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New analytic running coupling in spacelike and timelike regions
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The new model for the QCD analytic running coupling, proposed recently, is extended to the timelike region.
This running coupling naturally arises under unification of the analytic approach to QCD and the renormal-
ization group(RG) formalism. A new method for determining the coefficients of the “analytized” RG equation
is elaborated. It enables one to take into account the higher loop contributions to the new analytic running
coupling (NARC) in a consistent way. The expression for the new analytic running coupling, independent of
the normalization point, is obtained by invoking the asymptotic freedom condition. It is shown that the
difference between the values of the NARC in respective spacelike and timelike regions is rather valuable for
intermediate energies. This is essential for the correct extracting of the running coupling from experimental
data. The new analytic running coupling is applied to the description of the inclusigpton decay. The
consistent estimation of the parametegcp, is obtained here.
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I. INTRODUCTION coupling in the spacelike region.
The layout of the paper is as follows. In Sec. Il the new
The description of hadron dynamics in the infrar@g) analytic running coupling is considered in the spacelike re-
region remains an urgent problem of contemporary elemergion. The method for determining the coefficients of the ana-
tary particle theory. The asymptotic freedom in quantumlytized RG equation is proposed that enables one to take
chromodynamic$QCD) enables one to apply the standard consistently into account the higher loop contributions to
perturbative approach at large momenta transferred. HOWNARC. By invoking the asymptotic freedom condition the
ever, a number of phenomerir example, quark confine- expression for the new analytic running coupling, indepen-
ment, nonvanishing vacuum expectation values) ef@ be-  dent of the normalization point, is obtained. In Sec. IIl the
yond such calculations. Moreover, the use of perturbatiogntinuation of the new analytic running coupling to the
theory results in known unphysical singularities in the IRtimelike region is constructed. It is shown that distinction
region (for example, the ghost pole appears in the expressioeqyeen the corresponding values of NARC in the spacelike
for the running coupling _ , and timelike regions becomes valuable in the intermediate
'Recently a new model for the Q(.:D. analytic running Cou-energy region. This fact may be important when extracting
Egﬁ?cgsgnbg?r;hgogﬁjﬁg% ;he basL:: ltdea 8fh|s _rtr;loglhel S the QCD running coupling from experimental data. Further,
Y pproach to QCI2] wi € itis shown explicitly that for the timelike NARC the respec-

renormalization groupRG) formalism for recovering proper . S : .
analytic properti?as oll?Rthg theory. An obvious adsa%ta%e 01t|ve B fpncnon IS propor_tlonal o the spectral density, thus
the new analytic running couplingNARC) is that it incor- confirming the hypothesis due to Schwinger. In Sec. IV the

porates IR enhancement with asymptotic freedom behavidieSults on studies of the new model for the QCD analytic
in a single expression and does not contain additional paranfnNing coupling are briefly summarized. In the framework
eters. In Refs[1,3,4 it was shown explicitly that the new of the approaph developed the desc_r|pt|on of the inclusive
analytic running couplingwithout invoking any additional lepton decay is performed. The obtained value of the param-
assumptionsleads to the quark-antiquark potential rising at€ter Aqcp fairly well agrees with its previous estimations.
large distances. In addition, a reasonable estimation of th&his implies the applicability of the new analytic running
parameten ocp Was obtained there. The absence of unphysicoupling to description of the both typical perturbative and
cal singularities in the physical region of posith@? is also intrinsically nonperturbative processes of quantum chromo-
an appealing feature of NARC. dynamics. In the Conclusiofsec. \) the obtained results are
The objective of this paper is to construct a consistenformulated in a compact way, and further studies in this ap-
continuation of the new analytic running coupling to the proach are outlined.
timelike region and to elaborate the method for determina-
tion of the coefficients of “analytized” RG equatidne., RG
equation with recovered proper analytic properties, see Sec. || NEw ANALYTIC RUNNING COUPLING IN
). The latter enables_ one to take consistently into account THE SPACELIKE REGION
the higher loop contributions to the new analytic running
In paper[1] a new model for the QCD analytic running
coupling has been proposed. The model is based on the uni-

