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We advance a method used to analyze the neutrino propértesses and mixindn the seesaw mechanism.
Assuming quark-lepton symmetry and hierarchical light neutrino masses, we establish rather simple relations
between the light and the heavy neutrino parameters in the favored regions of the solar and the atmospheric
neutrino experiments. An empirical condition satisfied by the right-handed mixing angles is obtained.
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I. INTRODUCTION saw mechanism is expressed in two formulas: one of them
involves only the neutrino masses and the other involves
Do neutrinos have a nonzero mass? How large wouldnly some nondimensional parameters, such as mass ratios
their mixing angles be? Are they like those in the quarkand mixing angles. Then the RH neutrino masses and mixing
sector? These are among the pressing questions in partichagles are derived. In Sec. Ill, we obtain rather simple rela-
physics. The soldrl] and atmospherif2] neutrino data sug- tions between the masses and mixing angles entering the
gest that neutrinos do have mass and the recent results fropeesaw formula in the favored regions of the solar and atmo-
Super-KamiokandéSK) [2] imply a nearly maximal mixing spheric experiments. The numerical results they infer are
of v, andv,. On the other hand, the fact that neutrinolessgiven thereafter. We summarize and discuss our main results
double8 decay and other lepton number nonconserving proin Sec. IV,
cesses are not observed experimentally reflects the smallness
of the neutrino massd8]. The seesaw mechanideh] has a
natural explanation for the small neutrino masses and may
enhance lepton mixing up to maximd-7]. A. Parametrization
According to the seesaw mechanismiMatmg , the Ma-
jorana mass matribm®™ of the left-handed(LH) neutrino
components is given d$§]

Il. GENERAL FRAMEWORK

Since theCP-violating effects in neutrino oscillations
should be smal[9], we shall therefore ignore them and con-
siderU, andV, to be real orthogonal matrices. For simplic-
(1) ity, we also seUy~I. That is, the left-handed rotations that

diagonalize the charged lepton; and neutrino Dirac mass
matricesmp are the same or nearly the same and so the large
lepton mixing results from the seesaw transformatiéh
éJnder these assumptions, it is convenient to write

eff _ —1 T
m='=mpM ™~ "mg.

Here M is the Majorana mass matrix of the right-handed
(RH) neutrino components andhy is the neutrino Dirac

mass matrix which could be equal to the mass matrix of th
up quarksmp=m"? according to some kind of quark-lepton mdaoy M 71ng(|13iag= UJU(N929)2yTy  ~ U (N929)2yT,

symmetry [5,6,8. In the basis whereM ! is diagonal, 3)
M~t=M;'5;=R%8; (i,j=1,2,3),mp can be written as
(8]

or by inverting it,

mp=Umady, . 2 . _ .
D 0D 0 ( ) (m%la 71U(Ndlag)2UT(mglag)71:V0M71VT, (4)
HereU, andV, are LH and RH rotations, respectively, and
mg2%=diag{m;,m,mg}. where U is LH rotation induced byM Y2 and N9a9
In this paper, we explore what can be determined aboutdiag{n,,n,,n;} with nf:mieff (i=1,2,3), the eigenvalues
the masses and mixing of the right-handed neutrinos frongf mef,

the low-energy neutrino data. The paper is organized as fol- |n analogy with the two-flavors cadd0], we introduce
lows. In Sec. II, a parametrization is introduced and the seethe following mass parametrization:

. R 1 m 1 mj
*Email address: phj@mail.ustc.edu.cn =ZIn—2 —Cn—
53 ' 58 6

TEmail address: gcheng@ustc.edu.cn 2 mg

(5a)

m;m,’

0556-2821/2001/64)/0130028)/$20.00 65013002-1 ©2001 The American Physical Society



HAIJUN PAN AND G. CHENG

1I R, _1I R{R, &b
73 EnR_, 778‘6” g ’ ( )
1I n, _1I n3 .
K3 Enn_l’ Kg gnm. (50

and the mixing matrices are parametrized as usual,
U = exp(i 023\ 7) €Xpli O30 5) €Xi 120 2), (6a)

Vo=expli B\ 7)eXpli B1ahs)eXPi B\ 2).
(6b)
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X_l( Kyg, 0) =e &3h3— \@fg)\gu

