PHYSICAL REVIEW D, VOLUME 64, 114506

Kaon B parameter from quenched domain-wall QCD

A. Ali Khan,* S. Aoki? Y. Aoki,?* R. Burkhaltert? S. Ejiri,>" M. Fukugita® S. Hashimotd, N. Ishizuka®? Y. lwasaki>?
T. Izubuchi®* K. Kanaya? T. Kaneko® Y. Kuramashi® K. I. Nagai>$ M. Okawa? H. P. Shanahdn Y. Taniguchi?
A. Ukawal? and T. Yoshié?

(CP-PACS Collaboration
1Center for Computational Physics, University of Tsukuba, Tsukuba, Ibaraki 305-8577, Japan

2Institute of Physics, University of Tsukuba, Tsukuba, Ibaraki 305-8571, Japan
SInstitute for Cosmic Ray Research, University of Tokyo, Kashiwa 277-8582, Japan
“High Energy Accelerator Research Organization (KEK), Tsukuba, Ibaraki 305-0801, Japan
SInstitute of Theoretical Physics, Kanazawa University, Ishikawa 920-1192, Japan
(Received 21 May 2001; published 8 November 2001

We report on a calculation @y with domain-wall fermion action in quenched QCD. Simulations are made
with a renormalization group improved gauge action @¢2.6 and 2.9 corresponding ta l~2
and 3 GeV. Effects due to finite fifth dimensional si¥e and finite spatial siz&\, are examined in detail.
Matching to the continuum operator is made perturbatively at one loop order. We @pgir=2 GeV)
=0.5746(61)(191), where the first error is statistical and the second error represents an estimate of scaling
violation and®(a?) errors in the renormalization factor added in quadrature, as an estimate of the continuum
value in the modified minimal subtractiorM_S) scheme with naive dimensional regularization. This value is
consistent, albeit somewhat small, wilx(x=2 GeV)=0.628(42) obtained by the JLQCD Collaboration
using the Kogut-Susskind quark action. Results for light quark masses are also reported.
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I. INTRODUCTION and extensive set of simulations have been carried @ut
Taking into account®(a?) scaling violation and(?(af,,—s)
The kaonB parameteBy is an important quantity to pin  errors that arise with the use of one-loop perturbative renor-
down the Cabibbo-Kobayashi-Maskawa matrix from experi-malization factors,Bc(u=2 GeV)=0.628(42) has been
ment, thereby advancing our understandingCé? violation  obtained in the continuum limit in the modified minimal sub-

in the standard modgL]. N _ _ traction (MS) scheme with naive dimensional regularization
A crucial ingredient in a precision calculation 8 is  (NDR).
chiral symmetry. Without this symmetry the relevaht Recent development of the domain wigd-9] and over-

=2 four-quark operator mixes with other operators of differ-135[10,11] fermion formalisms has opened a prospect toward
ent chiralities. It is a nontrivial task to accurately determinegn even better calculation. Even at finite lattice spacings,
the mixing coefficients. these formulations maintain both flavor and chiral symme-

This problem has caused significant difficulties with cal-tries, either of which is broken in the Wilson-type fermion
culations using the Wilson-type fermion action, which hasaction or the KS quark action. Hence one expects that sys-
explicit chiral symmetry breaking. While several non-iematic as well as statistical uncertainties are better con-
perturbative methods have been developed to determine thg,jieq in these formulations than others. A pioneering calcu-
mixing coefficient§ 2—4], the numerical errors in the values |4tion of theB, parameter in this direction was made in Ref.
of By obtained with these methods are still quite lafje [12] using the domain wall fermion formalism of QCD

The situation is better with the Kogut-Susskind fermion(DWQCD) In this article we present results of our study
action for whichU (1) subgroup of chiral symmetry, valid at tpward a [Srecision determination Bf with DWQCD.

0

finite lattice spacings, ensures the correct chiral behavior Our investigation is carried out in the auenched approxi-
the matrix elemenf5]. Exploiting this feature a systematic . estig ] : que ppr
mation using Shamir’s formulation of domain-wall fermion

for quarks[9], and a renormalization groufRG) improved

*Present address: RIKEN BNL Research Center, Brookhaven N auge action for gluonEL3]. The latter choice is motivated
tional Laboratory, Upton, NY 11973. y the result14] that chiral symmetry is much better real-

TPresent address: Department of Physics, University of Waleé',Zed with this action than for the plaquette gauge action. We

Swansea SA2 8PP, UK. may also expect that scaling violation®y arising from the
*On leave at Department of Physics, Brookhaven National Labo9auge action is improved with the use of the RG-improved
ratory, Upton, NY 11973-5000. action.
Spresent address: CERN, Theory Division, CH-1211 Geneva 23, We examine effects due to finite fifth dimensional dkze
Switzerland. and finite spatial siz&l,, in detail. Scaling behavior dy is
'Present address: Department of Biochemistry and Molecular Bistudied by adopting3=2.6 and 2.9 corresponding to the
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tinuum operator is made perturbatively at one loop orderquark operator for our calculation is constructed with the
Making a constant fit ira for the continuum extrapolation, 4-dimensional quark field defined on the edges of the fifth
we obtainBy(u=2 GeV)=0.5746(61)(191) as an estimate dimensional space,

of the continuum value in th®1S scheme with naive dimen-

sional regularizatiodNDR). Here the first error is statistical q(X)=PL(X,1) + Prif(X,Ns),
and the second error is an estimated systematic error due to _ _ _
scaling violation and?(aZ) terms in the renormalization a(X) = ¢(x,Ns) P+ ¢h(x,1) Pg. (2.9

factors. This value is consistent with the Kogut-Susskind re-

sult quoted above, albeit lying at the lower edge of the ong,,

standard deviation error band of the latter result. We also

report on light quark masses obtained from meson mass mea- 1

surements in our simulation. Sgiuon=— | Co > TrUp+c; > Tru
This paper is organized as follows. In Sec. Il we define g plaquette rectangle

the fermion and gluon actions, where we recapitulate the

For the gauge part of the action we employ the following
m in 4 dimensions:

rtg

argument for choosing the RG-improved action for gluons. +cy >, TrUgy+cC > Tru

K . . . . 2 A chr 3 plg( 1
Numerical simulations and run parameters are described in chair parallelogram
Sec. lll. In Sec. IV we discuss the operator matching be- (2.6)

tween the lattice and continuum. Hadron mass results, in
particular the chiral behavior of pseudo scalar meson masshere the first term represents the standard plaquette action,

are discussed in Sec. V. Our main results for the kBon and the remaining terms are six-link loops formed by a 1
parameter are given in Sec. VI. Section Vil is devoted to thex2 rectangle, a bent X2 rectangle (chain and a

derivation of light quark mass. We close the paper with a3-dimensional parallelogram. The coefficients, . . . ,c3
brief summary and comments in Sec. VIII. satisfy the normalization condition
II. ACTION Co+8Cy+16C,+8C5=1. 2.7)

We employ Shamir’s domain-wall fermion actidB8,9].  The RG-improved action of lwasaki3] is defined by set-
Flipping the sign of the Wilson term and the domain wallting the parameters ta@,=3.648¢;=—0.331¢,=c53=0.

