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New analytic running coupling in spacelike and timelike regions

A. V. Nesterenko*
Department of Physics, Moscow State University, Vorobjovy Gory, Moscow, 119899, Russia

~Received 12 February 2001; published 12 November 2001!

The new model for the QCD analytic running coupling, proposed recently, is extended to the timelike region.
This running coupling naturally arises under unification of the analytic approach to QCD and the renormal-
ization group~RG! formalism. A new method for determining the coefficients of the ‘‘analytized’’ RG equation
is elaborated. It enables one to take into account the higher loop contributions to the new analytic running
coupling ~NARC! in a consistent way. The expression for the new analytic running coupling, independent of
the normalization point, is obtained by invoking the asymptotic freedom condition. It is shown that the
difference between the values of the NARC in respective spacelike and timelike regions is rather valuable for
intermediate energies. This is essential for the correct extracting of the running coupling from experimental
data. The new analytic running coupling is applied to the description of the inclusivet lepton decay. The
consistent estimation of the parameterLQCD is obtained here.

DOI: 10.1103/PhysRevD.64.116009 PACS number~s!: 11.15.Tk, 11.55.Fv, 12.38.Lg, 12.39.Pn
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I. INTRODUCTION

The description of hadron dynamics in the infrared~IR!
region remains an urgent problem of contemporary elem
tary particle theory. The asymptotic freedom in quantu
chromodynamics~QCD! enables one to apply the standa
perturbative approach at large momenta transferred. H
ever, a number of phenomena~for example, quark confine
ment, nonvanishing vacuum expectation values, etc.! are be-
yond such calculations. Moreover, the use of perturba
theory results in known unphysical singularities in the
region~for example, the ghost pole appears in the express
for the running coupling!.

Recently a new model for the QCD analytic running co
pling has been proposed@1#. The basic idea of this model i
unification of the analytic approach to QCD@2# with the
renormalization group~RG! formalism for recovering prope
analytic properties of the theory. An obvious advantage
the new analytic running coupling~NARC! is that it incor-
porates IR enhancement with asymptotic freedom beha
in a single expression and does not contain additional par
eters. In Refs.@1,3,4# it was shown explicitly that the new
analytic running coupling,without invoking any additiona
assumptions, leads to the quark-antiquark potential rising
large distances. In addition, a reasonable estimation of
parameterLQCD was obtained there. The absence of unphy
cal singularities in the physical region of positive1 q2 is also
an appealing feature of NARC.

The objective of this paper is to construct a consist
continuation of the new analytic running coupling to t
timelike region and to elaborate the method for determi
tion of the coefficients of ‘‘analytized’’ RG equation~i.e., RG
equation with recovered proper analytic properties, see
II !. The latter enables one to take consistently into acco
the higher loop contributions to the new analytic runni

*Electronic address: nesterav@thsun1.jinr.ru
1In this paper a metric with the signature (21,1,1,1) is used, so

that q2.0 corresponds to a spacelike momentum transfer.
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coupling in the spacelike region.
The layout of the paper is as follows. In Sec. II the ne

analytic running coupling is considered in the spacelike
gion. The method for determining the coefficients of the a
lytized RG equation is proposed that enables one to t
consistently into account the higher loop contributions
NARC. By invoking the asymptotic freedom condition th
expression for the new analytic running coupling, indepe
dent of the normalization point, is obtained. In Sec. III t
continuation of the new analytic running coupling to th
timelike region is constructed. It is shown that distinctio
between the corresponding values of NARC in the space
and timelike regions becomes valuable in the intermed
energy region. This fact may be important when extract
the QCD running coupling from experimental data. Furth
it is shown explicitly that for the timelike NARC the respe
tive b function is proportional to the spectral density, th
confirming the hypothesis due to Schwinger. In Sec. IV
results on studies of the new model for the QCD analy
running coupling are briefly summarized. In the framewo
of the approach developed the description of the inclusivt
lepton decay is performed. The obtained value of the par
eter LQCD fairly well agrees with its previous estimation
This implies the applicability of the new analytic runnin
coupling to description of the both typical perturbative a
intrinsically nonperturbative processes of quantum chrom
dynamics. In the Conclusion~Sec. V! the obtained results ar
formulated in a compact way, and further studies in this
proach are outlined.

