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Fluctuations in the cosmic microwave background. II.Cl at large and small l

Steven Weinberg*
Theory Group, Department of Physics, University of Texas, Austin, Texas 78712

~Received 31 May 2001; published 27 November 2001!

General asymptotic formulas are given for the coefficientCl of the term of multipole numberl in the
temperature correlation function of the cosmic microwave background, in terms of scalar and dipole form
factors introduced in a companion paper. The formulas apply in two overlapping limits: forl @1 and for
ld/dA!1 ~wheredA is the angular diameter distance of the surface of last scattering, andd is a length, of the
order of the acoustic horizon at the time of last scattering, that characterizes acoustic oscillations before this
time!. The frequently used approximation thatCl receives its main contribution from wave numbers of order
l /dA is found to be less accurate for the contribution of the Doppler effect than for the Sachs-Wolfe effect and
intrinsic temperature fluctuations. Forld/dA!1 andl>2, the growth ofCl with l is shown to be affected by
acoustic oscillation wave numbers of all scales. The asymptotic formulas are applied to a model of acoustic
oscillations before the time of last scattering, with results in reasonable agreement with more elaborate com-
puter calculations.
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I. INTRODUCTION

A companion paper@1# has shown how to express th
temperature fluctuation in the cosmic microwave backgro
in any direction as an integral involving scalar and dipo
form factorsF(k) andG(k), which characterize acoustic os
cillations before the time of last scattering. In the pres
paper we derive asymptotic formulas for the strengthCl of
fluctuations at multipole numberl for form factors of arbitary
functional form. After outlining our assumptions and revie
ing some generalities in Sec. II, our general result in the li
of l @1 @Eq. ~26!# is derived in Sec. III. In this limitl ( l
11)Cl depends onl and the angular diameter distancedA at
the time of last scattering only through the ratiol /dA . ~This
is why the heights of the Doppler peaks do not depend
parameters like the cosmological constant that affectdA but
not the form factors.! Our result in the limitld/dA!1 @Eq.
~43!# is derived in Sec. IV.~Hered is some length character
izing acoustic oscillations, such as the acoustic horizon
tancedH at the time of last scattering.! These ranges ofl
overlap becausedA@d.

Even without a detailed calculation of the form facto
these results have a moral for the physical interpretation
measurements ofCl . It is common to interpret these mea
surements by supposing thatCl arises mostly from fluctua
tions of wave numberk. l /dA . Equation~27! shows that
this is a fair approximation for the contribution of the sca
form factor F(k), which represents the Sachs-Wolfe effe
and intrinsic temperature fluctuations;Cl receives no contri-
bution from F(k) with k, l /dA , and the contribution from
k@ l /dA is suppressed by a factorb22(b221)21/2, where
b[kdA / l . In particular, a peak in the magnitude of the sc
lar form factorF(k) at some wave numberk1 ~like the peak
found in the simple model studied in Ref.@1# at k5p/dH)
will show up in l ( l 11)Cl at a value ofl less than but close
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to k1dA . For instance, we will see in Sec. V that the peak
uF(k)u at k5p/dH produces a peak inl ( l 11)Cl at l
.2.6dA /dH rather than atpdA /dH . But Eq.~27! also shows
that this interpretation ofCl is much less useful for the con
tribution of the vector form factorG(k), which arises from
the Doppler effect;Cl also receives no contribution from
G(k) with k, l /dA , but instead of the contribution fromk
. l /dA being enhanced by a factor (b221)21/2, it is sup-
pressedby a factor (b221)1/2. Indeed, we will see in Sec. V
that for sufficiently small baryon number the peak inG(k) at
k5p/2dH found in the simple model of Ref.@1# does show
up as a peak inl ( l 11)Cl , but at l .0.45dA /dH , much less
than (p/2)dA /dH . Furthermore, the behavior ofl ( l 11)Cl
for ld/dA near zero depends on the values ofF(k) andG(k)
for all k. This points to the value of observations that c
measure the correlation function of temperature fluctuati
directly, as a supplement to measurements ofCl .

The results obtained in Secs. III and IV are used in Sec
to calculateCl for the approximate form factors calculated
Ref. @1#. In agreement with what is found in more accura
computer calculations, the positionl 1 of the first Doppler
peak is not a sensitive function of the baryon density para
eter VBh2. On the other hand, we find that the ratio of th
value of l ( l 11)Cl at the first Doppler peak to its value a
l !dA /dH is a sensitive indicator of the value ofVBh2.