heightM, we write With this choice of parameters the action is expected to ex-
hibit smooth gauge field fluctuations approximating those in
S=— S Y(x,5)Dyni(x,5y,8" ) (y,s') the continuum limit better than with the unimproved

plaguette action.
A basic piece of information for our study @y with
+2 mfa(x)q(x), 2.1) DWQCD is in what range of the coupling constagt
X =6/g?> and domain wall heighM DWQCD realizes exact
chiral symmetry in the limit of infinite fifth dimensional size
Dawi(X,S;Y,s") Ns— . This point has been examined in a number of recent
studies[14,15. Investigations using the axial vector Ward-
=D*(X,y) 855 +D(s,5") Oy Takahashi identity show that a non-zero residual quark mass
_ ms,, Which represents chiral symmetry breaking, remains
F(M=5)8y0ss, 22 evgn in the limit of infinite fifth dimensional sizNg— o if
1 the lattice spacing is as coarseais'~1 GeV.
D4(x,y)=2 5[(1—yﬂ)uxyﬂéx+;‘,y The ch_lral property is much improved as the-coyplmg
m constant is decreased. In the range corresponding to
t . ~2 GeV, the value of residual quark mass becomes an or-
T2y 0yl 23 der of magnitude smaller than af *~1 GeV at similar
D5(s,s') fifth dimensional sized\s. For the standard plaquette gauge
action, it is still not clear whethems, vanishes exponen-
PLS2s (s=1), tially with a small decay rat¢15] or remains finite, albeit
! Pl6ei1o+PrOc 1o (1<S<Ng), very small, adNs— o [14]. In contrast, for the RG-improved
' ' gauge action, the residual quark mass show#armepen-
PronNg-157 (5=Ns), dence consistent with an exponential decajNinup to Ng
(2.4) =24. Furthermore the magnitude k& is an order of mag-
nitude smaller than that for the plaquette gauge action.
wherex,y are four-dimensional space-time coordinates, and We can conclude that chiral symmetry is much better re-
s,s’ are fifth-dimensional or “flavor” indices, bounded as alized with the RG-improved gauge action than with the
1<s,s'<Nj with the free boundary condition at both ends plaquette gauge action. We therefore employ the RG-
(we assumeNs to be evelr Py, is the projection matrix improved gauge action for our investigation of tBe pa-
PriL=(1% vy5)/2, andmy is the bare quark mass. The four- rameter.

X,8,Y,s’
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TABLE |. Simulation parameters together with the number of configurations analyzed shown in bold
numbers.

B 2.6 2.6 2.6 2.6 2.9 2.9

a (Gev)  1.875(56)  1.807(37)  1.758(51)  1.847(43)  2.869(68)  2.807(55)

N, 40 40 40 40 60 60

N, 16 24 24 32 24 32
Ns 16 16 32 16 16 16
N,a (fm) 1.7 2.6 2.6 3.4 1.7 2.3
# conf. 122 76 50 25 76 50

Ill. RUN PARAMETERS AND MEASUREMENTS <K|§‘y (1- y5)d§7 (1- ‘y5)d|K>
_ M M

K (3.2

Parameters of our simulations and the number of configu- 8 _ _
rations employed are summarized in Table I. We carry out §<K|57u75d|0><0|57#75d|K)
runs at two values of couplingg=2.6 and 2.9, correspond-
ing to a lattice spacing a '=1.81(4) GeV and
2.81(6) GeV determined from th@ meson massm,
=770 MeV. The first value is chosen since chiral symmetry
is sufficiently well rea'lized[.l4],. and the second value is <K|§y,u(1_75)d§7u(1_75)d|K>
selected to check scaling violation effects. P= (K|§ d|0><0|§ d|K)

For our main runs we use the lattice siXg X N;X Ng s s
=243X 40X 16 atB=2.6, and 33X 60x 16 at3=2.9. These _ _ .
lattices have a reasonably large spatial size aif, = Which should vanish am,—0. Thes andd quark fields
~2.6 fm or 2.3 fm respectively. The choice bi;=16 at  defining these quantities are the boundary fields given by Eq.
B=2.6 is based on our previous resfl#] that the anoma- (2.9, and the four-quark and bilinear operators are taken to
lous quark mass is already quite smallme, be local in th_e 4-dimensional space-time.
=0.274(42) MeV, for this parameter set with the domain The domam—walllquark propagator needed to extrathhg
wall heightM =1.8. In this paper the domain wall height is parameters above is calculated with the conjugate gradient
also taken to bM :'1 8 algorithm with an even-odd pre-conditioning. Two quark

We examine the .dé endence on the fifth dimension [Propagators are evaluated for each configuration correspond-

xami b o ! ! ! aing to the wall source placed at eithier 1 or 40 at3=2.6
length N5 at 3=2.6 for the spatial siz&l,=24 usingNs

. (t=4 or 57 atB=2.9) in the time direction with the Dirich-
=16 andNs=32. Since we expect the decay rateNg to ¢ boundary condition, while the periodic boundary condi-
become larger toward weaker coupling, we only emplay o is imposed in the spatial directions. The two quark
=16 atp=2.9. propagators are combined to form the kaon Green'’s function

The spatial size dependence is examine@af2.6 vary-  with an insertion of the four-quark operator at time slices 1
ing the spatial size fronN,=24 to eitherN,=16 or 32, <t<N, in a standard mannégsee, e.g., Re{6]).

and the matrix element divided by the pseudo scalar density,

(3.2

which correspond to the physical size @R,~ 1.7 and 3.4 We employ the quark propagators above to also evaluate
fm. The size dependence is also checke@ai2.9 by adopt- pseudo scalar and vector meson propagators, and extract
ing N,=24 and 32 éN,=1.7,2.3 fm). their masses. These masses are calculated for degenerate

We take degenerate quarks in our calculations. The comguark-antiquark pair. The physical point for light quark
mon value of bare quark mass is chosen to rea massesn, g andmy is calculated by linearly fitting the meson
=0.01,0.02,0.03,0.04 at bof=2.6 and 2.9, which covers massesmag and my as a function ofm;, and using the
the rangemps/my,~0.4—0.8. experimental values of,/m, and my/m, or m,/m, as

Quenched gauge configurations are generated on foutput.
dimensional lattices. A sweep of gauge update contains one
pseudo-heatbath and four overrelaxation steps. After a ther-
malization of 2000 sweeps hadron propagators and 3-point
functions necessary to evaludiy are calculated at every We carry out matching of the lattice and continuum op-
200th sweep. The gauge configuration on each fifth dimenerators at a scalg” = 1/a using one-loop perturbation theory
sional coordinates is identical and is fixed to the Coulomb [16] and theMS scheme with NDR in the continuum. The

IV. OPERATOR MATCHING

gauge. continuum value at a physical scale eg=2 GeV, is ob-
In the course of our simulation we measure the k&n tainedvia a renormalization group running frogf =1/a to
parameter, %
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TABLE II. Finite parts of the renormalization factors with RG improved gauge action. The mean field
approximation is used for the factorsMt=1.4198 and 1.4687. Errors from the numerical integration are in
the last written digit.

M z, Zn Zy, Z Zp 2o,
1.8 —3.824 13.148 —25.1295 —9.190 —13.148 —23.868
M zZF P rAGs 0 zyF 2
1.4198 0.651 6.044 —7.92355 —4.692 —6.044 —13.612
1.4687 0.632 6.319 —7.95874 —4.714 —6.319 —13.500

B(NDR o) =| 1 ZHS2) 718 ‘;;g o Zu(ua)=1+ iZ Z(M), (4.7
aws(d*) v1Bo— YoB1 g°Ce
X 1= 252 Zp(pa)=1+ 167T2[3 log(na)?+2zp(M)], (4.9
aore( o )]~ 70/280
%} PR(NDRAD. (D g way=1+ 12’;[—2 logl )2+ 26,(M) ],
where By=11, B,=102, yo=4 andy,=—7 [17] are the (4.9
Elc:i:rﬁs?uemhed values for the renormalization group coefypere . is the second Casimir invaria:=4/3 and the

finite partzg_is a function of the domain-wall height. The
difference between the plaquette and the RG action resides in
the finite part.

