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The possibility to study the M or string theory cosmology via 5D bulk and brane action is investigated. The
role of the 4-form field in the theory of Bogomol’nyi-Prasad-Sommerfield~BPS! branes in 5D is clarified. We
describe arguments suggesting that the effective 4D description of the universe in the ekpyrotic scenario should
lead to contraction rather than expansion of the universe. To verify these arguments, we study the full 5D
action prior to its integration over the fifth dimension. We show that if one adds the potentialV(Y) to the action
of the bulk brane, then the metric ansatz used in the ekpyrotic scenario does not solve the dilaton and
gravitational equations. To find a consistent cosmological solution one must use a more general metric ansatz
and a complete 5D description of the brane interaction instead of simply adding an effective 4D bulk brane
potentialV(Y).

DOI: 10.1103/PhysRevD.64.123524 PACS number~s!: 98.80.Cq, 04.50.1h
t

ib
d
a
e
-
s
o

PS
ot

ct
P

m

s
t
a
s
e-
rd
th
d
W

ne.
m-
rd
ne
s
ion

r
rsus

ne
-

s
uld

ed
ch

our
s of

cts

te

we
ued
d-
I. INTRODUCTION

During the last few years there were many attempts
construct a consistent brane cosmology, see e.g. Refs.@1–3#,
and references therein. One of the most interesting poss
ties is to use supersymmetric Bogomol’nyi-Prasa
Sommerfield~BPS! branes in cosmology. Studies of this ide
developed from the no-go theorems for nonsingular sup
symmetric domain walls@4# to the construction of supergrav
ity in singular spaces@5# where the bulk and brane action
are supersymmetric. Investigation of the BPS brane cosm
ogy, i.e. the theory of interacting and moving near-B
branes, has brought an additional level of complexity, b
on the technical and on the conceptual level.

One of the most challenging recent attempts to constru
consistent cosmology based on a picture of colliding B
branes is the ekpyrotic scenario@6#. In this paper we will
discuss some of the general issues of the BPS brane cos
ogy by critically analyzing the ekpyrotic scenario.

It was claimed in Ref.@6# that the ekpyrotic scenario i
based on the Hor˘ava-Witten ~HW! phenomenology, and i
solves all major cosmological problems without using infl
tion @6#. However, in Ref.@7# it was argued that these claim
were overly optimistic. First of all, the standard HW ph
nomenology~including most of its versions with nonstanda
embedding! is based on the assumption that we live on
positive tension brane@8#. Meanwhile, the model propose
in Ref. @6# was based on an unconventional approach to H

*Also at Imperial College, London and Lebedev Physics Institu
Moscow.
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theory, assuming that we live on the negative tension bra
This required a substantial reformulation of HW pheno
enology @9,10#. In particular, one must revise the standa
assumption@8# that the gauge coupling on the hidden bra
is large. In Ref.@7# a different version of this scenario wa
proposed, assuming that we live on the positive tens
brane, in accordance with Ref.@8#. It was called the pyro-
technic scenario.1 We will discuss this in Sec. II of our pape
and explain that the relevant issue is not the standard ve
nonstandard embedding, but Hor˘ava-Witten phenomenology
@8# versus Benakli-Lalak-Pokorski-Thomas@11# phenom-
enology.

Other concerns include extreme fine tuning of the bra
potentialV(Y) required in the ekpyrotic scenario. In particu
lar, the potential must be extremely small~suppressed by a
factor at least as small as 10250) near the hidden brane. Thi
makes it very difficult to understand how this scenario co
be made consistent with the brane stabilization@7#. To solve
the homogeneity problem in this scenario, one would ne
the branes from the very beginning to be parallel to ea
other with an accuracy better than 10260 on a scale 1030

times greater than the distance between the branes. In
opinion, these problems, as well as several other problem
the ekpyrotic scenario pointed out in Ref.@7#, remain unre-
solved.

In this paper we would like to consider some other aspe

,

1In the pyrotechnic scenario, unlike in the ekpyrotic scenario,
do not make any attempts to avoid inflation. In fact we have arg
in Ref. @6# that avoiding inflation in this scenario may require a
ditional fine tuning.
©2001 The American Physical Society24-1
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of the ekpyrotic scenario. First of all, it was claimed in Re
@6# that the action and the cosmological solution describ
three static branes in the ekpyrotic scenario have been
tained in Refs.@12,13#. However, the 5D bulk and bran
action in Ref.@13# was found for the case of the two boun
ary branes only. We will show that it cannot be generaliz
to the case of boundary and bulk branes using the forma
of Refs.@12,13#.

To add the bulk brane to this construction one must
the 4-form field, which was introduced in the context of 5
supergravity in singular spaces by Bergshoeff, Kallosh a
Van Proeyen@5# and recently generalized in Ref.@14#. We
will show that the corresponding part of the 5D action a
the part of the solution given in Ref.@6# are not quite correc
as far as coefficients are concerned; we will present the
rected action and static BPS solution describing bound
and bulk brane in Sec. III~some technical details are give
also in the Appendix!.

In Sec. IV we will discuss an effective 4D description
the 5D cosmology and give an argument that the 4D spac
the ekpyrotic scenario can only collapse.2 According to Ref.
@6#, this is indeed the case. The scale factor of the unive
which was obtained after integrating the 5D action ovey
~the 5th dimension! and solving equations in the effective 4
theory, decreases. The authors of Ref.@6# argued that one can
go back from the effective 4D theory to the 5D theory a
show that the scale factor of the visible brane grows.
believe, however, that in order to go back from the effect
4D description to the 5D theory one should perform an
plicit investigation of the 5D geometry before the integrati
over the 5th dimension.