II. GENERALITIES

The companion paper@1# shows that, in very genera
models ~but assuming only compressional normal mod
with no gravitational radiation!, the fractional variation from
the mean of the cosmic microwave background tempera
observed in a directionn̂ takes the general form

DT~ n̂!

T
5E d3keke

idAn̂•k@F~k!1 i n̂• k̂G~k!#, ~1!

aside from effects arising from late times, which chiefly a
©2001 The American Physical Society12-1
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fect the coefficientsCl for relatively smalll. HeredA is the
angular diameter distance of the surface of last scatterin

dA5
1

VC
1/2H0~11zL!

3sinhFVC
1/2E

1/(11zL)

1 dx

AVLx41VCx21VMx
G , ~2!

whereVC[12VL2VM , andVL andVM are the presen
ratios of the energy densities of the vacuum and matter to
critical density 3H0

2/8pG. @If the vacuum energy were to
change with time, as in theories of quintessence, then
formula for dA would need modification, but there would b
essentially no change in the other ingredients in Eq.~1!, as
long as the quintessence energy density makes a negli
contribution to the total energy density at and before the t
of last scattering.# Also, k2ek is proportional ~with a
k-independent proportionality coefficient! to the Fourier
transform of the fractional perturbation in the energy dens
early in the radiation-dominated era. The average1 of the
product of twoe ’s is assumed to satisfy the conditions
statistical homogeneity and isotropy:

^ekek8&5d3~k1k8!P~k! ~3!

with k[uku. The power spectral functionP(k) is real and
positive. Where a specific expression forP(k) is needed, we
will use the ‘‘scale-invariant’’~or n51) Harrison-Zel’dovich
form suggested by theories of new inflation:

P~k!5Bk23, ~4!

with B a constant that must be taken from observations of
cosmic microwave background or condensed object m
distributions, or from detailed theories of inflation.

The form factorsF(k) and G(k) characterize acousti
oscillations, withF(k) arising from the Sachs-Wolfe effec
and intrinsic temperature fluctuations, andG(k) arising from
the Doppler effect. For instance, they are calculated in R
@1# in the approximation that perturbations in the gravi
tional field at and before the time of last scattering ar
entirely from perturbations in the density of cold dark matt
For very small wave numbers the form factors are

F~k!→123k2tL
2/223@2j211j22ln~11j!#k4tL

4/41••• ,
~5!

G~k!→3ktL23k3tL
3/2~11j!1••• , ~6!

while for wave numbers large enough to allow the use of
WKB approximation, i.e.,

1The average here is over an ensemble of possible fluctuat
Using Eq.~3! to analyze the particular element of this sample o
served in our universe relies on ergodic arguments, which are
exact except in the limitl→`. However, corrections are manag
able @2# even for smalll.
12351
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ktL.j ~7!

the form factors are

F~k!5~122j/k2tL
2!21@23j12j/k2tL

2

1~11j!21/4e2k2dDcos~kdH!#, ~8!

and

G~k!5A3~122j/k2tL
2!21~11j!23/4e2k2dDsin~kdH!.

~9!

HeretL is the time of last scattering;j is 3/4 the ratio of the
baryon to photon energy densities at this time:

j5S 3rB

4rg
D

t5tL

527VBh2; ~10!

dH is the acoustic horizon size at this time, anddD is a
damping length, given by Eq.~48!. These formulas for the
form factors are mentioned at this point only for illustratio
we will be working here with general form factorsF(k) and
G(k), and will not make use of the specific formulas~5!–
~10! until Sec. V. But we will assume throughout that an
lengthsd that @like dH anddD in Eqs.~8! and~9!# character-
ize thek-dependence of the form factors are much sma
than the angular diameter distancedA of last scattering. This
is a good approximation: for instance, if the ratios of mat
and vacuum energy densities to the critical density have
present valuesVM50.3 andVL50.7, thendA /dH runs from
91.7 to 79.7 for values ofVBh2 running from zero to 0.03,
anddD is smaller thandH , independent of the value ofH0.

It is usual to employ the well-known expansion of a pla
wave in Legendre polynomials, and write Eq.~1! as

DT~ n̂!