In the first row of Table Il we list the finite parts of the

In the domain wall formalism the renormalization factor
of ann-quark operato©, has a generic form

ONS(1)=Z05" " 1/a), (4.2 renormalization factors d¥1=1.8. The one-loop correction
in Z,, is very large for our choice d¥l because of the tadpole
Z=(1-wj) "z, ”’Zzon, (4.3 factor inz, and division with w3 [16]. Hence we apply a

tadpole improvement by explicitly moving the one-loop cor-
rection to the domain wall heigh#l from Z,, to w, addi-
tively, and by factoring out a tadpole facto?*= P"® with P
the plaquette from‘ion. This leads to the rewriting,

wherewy,=1—M), andZ,, represents the quantum correction
to the normalization factor &wﬁ of physical quark fields
a, E andZon is the vertex correction t®, . In the present
paper we need the factafs, Z,, Z, Zp andZg, for the z_>zMF=(1—(wg"F)Z)*”’Z(zV'\CF)*”/Zu”’zz{‘)":,

quark wave function, quark mass, axial vector current, (4.10
pseudo scalar density and the four-quais=2 weak opera-

tor. Perturbative calculation of these renormalization factorgvhere
at one loop order is given in Refl6] for the DWQCD

MF _ _
system with the standard plaquette gauge action. Here we W' =Wot4(1-u), (4.1
summarize results for the RG-improved gauge action. VE
The generic form of the one-loop renormalization factors ZMF_ > | e Wo 2coy
is given by w wlwg=wy 1_(W_g,|,:)29 FU1,
(4.12
Z =1 2Wo gZCF M 4.4 MF 1.2
W(Iu‘a)_ + 1—WS 16’7TZZW( )1 ( . ) 22 :ZZ|W0:W'(\)AF+ 50 CFU]_, (413
ZmF=2m|w =WMF_%92CFula (4.14
9°Cr o
Zy(pa)=1+ T ;[ —log(pa)®+2z(M)], (4.5) .
T
Zg::Zon|wO=wg"F+ Zgchul- (4.19
2
0°Ck . .
Zn(pna)=1+ [ -3 log pa)2+z,(M)], (4.9 Hereu, is the one-loop correction to the tadpole factor
" 1672 " =1-0°Cru,/2+ - - - which has the values
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0.125000 (plaquette actioy TABLE llI. Finite parts of the renormalization factoes, and
. . (4.16  zg, with RG improved gauge action. The mean field approximation
0.052567 (RG improved action is used forzBP at M=1.4198 and 1.4687, while the effect of the

For the tadpole facton= P4 \we use the following value approximation orzg, is just to shift the domain-wall height. Errors

U1:

of the plaquette for the RG action from the numerical integration are in the last written digit.
{0.67063210) at B=2.6, w11 M zg, Zg, z5r
p= 4.1
0.7076625) at B=2.9 1.8 0.64 11.19 -
, o _ , . 1.4198 -1.10 - 2.51
obtained from our main simulations. The domain-wall he'ght1.4687 ~0.93 _ 3.35

is shifted according to Eq4.11) as

1.4198 for B=2.6,

(4.18 finite partzBK=204—2CFzA for Bk is small, and the renor-
1.4687 for B=2.9.

malization factor forBy with the tadpole improvement
turned out to be very near unity, e.g., at the matching scale

M=1.8—>MMF=[

In the second and third rows of Table Il we list the finite

* —
parts of the renormalization factors after tadpole improve—q =1/,
ment.
A mean-field estimate appropriate for the RG-improved Z'V'_S(q* —1/a)—[0'984 atB=2.6, (4.24
> v = = B )
action is used for calculating the coupling constgi{t( ), < 0.988 atp=2.9.

which is given with the following formula for the quenched ] .
case[25] The Z factor at the scale=2 GeV obtained with a 2-loop

running with Eq.(4.1) [17] becomes

1 B 22
. =(3.6483—2.64ER)E+—2 log(na)—0.10086, s 0.979 atB=2.6, ,
2 1 z = = 4.
Oirs(#) b B(#=2 CBVI=) ) 006 atp=29. 42D
(4.19
whereR is a 1x 2 rectangular Wilson loop whose value is Meanwhile Zg | is evaluated by settinge=2 GeV in Eq.
given as (4.23
:[0-452832) at =26, (4.20 zM_S( > Gy 1.007 atB=2.6, 26
0.506541) at f=2.9. By (M= 11129 atg=29. *
The gauge coupling gt = 1/a turns out to be o _
For quark mass the renormalization factor at the matching
5 22731 atB=2.6, scaleq* = 1/a takes the values
Oys(la)= _ (4.22
2.0046 atp=2.9.

ZVS(q* = 1/a) = (1— (WlF)2)(ZMF)u 2% (g* = 1/a
For By the factor (1+-w3)?Z2 cancels out, and the one- @ (@ )= W2 U2 (a )
loop value is given by the ratio

1.173371 atB=2.6,
Zo, 1+(—2log pa)’+2z0,)9%/(167°) ~11.094189 atp=2.09. .27
2o M T T 1 (Coza gl (167
A FZn)9 With a renormalization group running from the scafe to
g2 pn=2 GeV using the four-loop anomalous dimension and
=1+ (—2log(pma)’+zg). (4.22  beta function18], we have
16’77'2 K
In Table IIl we give the finite parts aZg_with and without m(p)= clams(p)/m) m(g*) (4.29
mean field approximation &l = 1.8 together with those for c(ams(q*)/m)
Zg,
P

and the renormalization factor becomes
2

g
Zg,(na) =1+ (-10log na)®+zg.). (4.23 1.155769 atB=2.6,

MS(, — _
Zq (n=2 GeVI=| 1 147004 atp=29. 4?9

71_2

The finite partszo, and XCgz, are very similar in mag-
nitude, albeit individually not very small. As a result the The four-loop running factoc(aws(x)/7) is given by[18]

114506-5



A. ALI KHAN et al.

C(X)= ()7 1+ (y1— B1y0)X+ H (y1— B170)°+ 72+ Bovo
_Elyl_ﬁzyo]xz"‘ [5 (;1_51;0)3"‘ %(?1‘?1;0)
X(y2+ Bivo— Bryi— Bavo) +3(va— Bivo

+2B1B2¥0— Bavot Bryi— Bavi— Bry2) X

+O(x4)}, (4.30
where
— n = B
i= y = y (43])
" aigy P,
2857

Bo=11, B1=102, Pr="p,

53
B3= +3564(3), (4.32

2
Yo' =4, 7?2?, y5'=1249, (4.33
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m_4603055 135680 3)— 8BO(E (4.34
Y3 = 162 + 27 g( )_ (X( ) .

with ¢ the Riemann zeta-function.

Let us add a comment on the systematic error due to
operator matching. Since we have used the one-loop renor-
malization factor for operator matching, the systematic error
should include contributions from higher loop corrections.
We estimate the magnitude of these corrections by changing
the matching scale frong*=1/a to q*==/a and also
adopting a different definition for gauge coupling using the
plaquette value only25] given by

1
Onis(m) 16w

log(a)+0.2402.  (4.35

The gauge coupling gt =1/a becomes

1.8839 at8=2.6,

2 _
9us(2)=11 7176 atp=2.9. (4.39

V. PSEUDO SCALAR AND VECTOR MESON MASSES
A. Extraction of meson masses

We extract pseudo scalar and vector meson massas
andm,, at eachm;, N, andNs by a single exponential fit of

04 1

am,,

02 © R

011 o m,=0.04 I

0.4 g
o 03 g
0.2 <] i

3
?
|
:

0.1 1 o m=0.03 o

04 R
» 03 | |

am,,

0.2 | °o°°°°””“"“‘ ...... 00000060 4

01r o m=0.02 I

04 1
0 0.3 1

0.2 8
oc,oocofwmr‘u 0000000000040 °
01 o o m,=0.01 °
0 1 x 1 1 n 1 1
0 10 20 30 40 50 60

t

am,,

FIG. 1. Effective pseudo scalar meson mass as a function of temporal distah@e=2.6 on a 24x40x 16 lattice (left) and at8
=2.9 on a 38X 60x 16 lattice(right). Lines show constant fit over the fitted range.
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FIG. 2. Effective vector meson mass as a function of temporal disteatg=2.6 on a 24X 40X 16 lattice(left) and at3=2.9 on a
328X 60x% 16 lattice(right). Lines show constant fit over the fitted range.

meson propagators. Representative plots of effective mass mgSaZZ Apg(Mia+ Meg(rsB), (5.2
are shown in Figs. 1 and 2. The fitting range chosen from
inspection of such plots is ¥t<27 and 6<t<16 for
pseudo scalar and vector meson mass for all simulations at
B=2.6, and 1&t=<41 and 16<t<26 atB=2.9. In Tables
IV—IX we list the numerical values ahpsa, mya and the
ratio at four quark masses;a=0.01,0.02,0.03,0.04 for each
set of run parameter. The errors given are calculated by a
single elimination jackknife procedure.

mya=Ay+Bym;a (5.2

and determine the parametefgs, M@ for the pseudo

Scalar meson, and ,By for the vector meson. The suffix

(fs) in Myeq(1s) is added since non-zero valuesmfg at mg

=0 represents effects of finite spatial size as discussed be-

low in Sec. VC. Some details of fits are described in the
For chiral extrapolation we fit the light hadron massesAppendix. The physical point for the bare quark mass param-

més andmy, linearly as a function ofn;a as illustrated in  eter m; corresponding to physical and d quark (m‘fJd ,

Figs. 3 and 4. Since pseudo scalar meson mass thus extrapehich are assumed degenerate, agdark (mg) are fixed by

lated does not vanish at;=0, we employ a fit of the form the equations

B. Chiral extrapolation

TABLE IV. Data for By, Bp, mps, my, andmps/my at each quark mass; at 3=2.6 on 16x40

X 16 lattice.