This is not an easy task since the bulk brane poten
V(Y) driving expansion of the universe in the ekpyrotic sc
nario was added in Ref.@6# by hand to the 4D formulation o
the theory, rather than to the 5D theory. One can only spe
late how one should interpret this term from the point
view of the 5D theory.

In Ref. @6# this term was interpreted as a correction to t
bulk brane action, which means that it represents an effec
delta-functional addition to the total energy concentrated
the bulk brane. We will show in Sec. V that in this case t
time-dependent ansatz for the metric and fields used in
@6# does not provide a consistent solution to the 5D grav
tional equations and to the equation for the dilaton field.
such a situation it is dangerous to take averages of the
action or of the 5D equations overy. If one does so with the
5D dilaton equation, one finds that the whole universe,
cluding the visible brane, should exponentially collap
rather than expand.

In order to find a consistent solution of 5D equations o
needs to make at least two important modifications discus
in Sec. VI. First of all, when one considers moving branes
branes having an energy momentum tensor different from
4D cosmological constant, one should use a general an
for the metric and for the fields which respects the~planar!

2Various versions of this argument were suggested to us inde
dently by Banks, Dvali, and Maldacena@15#.
12352
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symmetry in the problem@2# rather than the factorized ansa
used in Ref.@6#. The typical situation there when the junctio
conditions on the branes are taken into account is that the
metric has a nonfactorizable dependence on time and
fifth direction.

Moreover, we believe that the brane potentialV(Y)
should be interpreted as the ‘‘radion potential.’’ It represe
the total energy of the configuration involving the bulk bra
standing at the distanceY from the visible brane@16#. In such
a situation it may be incorrect to representV(Y) as a delta-
functional contribution to the energy density localized on t
bulk brane. Instead of that, one should find out the distri
tion of the fields responsible for the emergence of the lo
range interaction described by the potentialV(Y), and sub-
stitute their y-dependent energy-momentum tensor@rather
than V(Y)# into the 5D equations. A simplest example of
similar situation is given by the energy of an electric capa
tor. The energy of interaction of the charged plates of a
pacitor V(R) is proportional to the distanceR between the
plates. However the electrostatic energy density;E2 is con-
centrated not at the plates but in the bulk.

We conclude that in addition to many other problems
the ekpyrotic scenario discussed in Ref.@6#, there exists an-
other one. The ansatz for the metric and fields used in R
@6# does not provide a correct solution to the dilaton equat
and the 5D Einstein equations.

II. BRANE TENSION AND HW PHENOMENOLOGY

According to the Hor˘ava-Witten theory@8,13#, the uni-
verse consists of two branes in 5D space, which appea
after 6 dimensions of the 11D space were compactified
Calabi-Yau~CY! space. The unification of weak, strong an
electromagnetic interactions is achieved on the visible bra
with the gauge couplingaGUT;0.04. The standard Hor˘ava-
Witten phenomenology@8#, including its versions with non-
standard embedding@17#, is based on the assumption that w
live on the positive tension brane, and the volume of the
space decreases towards the hidden brane, whereas the
coupling constant increases. This leads to the strong ga
coupling on the hidden brane,ahid5O(1). In thestrong cou-
pling regime one can obtain gaugino condensation, wh
plays an important role in the HW phenomenology.

The ratio of the gauge couplings is inversely proportion
to the ratio of Calabi-Yau volumes at the positions of t
branes@8#,

ahid5aGUT

Vvis

Vhid
. ~1!

The visible brane is located aty50 and the hidden one a
y5R so thatVvis5ef(0) and Vhid5ef(R). This formula is
valid for the versions of HW theory with the standard em
bedding without M5-branes, as well as for the versions w
the nonstandard embedding with M5-branes present in
bulk, see e.g. a discussion of the phenomenology of the th
ries with the nonstandard embedding by Lukas, Ovrut a
Waldram@17#.
n-
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BPS BRANES IN COSMOLOGY PHYSICAL REVIEW D64 123524
In Refs.@6,9# it was assumed that the tension of the v
ible brane2a is negative. The volume of the CY space
Ref. @6# is proportional toD3(y), whereD(y)5C1ay. The
function D(y) grows at largey. As a result, the value o
D3(y) near the hidden brane is 50 times greater than nea
visible brane for the parameters used in Ref.@6#; it is 27
times greater for the parameters chosen in the replaced
sion of their paper. The authors of the ekpyrotic scenario
not calculate the value ofahid in their scenario@6,9#, so we
will estimate it now. If one hasaGUT;0.04 on the visible
brane, one findsahid5O(1023). This is way too small to
lead to the usual HW phenomenology, which requiresahid

;1 and gaugino condensation@8#. We are not saying that a
consistent phenomenology withahid!aGUT is impossible,
see e.g. Ref.@11#, but this is a rather unconventional poss
bility.

Thus, we believe that the original version of the ekpyro
scenario was at odds with the standard HW phenomeno
as defined in Ref.@8#. So why was the tension of the visibl
brane chosen to be negative in Ref.@6#, despite all compli-
cations associated with such a choice? In the original ver
of Ref. @6# we read:As we will see in Section V B, it will b
necessary for the visible brane to be in the small-volu
region of space-time.This statement, as well as the relat
conclusion that the spectrum of perturbations in the ek
rotic scenario is blue, was emphasized in many places of
text. The reason of this statement, as explained in Sec. V
Ref. @6#, was rooted in the idea that the decrease ofD(Y) is
required for generation of density perturbations in the ek
rotic scenario.