T
5(

l 50

`

~2l 11!i lE d3kekPl~ n̂• k̂!@ j l~kdA!F~k!

1 j l8~kdA!G~k!#. ~11!

Using Eq. ~3! and the orthogonality property of Legend
polynomials

E dV k̂Pl~ n̂• k̂!Pl 8~ n̂8• k̂!5S 4p

2l 11D d l l 8Pl~ n̂•n̂8!,

~12!

one finds that

K DT~ n̂!

T

DT~ n̂8!

T L 5(
l 50

` S 2l 11

4p DCl Pl~ n̂•n̂8!, ~13!

with the conventional coefficientCl taking the value

s.
-
ot
2-2
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Cl516p2E
0

`

P~k!k2dk@ j l~kdA!F~k!1 j l8~kdA!G~k!#2.

~14!

This familiar formula is adequate for numerical calculati
of Cl , but it hides the essential qualitative aspects of
dependence ofCl on l: thatCl for l @1 depends on the ratio
l /dA , and thatl ( l 11)Cl approaches a constant for suf
ciently small values of this ratio, whetherl itself is large or
small. To obtain these results, we must now distinguish
tween the two casesl @1 andl !dA /d ~but l>2), whered is
s

t
a

12351
e
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a typical length characteristic of the form-factorsF(k) and
G(k). These two cases overlap because, as remarked ab
dA is much larger thand.

III. LARGE l

The usual way of obtaining the contribution of the sca
form factor toCl for large l is to note that the integral~14!
receives its largest contribution when the argument of
spherical Bessel function is of orderl, in which case we can
use the approximation that, forl→`,
j l~z!→H 0, z,n,

z21/2~z22n2!21/4cosSAz22n22n arccos~n/z!2
p

4 D , z.n,
~15!
-
i-
wherez/n is held fixed at a valueÞ1, with n[ l 11/2. The
procedure is straight forward for theF2 terms in Eq.~14!,
but for theFG andG2 terms involving the Doppler effect we
run into a difficulty: differentiating the factor (z22n2)21/4 in
Eq. ~15! yields larger negative powers ofz22n2 that intro-
duce divergences from the part of the integral in Eq.~14!
near the lower boundk5n/dA . These infrared divergence
are spurious, because the asymptotic formula~15! breaks
down if we let z and n go to infinity in such a way tha
z/n→1. This problem can be dealt with by switching to
different asymptotic limit@3# for k nearn/dA . Here we will
use a different method@4# which avoids the delicate problem
of the asymptotic behavior ofj l(z) and j l8(z) for z nearn.

We return to Eq.~1!, and use Eq.~3! to put the correlation
function of observed temperature fluctuations in the form

K DT~ n̂!

T

DT~ n̂8!

T L 5E d3kP~k!exp„idAk•~ n̂2n̂8!…

3@F2~k!1 i k̂•~ n̂2n̂8!F~k!G~k!

1~ k̂•n̂!~ k̂•n̂8!G2~k!#. ~16!

The integral over the direction ofk is easy, and gives the
correlation function

K DT~ n̂!

T

DT~ n̂8!

T L 54pE
0

`

k2dkP~k!H F2~k!1F~k!G~k!

3
]

]~dAk!
1

1

2
G2~k!F11

u4

4

1S 1

u2
2

1

2
1

3u2

4 D ]2

]~dAk!2G J
3

sin~dAku!

dAku
, ~17!
whereu[un̂2n̂8u. ~This formula may prove useful in ana
lyzing observations that give the correlation function d
rectly, rather than in terms ofCl .) The amplitudeCl is de-
fined as the integral

Cl52pE
21

11

Pl~m!K DT~ n̂!

T

DT~ n̂8!

T L dm, ~18!

wherem[n̂•n̂8512u2/2. For largel the Legendre polyno-
mial Pl(m) oscillates rapidly foru@1/l , so the integral is
dominated by values ofu of order 1/l , in which case we can
use the well-known limiting expressionPl(m)→J0( lu), and
write

Cl→8p2E
0

`

k2dkP~k!E
0

2

J0~ lu!uduH F2~k!1F~k!G~k!

3
]

]~dAk!
1

1

2
G2~k!F11

u4

4
1S 1

u2
2

1

2
1

3u2

4 D
3

]2

]~dAk!2G J sin~dAku!

dAku
. ~19!