B=2.6 on 16X 40x 16 lattice
Mt Bk Bp Mps My Mps/my
0.01 0.487(19) 0.0225(10) 0.1902(29) 0.438(12) 0.434(13)
0.02 0.566(14) 0.0569(14) 0.2554(23) 0.4639(72) 0.5505(97)
0.03 0.615(11) 0.0945(17) 0.3083(21) 0.4904(54) 0.6287(80)
0.04 0.6486(85) 0.1327(19) 0.3548(20) 0.5168(43) 0.6865(69)
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TABLE V. Data for Bk, Bp, mMps, My, andmpg/my at each quark mass; at 3=2.6 on 24x 40

X 16 lattice.
B=2.6 on 24X 40X 16 lattice
my Bk Bp Mps my Mps/my
0.01 0.5196(69) 0.02487(38) 0.1883(13) 0.4522(83) 0.4164(80)
0.02 0.5769(47) 0.05777(55) 0.2567(12) 0.4683(51) 0.5481(65)
0.03 0.6155(42) 0.09367(70) 0.3102(11) 0.4900(36) 0.6331(52)
0.04 0.6453(39) 0.13092(83) 0.35647(97) 0.5141(29) 0.6934(42)
TABLE VI. Data for By, Bp, mps, My, andmes/my at each quark mags; at 8=2.6 on 24x 40
X 32 lattice.
B=2.6 on 24X 40X 32 lattice
Mg Bk Bp Mps My Mps/My
0.01 0.5225(89) 0.02444(47) 0.1874(16) 0.463(12) 0.405(11)
0.02 0.5780(63) 0.05751(71) 0.2558(14) 0.4760(73) 0.5374(89)
0.03 0.6152(54) 0.09329(90) 0.3093(12) 0.4956(50) 0.6242(67)
0.04 0.6437(49) 0.1302(10) 0.3556(11) 0.5182(37) 0.6862(53)
TABLE VII. Data for By, Bp, mps, my, andmpg/my at each quark mass; at 3=2.6 on 33

X 40X 16 lattice.

B=2.6 on 33X 40x 16 lattice

mg Bk Bp Mps my Mps/My

0.01 0.5260(47) 0.02594(33) 0.1841(13) 0.4424(92) 0.4161(86)
0.02 0.5766(40) 0.05873(51) 0.2535(12) 0.4608(59) 0.5501(77)
0.03 0.6124(39) 0.09460(72) 0.3076(12) 0.4847(44) 0.6347(66)
0.04 0.6424(35) 0.13196(88) 0.3544(11) 0.5097(36) 0.6954(57)

TABLE VIII. Data for By, Bp, mpg, my, andmpg/my at each quark mass; at 8=2.9 on 24
X 60X 16 lattice.

B=2.9 on 24X 60X 16 lattice

mg Bk B Mps My Mps/My
0.01 0.512(18) 0.0340(14) 0.1444(20) 0.2915(59) 0.496(13)
0.02 0.591(11) 0.0802(17) 0.2007(17) 0.3172(40) 0.6328(96)
0.03 0.6403(84) 0.1295(21) 0.2460(15) 0.3425(32) 0.7182(78)
0.04 0.6758(75) 0.1793(24) 0.2856(14) 0.3681(27) 0.7760(65)

TABLE IX. Data for By, Bp, mps, my, andmpg/my at each quark mags; at 3=2.9 on 33x60
X 16 lattice.

B=2.9 on 33X 60x 16 lattice

Mt Bk Bp Mps my Mps/my
0.01 0.5318(72) 0.03412(64) 0.1459(12) 0.2984(54) 0.489(10)
0.02 0.5922(58) 0.07885(97) 0.2022(12) 0.3209(31) 0.6302(78)
0.03 0.6345(51) 0.1271(12) 0.2470(12) 0.3451(23) 0.7157(65)
0.04 0.6669(46) 0.1761(14) 0.2863(11) 0.3700(19) 0.7738(55)
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FIG. 3. Pseudo scalar meson mass squared as a function of bare f
quark massn; at 5=2.6 (top) and atg=2.9 (bottom. Lines show FIG. 4. Vector meson mass as a function of bare quark mass
linear fits to main runs. The data except for the main run are shifte¢t 3=2.6 (top) and atg=2.9 (bottom. Lines show linear fits to
inm. main runs. The data except for the main run are shiftechdin
\/Aps(mlflda+ Mess@) M, 0.135 the variatiqn of results depending on spatial vqlume i; mild,
d = =077 (5.3)  and the difference between the fifth dimensional s
AvtBymia o =16 and 32 a{3=2.6 on 24x 40 lattice is a one-standard
deviation effect. In the following analyses we use the lattice
\/Aps(m?a/2+ Mees(is@) My 0.495 5.4 spacing corresponding to each spatial size and fifth dimen-
A+ va?da m, 0.77’ : sional length.

C. Chiral property of pseudo scalar meson mass
AytBymi(¢)a m, 1.0194 .
—_ e (5.5 We have already mentioned that the pseudo scalar meson

Ayt va?da m, 077" mass, if linearly extrapolated, does not vanisimat 0. We
have also examined alternative fits including either a qua-
where fors quark we employ the kaom) or phi(m{(¢))  dratic term, m;a)2, or a quenched chiral logarithm term,
meson mass as input. We then fix the lattice spaeirity = m;alog(ma), in addition to the linear term. We have found
setting the vector meson mass at the physical quark mashat these yield almost identical values of the pseudo scalar
point m?d to the experimental valuen,=770 MeV. Nu- meson mass ab;=0 as is shown in the Appendix in more
merical values of lattice spacing and other parameters ardetail. We observe from the results gt 2.6 shown in the
listed in Table X. left panel of Fig. 3 that the non-zero pseudo scalar meson
In Fig. 5 we plot results fom,a at the physical point. The mass cannot be explained as an effect of finite fifth dimen-
values for giverg are reasonably consistent with each other;sional lengths, since the data ldt=16 (open circleg and
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TABLE X. Results of meson mass fits.