II. NEW ANALYTIC RUNNING COUPLING IN
THE SPACELIKE REGION

In paper@1# a new model for the QCD analytic runnin
coupling has been proposed. The model is based on the
fication of the so-called analytic approach to QCD@2# with
the RG formalism. Obvious advantage of the new analy
running coupling is incorporation, in a single expression,
©2001 The American Physical Society09-1
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IR enhancement2 and asymptotic freedom. Remarkably, t
model contains no additional parameters. Similarly to
standard case,LQCD remains the only characterizing param
eter of the theory. By making use of the NARC in Re
@1,3,4# the confining interquark potential was explicitly d
rived without invoking any additional assumptions, the a
ceptable estimation of the parameterLQCD being obtained. It
is also to be noted that NARC is free of unphysical sing
larities in the physical regionq2.0.

According to Ref.@1#, in the spacelike~Euclidean! region
q2.0 the new analytic running coupling at thel-loop level,
Naan

( l )(q2), is defined as the solution of the analytized R
equation

d ln@Nãan
( l )~q2!#

d ln q2
52H (

j 50

l 21

Bj@ãs
( l )~q2!# j 11J

an

. ~1!

Here ãs
( l )(q2) is the l-loop perturbative running coupling

ã(q2)[a(q2)b0 /(4p). The curly brackets$S(q2)%an mean
the ‘‘analytization’’ ~i.e., the recovering of proper analyti
properties in theq2 variable! of the functionS(q2) by mak-
ing use of the Ka¨llén-Lehmann spectral representation

$S~q2!%an[E
0

` %~s!

s1q2
ds, ~2!

where the spectral density%(s) is determined by the initia
~perturbative! expression forS(q2):

%~s!5
1

2p i
lim

«→01

@S~2s2 i«!2S~2s1 i«!#. ~3!

In addition, according to the model proposed in@1# the solu-
tion of the RG equation~1! before analytization must be th
perturbative running coupling at the respective loop level
other words, at any loop level the relationship

d ln@ãs
( l )~q2!#

d ln q2
52(

j 50

l 21

Bj@ãs
( l )~q2!# j 11 ~4!

holds. It is this condition that enables one to determine c
sistently the coefficientsBj on the right-hand side of Eq.~1!.

For this purpose let us consider the standard RG equa
for the invariant chargeg(m) ~see, e.g., Refs.@6,7#!

1

g~m!

dg~m!

d ln m
5b„g~m!…. ~5!

For theb function the perturbative expansion

b~g~m!!52H b0Fg2~m!

16p2 G1b1Fg2~m!

16p2 G 2

1•••J ~6!

2It is worth noting here that such a behavior of invariant cha
follows from the analysis of the Schwinger-Dyson equations@5#.
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takes place, whereb051122nf/3, b15102238nf/3, andnf
is the number of active quarks. Further, Eq.~5! can be re-
written in the following form:

d ln@g2~m!#

d ln m2
5b„g~m!…. ~7!

Introducing the standard notationsas(m
2)5g2(m)/(4p) and

ãs(m
2)5as(m

2)b0 /(4p), Eq. ~7! at thel-loop level can be
reduced to Eq.~4!

d ln@ãs
( l )~m2!#

d ln m2
52(

j 50

l 21

b jF ãs
( l )~m2!

b0
G j 11

, ~8!

if one putsBj5b j /(b0) j 11. Actually, in this case Eq.~4! is
nothing but the standard perturbative RG equation that
fines the invariant charge.

Thus, in the spacelike region the new analytic runni
coupling at thel-loop level Naan

( l )(q2) is defined as the solu
tion of the equation

d ln@Nãan
( l )~q2!#

d ln q2
52H (

j 50

l 21

Bj@ãs
( l )~q2!# j 11J

an

, Bj5
b j

b0
j 11

.

~9!

At the one-loop level Eq.~9! can be integrated explicitly
with the result@1#

Naan
(1)~q2!5

4p

b0

z21

z ln z
, z5

q2

L2
. ~10!