In Ref. @7# a simple description of generation of dens
perturbations in the ekpyrotic scenario was presented3 using
the methods developed in the theory of tachyonic prehea
@19#. It was shown in Ref.@7#, in particular, that the require
ment that the visible brane must be in the small-volume
gion of space-time is not necessary. Thus there is no rea
to abandon the standard HW phenomenology and ass
that we live on the negative tension brane. An improv
version of the ekpyrotic scenario based on the assump
that we live on the positive tension brane was called
‘‘pyrotechnic universe’’@7#.

3Recently it was claimed@18# that if one takes into account grav
tational back reaction, no perturbations of metric are produce
the ekpyrotic scenario. If this is the case, there is no need to
tinue discussion of this scenario. However, it is not obvious to
that the absence of fluctuations of the effective 4D metric discus
in Ref. @18# implies the absence of the 5D metric perturbations a
the absence of the time delay of the brane collision. Perturbat
investigated in Refs.@6,7# appeared not because of the fluctuatio
of the curvature of the 4D space-time prior to the brane collisi
but because of the ‘‘radion’’ perturbationsdY ~related todgyy).
These perturbations, describing an inhomogeneous embeddin
the bulk brane in the 5D space-time, cannot be reduced to pe
bations of the 4D geometry. In any case, before studying pertu
tions, one should first carefully examine the behavior of the n
perturbed metric. This is what we are going to do in our paper.
12352
-

he

er-
id

gy

n

e

-
he
of

-

g

-
on

e
d
n

e

III. M OR STRING THEORY AND 5D BPS
DOMAIN WALLS

Compactification of M or string theory with extended o
jects down to 5D sometimes leads to the appearance of
persymmetric domain walls. It has been explained in Ref.@5#
that the supersymmetric domain walls in 5D must
charged. The relevant 4-formA and 5-form field strengthF
5dA play an important role in the supersymmetry of t
bulk and brane construction of@5#. It is the consequence o
the M or string theory supersymmetry where RR fields a
M-theory form-field provide the balance of forces betwe
BPS extended objects.

Ekpyrotic scenario is based on 11D theory with Hor˘ava-
Witten domain walls and some M5-branes between them
compactification of this system may lead to 5D theory w
charged 3-branes. A complete M-theory derivation of the
theory with boundary HW domain walls and bulk bran
between them was not actually worked out. Only the par
it with 2 HW walls was reduced to 5D in Ref.@13#. The
4-form field describing HW domain walls and compactifie
M5-branes was introduced recently in Ref.@6# and it was
argued in Ref.@10# that the 4-form formulation of the action
in Ref. @6# is equivalent to the action presented in Ref.@13#.
It was claimed that this is easily seen by eliminating t
4-form using its equation of motion.

Since the purpose of these notes is to find the cor
equations in 5D which are related to M or string theory a
BPS construction, we have examined this claim and fou
that it is not quite correct. We use in this analysis the sup
symmetric 5D theory with the 4-form field introduced in Re
@5#.

In Ref. @13# there are only 2 HW walls, no branes i
between. We will show that in the case when in addition
the 2 boundary branes there are bulk branes present, th
variant action with the bulk dilaton potential~replacing the
5-form contribution! of the type@13# does not exist. Only the
formulation with the 4-form field can describe the tw
boundary branes and a brane in between. We refer the re
to the Appendix where all technical details are explained

In case of only 2 HW walls the action in Ref.@6# is not
equivalent to the action in Ref.@13# unless the factor in front
of the F 2 kinetic term is changed.

The expression for the 4-form for the static solution
Ref. @6# is not correct. The numerical factor has to be mo
fied and the sign has to be changed to make it a BPS s
tion.

We start with the corrected version of the action in R
@6# ~note the factor 3/2 in front ofF 2):

S5
M5

3

2 E
M5

d5xA2gS R2
1

2
~]f!22
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2

e2fF 5
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( i )
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2
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e ]lX( i )
z D , ~3!

in
n-
s
ed
d
ns

,

of
r-

a-
-

4-3



is
no
e-

lu
oi
rs
ve
th
en

s
i

n
al

e

ca
h
th
ht

e-

nd
ing

4D

atic

ten-
lk

at
ng,
not
ge;
i-

n.

-
ding

ob-
in
zed
e
of

’’

nv

KALLOSH, KOFMAN, LINDE, AND TSEYTLIN PHYSICAL REVIEW D 64 123524
wherea152a, a25a2b, a35b. The corrected form of
the static solution is4

ds25D~y!~2N2dt21A2dxW2!1B2D4~y!dy2, ~4!

ef5BD3~y!, ~5!

D~y!5ay1C for y,Y, ~6!

5~a2b!y1C1bY for y.Y, ~7!

whereA,B,C,N are constants,C.0,

A012351A3NB21D21~y!,

F0123y52A3NB21D22~y!D8~y!, ~8!

and

@D~y!#952@ad~y!2~a2b!d~y2R!#2bd~y2Y!

2bd~y1Y!. ~9!

The factor2A3NB21 in F in Eq. ~8! was absent in Ref.@6#.
The sign ofA0123 andF0123y ~which differs from the one in
Ref. @6#!, is easily checked by observing that the force on
static probe brane parallel to the source branes must van5

The static BPS solution is valid for branes that are
moving. It may serve as a starting point for finding tim
dependent cosmological solutions.

