b2
1UGc50, ~10!

with

U54Le22fe6a, ~11!
6-4
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being the effective potential in the Wheeler-DeWitt equatio
Solutions for Eqs.~10!, ~11! are of the form

c5Z6 i (k/k)~z!e2 ikb, z52~AL/k!e2ks, ~12!

constituting linear combinations of Bessel functionsJr of
order6 ik/k and eigenstates ofpb5k5ḃe2ks. The specific
solution c5J2 ik/k(z)e2 ikb represents the quantum versio
of the pre-big-bang branch, expanding and approaching
singularity ats→1` @16–20#. Moreover,pb.0 in both
branches and beingb therefore monotonically increasing
one usually takesb as effective time coordinate in minisu
perspace ands as the spacelike variable@16#. The solution
c5J2 ik/k(z)e2 ikb is thus a right moving mode, selectin
only outgoing contributions at the singular boundary of t
minisuperspace@49#. This solution can be further decom
posed in the low energy limit (z→1`) as right and left
moving modes, i.e., expanding pre- and post-big-ba
branches approaching and moving away of the singularity
which a reflection/transition coefficient of the order
e22pk/k is associated. In this context, it should be notic
that the potentialV is intended to substantiate such a refle
tion of the wave function~see Ref.@16#!, required for the
transition between pre- and post-big-bang branches, w
cannot physically proceed in the free dilaton regimeV
50) ~see, however, comments and corresponding refere
in @50#!.

Let us now consider more general solutions constituted
wave packets

C~b,z!5E
2`

`

dkA~k!e2 ikbe~z!, ~13!

with e(z)5c1Jr(z)1c2J2r(z)[c1c (1)1c2c (2) and r5
2 ik/k. We will subsequently investigate different cases
cording to the choice ofA(k)5( i

nexp(dik). This choice of
superpositions has the advantage to provide usable analy
expressions forC (6), namely in the form of explicitly de-
compositions in terms ofReiS. With the assistance o
*2`

` dreirwZr(z)5eiz sin w @51# we thus note5 that for A(k)
5edk we can obtain

C (6)~b,z!5R(6)~z,b!eiS(6)(z,b), ~14!

R(6)~z,b!5exp@6z cos~dk!sinh~kb!#, ~15!

S(6)~z,b!56z sin~dk!cosh~kb!7
p

2
. ~16!

First, we will investigate case~a!, where A(k)5edk,
d521. This implies that we can write the wave packet a

5The integral*2`
1` can be split in*2`

0 1*0
1` . The first integral

corresponds to contracting and weak coupling approaching mo
which can be reinterpreted~from a third quantization perspectiv
@19#! as expanding and strong coupling approaching modes.
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C (6)~b,z!5ReiS5ke6[z cos(k)sinh(bk)]ei [ 7 sin(k)cosh(bk)7p/2].
~17!

Following the dBB procedure~see, e.g., Refs.@26,29,32#!, let
us substituteC (1) into the Wheeler-DeWitt equation, whic
will select outgoing mode contributions at the singu
boundary in minisuperspace. We then obtain amodified
Hamilton-Jacobi equation:

2k2z2S ]S

]zD 2

1S ]S

]b D 2

1U1Q50, ~18!

whereU5k2z2, with the quantum potential given by

Q5
1

RFk2z2H S ]2R

]z2 D 1
1

z S ]R

]z D J 2S ]2R

]b2D G
52k2z2cos2~k!. ~19!

In terms of the minisuperspace variablesa,f we may in-
stead write

Q524Le22fe6acos2~k!, ~20!

Kz524Le22fe6asin2~k!

3cosh2FA 6

413v
k„a1~11v!f…G , ~21!

Kb54Le22fe6asin2~k!

3sinh2FA 6

413v
k„a1~11v!f…G , ~22!

whereKz5]S/]z,Kb5]S/]b are the corresponding kineti
terms. Being of the form ofU, the quantum potential also
satisfies the same duality related properties. Hence, this
FRW model will admit duality related pairs, i.e., pre- an
post-big-bang branches.