B 2.6 2.6 2.6 2.6 2.9 29
N¢ 40 40 40 40 60 60
N, 16 24 24 32 24 32
Nsg 16 16 32 16 16 16
a Y(GeV) 1.875(56) 1.807(37)  1.758(51)  1.847(43)  2.869(68)  2.807(55)
my(m;=0)a 0.411(12) 0.4261(87)  0.438(13)  0.4169(97) 0.2684(64) 0.2743(54)
m24{m¢=0)a®  0.0060(12)  0.00490(53) 0.00467(69) 0.00330(52) 0.00038(62) 0.00099(34)
Mhesisf 0.00201(42) 0.00161(18) 0.00153(23) 0.00108(17) 0.00019(31) 0.00049(17)
Mes(rs) (MEV) 3.77(78) 2.90(32) 2.70(42) 1.99(32) 0.54(89) 1.38(48)
mi%a —0.00027(41) 0.00022(19) 0.00040(26) 0.00067(18) 0.00091(32) 0.00066(18)
msa/2(K) 0.0216(15)  0.0233(10) 0.0248(15) 0.0227(11) 0.01475(82) 0.01515(70)
ma( ) 0.0503(62)  0.0632(64)  0.071(11)  0.0583(59) 0.0350(25) 0.0373(25)
N5=32 (open squargsare consistent within the error down
0.5 ' ' ' ' ‘ to the smallest quark mass;a=0.01. This conclusion is
I ON,=16 also supported by an analysis of the anomalous quark mass
ON,=32 ms, defined by the axial Ward-Takahashi idenfity}]. This
0.45 | quantity provides a measure of chiral symmetry breaking due
L ﬁ to a finite Ns. It was found thatns, has only a very small
value of mg,=0.274(42) MeV forNs=16 at 5=2.6. For
I E E comparison, the magnitude of.s ) Obtained from the lin-
£ 04l ear fit is 2—4 MeV as one can see from Table X.
© - Examining the spatial size dependence of resultgs at
=2.6 (left panel of Fig. 3 for N,=16, 24 and 32, we ob-
I serve that the three points are mutually consistent within the
0.35 errors for the heavier quark mass wka=0.04, 0.03 and
I 0.02, but that they show a decrease toward larger spatial
volumes at our lightest quark massa=0.01. This indi-
- cates that the non-zero pseudo scalar meson magss=ad
I T Y in the linear extrapolation reflects a finite spatial volume ef-
aN_ (fm) fects in our pseudo scalar meson mass data.
04 ' ' ' ' 0.04 ®p-26,N,=16
OB=2.6, N=32
AB=29,Nz=16
0.03 [JKS fermion
0.35 .
3 ool
S
£ 03 2 %
® é‘: 0.01 | I
T 4 “g % E
E
0.25 | e -
-0.01 ‘ ‘
02 , , , , ‘ ‘ ‘ 0 50 100
0 05 1 15 2 25 3 35 1/(aN;) (MeV)
aN_(fm)

FIG. 5. Rho meson mass as a function of spatial lattice Njze
at B=2.6 (top) and atB=2.9 (bottom. Filled symbols represent
data at fifth dimensional lengtN;=16 and an open circle repre-

sents that aN;=32.

FIG. 6. Pseudo scalar meson massmat=0 as a function of
spatial lattice siz&\ .. Filled symbols represent data at fifth dimen-
sional lengthNs=16 and an open circle represents thaNat= 32.
The results of the KS fermion at similar volume siZ9] is also
plotted with open squares for comparison.
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FIG. 7. Ratio of weak matrix element with vacuum saturatidrl) as a function of temporal distantet 3=2.6 on a 24x 40X 16
lattice (left) and atB8=2.9 on a 33X 60x 16 lattice(right). Lines show constant fit over the fitted range.

To make this point explicit, we plot the valueswfg at  those for the effective pseudo scalar meson mass, st 12
m;=0 as a function M,a in Fig. 6. At 3=2.6 the results =27 for all simulations a3=2.6 and 18&t<41 at3=2.9.
(filled circles exhibit a decrease asNlJa—0. For compari- In Tables IV—IX we list the numerical values & andBp
son we plot by open squares results for the Kogut-Susskingt four quark masses;a=0.01,0.02,0.03,0.04 for each set
quark action, which retaing (1) chiral symmetry, obtained of run parameter.
at a similar lattice spacing ai " '~2 GeV and spatial lat-
tice sizes oN,,~16—24[19]. A similar magnitude of3g in B. Chiral property for Bp
the chiral limit between the two quark actions both having . . .
chiral symmetry corroborates finite-size effects as the origin Ve have seen in Sec. V that correctionsnifis due to a
of non-zero valuesn3s. finite fifth dimensional sizeNs is sufficiently small forNsg

The two points for3=2.9 do not show a clear volume =16 for the range of quark mass; explored, and that the
dependence. This reflects an absence of spatial size depdifn-zero pseudo scalar meson massat 0 is caused by
dence am;a=0.01-0.04 observed in the right panel of Fig. finite spatial size effects. As a further check we investigate
3. Quark masses in this range are heavier than thogg at the chiral property of the matrix element for the four-quark
=2.6 due to a smaller lattice spacing, and hence calculationgperator througtBp, which is expected to vanish linearly at
at smaller values ofn;a are needed to expose finite spatial m¢=0. In Fig. 9 we plot bare values &p as a function of

volume effects a3=2.9. msa at =2.6 and 2.9. Inspecting the results @ 2.6 on
the left panel of Fig. 9 we observe an agreement for the fifth
VI. B PARAMETERS dimensional siz&s= 16 (open circlg¢ and 32(open squane
This shows thalN;=16 is also large enough for this matrix
A. Extraction of B parameters element.

In Figs. 7 and 8 we show typical data for the ratio of kaon On the other hand, there is a trend of increase for larger
Green’s functions foBx and By defined in Eqs(3.1) and  spatial volumes when the quark mass goes betgw 0.02.
(3.2) as a function of the temporal sit®f the weak operator. Finite spatial size effects appear also in this quantity. Making
The values of these quantities at eanh, N, andNg are @ linear chiral extrapolation, we find a small but negative
extracted by fitting the plateau with a constant. The fittingresidual aim;=0. Contrary to the case ofi3g, two alterna-
range, determined by the inspection of plots for the ratio andive fits including a quadratic termpf;a)?, or a chiral loga-
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X 16 lattice(left) and atB=2.9 on a 33x 60x 16 lattice(right). Lines show constant fit over the fitted range.

rithm term, m;a log(m:a), give smaller sizes of the intercept perturbativeZ, at 8=2.9. Sincem,gg15<m; in the range of
atm;=0 compared to that from the linear fit. We find, how- m; in our simulation, we approximately obtain

ever, that sizes of the intercept decreas&lasncreases for
all fits. Therefore we conclude that the non-zero valueBof

atm;=0 are a finite-spatial size effect, and is not a signal of

violation of chiral symmetry. Details of the chiral fit are
given in the Appendix.

32
Bp=Bk 3ZAAPS(mf_mres(fs))r (6.3

showing that a positiven,e5)implies a negative intercept of

The negative sign of the intercept may be understood aB . This formula also suggests that the large part of the size

follows. Neglecting the small violation due to the finikg,
chiral symmetry implies

(O|A,IP)  2mq
ATATBIBY = m (6.1)
(O[PIP)  mpg
where the bare quantitied, and P are local axial vector
current and pseudo scalar density, ahds the renormaliza-
tion factor forA,,, with which we obtain

8 [OA PP 3amd
P— 5o PK —PK
3 " (olP|P)[? 3Zimps
32m?
=Bx—— . (6.2
3ZAAPS( my + mres(fs))

This relation is well-satisfied aB=2.6 whereZ, is non-
perturbatively knowr{20] and is reasonably good with the

effect for Bp is caused by that fom3.

C. Bk

The bare value 0B is interpolated as a function ofi;a
using a formula suggested by chiral perturbation thé¢aty,

Bx=B[1-3c mjalog(msa)+b msa]. (6.9
This interpolation is illustrated in Fig. 10 and its detail is
described in the Appendix. The physical valueByf is ob-
tained at the pointn;=m§/2 (solid circles in Fig. 1®which

is estimated from the experimental value maf/m,. The
renormalized values oBx(NDR;u=2 GeV) and related
physical quantities are collected in Table XI.

We plot the renormalized value 8 as a function of the
spatial size in Fig. 11. Filled circles and triangles are results
at 3=2.6 and 2.9 keeping the same fifth dimensional size
N5=16. At 3=2.6 we observe a slight increase®f from
the spatial sizeN,a~1.7 fm to 2.6 fm, but the values be-
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FIG. 9. Bp(m;=0) vsm; at 3=2.6 (top) and 3= 2.9 (bottom). 0 0.02 0.04

The data except for the main run are shiftedrp. am;

. _ . oy FIG. 10. BareBy interpolated as a function ofi;a at 3= 2.6 for
yond Fhe sizeN,a~2.6 fm are well ConSISt.em within the a 24X 40% 16 lattice(top) and atB=2.9 on a 33X 60X 16 lattice
statistical error of 1%. This result agrees with that of a Pre-pottom

vious finite spatial size study with the Kogut-Susskind quark

action[6], which found finite size effects to be smaller than the two points differ by only 1.6% while the Kogut-Susskind
0.5% for the spatial sizh,a=2.2 fm. We conclude that the results show a 10% decrease over the similar range of lattice
size of about 2.6 fm N,=24,8=2.6) and 2.3 fm K, spacinga !~2-3 GeV. In order to estimate the continuum
=32,8=2.9) used in our main runs is sufficient to avoid value, we then make a constant extrapolaty(a)=By,
spatial size effects foBx at a 1% level. which yieldsByx(u=2 GeV)=0.5746(61).