*Electronic address: nesterav@thsunl.jinr.ru fication of the so-called analytic approach to Q€I with
n this paper a metric with the signature-{,1,1,1) is used, so the RG formalism. Obvious advantage of the new analytic
thatq®>0 corresponds to a spacelike momentum transfer. running coupling is incorporation, in a single expression, of
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IR enhancemeftand asymptotic freedom. Remarkably, the takes place, wherg,=11—2n,/3, B;=102—38n,/3, andn;
model contains no additional parameters. Similarly to thds the number of active quarks. Further, Ef) can be re-
standard case) ocp remains the only characterizing param- written in the following form:

eter of the theory. By making use of the NARC in Refs.

[1,3,4] the confining interquark potential was explicitly de- dIn[g?(w)]

rived without invoking any additional assumptions, the ac- ——————=8(g(n)). (7)
ceptable estimation of the parametegp being obtained. It din p?

is also to be noted that NARC is free of unphysical singu-

larities in the physical regiog?>0. Introducing the standard notationg(2) =g?(u)/(47) and

According to Ref[1], in the spacelikéEuclidean region sz(Mz)= ad 1) Bol(4m), Eq. (7) at thel-loop level can be
g°>0 the new analytic running coupling at théoop level, reduced to Eq(4)
Na{)(g?), is defined as the solution of the analytized RG

equation din[al(u?)] g 20(u?) P41
S S 8 | T ding? |~ Bi[— ’ ®
%:;)]:_[20 Bj[agl)(qz)]ul} ET dinu = o

if one putsB; = g; 1(Bo) 1. Actually, in this case EqA4) is
nothing but the standard perturbative RG equation that de-
fines the invariant charge.

Thus, in the spacelike region the new analytic running
coupling at thd-loop level Na{))(g?) is defined as the solu-
tion of the equation

Here Eg')(qz) is the I-loop perturbative running coupling,

a(q?)=a(q?) Bo!(47). The curly bracket§S(g?)},, mean
the “analytization” (i.e., the recovering of proper analytic
properties in the&y? variable of the functionS(g?) by mak-
ing use of the K#én-Lehmann spectral representation

2y _ 700 dinMaQl@]  [Q L~y e B
(SO a= | 247 @ e 2 Blad(@)] B
9

where the spectral density(o) is determined by the initial

(perturbative expression foiS(g?): At the one-loop level Eq(9) can be integrated explicitly
with the resulf1]

1
e(o)==—Ilim [S(—o—ie)—S(—co+ie)]. 3
277'se0+ 5
N Dyt
N . dQ@P) =5 = 2= (10
In addition, according to the model proposed 1 the solu- Bo zinz A
tion of the RG equatioifl) before analytization must be the
perturbative running coupling at the respective loop level. Inat the higher loop levels there is only the integral represen-
other words, at any loop level the relationship tation for the new analytic running coupling. One should
- note from the very beginning, that the solution of E@). is
_ 2 ~ )21+ 1 determined up to a constant factor due to the logarithmic
- _J.:0 Bilas'(q%)] 4 derivative on its left-hand side. In our previous studies this
problem has been eliminated by normalization of the solu-

. . . 2 .
holds. It is this condition that enables one to determine conion t Eq.(9) on its value at a pointl; [see, e.g., Eq2) in
sistently the coefficient8; on the right-hand side of Eq1). ~ Ref.[8]]. In this paper we propose to remove this ambiguity

For this purpose let us consider the standard RG equatiofy @ more physical way. Indeed, this can be easily achieved
for the invariant charge(x) (see, e.g., Ref$6,7]) by invoking the condition of the asymptotic freedom, namely
Y ’ Na)(g®)— al’(g?) when g?>—= (in fact, it has already

an S 1

din[a(g?)]
dIng?