IV. 4D VIEW ON EKPYROTIC UNIVERSE

Before investigating time-dependent cosmological so
tions in 5D, let us see what could be expected from the p
of view of the effective 4D theory. Indeed, if one conside
the situation when the distance between the branes is
small and their motion is slow, one could expect that in
first approximation it should be possible to describe low
ergy theory from the point of view of 4D Einstein gravity~or
Brans-Dicke theory! coupled to matter. Deviations from thi
description could occur if there were some processes w
the energies comparable to the inverse distance betwee
branes. However, in the ekpyrotic scenario all energy sc
~reheating temperature, Hubble constant, etc.! are several or-
ders of magnitude smaller than the inverse distance betw
the branes 1/R.

Therefore one may expect that the ekpyrotic scenario
be described entirely in terms of the 4D theory. But in suc
case the universe, which was static in the beginning of
process, can only collapse. We present here, in a slig

4Herey is a point ofS1/Z2, i.e. 2R,y<R, with 0 andR as fixed
points,R identified with2R. This explains the factor of 2 for the
fixed-point brane sources at 0,R ~accounting for their images!, and
the presence of the brane in the bulk aty5Y and its image aty5
2Y.

5The world-volume term cancels against the Wess-Zumino term
the static probe brane action. We are assuming the standard co
tion e0123511.
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modified form, the basic argument of Ref.@15#; see also Ref.
@7#.

Let us write down the Einstein equations for a homog
neous flat universe. The first equation is

H25
8pG

3
r. ~10!

The second equation, which follows from the first one a
the energy conservation, can be represented in the follow
form:

Ḣ524pG~r1p!. ~11!

Herer andp are the density and pressure in the effective
theory, andH5ȧ/a, wherea is the scale factor in the 4D
space on the visible brane.

In the beginning, the branes do not expand,H50, and the
effective energy density and pressure vanish for the st
brane configuration considered in the previous section.

This situation changes when one adds by hand the po
tial energyV(Y) associated with the position of the bu
brane. According to Ref.@6#, V(Y),0. This, however,
would be inconsistent with Eq.~10! unless one assumes th
the bulk brane has nonzero velocity from the very beginni
so that the total energy density is non-negative. We do
want to speculate on how this configuration could emer
see Ref.@7# for a discussion of the problem of initial cond
tions in the ekpyrotic scenario.

What is more important, Eq.~10! implies thatḢ<0 be-
causer1p>0 in accordance with the null energy conditio
Thus, if the universe begins in a static state,H50, then it
can only collapse, sinceH5ȧ/a<0. Therefore one may ar
gue that the ekpyrotic scenario cannot describe an expan
universe@15#.

Let us compare these expectations with the results
tained in Ref.@6#. To describe the motion of the bulk brane
the ekpyrotic scenario the authors started with the factori
ansatz based on Eqs.~4!–~7! where it was assumed that som
of the parameters of the static solution become functions
time but not ofy @A,N,Y→A(t),N(t),Y(t)#, whereas some
other parameters remain constant (Ḃ5Ċ50). They substi-
tuted this modified ansatz into the action~3!, and integrated
over y. In this way they obtained the 4D ‘‘moduli space
action with the Lagrangian densityL5L bulk

4d 1Lb , where

L bulk
4d 522

3A3BM5
3

N E
0

R

dyD3~y,Y!

3F S Ȧ

A
D 2

13
Ȧ

A

Ḋ

D
1

1

2
S Ḋ

D
D 2G , ~12!

and

Lb5
3bM5

3A3B

N F1

2
D2~Y!Ẏ2G . ~13!

in
en-
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BPS BRANES IN COSMOLOGY PHYSICAL REVIEW D64 123524
We gave here a form of the Lagrangian in which it is cle
that it is integrated over the full range of the 5th coordina

In Ref. @6# the notation I k(Y)[*2R
R dyDk(y,Y)

52*0
RdyDk(y,Y) (k51,2, . . . ) and theexplicit form of D

was used so thatḊ50 atuyu,Y andḊ5bẎ at uyu>Y. After
obtaining the effective 4D action by integration overy, the
authors added by hand an important term, which play
crucial role in their scenario:

DLb523bM5
3A3BN V~Y!. ~14!

The effective potentialV(Y) may appear, e.g., as a result
the nonperturbative effects associated with open M2-br
instantons @20#. It was assumed in Ref.@6# that V(Y)
;e2amY at largeY, and that it vanishes atY50. Herem is
some positive numerical constant specified~together with the
tensiona) in Ref. @6#.

The next step was to replaceA and N by a
5A(BI3M5)1/2 and n5N(BI3M5)1/2. This gives the effec-
tive 4D theory in the following form:

L5
3a3M5

2

n H 2S ȧ

a
D 2

1J~Y!b2Ẏ2

1
b

I 3
F1

2
D~Y!2Ẏ22n2

V~Y!

BI3M5
G J , ~15!

whereJ(Y)[(9I 2b
2 /4I 3

22I 1b/2I 3) andD(Y)5aY1C. Then
the authors of Ref.@6# neglected the terms proportional tob2

~we will return to this point in the next section! and studied
the 4D theory with the effective Lagrangian

Leff5
3a3M5

2

n H 2S ȧ

a
D 2

1
b

I 3
F1

2
D~Y!2Ẏ22n2

V~Y!

BI3M5
G J .

~16!

Since this Lagrangian leads to the equations which look
actly like the usual Friedmann equations for the scale fa
a, the authors obtained the result which we expected on
basis of our general arguments:H5ȧ/a,0, i.e. the 4D uni-
versecontracts.