X e2K3}\3+2\5§K8}\suTe* &3N3 — V“gfs}\s, (ll)

so that
XMk, &, 0)=X(—k,— £,0)=Y(x,£,0) (12)
and we have
Y(k,& 60)=Ve 273~ 23neay T (13)

We will start from Eqgs.(10b) and(13) to derive the expres-
sions of 73, ng, and V. Then from Eq. (108, M;(i
=1,2,3) can be obtained. In the following discussion, we

Here,\,,\5,\; are the Gell-Mann matrix. One can see thatshall omit the variables, £, in X andY.
73 and ng describe the hierarchy of the RH neutrino masses

and are always non-negative. Especialjy=0 impliesM
=M, while 73=37g implies M,=Mj. Using the diagonal
Gell-Mann matrix\5 and \g, the mass matrices involved
now can be rewritten as

mgiag: (mym,ms) 13— é3h3~ \@gs)\s,

(7a

-1__ 2022\ 1/3,2 72N 2+ 23 g\
M~ 1= (R2RZR2)Y3e273h3+2137ghg.

(70)

(Ndiag)Zz(ningng)1/3e—2K3)\3—2\s‘§K8)\8. (7C)
This parametrization shows clearly that the
vant variables in the diagonalization oM™! are
015, 013, 023, K3, kg, &3, and &g. Of these, it is usually
assumed that; and &g can be identified with the corre-

sponding quantities of the up sector of quarks as stated be-
fore, and 6,,,613,023,k3,kg Can be obtained, at least ap-

rele-

B. Determination of the Majorana masses

In this subsection we deduce two equations about the hi-
erarchy, 3 and 7g, of the RH neutrino masses. Taking the
trace of both sides of Eq10b) we obtain

Tr(Voe?7shst28mshay ) = Tre?7shs T 23 mghe = Tr X,
(14)

that is,

@273t 284 7273 284 @~ 4M8= X1+ X+ Xgz=A.
(15

Similarly, taking the trace of both sides of Ed.3) we get

e_2”3_2”8+ 62’73_2’73+ 94778:Y11+Y22+ Y3358. ( )
16

proximately, from the low-energy neutrino data. Now let uslt is sufficient for solvingzn; and 5g from Egs.(15) and(16)

denote

Y(K, §, 0) = (RiRgR%)lla\/oe2ﬂ3)\3+2v‘§7]8)\8Vg
:(m1m2m3)—2/3(nin%n%)l/3x(K’§'0). (8)

Here

X(k, & 0)= eéahat V@ggxgu efzx3>\372\s§;<8>\8u Taéghg* V3éghg

9

and «, &, and 0 refer to k3,kg; &3,&g; and 615,013, 0,3;
respectively. Equationi8) is equivalent with the following
two equations:

RIR5R3=(m;m,mg) ~%(n3n3n3),

(10a

X(k,£,0)=\Voe2"s st 23mehey/ [ (10b)

sinceX;; andY;; (i=1,2,3) are known. Once; and »g are
solved, insertingVl;=Mse 2737678, M,=M 4?7~ 57 n?
=n3e~2%3~%%s andn3=n3e? s~ ®*s in Eq. (109, we obtain
the following expressions of the RH neutrino masses,
M,=Fe 278727,

M,=Fe 2787273 My=Fe7s,

(17

Here F=(mZ/mSMe*s~*é and we have identifiedn;(i
=1,2,3) with the masses of up quarks.

All the above results are exact but formal. We need to
decouplen; and 5g in Egs.(15) and(16). From Eq.(15), we
have

A=e273 278 @~ 2732784 o= 478
=3(e?73"218g ™ 2131 2180~ 418) 3= 3, (18

The equality is satisfied whems;= 7g=0, that is, when
Mi=M,=Mj;. At A>3 (thenB>3 is also trug, Eq. (15

The first relation is just the equality of the determinations ofgng Eq.(16) can be approximated as follows:

both sides of Eq(8). Taking the total term RiR5R3)®

= (mym,mg) ~?(n2n3n3) " out from Eq.(8) we get the sec-

g273t 214 @~ 2mt 2

(193

ond relation. For later use, we present here the expression of

the inverse ofX(k,&,6). It is easy to see from Eq9) that

€273 275 1 g8~ B, (190)
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Such a case corresponds to at most two degenerate Majoramd ande *78<1 simultaneously. This is a practical diffi-
masses. There are now two possibilities to simplify the aboveulty even in numerical calculation. In addition, the solution

two equations further.