1 dg(w) been employed at the one-loop level, see @d)). Then,
R) m=ﬁ(9(ﬂ))- (5 involving the similar conditionNa{)(g%)—Na'Y(q?) when
g°—o, we obtain the following integral representation for
etailg:
2
9%(u) 9%(u)
ﬁ(g(ﬂ)):_[ﬂo 672 +B1 To72 +eer (6) N (o Amz—1 focAR(') nl 1 do
aan(Q)—B—omeX . (o)In[ 1+ —]—1,
(11)

2t is worth noting here that such a behavior of invariant charge
follows from the analysis of the Schwinger-Dyson equatif&is whereAR V(o) =RV (¢)-R (), and
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4 Naan(qz) III. NEW ANALYTIC RUNNING COUPLING IN
THE TIMELIKE REGION

1 loop In the previous section the definition of the new analytic
running coupling in the spacelike region has been given.
2,3 loops However, for consistent description of a number of QCD
processesfor example,r lepton decay oe™ e annihilation
to hadrong one has to use the continuation of the running
coupling to the timelike region.
In Ref.[12] the procedure of continuation of the invariant
charge from the spacelike region to the timelike regiand
FIG. 1. The new analytic running couplif§r.(q?) [Eq. (1] vise _versal was elaborated .by making_use o_f the dispe_rsion
in the spacelike region at the one-, two-, and three-loop lewels, "€lation for the AdleiD function. In particular, if the running
=q/A2. coupling in the spacelike region is(g?), then its consistent
continuation to the timelike region is defined by the integral

0 5 Z 10

-1

1 . ; s— Iedé’
RO(g)= = lim B; a(l) o—ig)] "t i - =_02
77, 1M 2, Bill ] a(s)=5 | Fal-0, s=-q*>0, (15
[a(l)( o+ie)]™l, o=0. (12 where the integration contour goes from the paintie to

the points—ie and lies in the region of analyticity of the
It is worth noting here that for the NARC the "K@n-  function a(—¢). Here and further the running coupling in
Lehmann representation holds the spacelike region is denoted byqg?) and in the timelike
region bya(s).
In order to simplify Eq.(15) let us choose the integration
contour in the following way. From the poisttie the inte-
gration path goes in a parallel way with the real axis to
where the spectral density at the one-loop level is infinity, then along the circle with an infinitely large radius it
goes counter-clockwise to the pointe{ig), and then it
goes in a parallel way with the real axis to the pdntic.

(14) As a result, the continuation of the one-loop new analytic
running coupling a(l)(qz) to the timelike region is given
by

r (e, 0
N (I) 2 =—
Q=5 | —org o 2= (3

1
1
b= 1+ =

o) Inc+ 72

and thed-loop spectral densit)')rf)(l)(a) is defined beloWsee

Eq. (18)]. Figure 1 shows the new analytic running coupling N2 (1) ()= — f N~(1)(§)

(1)) computed at the one-, two-, and three-loop levels. It is Bo Jsia2

clear from these curves that NARC possesses a quite good

loop stability (for the properties of the new analytic running with the spectral densnﬁ (g) defined in Eq.(14).

coupling see Refd8,9)). The account of higher loop corrections leads to significant
An important merit of the new analytic running coupling technical complications. So, at tthdoop level for the new

is that it allows one to obtain the confining quark-antiquarkanalytic running coupling in the timelike region the integral

(qg) potential without invoking any additional assumptions representation of the same form takes place:

[1,3]. Besides, the interquark potential contains no adjustable Qo (= q

parametergit depends solely on the distanceand the pa- NaW(s)= WJ N*(')( )_g' (17)

rameter A ocp), and at small distances it has the standard Bo Jsinz 4

behavior prescribed by the asymptotic freedom. Comparison

t where
of the qqg potential generated by the NAR[1] with the

(16)

phenomenologicalCornel) potential and with the lattice m() m(1> | oldo
simulation datg10], as well as the estimation of the gluon (= (d)ex f AR (g)In| 1~ s
condensate value on the base of NARC give a consistent
valué’ of the parametef ocp: A=600+90 MeV. This can | Ing
be considered as an evidence of the fact that the new analytic x| cosyl )(§)+7sm ()|, (18
running coupling adequately takes into account the nonper-
Hrl?)ative nature of quantum chromodynamisse also Ref. R ()(4) is defined in Eq(12), and
. 0 o | do
YOH=m| ARD(o)—. (19
¢