At the higher loop levels there is only the integral repres
tation for the new analytic running coupling. One shou
note from the very beginning, that the solution of Eq.~9! is
determined up to a constant factor due to the logarithm
derivative on its left-hand side. In our previous studies t
problem has been eliminated by normalization of the so
tion to Eq.~9! on its value at a pointq0

2 @see, e.g., Eq.~2! in
Ref. @8# #. In this paper we propose to remove this ambigu
in a more physical way. Indeed, this can be easily achie
by invoking the condition of the asymptotic freedom, name
Naan

( l )(q2)→as
( l )(q2) when q2→` ~in fact, it has already

been employed at the one-loop level, see Eq.~10!!. Then,
involving the similar conditionNaan

( l )(q2)→Naan
(1)(q2) when

q2→`, we obtain the following integral representation f
the l-loop new analytic running coupling~see Ref.@9# for the
details!:

Naan
( l )~q2!5

4p

b0

z21

z ln z
expF E

0

`

DR ( l )~s!lnS 11
s

z D ds

s G ,
~11!

whereDR ( l )(s)5R ( l )(s)2R (1)(s), and
e

9-2
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R ( l )~s!5
1

2p i
lim

«→01

(
j 50

l 21

Bj$@ãs
( l )~2s2 i«!# j 11

2@ãs
( l )~2s1 i«!# j 11%, s>0. ~12!

It is worth noting here that for the NARC the Ka¨llén-
Lehmann representation holds

Naan
( l )~q2!5

4p

b0
E

0

` Nr̃
( l )

~s!

s1z
ds, z5

q2

L2
, ~13!

where the spectral density at the one-loop level is

Nr̃
(1)

~s!5S 11
1

s D 1

ln2s1p2
, ~14!

and thel-loop spectral densityNr̃
( l )

(s) is defined below@see
Eq. ~18!#. Figure 1 shows the new analytic running coupli
~11! computed at the one-, two-, and three-loop levels. I
clear from these curves that NARC possesses a quite g
loop stability~for the properties of the new analytic runnin
coupling see Refs.@8,9#!.

An important merit of the new analytic running couplin
is that it allows one to obtain the confining quark-antiqua
(qq̄) potential without invoking any additional assumptio
@1,3#. Besides, the interquark potential contains no adjusta
parameters~it depends solely on the distancer and the pa-
rameterLQCD), and at small distances it has the stand
behavior prescribed by the asymptotic freedom. Compari
of the qq̄ potential generated by the NARC@1# with the
phenomenological~Cornell! potential and with the lattice
simulation data@10#, as well as the estimation of the gluo
condensate value on the base of NARC give a consis
value3 of the parameterLQCD: L.600690 MeV. This can
be considered as an evidence of the fact that the new ana
running coupling adequately takes into account the non
turbative nature of quantum chromodynamics~see also Ref.
@11#!.

3This estimation corresponds to the one-loop level with three
tive quarks.

FIG. 1. The new analytic running couplingNãan(q
2) @Eq. ~11!#

in the spacelike region at the one-, two-, and three-loop levelz
5q2/L2.
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III. NEW ANALYTIC RUNNING COUPLING IN
THE TIMELIKE REGION

In the previous section the definition of the new analy
running coupling in the spacelike region has been giv
However, for consistent description of a number of QC
processes~for example,t lepton decay ore1e2 annihilation
to hadrons! one has to use the continuation of the runni
coupling to the timelike region.

In Ref. @12# the procedure of continuation of the invaria
charge from the spacelike region to the timelike region~and
vise versa! was elaborated by making use of the dispers
relation for the AdlerD function. In particular, if the running
coupling in the spacelike region isa(q2), then its consistent
continuation to the timelike region is defined by the integ

â~s!5
1

2p i Es1 i«

s2 i«dz

z
a~2z!, s52q2.0, ~15!

where the integration contour goes from the points1 i« to
the points2 i« and lies in the region of analyticity of the
function a(2z). Here and further the running coupling i
the spacelike region is denoted bya(q2) and in the timelike
region byâ(s).

In order to simplify Eq.~15! let us choose the integratio
contour in the following way. From the points1 i« the inte-
gration path goes in a parallel way with the real axis
infinity, then along the circle with an infinitely large radius
goes counter-clockwise to the point (`2 i«), and then it
goes in a parallel way with the real axis to the points2 i«.
As a result, the continuation of the one-loop new analy
running couplingNaan

(1)(q2) to the timelike region is given
by

Nâan
(1)~s!5

4p

b0
E

s/L2

`
Nr̃

(1)
~z!

dz

z
~16!

with the spectral densityNr̃
(1)

(z) defined in Eq.~14!.
The account of higher loop corrections leads to signific

technical complications. So, at thel-loop level for the new
analytic running coupling in the timelike region the integr
representation of the same form takes place:

Nâan
( l )~s!5

4p

b0
E

s/L2

`
Nr̃

( l )
~z!

dz

z
, ~17!

where

Nr̃
( l )

~z!5Nr̃
(1)

~z!expF E
0

`

DR ( l )~s!lnU12
s

z Uds

s G
3Fcosc ( l )~z!1

ln z

p
sinc ( l )~z!G , ~18!