(@ A>B. It is easy to know from Eq9199 and (19b)
thatA>B implies 3> 7g. Soe™277278(< 1) may be omit-
ted in Eq.(19a),

@273t 278= @273~ 27848~ A | (20)

Then it is easy to see from Eqd.9b) and(20) thate?7s~27s
ande*”s are roots of the following quadratic equation:

x°—Bx+A=0 (21)
and the three eigenvalues Xfare
213t 218~ A\ (22a
L (22b)
B—B2—4A’
2
e 478~ (229

B+ VB2 4A

(b) A<B. In this case, we havey;<ng. Omitting the
terme?73278(<1) in Eq. (19b), we have
8= @273t 218" 213+ 218 B (23

Now e?73*278 ande ™ 273" 27s are roots of the following qua-
dratic equation:

x?—Ax+B=0. (24
Thus one has
2t 2ng. AT VATTAB “?‘2_48, (253
o 2ngr2ng AT VATTAB V’j_“B, (25h)
e 48~ 5 (250

From Eq.(22) we know thate 273*278~e 478 (and so
M,~Mj) when B?~4A and from Eq. (25 e?7s"27s
~e 2737278 (and soM;~M,) when A%2~4B. Far beyond

of a cubic equation is too obscure to see any relation between
various physical quantities. By taking the traceXofind its
inverse, we decompose the eigenequation in two equations
and each contains the main term es7s*27s and e*”s, re-
spectively. In concrete calculation, the expressions aihd

B can be simplified to such a great extent that their depen-
dence on the parameters can be exhibited explicitly. We will
discuss this issue later.

C. Determination of the RH angles

Once one has solved the three eigenvalues, then the three
eigenvectorgand then the three rotation angles M ~* can
be found by the standard procedure of linear algebra. The
eigenequation oK is
Vii
Vi | =0
Vi

(26)

(X=Qih) (i=1,2,3),

where Vj;=(Vy);; and we useQ;(i=1,2,3) satisfyingQ,
>Q,>Q; to denote the three eigenvaluesXfThe eigen-
vectors, a solution of Eq26), can be expressed in

(X12X33_ X13X23) - Q1X12

Vo= Vi1, (279

(X35~ X33X29) + (Xaz+ X2 Q1 — Q2

_ (X13Xp— X12X23) = Q1X13
V3l_ 2 2 V1l

(X33 X33X20) + (X0t X33 Q1 — Q1

(27b)
etc. We also know that
1 .

X 1=——adjointX. (28)

detX
Notice detX=1; the inverse oK is just its adjoint matrix. So

Y11= XooX33~ ng, Y= X11X33~ Xisa

Y33= X11X00— XEZ!

Y 1= Xq3X 23— X12X33,

Y 23= X12X 13— X11X23,

Y 137 X12X 23— X13X 22,

(29

these regions, both Eq22) and Eq.(25) give the same andY;;=Y;. The quadratic terms in Eq27) are just the
asymptotic solution:e*73*278~A, and e *7s~1/B and elements ofY. By replacing them withy;; (i,j=1,2,3), we
e 27t 2m=g 273" 278g48~B/A. The solutions are also have

useful for rough estimation of the Majorana masses even

when two of them are degenerate, which can be seen from Y1+ Q1 X12

e27]3+27]8<e27]3+27]8+e*27]3+27]8< 2627)3+27)8 and e47]8 V21: (Y N X _ _1+ _1) Vll! (30@
<e?73" 27184 1< 2e%78, The maximal deviations for 1t QuX1) ~(Qz "+ Qs
e?73%278 ande*”s are both 2. v X

Usually one should have to solve a cubic characteristic Vay= 13t Q11 "
equation to obtain the eigenvalues. In the seesaw model, (Yqq+ lell)—(Q2_1+ Q;l)
however, one usually encounters a case in whatts*27s (30b)
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TABLE I. v,— v, solutions to the solar neutrino problem. Here CHOOZ experiment implies that the; component inv, is
MSW and VO refer to Mikheyev-Smirnov-Wolfenstein matter- rather small(even negligible and the upper limit on the
enhanced oscillation§l2] and vacuum oscillationgthe so-called  value of 6,5 is [13]
just-so oscillations respectively. LMA(SMA) stands for a large

(small mixing angle and LOW stands for low probabilitgr low Sir? 613=|U3/?°<0.015- 0.05. (33
mass.