3This estimation corresponds to the one-loop level with three ac-

tive quarks. In Eqg. (18) the principle value of the integral is assumed.
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proper analytic properties in the variable for the relevant
physical quantities. A concrete realization of this approach
may be different. For example, in the original model by
Shirkov and Solovtsoy2] the analytization procedure is ap-
plied to the perturbative invariant charge. Unlike this pro-

timelike spacelike
region region

" (s) "0Lan(a) posal, our new model for the QCD analytic running coupling
7z [1] seeks to recover the proper analytic properties of the RG
40 5 0 3 To equation. More precisely, the new analytic running coupling

is derived as the solution of the RG equation with {Be
FIG. 2. The one-loop new analytic running coupling in the function “improved” by the analytization procedurésee
spacelike °>0) and timelike 6=—q*>0) regions[Egs. (10  also Refs[1,11] for the details. From the general point of
and(16), respectively, z=q% A2, view, in this case one can anticipate new properties of the
invariant charge. Indeed, in our model there is the IR en-
Itis interesting to note here that, in our approach, a simplyancement of the new analytic running coupling, while the
relation holds between thg function, corresponding to the jnvariant charge due to Shirkov and Solovtsov tends to a
running coupling in the timelike regiofEq. (17)], and the finite value in the infrared limifthe IR freezing of the run-
relevant spectral density: ning coupling. It is this property of our model that ulti-
mately leads to the confining quark-antiquark potential. Fur-
A ther, the behavior of the NARC in the UV region is
Bla(s))= diilns] B P completely determined by the asymptotic freedom in QCD.
Thus, in our model1] the IR enhancement and the UV
Thus theg function in question proves to be proportional to asymptotic freedom are involved in a single expression for

the spectral density¥p"’(s). Obviously, this result com- the new analytic running coupling without introducing any
pletely agrees with the attempts, originated by Schwingeﬁdd't!onal parameters into the 'gheory. It is important to em-
[13], to find a direct physical interpretation of tigefunction ~ Phasize here that such a behavior of the invariant charge is in
(the so-called Schwinger hypothesis, see Rf8,14). E\%geement with the Schwinger-Dyson equati¢ese Ref.
. A 5]).
The plots of the functiong'a{)(g?) and Na{l(s) are .

shown in Fig. 2. At large values of the arguments these ex; Let us turn now to the perturbanv_e_ phenomena. One of

: : . : ; the QCD processes, the most sensitive to the low energy
pressions have identical behavior prescribed by th

. 5 : . "%ehavior of the invariant charge, is the inclusive semilep-
asymptotic freedonar(q?)~ 1/In|2. However, for intermedi- : ; !
) : . ; tonic branching ratio of the lepton decayR,. Therefore,
ate energies the difference between these couplings is rather . X . o
valuable. The ratio of the one-loob new analvtic running cou-Ve address the consideration of this process restricting our-
. a P y 9 selves, for simplicity, to the one loop level.

pling in the spacelikeAregioHaan (9?) to its continuation to We proceed from the nonstrange part of Reratio as-
the timelike region™a{)(—q?) is presented in Fig. 3. It sociated with the vector quark currents

follows from this figure that the deviation increases when
approaching the IR region, and, in particular, rises up to
about 10% whenys=10 GeV. Apparently, this circum-
stance should be taken into account when extracting the

_dMaQ] 4w

(s). (20

N
Ryv=" [Vud*Sew(1+ Sqco). (21)

QCD running coupling from experimental data.