At this stage it is very important to realize that we are n
talking here about contraction of the bulk brane, or the v
ible brane, or the hidden brane. We are investigating an
fective 4D geometry where the distinction between th
branes completely disappeared. It was ‘‘washed away’’
the integration overy. In a certain sense, one may imagi
that integration overy ‘‘glues’’ the three branes togethe
Thus we are talking about the contraction of the whole
space rather than of one of the branes. All the differe
between the branes in 4D must be encoded in the dyna
of the moduli fields, but not in the different rate of expansi
or contraction of different branes.

Note that the contraction of the universe was crucial
ekpyrotic scenario in order to gain a residual kinetic ene
of the moving brane and transfer it to the radiation upon
collision. This residual energy was suppressed by the sm
coefficientO(b/a) as compared to the maximal kinetic e
ergy of the brane.
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So where did the expansion of the universe come from
Ref. @6#? After solving the effective 4D equations, the a
thors decided to ‘‘unglue’’ the branes and go back to 5
They studied the difference between the expansion of
universe as seen by different observers living on differ
branes and concluded that whereas the universe describe
the overall scale factora collapses, the visible brane, de
scribed by the scale factora2 , may expand.

It is this point that is in an apparent contradiction with o
4D expectations suggesting that the scale factor of the
verse in the ekpyrotic scenario cannot expand. However,
statement thata2 expands was based on the assumption t
the functionA in the metric~4! depends only ont but not on
y, and that the effective 4D description with the metric ans
of Ref. @6# provides a correct solution for the scale factor
the universe in the full 5D theory. As we will see in the ne
section, our analysis of the 5D solutions does not confi
this assumption.

V. 5D THEORY IN THE BULK

An assumption of the ekpyrotic cosmology in Ref.@6#
was that the time dependent solution can be obtained f
the static solution using the ‘‘moduli space’’ approximatio
i.e. by replacing the constant moduli parameters of the st
solution by time-dependent functions. More precisely,
ansatz used in Ref.@6# was to introduce only timebut not y
dependence intoA,N,Y which were constants in the stat
BPS solution, so that they becomeA(t), N(t), Y(t). All
dependence on time inD(y) then enters only viaY(t), i.e.
for the cosmological solution one takesD5D@y,Y(t)#. The
two extra parametersB,C which appeared in the metric, in
the dilaton and in the 4-form field were assumed to be tim
independent.

As already discussed above, in Ref.@6# this ansatz was
plugged into the 5D action, and then integration overy gave
an action for time-dependent functions only. That action w
taken as a starting point for a cosmological analysis. Ho
ever, it is not cleara priori why this procedure is actually
consistent, i.e. why the solutions of the resulting effectiv
equations represent at the same time the solutions of
original 5-dimensionalgravitational equations.

Indeed, it is well-known~see e.g. Ref.@21#! that the
moduli space approximation, i.e. replacing moduli by tim
dependent function may not always be a consistent. Un
the dependence on the internal coordinate (y in the present
case! is ‘‘homogeneous’’ so that it effectively ‘‘scales out’’ o
the time-dependent higher-dimensional equations, one
not simply replace these equations by their integrated~aver-
aged overy) version—the moduli space approximation a
satz will not be consistent with the full set of th
gravitational equations.

The question now arises whether it is possible to set u
5D theory of ekpyrotic cosmology before integrating overy.

Since in Ref.@6# the interaction between the branes in 5
bulk was not specified but only the potentialV(Y) which
lives on the bulk brane aty5Y was introduced, we will also
take this ansatz as part of the definition of the 5D theory.
we shall see, this will lead to a major problem with ekpyro
4-5
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cosmology, a contradiction with 5D solutions of equations
motion.

It could be expected that the 5D theory~3! does not de-
scribe the physics of the brane collision and does not add
the moduli stabilization problem@6#. The problem we are
discussing now is completely different. Here we will analy
equations in the bulk during the roll of the bulk brane unti
reaches the minimum of its potentialV(Y). If the 5D equa-
tions do not work even at this stage, then we do not hav
consistent scenario not only during the brane collision
even before it.

To make the discussion as clear as possible, we shall
with the simplest equation—the one for the dilatonf. The
dilaton equation of motion in the bulk~away from the branes
where the source terms vanish! is given by

2

M5
3

dSbulk

df~ t,y!
5]g~A2g ggd]df!23A2g

e2fF 2

5!
50.

~17!

It is satisfied for the above static solution~4!–~9!. Plugging
in the time-dependent ansatz of Ref.@6#, we find that the new
term in the dilaton equation, which was absent in static ca
is simply the time-derivative one (Ḋ[] tD):

] t~A2g gtt] tf!523] t~A3D2BN21Ḋ !. ~18!

The other terms in the dilaton equation,]y(A2g gyy]yf)
23(e2fF 2/5!), cancel not only for the static ansatz but f
the time dependent ansatz as well, for the corrected ac
and solution given in Eqs.~3!–~8!. Following Ref. @6# in
assuming thatB andC are constant, we may study the dil
ton equation which then reduces to the condition that
~18! should vanish for all values ofy away from the branes
For y,Y the term~18! vanishes since forD5C1ay we
find thatḊ50. However, fory behind the moving brane, i.e
y.Y, we find thatḊ5bẎÞ0, and therefore the correctio
to the dilaton equation due to the time evolution does
vanish automatically. In this case Eq.~17! looks as follows:

2
2

3M5
3

dSbulk

df
5] t~A3D2BN21bẎ!50, y.Y~ t !.

~19!

If we assume as in Ref.@6# that B is constant andN(t)
5A(t) ~which corresponds to the choice oft as a conformal
time!, we get the condition

] t~A2D2Ẏ!50, y.Y~ t !. ~20!