We shall therefore set;3=0. The Dirac masses of neutrinos
Solution AmZ,.(eV?) Sin’ 26, are taken at the scaje=10° GeV [14]:
VO 6.5x10 11 0.75 dia ;

m =diaglm ,m ,m

MSW (LMA) 18x10°5 0.76 o A ) almy(e),me(pe),me( )}
MSW (LOW) 7.9x10°8 0.96 =diag{1.47 MeV,427 MeV,149 Ge)M
MSW (SMA) 5.4x10 © 6.0x10° 3

(39

These are all the values enteriAgand B.
Here we have used K= X1+ X+ X33= Q1+ Q,+ Q3 and

detX=0Q,Q,Qz=1. Thus all the nondiagonal elements of IV. ANALYSIS AND RESULT
V, can be expressed in a unified form: '
In this section we start from Eq&l5) and(16) to get the
Yij+QiXij o o RH mass hierarchiesy; an_d_ng. Then using Eq(31),_ t_he
Vij= ~— Vj; (i,j=1,23 andi#]). elements(and then the mixing anglgsf the RH mixing
(Y5 +QXj) = Q matrix would be obtained. The Majorana masses can be ob-
(3D tained from Eq.(17).
. . o o Although we have decoupled the Majorana masses and
HereQ; "=TrY—Q; . Considering the normalization con- the RH mixing, the expressions of these parameters would be
dition (or unitarity of Vo) VoVi=V{Ve=1, all the elements  so complicated due to the complicated structur¥ dfat it is
can be obtained from Ed31). Then the deduction of the hard to see explicitly the relations of various physical param-
three RH angles is direct: tg@y3=V,3/V33, C0SB13SiNB,  eters. The hierarchical properties of the Dirac and the effec-
=Vy,, and sinB;3=Vi3. tive masses of neutrinos make it possible to drop the smaller
All the relations obtained, including the masses and theerms inA and B. In the following, only the leading-order
angles, can be easily transformed to express the light negerms ofX;; (Y;;) andA(B) will be reserved, respectively.

trino parameters iM ~1, mp, andV,. The approach is just Instead of calculating the RH Majorana parameters by

to make the exchange«— — 7, §~—¢§, and 6;j« 6;; (1 inserting the values of these parameters, we give a more
<i<j=<3). general analysis in two cases according to whethgris
large (VO, LMA, and LOW) or small(SMA) and derive the

1. NEUTRINO MASSES AND MIXINGS corresponding relations between the masses and mixing of

the RH neutrino and the other neutrino parameters.
The deficit of muon neutrinos observed by the super-

Kamiokande collaboration and the zenith angle distributions
of the data can be explained by oscillation betwegnand
v, with the best-fit parameters F2] 1. Mass
In this case, all the elements &f have the same order
(SIN? 2603,Am3,,)=(0.955.¢10 " eV?).  (32)  except thatUg=0. Reserving the leading-order termsAn
andB, we find
The ve— v, explanation to the solar neutrino problem re-

A. Case I: Large 6,,

quires one set of paramete(thie best-fit valugsin Table | A~UZ, exp(2&3+ 25+ 2K3— 2kg)
corresponding to the VO and MSVihcluding LMA, LOW, 2

and SMA), respectively[11]. Here MSW and VO refer to T ULz exp(4rg— 283+ 28s), (353
Mikheyev-Smirnov-Wolfenstein matter-enhanced oscilla- )

tions[12] and vacuum oscillationgso-called just-so oscilla- B~UZ; exp2k3+2Kg+4&s). (35b)

tion), respectively. LMA(SMA) stands for a largésmall) .
mixing angle and LOW stands for low probabilitpr low It is easy to see th?t borAzandB are much larger than 3.
mass. We assume the effective neutrino masses have a hieNote that whenAmz,./Amg,,<10%, we also haveA<B.
archical pattern, that ismS™<ms’<mg". So nZ=mg"  Then from Eq.(25) one has