The integral overk is dominated by values for whichkdAu is
of order unity, so the derivative]/](dAk) is effectively of
orderu'1/l . Thus to leading order in 1/l , Eq. ~19! may be
simplified to

Cl→8p2E
0

`

k2dkP~k!E
0

2

J0~ lu!uduFF2~k!1
1

2
G2~k!

3S 11
1

u2

]2

]~dAk!2D G sin~dAku!

dAku
. ~20!
2-3
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Introducing a new variables[ lu and changing the uppe
limit on the s-integral from 2l to infinity, we may write this
as

Cl→
8p2

l 2 E
0

`

k2dkP~k!E
0

`

J0~s!sdsFF2~k!1
1

2
G2~k!

3S 11
]2

]~dAks/ l !2D Gsin~dAks/ l !

~dAks/ l !
. ~21!

The integral overs is easy for theF2 term; we need only use
the formula@5#:

E
0

`

J0~s!sin~bs!ds5H 0, b,1

~b221!21/2, b.1,
~22!

where hereb5dAk/ l . The integral of theG2 term takes a
little more work. We use the formula (11d2/dx2)sinx/x5
2(2/x)d/dx(sinx/x) and do the remaining integral by part
so that

E
0

`

J0~s!sF11
]2

]~bs!2G sin~bs!

bs
ds

52
2

b2E0

`

J0~s!
]

]s

sin~bs!

s
ds

5
2

b2
2

1

b3E0

`

@J2~s!1J0~s!#sin~bs!ds.

~23!

Here we also need the formula@5#

E
0

`

J2~s!sin~bs!ds

5H 2b, b,1,

2~b221!21/2~b1Ab221!21, b.1,

~24!

so that

E
0

`

J0~s!sF11
]2

]~bs!2G sin~bs!

bs
ds

5H 0, b,1,

2b23Ab221, b.1.
~25!

Using Eqs.~22! and ~25! in Eq. ~21! then gives our final
general formula forCl at largel:

Cl→
8p2l

dA
3 E

1

`

dbP~ lb/dA!FbF2~ lb/dA!

Ab221

1
Ab221G2~ lb/dA!

b G . ~26!
12351
Note thatl 2Cl depends onl anddA only through its depen-
dence on the ratiol /dA .

For instance, if we take the power spectral function
have the scale-invariant formP(k)5Bk23, then for l @1

l ~ l 11!Cl→8p2BE
1

`

dbFF2~ lb/dA!

b2Ab221

1
Ab221G2~ lb/dA!

b4 G . ~27!

@We have taken advantage of the fact that here we are
sidering l @1 to change a factorl 2 to l ( l 11), in order to
facilitate comparison with the results of the next sectio#
The rapid fall-off of the coefficient ofF2 for b.1 suggests
that the contribution of the scalar form factorF to Cl is
dominated by wave numbers close todA / l , as is usually
assumed. On the other hand, the contribution of the dip
form factorG(k) for wave numbers immediately abovedA / l
is actually suppressed by the factorAb221 in the second
term of Eq.~27!.

IV. SMALL ldÕdA

Here we will adopt the ‘‘n51’’ scale-invariant spectrum
P(k).Bk23 from the beginning, so that the general formu
Eq. ~14! becomes

Cl516p2BE
0

`F j l~s!FS s

dA
D1 j l8~s!GS s

dA
D G2 ds

s
. ~28!

To generate a series forl ( l 11)Cl in powers of l /dA we
expand the form factors in power series:

F~k!5F01F2k21••• , G~k!5G1k1G3k31••• .
~29!

@The power series forF andG must be respectively even an
odd in k, in order that the integrand in the temperature flu
tuation~1! should be analytic in the three-vectork at k50.#
The leading term inCl is well known; using a standard for
mula @6#:

E
0

`

j l
2~s!sm21ds5

2m23pG~22m!GS l 1
m

2 D
G2S 32m

2 DGS l 122
m

2 D , ~30!

we find the term in Eq.~28! of zeroth order in 1/dA :

Cl
(0)5

8p2BF0
2

l ~ l 11!
. ~31!

There is no difficulty in also calculating the term in Eq.~28!
of first order in 1/dA :
2-4
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Cl
(1)5S 32p2BF0G1

dA
D E

0

`

j l~s! j l8~s!ds

5S 16p2BF0G1

dA
D @ j l

2~s!#0
`50. ~32!