Figures 1, 2 and 3, represent the quantum potential for
choicesv520.4, v521 ~the string theory scenario! and
v521.3332, respectively. The presence of the quantum
tential becomes physically more relevant asv→2 4

3 , since it
approaches in magnitude the classical potentialU. This can
be checked from Eq.~20! as well as from the mentione
figures, where the range of variables in minisupersp
whereQ is more intense increases withv→2 4

3 . To be more
precise, it is noticed that the quantum potentialQ acquires
increasingly negative values for the same range of value
a and f. This seems to suggest thatQ will significantly
diminish the influence ofU in some regions of minisuper
space asv→2 4

3 andQ1U.0, therefore implying a wider
influence of the dilaton kinetic dominance in minisuperspa
@52#.

This behavior characterizing the quantum potential~19!
can be further interpreted as follows. A quantum potentia
~by definition! @26,29,32# not a preassigned function o
minisuperspace coordinates in the wayV or U are. It reflects
and instead depends on the specifictotal quantum state,
which is C (1) in our present case study. More precisely, t

s,
6-5
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FIG. 1. The quantum potentialQ for case~a! andv520.4. The right hand diagram denotes a contour plot, while the left hand diag
is the corresponding plot in a gray scale gradient. Darker areas represent lower values ofQ while lighter regions correspond to larger valu
of Q.
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wave function or packet will enter as causal agent in
equations of motion fora and f. If a classical potential is
roughly localized~e.g., VCÞ0 at x0.0 and VC.0 else-
where! then Q may propagate that information to region
whereVC50. Another possibility is for the dBB total quan
tum state to bring about in a subtle way the influence
singularities to wider regions in the phase space. Basic
the motion in minisuperspace would thus depend on the
cific choice or construction of the total quantum state. T
quantum state is usually formed from different wave fun
tions associated with the same physical model propagatin
minisuperspace. Their superposition will also be a solut
but with particular features, namely the motion in minisup
space would be different~due to the quantum force origina
ing from Q), in contrast with what is implied by any com
ponent mode individually. This property is hence reflected
02351
e

f
ly,
e-
s
-
in
n
-

n

the form of the quantum potential. Moreover, such to
states can be specifically constructed averaging their am
tudes and phases so that they constructivelly enhance o
minish some features present in the minisuperspace des
tion. The effect is apparently nonlocal but the quantu
potential for single systems can rather be interpreted a
local causal link between the classical potential and a qu
tum mechanical universe, ‘‘locally representing the whol
minisuperspace@26#.

An example of the effect described in the previous pa
graph is our particular quantum potential~20! for case~a!. It
brings about the influence of the classical dynamics as
@1 towards larger regions in minisuperspace throughC (1).
More precisely, we extracted a dBB FRW model charac
ized by a wider influence of the singular boundary conditio
@where a free dilaton regime dominates overV ~or U) and
FIG. 2. The quantum potentialQ for case~a! andv521. See the caption in Fig. 1.
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FIG. 3. The quantum potentialQ for case~a! andv521.3332. See the caption in Fig. 1.
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U→0 ass→1`#. That is, extending in minisuperspace t
dominance of a localized situation typical of free quantu
mechanical wave propagation. This is the behavior in c
~a!, which becomes more manifest when cos(k)→1 andQ
1U.0, with the solution resembling~slow! moving free
waves for larger regions in minisuperspace and not only
s→1` and U→0. Hence, the information previously ex
tracted from Figs, 1, 2 and 3, further supported by the an
sis of Figs. 9–12 below.

As far as the quantum stateC (6) is concerned, it is
characterized by the superposition displayed in Eqs.~13!,
~17!. This can be interpreted as adding up all the stro
coupling outgoing modesc5J2 ik/k(z)e2 ikb with a weight
factor e2k, namely with lower frequencies~or energies!
acquiring a dominant contribution. Hence, our dBB sup
position of outgoing modes specifically conveys t
strong coupling and curvature singularity towards t
FRW dynamics. The main contributions are thus from
least slowly oscillating modes, diminishing the prominen
of those modes inducing a manifest classical behavior.6 In
this manner, a specific average of wave function mo
would contribute towards the dynamics of the very ea
universe.