~JAmZ,, and n3=mg"~ \/AmZ . Little is known about

—@273+2n81 )2 _
i ; e ~Ug,exp2 2kgt+2&3+2&g),
the value ofmS", which we denote using the parameter Q e2®XP(2K3~ 2KgF 285+ 263)

eff, ..eff . (366)
=m, /m; >1. In the framework of three-flavor neutrino os-
cillations, the big hierarchy betweeimz,, and AmZ,, to- Q=e 273+ 2m~U2 expdrg— 2é5+ 2&5),
gether with no observation of the.— v, oscillation in the (36b
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1 3. Numerical results
— a4ng _ _ _ . .
Qa=e "7~ U2 eXp(—2Kk3— 2K~ 4&p). a. VO Inserting the parameters in E@Q7), we have

7l
(360 M,~8.0x10° GeV, M,~4.6x10° GeV,

Here we have used the relatitf,U%,=U?, which is sat-

isfied when 6;3=0. We should point out that our results M3/r~1.5x10" GeV. (40)
would be correct as long a4 is small enough. Substituting o )
the eigenvalues in Eq17), we have The mixing angles are easy to obtain from E8P),
~—4.6x103, ~3.2x10°%,
y 1 m y 1 m B12 B3z
Ysito,me™ T si? 0,y me Boz~—4.3x10° 2. (41)
m2 b. LMA In this case we have nearly the same RH angles
M 5~ Sir? f,5Sir? 912—etﬁ- (37) as in VO and we find
m

! M;~15x10° GeV, M,~4.6x10° GeV,

The formulas are the same as those given in B8fM, and

M, scale as ThS" and 1mE", respectively, whileM ; scales Mg/r~2.8< 101 GeV. (42)
as 1me", which gives scales for the two lighter massis,
and M,, lower and the heaviest on&)3, higher than one c. LOW We now have

would expect when no mixing occurs.
M;~1.5x10" GeV, M,~4.6x10° GeV,

2. Angles
Reserving the leading-order terms of the numerators and M, /r~6.6x10" GeV (43
denominators in Eq(31), respectively, we obtain
and
U2 -2¢ Ur —&3-3¢ -3 -5
V21~ 5 e 3V11, V3l~ U 5 e °3 8V11, (38@ B]_Z% —3.3X10 , Bl3~ 2.3x10 y
€ €
Bog~—4.3x10 3. (44)
UMZ —2¢ UM1 £3—3¢
Vig=— Uy, © Nz, Ve~ — 5 € 3TV,
e T .
(38b) B. Case Il: Small 8,, (SMA)
In this caseUg=0, andUg,, U,,, andU 4 have the
Ue U, same order 107 while the other elements &f are of order
Vg~ 1e*§373§8V33, Vg~ U“1 efs s/, 1. We have
(380 A~U2, expl( — 2k3— 2kg+ 2€5+ 2£5)
Exploiting the unitarity ofVg, it is appropriate to seV;; +U§2 eXp(2k3—2kg+2&3+2&g)~Xq1, (459
~1. Then the three RH angles are
B~U2, exp(— 2k3+2kg+4é&g)
m
BlZNVIZ% - Fu C05023COI 612, (39@ + U72,1 exq2K3+ 2K8+ 4%8) %Y33. (45b)
C
Again, they satisfB>A>3 andA?>4B, so that
v m, coté, 398
Brg=Vis~ M, Sinfy;’ (39b) Qi~A~f U2 exp2k3—2kg+2&3+2&5), (469
Me By 4634 fg— 264+ 2 46b)
ﬂ23% V23% - HCOI 023. (39C) QZN A ~Yus3 eXF(e Kg §3 58)1 ( )
t

All of the RH angles are small and independent of the effec-
tive neutrino masses. Note that, unlike like the LH quark
mixing where tarf~\mp/mg in the two-generation case
[15], the RH mixing angles scale linearly with the ratios of Here f=[r/(r +cot #;,)] and it cannot be omitted since
the Dirac neutrino masses. coth,>1. As with case |, we have

1
Qa~ 5 ~fU% exp(— 23— 2xg—4ég). (460)
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TABLE Il. Exact numerical and approximate results whrea10. In each cell we listed the numerical
and approximate results above and below, respectively. By solving the eigenequa¥oweobbtain the
eigenvalués) that are larger than 1 and the corresponding eigenusktdihe reciprocal valus) of the other
eigenvalués) and the corresponding eigenvedéprare obtained by solving the eigenequationYofSubsti-
tuting these eigenvalues in E@4) we get the three masses in the Majorana sgsiee the text for details