The solution of this equation is

A2~ t !D2@y,Y~ t !#Ẏ~ t !5 f ~y!, y.Y~ t !, ~21!

wheref (y) is an arbitrary function ofy that does not depen
on t.

Let us first look at this equation in the spirit of Ref.@6#,
replacingD2@y,Y(t)# in the first approximation by its aver
age value. WhenY changes fromR to 0 in the ekpyrotic
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scenario,D(y,Y) for any y.Y changes just few times. In
deed, consider the maximum and minimum values
D(y,Y). At y50 in ekpyrotic cosmology it takes the min
mum valueD5C. At y5R it takes the maximum value
D(y,Y)5C1(a2b)R1bY. Thus C<D(y,Y)<C1aR.
In the examples of Ref.@6# Dmin5102 andDmax533102 or
Dmin5103 and Dmax523103. Therefore, the functionD
changes 3 and 2 times in these two examples, respectivel
one can in the first approximation replaceD(y,Y) by its
average value.

On the other hand, in the ekpyrotic cosmology one h
DẎ52A22V(Y)52A2ve2amY/2 @6#. According to Refs.
@6,7#, when Y changes fromR to 0, the functioneamY(t)/2

changes from some value greater thane60 to 1. This means
that during this time the scale factorA(t); f (y)/D2Ẏ(t)
contracts at leaste30 times.

To compare this with the conclusions of Ref.@6# note that
they define the scale factor of the visible brane as

a2~ t !5A~ t !AC, ~22!

whereC is the constant inD. They conclude, using the 4D
approximation, thata2(t) grows in time and the visible uni
verse expands. But as we have seen, this contradicts stro
the solution of the 5D dilaton equation in the bulk, whic
shows thata2(t) exponentially contracts.

However, the statement about expansion of the unive
@6#, as well as our statement about its exponential contr
tion, was based on averaging over the 5th dimension, ass
ing that the solutions of the 5D equations satisfying the m
ric ansatz of Ref.@6# do actually exist. Now let us look at ou
exact result, Eq.~21!, more carefully. SinceD@y,Y(t)#5(a
2b)y1C1bY(t) is a function of bothy and t, one can
easily check that this equation is formally inconsistent, i.e
does not have any solutions at all. This simply means that
ansatz for the metric and the fields used in Ref.@6# does not
solve the 5D equations.

One can come to a similar conclusion using the grav
tional equations in the bulk. First, note that general cova
ance leads to a relation between 5D Einstein equations, d
ton and 4-form equations. One can verify that the 4-fo
equation of motion in the bulkdSbulk /dAabgd50 is satisfied
by the time dependent ansatz of Ref.@6#. Thus we get an
identity:

¹g
dSbulk

dggd
2]df

dSbulk

df
50. ~23!

For a solution of bulk equations of motion each term in th
identity should vanish. However, if the dilaton equation
not satisfied, this identity shows that a particular combinat
of the gravitational field equations cannot be satisfied by
ansatz of Ref.@6# ~note that the derivatives]df in the time
and 5th direction do not vanish!.

To see this more explicitly let us insert the ansatz of R
@6# directly into the action, withḂ5Ċ50. We shall change
the variables so that
4-6
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Ã2@ t,y,Y~ t !#5A2~ t !D3@y,Y~ t !#,

Ñ2@ t,y,Y~ t !#5N2~ t !D3@y,Y~ t !#. ~24!

Then, up to total derivatives,

Lbulk~ t,y!5
M3

2

2
AgS R2

1

2
~]f!22

3

2

e2fF 2

5! D
52

3M3
2Ã3B

Ñ
F S A8

Ã
D 2

2
7

4
S Ḋ

D
D 2G . ~25!

Taking into account thatḟ53Ḋ/D we may also rewrite the
bulk action as

Lbulk~ t,y!52
M3

2Ã3B

Ñ
F3S A8

Ã
D 2

2
7

12
ḟ2G . ~26!

This is a local action that should be varied to derive th
local equations. If we perform the variation of this action
over f, we will get the same dilaton equation as in Eq.~20!

~note that Ã and Ñ are independent off), namely,
] t@(Ã3B/Ñ)ḟ#50 for y.Y.

The reason why this equation was not satisfied in Ref.@6#
is that they took the action of the form~26!, integrated it over
y, added the brane action and neglected the te
J(Y)b2Ẏ2(t);*dy@(M3

2Ã3B/Ñ)ḟ2#, as we have explained
in the previous section@see Eqs.~15!, ~16!#. One may argue
about whether this term is small or not as compared to
brane contribution in the integrated action. However, in
dimensions, i.e. before the integration overy, this term is
given by (Ã3Bḟ2/Ñ)(t,y). For y.Y there is no other con
tribution to the dilaton equation. Therefore the variation
this term must vanish as Eq.~18! states.

VI. TOWARDS A CONSISTENT BRANE COSMOLOGY

As we have seen, different ways of taking averages in
situation where the 5D solutions do not exist can lead
dramatically different conclusions regarding expansion v
sus contraction of the universe. Thus, if one really wants
investigate cosmological consequences of the ekpyrotic
nario, one should find exact solutions of the correspond
5D equations. This is especially important in the situat
where the results of the averaging over the 5th dimens
lead to the conclusions that are in an apparent contradic
with the Einstein equations in 4D; see Sec. IV.