Before considering other quantum potential scenarios
us analyze in more detail some of the implications of
FRW dBB stateC (1) towards inflationary pre-big-bang cos
mology. For case~a! described in Eqs.~18! and ~19!, the
wave functionC (1) lead to the standard dBB equationspb

5]S/]b, pz5]S/]z, from which the following equations
are obtained:

6Rapidly oscillating wave functions are usually associated w
classical space-time recovery, while ae2I (I real! wave function
corresponds to pure quantum mechanical processes~e.g., Euclidean
instantons and tunneling through a barrier!.
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ȧ522A L

6~413v!
sin~k!sinhFkA 6

413v

3„a1~11v!f…G2
2kAL

413v
sin~k!~11v!

3coshFkA 6

413v
„a1~11v!f…G , ~23!

ḟ52A 6L

~413v!
sin~k!sinhFkA 6

413v
„a1~11v!f…G

1
2kAL

413v
sin~k!~11v!coshFkA 6

413v

3„a1~11v!f…G , ~24!

and to which a modified Friedmann equation is attached

ȧ22ȧḟ2
v

6
ḟ25

L

3
@12cos2~k!#. ~25!

The solutions~de Broglie–Bohm quantum trajectories! are

ea(t)5S k

AL
D [(11v)/(413v)]

3@cosh„kAL sin~k!t…#p6@sinh„kAL sin~k!t…#p7,

~26!

and the phase diagrams for the valuesv520.4, v521
~the string theory scenario! and v521.3332, are repre-
sented in Figs. 4, 5 and 6, respectively. As it can be ea
checked, the class of trajectories in the left hand side re
sent post-big-bang solutions, while the right hand side rep
sent~with time reversal! a pre-big-bang behavior.

We can further write for the Hubble parameter that

h
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H5kALsin~k!†p6@ tanh„kALsin~k!t…#

1p7@coth„kAL sin~k!t…#‡, ~27!

and

ä

a
5„kAL sin~k!…2F p6

2 tanh2
„kALsin~k!t…

1p7
2 coth2

„kAL sin~k!t…

1p6p7tanh„kAL sin~k!t…coth„kAL sin~k!t…

1
p6

cosh2„kAL sin~k!t…
2

p7

sinh2
„kAL sin~k!t…

G ,

~28!

FIG. 4. de Broglie–Bohm trajectories for case~a! and v5
20.4.

FIG. 5. de Broglie–Bohm trajectories for case~a! andv521.
02351
with

p65S 1

413v D F ~11v!6S 614v

6 D 1/2G , ~29!

together with the restriction sin(k)t.0 ~consequence of the
dBB quantum cosmological formulation!. As it can be rec-
ognized, the set of solutions~26! bear some resemblanc
with expressions presented in Ref.@16# but also have distinc-
tive and interesting physical features.

First, the time dependence is now modulated
sin„A(413v)/(614v)…, which can become positive, nu
or negative~see Figs. 7 and 8! depending on the choice ofv
@for the range24/3<v,0 we have sin(k)>0#. This is a
direct consequence of the quantum potential present in
Hamilton-Jacobi equation~18!, ~19!. On the one hand, it al-
lows for v1Þv2 with usin(v1)u5usin(v2)u, v15v7p, but
associated with quite differentp6(v1) and p6(v2) expo-
nents. On the other hand, subject to the value of sin(k) and
sign of t, we now get those solutions on thet,0 or t.0

FIG. 6. de Broglie–Bohm trajectories for case~a! and v5
21.3332.

FIG. 7. The function sin(k) for the rangevP] 23,2@ .
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branches. Duality and time reversal~preserved in the dBB
formulation! could consequently allow a broader set of so
tions and quantum~de Broglie–Bohm! trajectories in minisu-
perspace.