But we run into trouble in calculating the term of seco
order in 1/dA . The second derivative ofCl with respect to
1/dA is

d2Cl

d~1/dA!2
516p2BE

0

`

$ j l
2~s!F29~s/dA!1 j 8 l

2~s!G29~s/dA!

12 j l~s! j l8~s!@F~s/dA!G~s/dA!#9%s ds. ~33!

The j l j l8 term does not contribute to the part ofCl of second
order in 1/dA , becauseF(k)G(k) contains only odd powers
of k. To calculate the contribution of thej 8 l

2 term, we need to
supplement Eq.~30! with the additional formula2

E
0

`

j l8
2~s!sm21ds

5

2m23pG~22m!GS l 1
m

2 D
G2S 32m

2 DGS l 122
m

2 D

3F 11
~m23!~m22!@~m22!~m23!22l ~ l 11!#

2~32m!2S l 1
m

2
21D S l 2

m

2
12D G .

~34!

The second derivative~33! is divergent at 1/dA50, as shown
by the factorsG(22m) in Eqs.~30! and~34!, which become
infinite for m52. Of course, there is no infinity inCl ; it is
simply not analytic in 1/dA at 1/dA50.

We can deal with this problem by a method similar to t
dimensional regularization technique used in quantum fi
theory@7#. We treatm as a complex variable that approach
m52. In this limit, Eqs.~30! and ~34! give

E
0

`

j l
2~s!sm21ds→2

1

2 F 1

m22
1(

r 51

l
1

r
2C1 ln 22DG ,

~35!

2This formula was obtained by using the Bessel differential eq
tion to show thatj l8

2(z)5@12 l ( l 11)/z2# j l
2(z)1@z jl

2(z)#9/2z, and
then using Eq.~30! with two integrations by parts.
12351
ld

E
0

`

j l8
2~s!sm21ds→2

1

2 F 1

m22
1(

r 51

l
1

r
2C

1 ln 22D11G , ~36!

where C is the Euler constantC[2G8(1)50.57722, and
D[2G8(1/2)/G(1/2)51.96351. The important point here
that the parts of the integrals~35! and~36! that are divergent
at m52 are independent ofl, and thus so also is the part o
Cl that is non-analytic in 1/dA at 1/dA50. Using Eqs.~29!,
~35! and ~36! in Eq. ~33! thus gives the part ofCl that is of
second order in 1/dA as

Cl
(2)528p2BdA

22~2F0F21G1
2!(

r 51

l
1

r

1 l -independent terms. ~37!

We can check the consistency of these results and ca
late thel-independent terms here by using our previous re
~27! in the case wherel is largeand ld/dA is small, whered
is whatever length characterizes thek-dependence of the
form factors. The term in Eq.~27! of zeroth order inld/dA is

l ~ l 11!Cl→8p2BF0
2E

1

` db

b2Ab221
58p2BF0

2 , ~38!

in agreement with Eq.~31!. Also, Eq. ~27! has no terms of
first order in 1/dA , in agreement with Eq.~32!. To calculate
the terms in Eq.~27! of second order in 1/dA , we express
F2(k) andG2(k) in terms of cosine transforms

F2~k!5F0
21E

0

`

da f~a!@12cos~ka!#,

G2~k!5E
0

`

dag~a!@12cos~ka!#. ~39!

Then for l @1 and ld/dA!1, Eq. ~27! gives

Cl
(2)→2

8p2B

dA
2 H ~2F0F21G1

2!F lnS l d̄

2dA
D 1C2

3

2
G1G1

2J ,

~40!

where d̄ is a typical value of the variablea in the cosine
transforms~39!:

ln d̄[

E
0

`

@ f ~a!1g~a!# a2ln ada

E
0

`

@ f ~a!1g~a!# a2da

. ~41!

Equation~40! agrees with the limit of Eq.~37! for large l,
because in this limit(1

l 1/r→ ln l1C, and now fixes the
l-independent terms in Eq.~37! so that, for anyl with
ld/dA!1,

-

2-5
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Cl
(2)52

8p2B

dA
2 H ~2F0F21G1

2!F lnS d̄

2dA
D

1(
r 51

l
1

r
2

3

2G1G1
2J . ~42!

