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Softly broken A4 symmetry for nearly degenerate neutrino masses
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The leptonic Higgs doublet model of neutrino masses is implemented with anA4 discrete symmetry~the
even permutation of four objects or equivalently the symmetry of the tetrahedron! which has four irreducible
representations:1,18,19, and3. The resulting spontaneous and soft breaking ofA4 provides a realistic model
of charged-lepton masses as well as a nearly degenerate neutrino mass matrix. The phenomenological conse-
quences at and below the TeV scale are discussed.
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I. INTRODUCTION

Since the experimental evidence of neutrino oscillatio
@1–3# requires only neutrino mass differences, the possibi
of nearly degenerate neutrino masses is often considered@4#.
However, the charged lepton masses are certainly not de
erate, so whatever symmetry we use to maintain the neut
mass degeneracy must be broken. To implement this ide
a renormalizable field theory, the symmetry in quest
should be broken only spontaneously and by explicit s
terms~if it is not a gauge symmetry!.

Recently, a simple model of neutrino masses was p
posed@5# using a leptonic Higgs doubleth5(h1,h0) and
three right-handed singlet fermionsNiR , all of which are at
or below the TeV energy scale. It was further shown@6# that
this model is able to account for the recent measuremen@7#
of the muon anomalous magnetic moment, provided t
neutrino masses are nearly degenerate@8#.

In this paper, the specific choice of a discrete symme
i.e., A4, which is the symmetry group of the even permu
tion of four objects or equivalently that of the tetrahedron
used to sustain this degeneracy, which is then broken b
spontaneously to generate the different charged-lep
masses, and softly to account for the mass splitting and m
ing of the neutrinos. In Sec. II, the groupA4 and its irreduc-
ible representations are discussed. In Sec. III, the structu
the leptonic model, which has altogether four Higgs do
blets, is presented. In Sec. IV, phenomenological con
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quences of this model are explored. In Sec. V, the qu
sector is discussed. In Sec. VI, there are some conclud
remarks.

II. DISCRETE SYMMETRY A4

The finite group of the even permutation of four objec
i.e., A4, has 12 elements, which are divided into 4 class
with the number of elements 1,4,4,3, respectively. T
means that there are 4 irreducible representations, with
mensionsni , such that( ini

2512. There is only one solution
n15n25n351 andn453, and the character table of the
representations is shown in Table I.

The complex numberv is the cube root of unity, i.e.
e2p i /3. Hence 11v1v250. Calling the 4 irreducible repre
sentations1,18,19, and3 respectively, we have the decom
position

333511181191313. ~1!

In particular, denoting3 as (a,b,c), we have

15a1a21b1b21c1c2 , ~2!

185a1a21v2b1b21vc1c2 , ~3!

195a1a21vb1b21v2c1c2 . ~4!

For completeness, the 333 representation matrices of the 1
group elements are given below.
C1:F 1 0 0

0 1 0

0 0 1
G , ~5!

C2:F 0 0 1

1 0 0

0 1 0
G ,F 0 0 1

21 0 0

0 21 0
G ,F 0 0 21

1 0 0

0 21 0
G ,F 0 0 21

21 0 0

0 1 0
G , ~6!
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C3:F 0 1 0

0 0 1

1 0 0
G ,F 0 1 0

0 0 21

21 0 0
G ,F 0 21 0

0 0 1

21 0 0
G ,F 0 21 0

0 0 21

1 0 0
G , ~7!

C4:F 1 0 0

0 21 0

0 0 21
G ,F 21 0 0

0 1 0

0 0 21
G ,F 21 0 0

0 21 0

0 0 1
G . ~8!
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The reason that we chooseA4 for discussing degenerat
neutrino masses is that it is the simplest discrete symme
which admits one three-dimensional representation as we
three inequivalent one-dimensional representations.
shown in the next section, this is ideal for having degene
Dirac neutrino masses while allowing arbitrary charge
lepton masses. In contrast, theS3 discrete symmetry@9# has
one two-dimensional and two one-dimensional represe
tions, whereasS4 @10# has two three-dimensional, one two
dimensional, and two one-dimensional representations
continuous groups are considered, thenSO(3) has a three-
dimensional representation and may be used as well.

III. MODEL OF NEARLY DEGENERATE NEUTRINO
MASSES

UnderA4 andL ~lepton number!, the color-singlet fermi-
ons and scalars of this model transform as follows.

~n i ,l i !L;~3,1!, ~9!

l 1R;~1,1!, ~10!

l 2R;~18,1!, ~11!

l 3R;~19,1!, ~12!

NiR;~3,0!, ~13!

F i5~f i
1 ,f i

0!;~3,0!, ~14!

h5~h1,h0!;~1,21!. ~15!