r=10" M (GeV) M,(GeV) M;(GeV) B2 Bz B2z
VO 6.2x10° 4.6x10° 1.9x 108 —-3.7x10°8 2.2x10°° —4.3x10°8
8.0x 10° 4.6x10° 1.5x 108 —4.6x10°° 3.2x10°° —4.3x10°3
LMA 1.2x1C° 4.5x10° 3.7x 10 —-3.2x10°8 2.2x10°° —4.1x10°3
1.5x 10° 4.6x10° 2.8x 10 —4.6x10°3 3.2x10°° —4.3x10-3
LOW 1.3x 10 4.6x10° 7.6x 10 —2.6x10°3 1.8x10°° —4.3x1078
1.5x 10" 4.6x10° 6.6x 10'° -3.3x10°8 2.3x10°° —4.3x10°8
SMA 7.0x10° 4.4x10° 2.1x10'° -9.3x1074 6.2x10°8 —4.0x10°8
7.0x10° 4.6x 10° 2.0x 10 —1.0x10°3 7.2x10°8 —4.3x10°3
1 mﬁ 1 mg Substituting the values of the parameters from &)
M~f— —, o~ — —, we have
sin? ;, mS" SIN? 6,5 mS"
M,;~4.7<10%f GeV, M,~4.6x10° GeV,
2
M~ f ~1sir? f,5sir? 6 s (47 r
’ 237 A2 et Ms=~3.0x 10 GeV. (49)
For the mixing angles, we obtain and from Eq.(48a),
VL Bir~—T7.0X10 %f, B13~4.9x10 *f,
B1~Vi~ fm C0S6H,3C0t 6015, (483 12
C
Boy~—4.3x10 3. (50
m,, cotéf,,
Brg=Vig=f - SNy’ (48D Here, with the value off;, substituted, f~[r/(r+6.6
' X 109)].
m Comparisons with the exact numerical results are given in
Bog~V o3~ — #Cowza- (480 Tables II-1V, from V\gri;ich we can see that they fit well. In
1

calculation we taken3?¥(u) at =10’ GeV. Note that, al-
though the up-quark masses are running withthe Dirac
mass hierarchiegs and ng are almost fixed whep varies.
We find that they satisfy the following approximate relation:

Again the factorf appears. Note that the expressiondvbf
and 8,3 are the same as that whéy, is large. Moreover, the
SK data suggest strongly théjs~ /4. So bothM, and 8,3
have the same values in all the favored regions considered. It my( ) Me( )
is noteworthy that the factdrmakes the value d1; remain Tl TR
at a relatively low scale for a wide range of which is miw)
different from that in Ref.[8]. When r>cot’ 6;, (then f

~1), we have the same expressions of the RH masses a5 the deviation mainly results from F[=(mZ

the mixing angles regardless of whethgp is large or not. ~ mS"e**s~4é] whenmd@q ) is taken at a different scale.

(51)

TABLE Ill. Same as in Table | but for =107,

r=10° M1(GeV) M,(GeV) M;(GeV) B2 Bz Bas
VO 7.7x10° 4.6x 10° 1.5x 10*° —5.3x1073 3.1x10°° —4.3x10783
8.0x 10° 4.6x10° 1.5x10% —4.6x10°83 3.2x10°° —4.3x10°8
LMA 1.5x10° 4.6x10° 2.9x 10 —4.4x10°°3 3.1x10°° —4.3x10°°
1.5x 10° 4.6x10° 2.8x 10 —4.6x10°°2 3.2x10°° —4.3x10°°
LOW 1.4x 10 4.6x10° 6.7x 10Y —3.2x10°° 2.3x10°° —4.3x10°°
1.5x 10 4.6x 10° 6.6x 107 —3.3x10°3 2.3x107° —4.3%x1073
SMA 6.1x 10 4.4x10° 2.4x10% -9.1x10°3 6.0x10°° —4.0x10783
6.1x 10 4.6x10° 2.3x10% -9.1x10°3 6.4x10°° —4.3x10°°3
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TABLE IV. Same as in Table | but for=10°.