Putting together Eqs.~31!, ~32!, and ~42! gives our final
formula for Cl in the caseld/dA!1 andl>2:

l ~ l 11!Cl58p2BF0
2S 12

l ~ l 11!

dA
2 H d2F lnS d̄

2dA
D

1(
r 51

l
1

r G2d82J 1••• D , ~43!

where now we introduce a pair of characteristic lengths:

d2[
2F0F21G1

2

F0
2

, d82[

3F0F21
1

2
G1

2

F0
2

. ~44!

The logarithm in Eq.~43! is large and negative, sol ( l
11)Cl will increase or decrease withl for sufficiently small
l accordingly asd2.0 or d2,0. @Taken literally, Eq.~43!
would suggest that this behavior is reversed when the
overr becomes large enough to cancel the logarithm, but
is at l .2e2CdA /d̄, which is large enough to invalidate th
approximations that led to Eq.~43!.# Note that, whiled and
d8 depend only on the behavior of the form factors near z
wave number, the lengthd̄ given by Eq.~41! depends on the
behavior of the form factors at all wave numbers. Con
quently, although thevalue of Cl at low l depends only on
the form factors atk50, somewhat surprisingly thegrowth
of Cl for small l depends on the form factors at all wav
numbers.

V. APPLICATION

To illustrate the use of the asymptotic formulas obtain
here, we will now apply them to the simplified model d
scribed in Ref.@1#: the universe before last scattering co
sisting of pressureless cold dark matter and a pho
nucleon-electron plasma; no gravitational radiation; a
negligible contributions of the plasma and neutrinos to
gravitational field. In this case, the comparison of Eqs.~5!
and~6! for the long wavelength limit of the form factors wit
Eq. ~29! gives

F051, F2523tL
2/2, G153tL , ~45!

so the lengths~44! are here

d256tL
2 , d8250. ~46!

Hence Eq.~43! then gives the behavior ofCl for ld/dA!1
and l>2 as
12351
m
is

o

-

d

n-
d
e

l ~ l 11!Cl58p2BH 12
6l ~ l 11!tL

2

dA
2 F lnS d̄

2dA
D

1(
r 51

l
1

r G1•••J . ~47!

Aside from its weak dependence ond̄, the behavior ofCl for
ld/dA!1 is independent of the baryon density, in agreem
with more accurate computer calculations@8#. We cannot cal-
culate the lengthd̄ without a model that would give the form
factors at all wave numbers, butd̄ is expected to be roughly
of order dH , and sincedA /dH is large the logarithm is no
sensitive to the precise value ofd̄. If for instance we take
d̄5A3tL5dA/58.5 ~the acoustic horizon at last scattering f
VM50.4, VV50.6, and VB50) then the quantityl ( l
11)Cl /8p2B rises from unity when extrapolated tol 50 to
1.044 atl 55, and to 1.118 atl 510, which is probably the
highest value ofl for which the approximations leading t
Eq. ~47! are reliable.

For l of the order ofdA /dH the coefficientsCl can be
calculated under the simplifying assumptions of this sect
by using the form factors given by Eqs.~8! and ~9! in Eq.
~27!. The damping length is given in Ref.@1# as

dD
2 [D L

21DD L
2.0.029tL

2S 8

15~11j!
1

j2

2~11j!2D
10.0025dH

2 . ~48!

Our results forCl at and below the first Doppler peak are n
sensitive todD . We will simplify our calculations here by
dropping the terms in Eqs.~8! and~9! that are proportional to

FIG. 1. Plots of the ratio of the multipole strength parame
l ( l 11)Cl to its value at smalll, versusldH /dA , wheredH is the
horizon size at the time of last scattering anddA is the angular
diameter distance of the surface of last scattering. The curves
for VBh2 ranging~from top to bottom! over the values 0.03, 0.02
0.01, and 0, corresponding toj taking the values 0.81, 0.54, 0.27
and 0. The solid curves are calculated using the WKB approxim
tion; dashed lines indicate an extrapolation to the known value
small ldH /dA . These results are independent of the parametersH0 ,
VL , andVM .
2-6
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the ratioj/k2tL
2 , on the grounds that these terms are not v

different from corrections to the WKB approximation th
are not included either.~At the first Doppler peakj/k2tL