Second, it should be further noticed that whenLÞ0, the
region of the parameter space where the weak energy co
tion for scalar-tensor theories is satisfied could be larger t
previously accounted for. In fact, as one can check, the p
ence ofL ~which was not contemplated in Refs.@6,7,16,53#!
determines that the weak energy condition is now satisfie
v>23/222L(f/ḟ)2. Moreover, satisfactory inflation
would now be possible as long asv>24/322L(f/ḟ)2.
However, one would need to employ more general trans
mations than Eqs.~8!, ~9! ~where v.24/3) to study the
canonical equations of motion. Depending on the relat
values off,ḟ andL, other scenarios dissimilar to those
Refs. @6,7,16,53#, with v,24/3 and sin(k),0 @or even a
short range inv where sin(k) is rapidilly oscillating# could
then be investigated.

Third, the dBB trajectories~26!, ~27!, ~29! convey some
rather interesting cosmological properties. In fact, these
be interpreted as a twofold quantum cosmological effec
the singular boundary, widening its influence~via solutions
of the Wheeler-DeWitt equation, i.e., the quantum potent!
towards regions in minisuperspace.

On the one hand, the term sin(k)t present in Eqs.~26!,

FIG. 8. The function sin(k) for the range vP] 21.502,
21.4995@ .

FIG. 9. The scale factor exp(a) for sin(k)[1 andv521.
02351
-

di-
n
s-

if

r-

e

n
f

l

~27! and also inä/a5Ḣ1H2 determines that the condition
inducing a behavior where dilatonic kinetic energy dom
nates, will begin earlier and finish later, in contrast with t
case where sin(k)[1 throughout~see Figs. 9–12!. Therefore,
a slower evolution fora(t) and f(t) is induced whenever
the quantum potential is present. This constitutes an exam
of back-reaction effect from the singular boundary towa
the minisuperspace, within the context of dBB cosmolo
The period whereL dominates occurs only much earlier o
latter with respect to the new effective ‘‘free dilaton’’ stag
This effect becomes more manifest asv→24/3 and t
→06.

And on the other hand, the prefactors sin(k) and sin2(k)
appearing in the expressions forH and ä/a, respectively,
cause additional slowing in the expansion and correspond
acceleration/deacceleration. It is quite tempting, in face
this scenario to inquire what would be the cosmological i
plications of a dBB quantum potential in the equations
motion if V were different andU did not approach zero at th
strong coupling regime.

Finally, the inflationary stages in this de Broglie–Boh
FRW model@case~a!# raise another interesting possibility. I
fact, for the case of a string inspired (v521) FRW model it
has been pointed@54,55# that a pre-big-bang Universe mu
be spatially very huge and homogeneous from the onse

FIG. 10. The scale factor exp(a) from a de Broglie–Bohm per-
spective andv521.

FIG. 11. The scale factor exp(a) for sin(k)[1 andv521.32.
6-9



b-
nd

tio

–
rit

es

e
in

h
th
oi
ut
a
he

um
th

e
it
a

d
o
l
di
id

in

of
ss,

in
ex-

lear

and
tial
-
will

tem,
o-

is
es

sub-
rs
o

-
sed

J. MARTO AND P. VARGAS MONIZ PHYSICAL REVIEW D65 023516
inflation, in order to satisfactorily deal with the horizon pro
lem. If ai andaf denote the conditions at the beginning a
end of the pre-big-bang inflationary epoch, withv521 we
will have ai /af;10230/(11A3);10211 which implies that the
size of the homogeneous region at the beginning of infla
is of order 1030A3/(11A3)LS;1019LS;1045LP , where LS is
the present string length andLP is the Planck length.