The fact that the ansatz for the metric and the fields u
in Ref. @6# does not solve the 5D equations is not very s
prising. Indeed, it was shown in Ref.@2# that even in the
simplest versions of brane cosmology describing one or
branes one should use a more general ansatz for the met
order to satisfy the Israel junction conditions on the brane
generic metric which respects the planar symmetry of
problem has the form

ds252n2~ t,y!dt21a2~ t,y!dxW21b2~ t,y!dy2. ~27!
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Note that here the functionsa, b, andn depend both ont and
y, and there still is a residual freedom of transformation
the coordinates (t,y). Similarly, one may need to consider
more general ansatz for the fields as in Ref.@2#.

Before one begins looking for exact solutions using
more general metric ansatz, one should reexamine othe
sumptions of the theory. Indeed, in Ref.@6# the potential
V(Y) was added by hand to the bulk brane action, wher
the bulk supergravity action remained unchanged. Howe
it is not obvious to us whether this is the proper way
introduce the interbrane interactions in 5D.

As an illustrative example, consider two charged plates
a capacitor in ordinary electrodynamics, positioned aty50
and y5R. If they have chargesq and 2q, and the electric
field between the plates isE, then the potential energy of th
interaction between the plates can be represented as
‘‘brane potential’’V(R)52qE R. However, it would be in-
correct to think that this energy is localized on the plat
Rather it is concentrated in the electric field between
plates. It is possible to use the potentialV(R) to study the
motion of the branes. For example, if each brane has masM,

one can writemR̈52V8(R), just as one does for the bul
brane acceleration in the ekpyrotic scenario. But if one st
ies gravitational backreaction of the electric field, it would
completely incorrect to replace the contribution of the ele
tric field to the energy-momentum tensor in the bulk by t
delta-functional term proportional toV(R).

Similarly, if the potentialV(Y) appears due to the mem
brane instantons stretched between the branes, one sh
check whether the energy-momentum tensor in the bulk
well as the dilaton and the 4-form field, changes due to th
nonperturbative effects. Otherwise the appearance of the
tential depending on the interbrane separation would look
an example of the action at a distance.

In a certain sense, the potentialV(Y) is analogous to the
effective potentialV(r ) of the radion field introduced by
Goldberger and Wise@16#. It is a very useful concept if the
only goal is to describe the forces acting on the bulk bra
ignoring the change of the metric produced by these forc
However, if one wants to study the corresponding change
space-time geometry~and this was the main goal of Ref.@6#!,
one should perform a full investigation of the interbrane
teractions in 5D@22# and check whether one can add t
fields responsible for the radion potential without addition
fine tuning and strong modification of the 4D geometry@23#.

Thus one has a lot of things to do. First of all, one nee
to find a theory with the potentialV(Y) which behaves as
2e2amY at largeY ~the functional form is important!. This
potential should be smaller in absolute value thane2120 near
the hidden brane, and should not have any positive contr
tions there with this accuracy. This fine tuning is necessar
produce desirable density perturbations and avoid inflat
Also, this potential should not receive any contributions p
portional toe2am(R2Y) due to the interaction with the hidde
brane@7#. One must make sure that this potential vanishe
y50, to avoid the cosmological constant problem. Then o
must take into account that the visible brane and the hid
brane should be stabilized by some strong forces so tha
4-7
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effective potential of the corresponding moduli field cou
have mass on the TeV scale or even greater. One should
check that the strong forces leading to the brane stabiliza
do not interfere with the extremely weak interaction resp
sible for the potentiale2amY. One cannot ignore the unre
solved problem of brane stabilization~which was the posi-
tion taken in Ref.@6#! and speculate about the interbra
potentials suppressed by a factor ofe2120.

When/if the theory with the desirableV(Y) is found, one
should investigate its 5D nature and make sure that the
fects producingV(Y) do not induce large curvature on th
branes. Then one should write down equations in 5D tak
into account the energy-momentum tensor in the bulk
gether with the junction conditions, and solve them.

And finally, one should find out what happens at the m
ment of the brane collision: whether the visible brane c
lapses, expands, stays at the same place or oscillates
These issues have not been addressed in Ref.@6#, and they
cannot be fully analyzed until the brane stabilization mec
nism is understood.

Thus, if one wants to propose a consistent alternative
inflationary cosmology, one would need first to give a co
sistent formulation of the alternative theory, and then fin
correct solution of the corresponding equations. As we h
seen, this is a rather nontrivial task.

In this paper we studied a very limited part of this pro
lem. We tried to check whether the basic assumptions of
ekpyrotic scenario~the ansatz for the metric and for th
fields, and the modification of the bulk brane action propo
in Ref. @6#! can lead to a consistent 5D description of
expanding visible brane. We have found that this is not
case.
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APPENDIX: THE 4-FORM STORY

There are two points about the 4-form dependence in R
@6# which must be changed to get the correct setup
charged BPS 5D domain walls. One has to correct the c
ficient in the action and the coefficient in the solution for t
4-form. These corrections in the form sector are importan
order to test the time-dependent ansatz of Ref.@6#.

1. Action

The action in Eq.~10! of Ref. @6# is not the one to which
they refer as given in Refs.@12,13#. The one in Ref.@13#
12352
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does not have a 4-form. We questioned the origin of th
action in Ref.@7# and they replied in Ref.@10#: The 4-form
formulation of the action is equivalent to the action pr
sented in [12,13]. This is easily seen by eliminating t
4-form using its equation of motion.

In Ref. @13# there were indeed the relevant world-volum
terms in the action~only 2 branes at the fixed points ar
present there, so thereb50), but there were no Wess
Zumino terms with the 4-form field:

S52
1

2k5
2EM5

d5xA2gFR1
1

2V2
]aV ]aV1

1

3V2
a2G

2(
i 51

2 A2

k5
2

a iEM4
( i )

d4j ( i )A2g V21. ~A1!