R ( l )(s) is defined in Eq.~12!, and

c ( l )~z!5pE
z

`

DR ( l )~s!
ds

s
. ~19!

In Eq. ~18! the principle value of the integral is assumed.
c-
9-3
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A. V. NESTERENKO PHYSICAL REVIEW D 64 116009
It is interesting to note here that, in our approach, a sim
relation holds between theb function, corresponding to the
running coupling in the timelike region@Eq. ~17!#, and the
relevant spectral density:

b„â~s!…[
d@Nâan

( l )~s!#

d@ ln s#
52

4p

b0

Nr̃
( l )

~s!. ~20!

Thus theb function in question proves to be proportional

the spectral densityNr̃
( l )

(s). Obviously, this result com-
pletely agrees with the attempts, originated by Schwin
@13#, to find a direct physical interpretation of theb function
~the so-called Schwinger hypothesis, see Refs.@12,14#!.

The plots of the functionsNaan
(1)(q2) and Nâan

(1)(s) are
shown in Fig. 2. At large values of the arguments these
pressions have identical behavior prescribed by
asymptotic freedoma(q2);1/lnuzu. However, for intermedi-
ate energies the difference between these couplings is ra
valuable. The ratio of the one-loop new analytic running co
pling in the spacelike regionNaan

(1)(q2) to its continuation to

the timelike regionNâan
(1)(2q2) is presented in Fig. 3. I

follows from this figure that the deviation increases wh
approaching the IR region, and, in particular, rises up
about 10% whenAs.10 GeV. Apparently, this circum
stance should be taken into account when extracting
QCD running coupling from experimental data.

IV. DISCUSSION

The basic idea of the analytic approach to quantum fi
theory can be treated as an attempt to recover explicitly

FIG. 2. The one-loop new analytic running coupling in t
spacelike (q2.0) and timelike (s52q2.0) regions@Eqs. ~10!
and ~16!, respectively#, z5q2/L2.

FIG. 3. The relative differenceD(z)5@Naan
(1)(q2)/Nâan

(1)(2q2)
21#3100% between the values of the one-loop new analytic r
ning coupling in the spacelike and timelike regions,z5q2/L2.
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proper analytic properties in theq2 variable for the relevant
physical quantities. A concrete realization of this approa
may be different. For example, in the original model
Shirkov and Solovtsov@2# the analytization procedure is ap
plied to the perturbative invariant charge. Unlike this pr
posal, our new model for the QCD analytic running coupli
@1# seeks to recover the proper analytic properties of the
equation. More precisely, the new analytic running coupl
is derived as the solution of the RG equation with theb
function ‘‘improved’’ by the analytization procedure~see
also Refs.@1,11# for the details!. From the general point o
view, in this case one can anticipate new properties of
invariant charge. Indeed, in our model there is the IR
hancement of the new analytic running coupling, while t
invariant charge due to Shirkov and Solovtsov tends to
finite value in the infrared limit~the IR freezing of the run-
ning coupling!. It is this property of our model that ulti-
mately leads to the confining quark-antiquark potential. F
ther, the behavior of the NARC in the UV region
completely determined by the asymptotic freedom in QC
Thus, in our model@1# the IR enhancement and the U
asymptotic freedom are involved in a single expression
the new analytic running coupling without introducing an
additional parameters into the theory. It is important to e
phasize here that such a behavior of the invariant charge
agreement with the Schwinger-Dyson equations~see Ref.
@5#!.

Let us turn now to the perturbative phenomena. One
the QCD processes, the most sensitive to the low ene
behavior of the invariant charge, is the inclusive semile
tonic branching ratio of thet lepton decay,Rt . Therefore,
we address the consideration of this process restricting
selves, for simplicity, to the one loop level.