In Fig. 12 we plotBk as a function of the fifth dimen- Possible sources of systematic errors in this result are
sional lengthNs on a 24 40 four-dimensional lattice g8 scaling violation ignored in the constant fit and higher loop
=2.6. The results aN;=32 andN;=16 are in agreement corrections in the renormalization factors. Making an ex-
within the statistical error of 1%. Hence the fifth dimensionaltrapolation of our data of the forf,(a) =By + c-a?, based
size of N5= 16 is sufficient for the calculation @y at this on O(a?) scaling violation expected for DWQCI[22,23,
accuracy. we obtain an estimate of 2.2% for the first error. A simple

Our final results from the main runs are shown in Fig. 13estimate for the second error is provided by the value of
as a function of lattice spacing by filled squares. The openrys(1/a)? at the finer lattice spacing gg=2.9. This yields
symbols and the associated lines represent results from 25% for the second error. This seems to be a reasonable
previous calculation with the Kogut-Susskindtaggerefl estimate since other methods of estimation, either shifting
quark action[6], where gauge invariant and non-invariant the matching scale from* = 1/a to g* = «r/a or employing
four-quark operators are used. Our result obtained with théifferent choices of gauge coupling such as &q35), give a
domain wall quark action and an RG-improved gluon actionsmall variation of O(1%). Adding the two estimates by
show a much better scaling behavior; the central values ofuadrature gives a 3.3% systematic error, and we obtain
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TABLE XI. Results forB parameters together with those of relevant quantitiesgp in the last row
denotes the use of an alternative definition of the couplih@s.

8 2.6 2.6 2.6 2.6 2.9 2.9
N, 40 40 40 40 60 60
N, 16 24 24 32 24 32
Ns 16 16 32 16 16 16
a }(GeV) 1.875(56)  1.807(37)  1.758(51)  1.847(43)  2.869(68)  2.807(55)

BareB parameters
By 0.575(14)  0.5908(57) 0.5975(77) 0.5871(60)  0.554(14)  0.5655(69)

RenormalizedB parametersM_S scheme with NDR ai=2 GeV)

Bk(g* =1/a) 0.564(14) 0.5782(55) 0.5839(75) 0.5753(58) 0.558(14)  0.5690(70)
Bk(g* =m/a) 0.570(14) 0.5844(56)  0.5901(76)  0.5815(59) 0.563(15)  0.5741(70)
Bk(9=9p) 0.566(14) 0.5803(56)  0.5862(75) 0.5773(59) 0.557(14)  0.5684(70)

Bc(NDR;u=2 GeV)=0.574661)(191) (6.5 Employing the method of Ref2] to non-perturbatively de-
termine the renormalization factors, they reported a value

Bk(u=2 GeV)=0.538(8)[28]. This value is 7% smaller
than our result. A precise comparison, however, would re-
quire examination of spatial size and scaling violation effects
€ the RBC result and of renormalization factors in our result
as discussed above.

as our estimate of the continuum value Bf in the MS
scheme au=2 GeV.

This value lies at the lower edge of the one-standard de.
viation error band of the resultBx(u=2 GeV)
=0.628(42) obtained with the Kogut-Susskind actidi.
We recall that the statistical error with the Kogut-Susskind _ , . o
results are at the 0.5—1% level. A significantly larger error of D. Bk as a function ofmpg in the continuum limit
6.7% in the continuum value arises from the continuum ex- We have so far discussed the scaling behavid,oft the
trapolat|on incorporating both tha® scaling violation and  physical quark mass. Our data, in fact, allows us to examine
the as uncertainty due to the use of one-loop renormalizationthe scaling behavior d8, over a wide range of quark mass,
factor. Making a more detailed check of agreement of resultand derive the mass dependenceByf in the continuum
from the two types of quark actions requires a better controlimit.
of systematic errors, in particular those due to renormaliza- In order to compare results at different lattice spacings,
tion factors. For this purpose non-perturbative determinatiofye employmps in physical units (Ge¥) instead ofma. In
of these factors for both cases will be necessary. Fig. 14 Bu(u=2 GeV) is given as a function of

The RBC Collaboration carried out a quenched S|mulat|orm2 (Ge\?) at =2.6, 2.9 and in the continuum limit. The
with the domain-wall quark action and a plaquette gluondata are first fitted by
action at3=6.0 (a '~2 GeV) on a 18x32x 16 lattice.
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06 - _
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0.58 I E 1
X
) @
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FIG. 12. RenormalizedBy as a function of fifth dimensional
FIG. 11. Renormalize®, as a function of spatial size. lengthNs.
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in our simulations, while the solid circle gives the valueBgfat the

5 5 2 physical point in the continuum limit, with the statistical error
Bk=B[1—3cpgmpslog(msg) +bpsmp] (6.6 (solid) and the total errofdotted.

FIG. 13. Scaling behavior of renormalizeBk(u=2 GeV).
Previous results with the KS actide] are also shown with open
symbols.

for eachp and then extrapolated to the continuum by a con-andcpg are also given in the table, together with the repro-
stant fit. All errors in the figure are estimated by a singleduced values. From this result in the continuum limit one can
elimination jackknife procedure, except for fit errors for the see that the contribution from higher order terms of chiral
continuum extrapolation. As seen in the figure, scaling vioperturbation theoryl{ps andcpg) is non-negligible and be-
lation is mild up tom3s=<0.8 GeV?, and the continuum ex- comes as large as 40% of the leading order contribut)n (
trapolation is reliable there. This confirms that the small scalat mps=my . We also comment that our valugg of the
ing violation of the physicaBy observed in Sec. VI C is not coefficient of the chiral logarithm is 3—4 times smaller than
an accidental one aps=my but it holds over a wide range the value predicted by chiral perturbation theory,
of the pseudo scalar meson mass. 1/(4=f,)?=0.73 (GeV ?). The smallness of this coeffi-
In Table XII, values ofBy in the continuum limit, which  cient is also observed in the result®f with the KS fermion
are also fitted by the same forf8.6), are given for 0.02 [6] and may be caused by higher order corrections in chiral
$m§,5$ 1.0 (Ge\?) with errors. Fitted parameteB, bps  perturbation theory, which may not be negligible for values

TABLE XII. Parameters for the fit oBy in the continuum limit by Eq(6.6), andBy as a function ofn%S
in the continuum limit, together with the reconstruction from the fit.

Parameters Bk Error Bk
B 0.41180

bps 0.71110
Cps 0.20731

m2 (GeV?) Continuum extrapolation Reconstruction by the fit
0.020 0.4318 0.0100 0.4377
0.100 0.4994 0.0058 0.5001
0.200 0.5544 0.0044 0.5528
0.300 0.5937 0.0043 0.5922
0.400 0.6239 0.0041 0.6228
0.500 0.6471 0.0038 0.6470
0.600 0.6643 0.0038 0.6660
0.700 0.6780 0.0043 0.6807
0.800 0.6907 0.0051 0.6918
0.900 0.7016 0.0060 0.6996
1.000 0.7097 0.0075 0.7046
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TABLE XIII. Results for quark masses. Renormalized values are invtBescheme ap=2 GeV.