But for our case of pre-big-bang inflation in a de Broglie
Bohm picture within scalar-tensor theories, we have to w
insteadai /af;1030„p2 /(12p2)…, i.e., 1030/„(1/p2)21… near the
pre-big-bang singularity~wherea;utup2 for t,0). For val-
ues nearv;24/3, p2 approaches larger negative valu
@see Eq.~29!# and one could haveai /af much closer to the
adequate values of 10230 characteristic of the standard d
Sitter inflationary case. However, this de Broglie–Bohm
flationary regime will evolve slower~and therefore lasts
longer! due to the features discussed previously. Nevert
less, this particular dBB scenario does not mean that
pre-big-bang approach has just become viable from the p
of view of cosmological inflation. Instead, it only points o
that from a dBB perspective, string inspired models m
have interesting dynamical features which could be furt
studied.

IV. FRW de BROGLIE –BOHM MODULATION
IN QUANTUM STRING COSMOLOGY

We mentioned in the previous section how the quant
potential is not a preassigned function, reflecting instead
total quantum state properties. The total quantum stat
retrieved from specific superpositions, characterized w
properties different from each mode component. The qu
tum potential~from the functionC (1)) may enhance or di-
minish some dynamical features of minisuperspace as
scribed from the classical equations of motion. It is
interest to point out that in case~a! the quantum potentia
maintained the scale factor duality. But other cases with
ferent quantum potentials and superpositions may prov
different cosmological scenarios.

Let us now consider superpositions of the type~13! but
with A(k)5ed1k1ed2k, thereafter designated as case~b!.
This determines that

FIG. 12. The scale factor exp(a) from a de Broglie–Bohm per-
spective andv521.32.
02351
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C (6)~b,z!5R1
(6)~z,b!eiS1

(6)(z,b)1R2
(6)~z,b!eiS2

(6)(z,b)

5R(6)~z,b!eiS(6)(z,b), ~30!

R(6)~z,b!5@~R1
(6)!21~R2

(6)!212R1
(6)R2

(6)cos~S1
(6)

2S2
(6)!#, ~31!

S(6)~z,b!5arctanS R1
6sin~S1

6!1R2
6sin~S2

6!

R1
6cos~S1

6!1R2
6cos~S2

6!
D .

~32!

As it can be checked, we have now a modulation effect
R(6) as Eq.~31! shows. The amplitude ofC (6) @that deter-
mines the quantum potential—see Eq.~19!# is now modified
by terms proportional to the full phaseS ~that induces the
trajectory or velocity field! which in itself is directly affected
by R. In fact the trajectories are now given by

]S6

]b
5

]

]b S arctanS R1
6sin~S1

6!1R2
6sin~S2

6!

R1
6cos~S1

6!1R2
6cos~S2

6!
D D , ~33!

]S6

]z
5

]

]z S arctanS R1
6sin~S1

6!1R2
6sin~S2

6!

R1
6cos~S1

6!1R2
6cos~S2

6!
D D .

~34!

Hence, we can expect some rather different influences
C (6) into the dynamics of the FRW model. Neverthele
beingR andSof the form~30!, ~31!, ~32! together with Eqs.
~15!, ~16!, this shows that the dualityz5 z̃,b52b̃ is still
maintained. That is, dBB solutions will be duality related
this case and pre- and post-big-bang phases could be
pected among the set of solutions, although much less c
to identify.

A. d1kÄpÕ5, d2kÄÀpÕ7

We begin the analysis with the specific choiced1k
5p/5, d2k52p/7, together with v520.4 which
determines7 that d15p/5A11/7, d252p/7A11/7. Figures
13 and 14 represent the corresponding quantum potential
dBB trajectories. As it can be checked, the quantum poten
now is quite different from case~a!. It acquires large or nega
tive values and intense peaks are now present. These
determine the presence of new quantum forces in the sys
implying additional new types of solutions or dBB traject
ries.