We proceed from the nonstrange part of theRt ratio as-
sociated with the vector quark currents

Rt,V5
Nc

2
uVudu2SEW~11dQCD!, ~21!

whereNc53 is the number of quark colors,uVudu50.9735
60.0008 denotes the Cabibbo-Kobayashi-Maskawa ma
element@15#, SEW51.019460.0040 is the electroweak fac
tor @16#, and dQCD is the QCD correction~see, e.g., Refs
@17,18# and references therein!. A recent experimental mea
surement of the ratio~21! by ALEPH Collaboration gave
@19# Rt,V51.77560.017.

In accordance with the standard prescription the one-l
QCD correction in our approach is determined by the in
gral

dQCD5
2

pE4m2

M t
2 ds

M t
2 S 12

s

M t
2D 2S 112

s

M t
2D Nâan

(1)~s!,

~22!

where Nâan
(1)(s) is the new analytic running coupling in th

timelike region~16!, andm is the light quark mass, with its
world average valuem5(4.2561.75) MeV@15#. It is worth
-
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noting here that there is no need to involve the contour in
gration in Eq.~22!, since NARC~16! does not contain un
physical singularities in the regions.0. In other words, the
integration in Eq.~22! can be performed in a straightforwar
way. By introducing the notationsx5s/M t

2 , x054m2/M t
2 ,

andc052(2x022x0
31x0

4), one can represent Eq.~22! in a
form convenient for integration

dQCD5
4p

b0
E

x0

1

~2x22x31x41c0!Nr̃
(1)S x

M t
2

L2 D d x

x

1
4p

b0
~11c0!E

M t
2/L2

`
Nr̃

(1)
~s!

ds

s
, ~23!

where the spectral densityNr̃
(1)

(s) is defined in Eq.~14!.
For the value ofRt,V given above@19# we obtain the

estimationL5(560670) MeV for two active quarks~the
uncertainty accounts the errors in the values ofRt,V , uVudu,
SEW, andm!. However, in order to compare this result wi
earlier estimations, one should continue it to the region
three active quarks. This gives the valueL5(517
670) MeV that perfectly agrees with the previous estim
tions. We remind that this value of the parameterLQCD cor-
responds to the one-loop level with three active quarks.

Thus, in the framework of the model under considerat
one succeeds in obtaining a consistent, with its previous
timations, value of the parameterLQCD by making use of the
experimental data on the inclusivet lepton decay, the world
average value of light quark mass being employed.

From all this we may infer that the new model for th
QCD analytic running coupling substantially incorporates,
a consistent way, both perturbative~high energy! and non-
perturbative~low energy! behavior of quantum chromody
namics.

V. CONCLUSION

This paper is a further development of the new model
the QCD analytic running coupling proposed in@1#. This
running coupling naturally arises under unification of t
analytic approach to QCD with the RG formalism. Th
on
V

al
m
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elaborated method for determination of the coefficients
the analytized RG equation enables one to take consiste
into account the higher loop contributions to the new analy
running coupling. The invoking of the asymptotic freedo
condition allows one to derive the expression for the NAR
independent of the normalization point. The continuation
the new analytic running coupling to the timelike region
constructed. It is demonstrated that the difference betw
the respective values of the new analytic running coupling
the spacelike and timelike regions is considerable for in
mediate energies. This fact seems to be important for extr
ing the running coupling from experimental data. It is show
that for the timelike new analytic running coupling the h
pothesis due to Schwinger is confirmed. In the framework
the new model for the QCD analytic running coupling t
description of the inclusivet lepton decay is performed. Th
obtained value of the parameterLQCD is in a good agreemen
with its previous estimations.

Thus, the application of the new analytic running co
pling to the description of various physical phenomena~both,
perturbative and intrinsically nonperturbative ones! gives a
consistent estimation of the parameterLQCD. This fact, as
well as the agreement of the IR behavior of the NARC w
Schwinger–Dyson equations, and ability to obtain, witho
invoking any additional assumptions, the confining qua
antiquark potential, implies that the new model for the QC
analytic running coupling substantially incorporates, in
consistent way, both perturbative~high energy! and nonper-
turbative~low energy! behavior of quantum chromodynam
ics.

In further studies it would be useful to obtain simple e
plicit expressions which approximate the new analytic ru
ning coupling in the spacelike and timelike regions with a
count of the higher loop corrections.
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