B 2.6 2.6 2.6 2.6 29 29
N 40 40 40 40 60 60
N 16 24 24 32 24 32
Ns 16 16 32 16 16 16
a~1(Gev) 1.875(56) 1.807(37) 1.758(51) 1.847(43) 2.869(68) 2.807(55)
Renormalized quark masses ignorimg.g s
m, ¢(MeV) —0.60(90) 0.47(39) 0.82(52) 1.44(37) 3.0(10) 2.12(57)
ms(MeV) 94.9(33) 96.8(22) 99.8(31) 95.9(24) 94.4(27) 95.4(23)
Renormalized quark masses includimg.g s
My g+ MeegsMeV) 3.79(12) 3.821(79) 3.92(11) 3.748(92) 3.625(93) 3.701(83)
Mg+ Myesrs MeV) 99.3(33) 100.2(21) 102.9(30) 98.3(24) 95.0(24) 97.0(22)
Renormalizeds quark mass withp input
my(MeV) 110.(10) 132.(11) 144.(19) 124.8(98) 115.6(58) 120.0(57)
of mpg in our simulation. Possible presence of such higher 0[.’:—26 h;—16 ' ' ' ' '
order corrections, however, does not change our estimate c 03;2:6' N=32
Bk , obtained by an interpolation of data. AB=2-9: N:=16
4 + J
VII. LIGHT QUARK MASSES
We attempt a determination of light quark masses; ’?;
=(m,+my)/2 andmg using our meson mass data. Thereisas 2| E ]
difficulty associated with a non-zero pseudo scalar mesor";5 I
mass atm;=0 due to finite spatial sizes, which is repre- £
sented bym.gss) in the linear chiral formula(5.1). This
causes systematic uncertainties in the results for quart of----------------{--------FF---------- —
masses, which is quite sizable for lightandd quarks.
In order to examine this problem, we calculate the physi-
cal quark masses in two ways which differ in the choice of
origin for bare quark mass. In the first method we take 20 o5 ‘ 15 2 25 . 35 4
=0 as the origin, and write aN_ (fm)
Myg=Zqmi, (7.0 5 . . . '
Ms=Zg(m§—m{%). (7.2)
4 . -
ud S : g A :@ K3
Herem;" andmy are the bare quark masg for the physical
point of pion and kaon determined by Ed5.3) and (5.4). ~
The subtraction ofn® in the second equation is to take into 2 35T 7
account the contribution ofi-d quark in the kaon mass, =
my*<myq+ms, andZ, denotes the renormalization factor to EQ
match the bare lattice value to that in the continuum in the ¥ 2 & © =26, N.<16 ]
MS scheme with NDR gt=2 GeV as discussed in Sec. IV. g OB-2.6, N.=32
In the second case we take the pomt= —Myggs), A B=29,N,=16
where pseudo scalar meson mass vanishes, as the origin. TI 17 7
formula then reads
— ud 1 1 | I I | I
Mug=Zo(MF+ Mres(rs). 7.3 ®% o5 1 15 2 25 3 35 4
aN_ (fm)

Ms=Z(M§—m{%+ Myeg(rs).- (7.9

FIG. 15. Renormalized-d quark mass as a function of spatial
On the other hand the strange quark mass with the phi mesaize. Results withtop) and without m;es(rs) added (botton) are

mass as input is given directly as shown.
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FIG. 16. Scaling behavior afi-d quark mass, calculated with FIG. 18. Scaling behavior of the strange quark mass with
Mees(rs) @dded, compared with those from 4-dimensional quark acinput, compared with those from 4-dimensional quark action: Wil-
tion: Wilson action(Std) [24], clover-improved actior{imp) [25], ~ son action(Std) [24], clover-improved action(Imp) [25], and
and Kogut-SusskindKS) [26] actions. VWI and AWI represent Kogut-SusskindKS) [26] actions. VWI and AWI represent vector
vector and axial-vector Ward-Takahashi identity masses, respe@nd axial-vector Ward-Takahashi identity masses, respectjvédy,
tively, p for the KS fermion represents the matching scale of the Rithe KS fermion represents the matching scale of the RI scheme in
scheme in units of GeV. units of GeV.

HenceNs= 16 is sufficient to avoid effects of chiral symme-
try breaking at our range of lattice spacingi) Effects of
finite spatial size, by contrast, are quite significamjfss
is ignored, even yielding a negative value fogq for small
spatial sizeqleft panel of Fig. 15 The values calculated
includingmeg(ts), ON the other hand, are much more stable as
a function ofaN, (right panel.

In order to understand the second point, we note that
Mees(rs@ depends strongly on the volume while the sléne

ms:qus(¢)- (7.9
The results of these calculations are listed in Table XIIlI.
In Fig. 15 we plot theu-d quark mass calculated in the
two ways above as a function of spatial sad,, in physical
units. Two features are quite evident from this figute.
There is little dependence on the fifth dimensional diize

140 T T T d T . . .
R is almost volume independent. Using E§.3) and the cor-

130 O ’ responding one aXl, = given by
; 120 ///’/ i \/APS(N(r:w)'m?d(N(r:w)a:E (7 6)
g -7 Av+ va'#da mp ,
= 110 T 100?08 00 1
8 2L 1 R and neglecting a small volume dependence of the denomina-
& 100 ﬂ'{'i """ Yrzy--- WDWF L Ay+Bymi‘a, we observe that the following formula
i TR O VWI, gStd X
2 0 AW, gStd holds:
£ 9 <O VWI, gimp A

V AW, gimp d d
80 L >>KS, p=2.6 m? _mlfJ (Ny=) _ Myes(fs)
MmN, =) MmN y=20)
" oo 05 B 1.0 5 _ Aps=ApdN,=) 77
a[GeV] Aps -

FIG. 17. Scaling behavior of the strange quark mass \Kith
input, calculated withm.g) added, compared with those from A
4-dimensional quark action: Wilson actiofstd) [24], clover- Of aN,~2.5 fmis comparable to the actuaid quark mass,

improved action(Imp) [25], and Kogut-Susskin(kS) [26] actions.  the first term isO(1) and becomes the main contribution to
VWI and AWI represent vector and axial-vector Ward-Takahashithe size effect, while the second term, representing finite size
identity masses, respectively,for the KS fermion represents the effect in the slopé\pg, is found to be much smaller. Hence
matching scale of the Rl scheme in units of GeV. including myegs) removes a dominant part of finite size ef-

Since the magnitude,qgts7~2-3 MeV for our spatial size
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TABLE XIV. Results for light quark masses as compared with previous studies. One-loop approximation to the renormalization factors
are employed except for those with the KS fermion action in the last row.

Ref. Quark action Gluon action mE(Z GeV) mg/l_s(z GeV)
K input ¢ input

This work DW RG-improved 3.7681)(215 MeV 98.72.1)(5.6) MeV 122.66.8)(13) MeV
[24] Wilson plaquette 4.518) MeV 116 (3) MeV 144 (6) MeV
[25] clover RG-improved 4.36"51% MeV 11073 MeVv 132°¢ MeV
[26] KS plaquette 4.229) MeV 106 (7) MeV 129 (12) MeV
fects inu-d quark mass. In view of this situation we take the oS 98.712.1)(5.6) MeV K input
values includingn as the best estimate from our present ~ Ms (2MeV)= ,

res(fs) 122.66.8)(13) MeV ¢ input.
data formq. (7.9

The scaling behavior ah,q is plotted in Fig. 16 by filled

squares. Making a constant fit to the two values, we find In Figs. 16, 17 and 18 open symbols show results ob-

— tained with the conventional 4-dimensional quark actions;
mﬂ"dS(Z MeV)=3.76481)(215 MeV, (7.8 circles and squares for the Wilson action with the plaquette
gluon action[24], diamonds and down triangles for the clo-
where the first error is statistical and the second due to scalrer action with the RG-improved gluon action as used in the
ing violation andO(a?) systematic errors estimated in the present work25], and right triangles for the Kogut-Susskind
same way as foBy (see Sec. VI Cand added in quadrature. quark action with the plaquette gluon actifi26]. The first
For the heavies quark, effects om.q ) are less signifi-  two cases use one-loop renormalization factors, while the
cant, and those dfl5 are within the statistical error, as one Kogut-Susskind results are based on a non-perturbative value
can see in Table XIIl. In parallel witlu-d quark mass we calculated in the RI scheme. The values estimated in the
take the results including.gs) @s our best estimate. The continuum limit in each of these studies are plottec&t0
two values from our main runs #@=2.6 and 2.9 are plotted and are summarized in Table XIV.

by filled squares in Figs. 17K( input) and 18 (@ inpub. Compared to the values obtained with the 4-dimensional
Fitting with a constant and making estimation of systematioquark actions, our results with the domain-wall action are
errors as fom,4 we obtain somewhat small both fou-d ands quark. As with the case

TABLE XV. Chiral extrapolation ofm3<a? by different fits.