In order to analyze the cosmological dynamics for th
choice ofd1 ,d2, let us compare and contrast the differenc
between Figs. 4 and 14. In the case considered in this
section, we can identify the possibility of cyclical behavio
for a and f. In addition, the following evolutions are als
present for FRW universes:~i! starting from weak coupling

7The choice ofv520.4 means no loss of generality. No signifi
cant dynamical modifications occur in phase space had we u
insteadv521 or v521.3337.
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FIG. 13. The quantum potentialQ for case~b!, d1k5p/5, d2k52p/7 andv520.4. The right hand diagram denotes a contour p
while the left hand diagram is the corresponding plot in a gray scale gradient. Darker areas represent lower values ofQ while lighter regions
correspond to larger values ofQ.
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and zero scale factor, evolving to strong coupling and zer
infinite scale factor;~ii ! starting from weak coupling and
zero scale factor, evolving to weak coupling and an infin
scale factor;~iii ! starting from weak coupling and infinit
scale factor, evolving to strong coupling and~bouncing! to
infinite scale factor. Type~ii ! suggests a post-big-bang b
havior, but trajectories~iii ! are only similar to pre-big-bang
scenarios without invoking time reversal. Inflationary stag
may occur in types~ii ! and ~iii !.

We thus obtain new additional scenarios for the early u
verse in superstring cosmology, induced by the presenc
dBB quantum potentials. For example, the universe co
start instead in a strong coupling phase with infinite s
universe@see type~iii ! with time reversal#, evolving towards

FIG. 14. de Broglie–Bohm trajectories for case~b!, d1k
5p/5, d2k52p/7 andv520.4.
02351
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weak coupling and infinite scale factor, and then following
phase along the features of~ii !. However, a graceful exit
problem still exists. In spite of a weak coupling region no
separating the two stages, the scale factor still goes to
nite. This is therefore not a realistic model for the early u
verse scenario.

Another possibility~also not realistic! is for the universe
to start its evolution according to trajectories of type~iii !
from weak to strong coupling, with the scale factor goi
from infinite ~with a bounce! to infinite. But then a trajectory
of type ~i! with time reversal will lead to an evolution from
strong to weak coupling with a decreasing scale factor~con-
tracting post-big-bang universe!.

Given the similarities of trajectories~ii ! and~iii ! with the
dynamical behavior of post- and pre-big-bang phases in
4, it is of interest to analyze the evolution of the scale fac
a(t) for identical initial conditions.

It is found that the presence of the quantum potentia
case~b! slows down inflation with regard to case~a!. How-
ever, it should be reminded that inflation in case~a! was
shown to also slow down in contrast to standard string c
mology @16#. It is tempting to conclude that quantum m
chanical corrections of a dBB type within canonical minis
perspace cosmology induce a slowing effect in inflation
dynamics. This slowing effect was addressed in other pu
cations@34–36# but without relation to the dBB program. I
should be stressed that one-loop quantum gravitational
rections in the pre-big-bang scenario were investigated
Ref. @36#. There it was shown how the interaction of grav
tons becomes nonperturbatively large at late times, imply
that inflation will slow down. While it is not obvious how th
two approaches may be related, there seem to exist s
common agreement in the physical consequences of quan
gravitational back reaction. Furthermore, from other choi
of d1 ,d2 and the analysis of other trajectories we are
again to the conclusions above presented~see Figs. 15–17!.
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FIG. 15. A solution with an inflationary stage,v520.4 and the initial conditionsa050.001 andf050.001. The right hand diagram
corresponds to case~a! and a post-big-bang trajectory. The left hand diagram corresponds to a trajectory of case~b! and type~i!. The full
lines denote the scale factor while the broken lines represent the dilaton behavior.
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B. d1kÄpÕ3, d2kÄÀp

The choice d1k5p/3, d2k52p, together with v5
20.4, depicts an even more complicated dynamics. Fig
19 represents the corresponding dBB trajectories. There a
few similarities with the previous subsection but some n
aspects are described in the following.