r=10° M;(GeV) M,(GeV) M3(GeV) B2 Bis Bas
VO 7.9x10° 4.6x10° 1.5x 10%° —5.5%x10°3 3.2x10°° —4.3x10°8
8.0x 10° 4.6x10° 1.5x10%° —4.6x10°° 3.2x10°° —4.3x10°°
LMA 1.5x10° 4.5x10° 2.8x 107 —4.6x10°3 3.2x10°° —4.3x10°8
1.5x 1¢° 4.6x10° 2.8x 104 —4.6x1073 3.2x10°° —4.3x10783
LOW 1.5x 10" 4.6x 10° 6.6x 10'® —3.3x10°3 2.3x10°° —4.3x10783
1.5x 10" 4.6x10° 6.6x 108 -3.3x10°8 2.3x10°° —4.3x10°8
SMA 2.8x10° 4.5x10° 5.1x 10" —4.4x107? 2.9x10°4 —4.1x10°8
2.8x10° 4.6x10° 5.0 101° —4.2x10°2 2.9x10°4 —4.3x10°8
V. SUMMARY AND DISCUSSION Numerically, all the three RH angles are small although

In this paper, we introduce a parametrization which trans:[hey ':nfy contain the contribution from the diagonalization
f M~ The absolute values oB;, and B,3 are about

forms all the involving masses in the seesaw formula to the 2~ 6 a4 :
mass ratios. Then by taking the tracesXofnd its inverse, 107°~10"° and 1_0 ~1077, respepuvely. L
we derive the equations of the Majorana mass ratigsand The SMAssqutlon seems especially attractive in the sense
ng. The solutions to these equations are obtained under sorﬁ@a‘_tM3~101 GeV for a wide range of due to the factof
conditions and the elements g, are expressed in a unified While Mg's for the other three regiongvO, LMA, and
form. Assuming quark-lepton symmetry and hierarchical efLOW) increase rapidly witlr and become too large to be
fective neutrino masses, rather simple relations among theiable. Especially, for the VO solution to the solar neutrino
various neutrino parameters entering the seesaw formula apgsoblem, both the two mass squared difference splittiogs
deduced. Finally, setting the Dirac neutrino masses to bghe order 10° eV? and 10 ! eV?, respectively and the
equal to the up-quark masses, we present the numerical recale of the heaviest RH neutrino mads, (>10' GeV)
sults in the favored regions of the solar and atmospherienake it look very unnaturdll7].
neutrino experiments. In this work, we have sefi;3=0. Although the smalb;
Now let us give a combined analysis of the results ob+as little effect on the oscillation solution to the solar and the
tained and list our main points as followsWl, (~4.6  atmospheric neutrino deficits, it may become important in
x10° GeV) and so the product dfl; and M is nearly  the seesaw mechanism, especially in the SMA region where
independent oby,; the threeeﬁ RH neutrino masses are hier- ¢, . is comparable withd,,. It may lead to large RH mixing
archical and M_%/Mz(“ms Imy7)>M2/My(my /m57); - angles owing to the contribution from the diagonalization of
Bag (~—=4.3x10°°) and Bip/f1g~—z(M/Mc)sin 23~ M~ as well as degenerate masses. This can also be seen
—3(m/mc) are also independent @h,. Moreover, the RH  from the fact that the coefficients bfy; in A are much larger
mixing angles satisfy the following condition: than that of the other elements bf We point out that the
method is even valid in such cases in which more skills may
BZ'B'B (52 be needed. We will discuss this in more detail in a later
13

2' paper.

which is independent of not onlg,, and the effective neu-
trino masses but also the Dirac masses of neutrinos. It is
interesting to notice that thel3) elements U3, V43, and
U, determined by the third mixing angles of the three cor- The authors would like to express our sincere thanks to
responding mixing matrices are all small. It is also notewor-Professor T. K. Kuo for pointing out this problem to G.
thy that the third mixing angles in both the Cabibbo- Cheng during his visit at Purdue University and provoking
Kobayashi-MaskawdCKM) matrix of quarks and the RH our interesting in it. We are also indebted to him for his
mixing matrix are of orders of the products of the other twowarm help in the progress of this research and for his kind-
angles, respectively. In the former, we hag, U,/ Uy ness by giving us his papers before publication. We are grate-
~(p%+ 7% Y2 Here,p and  are smaller than {16]. ful to Dr. Du Taijiao and Dr. Tu Tao for useful discussions.

Numerically, the lightest right-handed neutrino mass cariThe authors are also grateful for the help provided by the
lie between 10 GeV and 18 GeV while the heaviest right- Chinese High Performance Computing Center at Hefei. The
handed neutrino mass ranges from about? GeV to far  authors are supported in part by the National Science Foun-
larger than 18 GeV. dation in China under Grant No. 19875047.
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