B 2.6 2.6 2.6 2.6 2.9 2.9
N, 40 40 40 40 60 60
N, 16 24 24 32 24 32
Nsg 16 16 32 16 16 16

Linear fit m3sa?=Apg(MyesrsA+ Mya)

Mess® ~ 0.00201(42)  0.00161(18)  0.00153(23)  0.00108(17)  0.00019(31)  0.00049(17)
Aps 2.98336) 3.05016) 3.04Q19) 3.05322) 2.01719) 2.01215)
y¥d.of  0.2613 0.07355) 0.06960) 0.11482) 0.71(22) 0.8926)

Quadratic fitm? sa?= Apg(MyesrsA+ Mra) + Bpg(m;a)?

Mesis® ~ 0.0029349)  0.0017718)  0.0017425)  0.0013121)  0.0012537)  0.0012922)
Aps 2.76576) 3.00539) 2.98648) 2.98750) 1.81744) 1.85636)
Bps 4.51.) 0.9560) 1.1272) 1.3966) 4.1363) 3.31(50)

x¥d.of  0.001230) 0.04619) 0.03417) 0.041(16) 0.000317) 0.02412)

Chiral Iogarithmm,z;,sazz Aps(Myeg(isp + Mia) + Cpgmia log(mea)

Megis 0.0028437) 0.0018018) 0.0017825) 0.0013822) 0.0016229) 0.0015719)

Aps 3.5513) 3.16372) 3.17585) 3.22169) 2.53873) 2.42855)
Cps 0.20251) 0.04128) 0.04833) 0.06Q30) 0.18729) 0.14823)
x2d.o.f 0.010266) 0.05917) 0.04515) 0.05815) 0.015996) 0.07317)
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TABLE XVI. Chiral extrapolation ofm,, by linear fit.

B 2.6 2.6 2.6 2.6 2.9 29

N 40 40 40 40 60 60

N, 16 24 24 32 24 32

N5 16 16 32 16 16 16

Linear fit mya=Ay+Bym:a

Ay 0.411(12) 0.4256(85) 0.437(12) 0.4153(97) 0.2661(63) 0.2727(53)
By 2.6324) 2.1918) 2.01(26) 2.3419 2.5513) 2.4311)
x3d.of 0.00218) 0.30125) 0.2223) 0.1415) 0.001%89) 0.0614)

of Bk, a more precise examination of the issue of agreemerit measured in terms of residual quark massg, is less than
of the continuum value requires a non-perturbative determid MeV for Ns= 10 at such lattice spacings. An explicit ex-
nation of the renormalization factors for our combination ofamination of theNs dependence dBx has shown that such
quark and gluon actions. effect is less than 1% foNs=16 ata~'=2 GeV.

We note that a recent resutts=110(2)(22) MeV[27] We have also found that spatial size effects are less than
with K input using domain wall fermions and non- 194 for the physical spatial sizesN,=2.5 fm, confirming
perturbative renormalization factor but with the plaquettethe finding of a previous study with the Kogut-Susskind
gauge action a3=6.0 is consistent with ours, within the quark action. Furthermore, scaling violation turned out to be
20% systematic error quoted which includes that associategery small, being less than 2% betwegn'~2 GeV and 3
with the conversion from the RI scheme to thi&S scheme. GeV.

These results show that DWQCD, albeit computer time
VIIl. CONCLUSIONS qonsuming_by a f_acto@(Ns) compared to conventional lat-
tice QCD simulations, provides a very good framework for a

In this article we have presented our investigation ofprecision determination dBy . An important ingredient to-
quenched calculation of the kaoB parameterBy with  ward this goal, which was not available for the present study,
domain-wall QCD. is the value of the renormalization factors precise to the level

In order to make full use of the good chiral property of of one percent. Results using the Rl scheme have been re-
this system, we employed a renormalization-group improvegborted for the plaquette action by the RBC Collaboration
gluon action and carried out simulations @t!=2 GeV. [28], and an attempt employing the Sctinger functional
According to our previous studyl4], the magnitude of chi- technique is in progresfg20]. Hopefully progress in these
ral symmetry breaking due to finite fifth dimensional skt calculations will allow us to report results 8y in the con-

TABLE XVII. Chiral extrapolation ofBp by different fits.

B 2.6 2.6 2.6 2.6 2.9 29

N, 40 40 40 40 60 60

N, 16 24 24 32 24 32

Ng 16 16 32 16 16 16

Linear fit Bp=Ag,*+Bg,mra

Ag, —0.0146(13) —0.01064(48) —0.01094(54) —0.00933(45) —0.0149(16) —0.01340(69)
Bs, 3.65262) 3.49726) 3.49231) 3.481(29) 4.82371) 4.69939)
y2/d.of  0.99(45) 7.2(1.1) 3.57(63) 8.6(1.0) 0.58(26) 2.65(62)
Quadratic fitBp=Ag_+Bg,mia+Cg (Ma)?

Ag, —0.0104(14) —0.00599(54) —0.00682(59) —0.00461(49) —0.0107(18) —0.00869(75)
BBP 3.1914) 2.96955) 3.02263) 2.93151) 4.3615) 4.16086)

CBP 10.12.3 11.4590) 10.1790) 12.1874) 9.8(2.3 11.61.9
x3d.of  0.129(69) 0.335(88) 0.187(57) 0.324(89) 0.086(43) 0.299(73)
Chiral Iogarithme:ABPJr Bg,mia+Dg msa log(m:a)

Ag, —0.0058(20) —0.00093(81) —0.00232(83) 0.00067(69) —0.0062(24) —0.0035(12)
Be, 4.96(29) 4.9711) 4.8010) 5.04289) 6.10128) 6.21(17)

DBP 0.4611) 0.51941) 0.46141) 0.54633) 0.4510) 0.53263)
y?/d.of  0.056(40) 0.059(30) 0.040(23) 0.046(30) 0.039(24) 0.121(39)
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TABLE XVIII. Chiral extrapolation ofBx with chiral logarithm.

B 2.6 2.6 2.6 2.6 29 29
N 40 40 40 40 60 60
N, 16 24 24 32 24 32

Ns 16 16 32 16 16 16
Chiral logarithmBy = B(1— 3cm;a log(ma) +bma)

B 0.34043) 0.42016) 0.42519) 0.44311) 0.36942) 0.42716)
b —26(12) —10.7(3.0) —10.6(3.1) -6.1(2.2) —21.9(9.9) —10.3(3.5)
c 5.01.8 2.5046) 2.4249) 1.80(32) 4.4(1.6 2.5250)
x3d.of 0.00922) 0.04343) 0.02024) 0.07852) 0.02539) 0.00921)

tinuum limit with a total error of at most a few percent in The results of the fits are given in Table XV together with
guenched QCD in the near future. x?/d.o.f. It is found that the three types of fits in the above

We have also examined the possibility of calculating lightyield almost identical values of the pseudo scalar meson
quark masses in DWQCD. We find good scaling behaviormass atm;=0. The result of the chiral fit for vector meson
and the values estimated for the continuum limit are in reamass
sonable agreement, albeit somewhat small, with those of
4-dimensional simulations. Further progress toward preci-
sion determination of light quark masses also requires that of mya=Ay+Bymsa (A4)
renormalization factors at the few percent level.

is given in Table XVI.
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(A6)
APPENDIX: CHIRAL FIT

The chiral extrapolation of our data is made by uncorre- Bp=Ag,+Bg,ma
Ia_tec_J flt_anq errors of parameters are estimated by a single + Dy myalog(mia). (A7)
elimination jackknife procedure. P

For pseudo scalar meson mass we investigate the follow-
ing three types of fits: The last two fits with nonlinear terms lead to a smaller mag-

nitude of the chiral symmetry breaking tedq as is seen in
m%sazzAps(mres(fS)aJr ma), (A1)  Table XVII where values of the coefficients are also given.

The bare value 0By is fitted with chiral logarithm
Msa°=Aps( Myes(rsfA+ Mra) + Bpg(Mya)?, (A2)
Bx=B[1—3cm;alog(m;a)+bm;a] (A8)

mI%SaZZAPS(mres(fs)a-+ msa) + Cpgm;a log(m;a).
(A3) and the results are given in Table XVIII.
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