We take the constants in the bulk and boundary actions
a52a (1)5a (2). Then we make the redefinitionsV→ef,
a→(3/A2)a, k5

22→M5
3, R→2R so that our notations

agree with Ref.@6#. That leads to

S5
M5

3

2 E
M5

d5xA2gFR2
1

2
]af ]af2

3

2
e22fa2G

23(
i 51

2

M5
3a iEM4

( i )
d4j ( i )A2g e2f. ~A2!

The kinetic terms match the ones in Eq.~10! in Ref. @6#.
Now we may perform the procedure suggested in Ref.@5#.
We promote the constanta to a functionG(x) and add a
Lagrange multiplier of the form«abgde(]eG)Aabgd and as-
sign the supersymmetry transformation to the 4-form so t
its variation will compensate the variation of terms in the r
of the action with derivatives ofG. If there are no sources
from the equation for the 4-form we learn thatG(x) is a
constant, as before in usual gauged supergravity ind55
without a 4-form where there is a constant gauge coupli
In the presence of sources we will find thatG is piecewise
constant. If there are charged sources as in case of Ref.@13#
we may also add the WZ term.

Thus we add a Lagrange multiplier term and a WZ term
the action of Ref.@13# given above in the form~A2!. Its
normalization is arbitrary, we thus put a constantc in front:

SA5
c

4!EM5

d5xF2«abgde~]eG!Aabgd

1(
i 51

2

2a i«
mnrsAmnrsd~x52xi

5!G . ~A3!

The relative normalization between the two terms is arran
such thata jumps by 2a i at branei. If we differentiate over
the 4-form we are back to Eq.~A2!. To have agreement with
Ref. @6# we have to choosec5 3

2 M5
3. We may however do

something else, namely, add and subtract a term quadrat
F. We find
4-8
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SG5E
M5

d5xF2
3M5

3

4
A2ge22fS G2

2e2f

3M5
3A2g

c

5!

3«abgdeFabgdeD 2

2A2g
e2f

5!3M5
3

c2F 2G . ~A4!

Now we vary over the fieldG and from its equation we find
that

G5
2e2f

3M5
3A2g

c

5!
«abgdeFabgde . ~A5!

We thus find the action given in Ref.@6# but wherethe factor
in front of theF 2 term has to be changed by3/2. The correct
action ~i.e. the one which is equivalent to an action witho
4-form in Ref.@13#! is thus

S5
M5

3

2 E
M5

d5xA2gS R2
1

2
~]f!22

3

2

e2fF 2

5! D
23(

i 51

3

a iM5
3E

M4
( i )

d4j ( i )SA2h( i )e
2f

2
emnkl

4!
Agdez]mX( i )

g ]nX( i )
d ]kX( i )

e ]lX( i )
z D . ~A6!

This action for the two branes at the fixed points~i.e. without
the third brane! taken in the static gauge withXm5jm and
X45Y5const does agree with the action in Ref.@13#.

2. Bulk brane and 4-form

As was promised, we will show here that the formulati
of the 5D supersymmetric theory with a bulk brane betwe
the orbifold planes is impossible without the use of t
4-form or, equivalently, without the gauge coupling fieldG
dual to the field strengthF5dA @5#.

In the case of two orbifold planes we may derive t
action~A1! by solving the equation of motion for the 4-form
This leads to

G852a@d~y!2d~y2R!#. ~A7!

The solution for the gauge coupling field isG(y)5ae(y). It
simply means that the gauge coupling is positive for posit
y and negative for negativey. Therefore,@G(y)#25a2 for all
y and we find the bulk potential proportional toe22fa2 as it
was given in the original form of the action~A2! where there
was no 4-form, neither in the bulk, nor on the branes.

Now we may try to perform the same procedure of gett
rid of the 4-form in case when the bulk brane is present.
find the gauge-coupling field dual to the 5-form field streng
B

12352
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G852a@d~y!2d~y2R!#2bd~y2Y!2bd~y1Y!.
~A8!

In this case the solution forG which is dual to the 5-form
takes values

G25a2 at 0,uyu,Y,

G25~a2b!2 at Y,uyu,R. ~A9!

If we would try to plug this solution back into the actio
~into the terme22fG2), we would find that thebulk poten-
tial is a piecewise function, and, therefore, there is no loc
general covariant theory. If, however, we keep the 4-form
there exists a local general covariant 5D bulk action. In
presence of sources, this will lead to piecewise values of
5-form for the solutions, but the local general covariant a
tion is available.

3. Solution

Let us suppose first that the action given in Ref.@6# were
correct and let us try to check the solution for the 4-for
The corresponding equation is

]y~A2ge2fF 0123y!13F2ad~y!1~a2b!d~y2R!

1
b

2
d~y2Y!1

b

2
d~y1Y!G50. ~A10!

For the ansatz in Ref.@6# we haveA2g5A3BN@D(y)#4

while A2g(4)5A3N@D(y)#2 and e2f5B@D(y)#3. We find
then that the solution is

F0123y52
3

2
A3NB21D22~y!D8~y!, ~A11!

where

@D~y!#952@ad~y!2~a2b!d~y2R!#

2bd~y2Y!2bd~y1Y!. ~A12!

This differs from the solution given in Ref. [6] by a factor
3
2 A3NB21 and by a sign. If we now start with the correcte
form of the action in Eq.~3! ~with extra kinetic term factor
3
2 ), we find the corrected expression for the 4-form,

F0123y52A3NB21D22~y!D8~y!. ~A13!

This solution differs from the one in Ref.@6# by the sign and
by the factorA3NB21.
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