2

increases withj and hence withVBh2, and for VBh2

50.03 it has the value 0.20. But to be honest, the real rea
for dropping these terms is that they spoil the agreemen
our results for the height of the first Doppler peak with mo
accurate numerical calculations.! The results obtained now
depend critically on the baryon density parameterj
.27VBh2, and are shown in Fig. 1 for values ofVBh2

ranging from zero to 0.03.
For VB50 @in which case the WKB approximation is no

needed, so that Eq.~27! should giveCl down to values ofl
of order 2# the behavior ofCl is nothing like what is ob-
served:l ( l 11)Cl /8p2B rises from unity to 1.1 at a ‘‘zeroth
Doppler peak’’ atldH /dA.0.45@due to the maximum in the
Doppler form factorG(k) at kdH5p/2#, then dips to 0.7 at
ldH /dA.1.6, and then rises again to a first Doppler peak
ldH /dA.2.83.

For VBh2>0.01 the behavior ofCl within the range of
validity of the WKB approximation is much more like wha
is observed:l ( l 11)Cl rises monotonically to a first Dopple
peak atldH /dA very roughly of orderp ~though actually
around 2.6!. There is another clear peak atl .8.7dH /dA ,
presumably arising from the peak inF(k) at k53p/dH . The
weaker peaks inl ( l 11)Cl arising from peaks inF(k) near
even values ofkdH /p are absent here, presumably becau
of our neglect of the contribution of radiation and neutrin
to the gravitational field. Another difference between t
curves of Fig. 1 and more accurate computer calculation
that, again because we neglect the contribution of radia
and neutrinos to the gravitational field, our results do

TABLE I. Location l 1dA /dH of the first Doppler peak and
height of the peak inl ( l 11)Cl relative to its value 8p2B.6C2 for
l extrapolated to zero for various values of the baryon density
rameter. These results, and the curves in Fig. 1, are independe
the values ofH0 , VL , and ~within our approximations! VM. The
last two columns give the values ofdA /dH and l 1 for VM50.3,
VL50.7, withdH calculated taking into account the contribution
photons and neutrinos to the expansion rate, and usingVMh2

50.15.

VBh2 j l 1dH /dA l 1( l 111)Cl 1
/6C2 dA /dH l 1

0 0 2.83 0.863 91.7 260
0.01 0.27 2.65 2.34 87.1 231
0.02 0.54 2.60 5.09 83.6 217
0.03 0.81 2.58 9.115 79.7 206
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show the fall-off ofl ( l 11)Cl at largel associated with the
fall-off of the familiar transfer functionT(k) at largek.

The values of the positionl 1dH /dA of the first peak and
the ratio of its heightl 1( l 111)Cl 1

to the value 8p2B
.6C2 for small l are given for various baryon densities
Table I. These results are independent of other parameter
the last two columns of Table I we also give values ofdA /dH
for VM50.3 andVL50.7, and the corresponding results f
the multipole numberl 1 of the first Doppler peak. In calcu
lating the horizon at last scatteringdH we have now~some-
what inconsistently! taken into account the effect of photon
and three flavors of neutrinos and antineutrinos on the
pansion rate, which gives

dH[
a~ tL!

A3
E

0

tL dt

a~ t !A11R~ t !

5
2

H0~11zL!3/2A3jVM

lnS A11j1Aj~11l!

11Ajl
D , ~49!

where l50.047/VMh2 is the ratio of photon and neutrin
energy density to dark matter energy density at the time
last scattering, anddA is given by Eq.~2!. In calculating the
values ofdA /dH in the table we have takenVMh250.15.

We see from Table I that the position of the first Dopp
peak does not depend strongly onVBh2, while its height is a
sensitive function ofVBh2. ForVBh2 between 0.02 and 0.03
the height and position are in fair agreement with what
observed, though of course the serious comparison of the
with observation relies on more accurate computer calc
tions. The qualitative results obtained here suggest that if
were to rely on a single feature of the plot ofl ( l 11)Cl
versusl to measureVBh2, then the ratio of the the height o
the first Doppler peak to the value for lowerl values studied
by the Cosmic Background explorer~COBE! satellite would
be more useful than the ratio of the heights of the first a
second Doppler peaks, which relies on less precise data
pends on complicated damping effects, and is more sens
to other parameters, such asVMh2 and the rate of change, i
any, of the vacuum energy. Of course, for high precision o
must use the whole plot ofl ( l 11)Cl versusl to measure all
these parameters together.
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