IV. DISCUSSION

whereN.=3 is the number of quark color$y,4J=0.9735
+0.0008 denotes the Cabibbo-Kobayashi-Maskawa matrix
element[15], Sgyw=1.0194+0.0040 is the electroweak fac-

The basic idea of the analytic approach to quantum fieldor [16], and Socp is the QCD correctior(see, e.g., Refs.
theory can be treated as an attempt to recover explicitly thg17 18 and references ther@inA recent experimental mea-

10\ A(z), %

V4
0 L L
102 108 104 105 106 107

FIG. 3. The relative differenca (z)=[Na!{D(q?)/NalH(-q?)

surement of the ratig21) by ALEPH Collaboration gave
[19] R, y=1.775£0.017.

In accordance with the standard prescription the one-loop
QCD correction in our approach is determined by the inte-
gral

5 _ZJMi ds
]

M2

S ~
1+ Zw) Nali)(s),

(22

where Na(l)(s) is the new analytic running coupling in the

—1]x100% between the values of the one-loop new analytic runtimelike region(16), andm is the light quark mass, with its

ning coupling in the spacelike and timelike regioms; g%/ AZ.

world average valuen=(4.25+1.75) MeV[15]. It is worth
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noting here that there is no need to involve the contour inteelaborated method for determination of the coefficients of
gration in Eq.(22), since NARC(16) does not contain un- the analytized RG equation enables one to take consistently
physical singularities in the regis®™0. In other words, the into account the higher loop contributions to the new analytic
integration in Eq(22) can be performed in a straightforward running coupling. The invoking of the asymptotic freedom
way. By introducing the notations=s/M?, x,=4m?/M?2,  condition allows one to derive the expression for the NARC
andco= —(2x0—2x8+ xé), one can represent ER2) ina  independent of the normalization point. The continuation of

form convenient for integration the new analytic running coupling to the timelike region is
constructed. It is demonstrated that the difference between
A7 (1 (1) M2\ d x the respective values of the new analytic running coupling in
5QCD:E ) (2x—2x3+x*+co)Vp XP - the spacelike and timelike regions is considerable for inter-
0

mediate energies. This fact seems to be important for extract-

N do ing the running coupling from experimental data. It is shown

Nf)( )(0')—, (23)  that for the timelike new analytic running coupling the hy-
7 pothesis due to Schwinger is confirmed. In the framework of

(1) ) _ ) the new model for the QCD analytic running coupling the

where the spectral densﬂ“&r{ﬁ (0) is defined in Eq(14). description of the inclusive lepton decay is performed. The

For the value ofR, given above[19] we obtain the  gptained value of the paramet&pp is in a good agreement
estimationA =(560+70) MeV for two active quarksthe  \ith its previous estimations.
uncertainty accounts the errors in the valueof,, [Vid, Thus, the application of the new analytic running cou-
Sew, andm). However, in order to compare this result with pjing to the description of various physical phenomésath,
earlier estimations, one should continue it to the I’egion Ogerturbative and intrinsica”y nonperturbative ohg's/es a
three active quarks. This gives the value=(517  consistent estimation of the parametegcp. This fact, as
=70) MeV that perfectly agrees with the previous estima-ye|| as the agreement of the IR behavior of the NARC with
tions. We remind that this value of the parametgjcp cor-  Schwinger—Dyson equations, and ability to obtain, without
responds to the one-loop level with three active quarks.  jnvoking any additional assumptions, the confining quark-

Thus, in the framework of the model under considerationamiquark potential, implies that the new model for the QCD
one succeeds in Obtaining a ConSiStent, with its preViOUS e%na|ytic running Coup”ng Substantia”y incorporateS, in a
timations, value of the paramet&,cp by making use of the  consistent way, both perturbativkigh energy and nonper-
experimental data on the inclusivelepton decay, the world  turbative (low energy behavior of quantum chromodynam-
average value of light quark mass being employed. ics.

From all this we may infer that the new model for the  |n further studies it would be useful to obtain simple ex-
QCD analytic running coupling substantially incorporates, inplicit expressions which approximate the new analytic run-
a consistent way, both perturbativeigh energy and non-  ning coupling in the spacelike and timelike regions with ac-
perturbative(low energy behavior of quantum chromody- count of the higher loop corrections.
namics.

+4—7T1+ fw
,30( Co)M
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