Besides the region of cyclical dBB trajectories and t
upward trajectories in the leftest region, the downwards
jectories divide and countour the cyclical region. These in
cate a pattern that could be sought after as it contains
elements of solving the graceful exit problem. In fact, t
downward trajectories pointing to the left of the cyclical r
gion correspond~with time inversion! to an evolution from
weak coupling with scale factor starting at a nonzero c
stant value, evolving towards strong coupling and a nonz
constant scale factor. The downward trajectories pointing
the right ~in the direction of increasinga) evolve from a
constant scale factor in strong coupling towards weak c
pling phase with infinite scale factor. However, given t
complexity of the dynamics it is difficult to clearly identif
pre- and post-big-bang phases in a single diagram wi
02351
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case~b!. Nevertheless, it indicates where to possibly inve
tigate further the issue of the graceful exit problem in dB
quantum string cosmology.

V. SUMMARY AND DISCUSSION

The purpose of this paper was to advance current kno
edge employing an original approach to superstring insp
cosmology. To be more precise, we applied the de Brogl
Bohm ~dBB! perspective of geometrodynamics to quantu
cosmology within scalar-tensor theories. Although dBB p
gram may be regarded as speculative within quantum st
cosmology~see discussion in Sec. II.!, it does have the virtue
to give a concrete interpretation for the quantum mechan
effects. Moreover, in the absence of a compelling indicat
from a fundamental theory of quantum gravity on which i
terpretations of quantum mechanics applied to string cosm
ogy should be employed or rejected, one can decide to
ploy a less popular but nevertheless physically admiss
approach as the dBB perspective. Investigating quan
string cosmological models would then be worthy to co
FIG. 16. A solution with an inflationary period,v520.4 and the initial conditionsa050.4 andf050.2. The right hand diagram
corresponds to case~a! and a post-big-bang trajectory. The left hand diagram corresponds to a trajectory of case~b! and type~i!. The full
lines denote the scale factor while the broken lines represent the dilaton behavior.
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FIG. 17. A solution with an inflationary period,v520.4 and the initial conditionsa051 and f0520.5. The right hand diagram
corresponds to case~a! and a post-big-bang trajectory. The left hand diagram corresponds to a trajectory case~b! and type~ii !.The full lines
denote the scale factor while the broken lines represent the dilaton behavior.
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sider if a dBB approach could provide interesting and n
insights, possibly related with other approaches dealing w
quantum gravitational effects in the early universe. With t
motivation and perspective, we then restricted our analys
a flat FRW geometry, with an homogeneous dilaton field a
a cosmological constant in the gravitational sector of
theory.

Employing several wave packets formed by superpo
tions of solutions~Bessel functions of different imaginar
order! of the Wheeler-DeWitt equation, we then retrieved t
basic feature of a dBB framework: the presence of quan
potentials that may be quite different from a standard cla
cal potential. The analysis and interpretation of the cosm
logical properties of the subsequent dBB FRW solutions
be summarized as follows.

A broad set of solutions in minisuperspace~de Broglie–
Bohm quantum trajectories! was obtained in case~a!. For
superpositions withA(k)5exp(dk), d521, we found that
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the region in minisuperspace where effectively the dila
kinetic energy dominates overL is larger and determined
slower cosmological inflationary evolution in time. This e
fect was due to a quantum potential with dependence oa
andf similar to the classical minisuperspace potentialU but
with opposite sign. This situation becomes more manifes
v is closer to24/3. Furthermore, in these conditions som
problems~e.g., the horizon problem! raised recently agains
standard pre-big-bang inflationary cosmology could be
vestigated in an interesting context. In fact, it seems t
when v is closer to24/3, a dBB FRW model might no
require an early pre-big-bang phase where the Unive
would have to be infinitely huge.

The fact thatQ increases in magnitude asa becomes
larger, was interpreted as being caused by the fact that
cific superpositions constitutingC might enhance, diminish
or even cancel the dynamical behavior at the classical sin
larity in minisuperspace.
lot,
FIG. 18. The quantum potentialQ for case~b!, d1k5p/3, d2k52p and v520.4. The right hand diagram denotes a contour p
while the left hand diagram is the corresponding plot in a gray scale gradient. Darker areas represent lower values ofQ while lighter regions
correspond to larger values ofQ.
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With other choices of superpositions we could ident
different evolutions. For example, from a strong coupli
regime to weak coupling undergoing a bouncing evolut
from infinite towards infinite scale factor. Other choic
showed dBB classes of trajectories contained a patter
relevance for the graceful exit problem. All these possib
ties come from wave packets determining a dBB dynam
conveying the influence of physical boundaries within t
system. From the analysis of trajectories in minisupersp
in the presence of various dBB quantum potential we fou
that the inflationary dynamics was slower than in case~a! for
the same initial conditions. This seems to point that quan
gravitational effects of a canonical type may not enha
inflation ~research on this issue but with different techniqu
and frameworks was described in Refs.@34,35,37,36#. One-
loop quantum gravitational corrections applied to the gra
ful exit problem in string cosmology were extensively an
lyzed in Ref.@36#!.

The framework of dBB quantum string cosmology m
thus provide useful insights regarding other pertinent iss
but those were not the specific purpose of study in this pa
In particular, whether canonical dBB quantum potenti
could produce effects similar to a selection of suitable
sembled string and loop corrections aimed at dealing w
the graceful exit problem.

In essence, within a dBB perspective for canonical str
cosmology, dynamical features at the singular boundary
be conveyed into equations of motion. The influence of
classical potential can either be strengthened, diminished@as
in case~a!# or even replaced. Different classes of quantu
states could thus be retrieved with varied superpositi
~e.g., Gaussian—see Ref.@33#! and more generic potential

FIG. 19. de Broglie–Bohm trajectories for case~b!, d1k
5p/3, d2k52p andv520.4.
02351
n

of
-
s,

ce
d

m
e
s

-
-

s
r.

s
-
h

g
n

e

s

of the formU5L f @ea;eqf#,qÞ0 @19,20# @which wouldnot
approach zero ats(a,f)→1`#. These will produce differ-
ent quantum potentials, which could dominate over the c
sical minisuperspace potentialU, or the kinetic termsKz , Kb
near the pre-big-bang singularity, smoothing the kinetica
driven dilaton inflation and assisting an adequate transi
from the pre- to post-big-bang stages. But the quantum
tential could also be of a complicated nature, not satisfy
duality properties and preventing duality related scenario

In Ref. @33# the free dilaton model (V50) was discussed
and it was claimed that through Gaussian superposition
dBB quantum potential induces trajectories that corresp
to a smooth transition from a pre-big-bang to a post-big-ba
stage. Nevertheless, these trajectories seem also to ev
from weak towards strong coupling in the post-big-bang a
the universe is not in a strong coupling state today. Mo
over, the results in@33# were claimed with the use of numer
cal analysis techniques and it could be interesting to ch
analitically on the corresponding quantum potential. For
ample, if it satisfies duality properties. Further investigati
on this issue is required, namely with the inclusion of re
istic potentials for the dilaton.

Another possible line of work is to investigate the gen
ality of dilaton inflation in the presence of dBB quantu
potentials. Figures 14–18 seem to suggest that less in
conditions at the phase space would lead to an acceler
expansion in case~b!. In fact, there are now cyclical trajec
tories and for the same initial conditions withinv520.4
there was still inflation at late stages in case~a! which were
not possible anymore in case~b!. This investigation would
require an adequate choice of quantum potentials~or super-
positionsC), analyzing within the context of dynamical sys
tems possibly along the methods presented in Ref.@56#.

Finally, it would be important to establish if and ho
nonlocal potentials for string cosmologies can be natura
imposed through a quantum potential. These questions
be the subject of a future report, where other wave pac
superpositions and/or more classical potentials will also
considered. In particular, the case~see Refs.@19,20#! with
U→6` as a, f approach the singular boundary may pr
vide more suitable behaviors for the quantum potential
strong coupling, where a reflection of wave modes seem n
essary to occur@50#.
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