Hence its Lagrangian has the invariant terms

1

2
MNiR

2 1 f N̄iR~n iLh02 l iLh1!1hi jk~n i ,l i !Ll jRFk1H.c.,

~16!

TABLE I. Character table ofA4.

Class x (1) x (2) x (3) x (4)

C1 1 1 1 3
C2 1 v v2 0
C3 1 v2 v 0
C4 1 1 1 21
11301
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where

hi1k5h1F 1 0 0

0 1 0

0 0 1
G , hi2k5h2F 1 0 0

0 v 0

0 0 v2
G ,

hi3k5h3F 1 0 0

0 v2 0

0 0 v
G . ~17!

Thus the neutrino mass matrix~in this basis! is proportional
to the unit matrix with magnitudef 2u2/M , whereu5^h0&,
whereas the charged-lepton mass matrix is given by

Ml5F h1v1 h2v1 h3v1

h1v2 h2vv2 h3v2v2

h1v3 h2v2v3 h3vv3

G . ~18!

If v15v25v35v, thenMl is easily diagonalized:

UL
†MlUR5F A3h1v 0 0

0 A3h2v 0

0 0 A3h3v
G

5Fme 0 0

0 mm 0

0 0 mt

G , ~19!

where

UL5
1

A3 F 1 1 1

1 v v2

1 v2 v
G , UR5F 1 0 0

0 1 0

0 0 1
G . ~20!

The 636 Majorana mass matrix spannin
( n̄e ,n̄m ,n̄t ,N1 ,N2 ,N3) is then given by

M(n,N)5F 0 UL
† f u

UL* f u M
G . ~21!

Hence the 333 see-saw mass matrix for (ne ,nm ,nt) be-
comes
2-2
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Mn5
f 2u2

M
UL

TUL5
f 2u2

M F 1 0 0

0 0 1

0 1 0
G . ~22!

This shows thatnm mixes maximally withnt , but since all
physical neutrino masses are degenerate, there are no
trino oscillations. To break the degeneracy, arbitrary s
terms of the formmi j NiRNjR may be added to Eq.~16!. As a
result, it is possible to have, for example, a bimaximal m
ing pattern with the appropriate small neutrino mass-squa
differences for atmospheric@1# and solar@2# neutrino oscil-
lations used in Ref.@6#.

IV. PHENOMENOLOGICAL CONSEQUENCES

Whereas the minimal standard model has only one Hi
scalar doublet, ourA4 model has four,F1,2,3 and h. The
interplay betweenF i andh is the same as in Ref.@5#, which
allows u5^h0& to be small. The new feature here is th
structure of the Higgs sector containingF i . The correspond-
ing A4-invariant Higgs potential is given by

V5m2(
i

F i
†F i1

1

2
l1S (

i
F i

†F i D 2

1l2~F1
†F1

1v2F2
†F21vF3

†F3!~F1
†F11vF2

†F21v2F3
†F3!

1l3@~F2
†F3!~F3

†F2!1~F3
†F1!~F1

†F3!1~F1
†F2!

3~F2
†F1!#1H 1

2
l4@~F2

†F3!21~F3
†F1!21~F1

†F2!2#

1H.c.J . ~23!

Let ^f i
0&5v i , then the minimum ofV is

Vmin5m2~ uv1u21uv2u21uv3u2!1
1

2
l1~ uv1u21uv2u21uv3u2!2

1l2~ uv1u21v2uv2u21vuv3u2!~ uv1u21vuv2u2

1v2uv3u2!1l3~ uv2u2uv3u21uv3u2uv1u21uv1u2uv2u2!

1H 1

2
l4@~v2* !2v3

21~v3* !2v1
21~v1* !2v2

2#1c.c.J ~24!

The minimization conditions onv i are given by

05
]Vmin

]v1*
5m2v11l1v1~ uv1u21uv2u21uv3u2!

1l2v1~2uv1u22uv2u22uv3u2!1l3v1~ uv2u21uv3u2!

1l4v1* ~v2
21v3

2!, ~25!

and other similar equations. Hence the solution
11301
eu-
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-
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v15v25v35v5A 2m2

3l112l312l4
~26!

is allowed if l4 is real.
The mass-squared matrices in the Ref i

0 ,Im f i
0 , andf i

6

bases are all of the form

M 25S a b b

b a b

b b a
D , ~27!

where

Ref i
0 : a52~l112l2!v2, b52~l12l21l31l4!v2,

~28!

Im f i
0 : a524l4v2, b52l4v2, ~29!

f i
6 : a522~l31l4!v2, b5~l31l4!v2. ~30!

The eigenvalues ofM 2 area12b, a2b, anda2b. Hence
(F11F21F3)/A3 has the properties of the standard-mod
Higgs doublet with mass-squared eigenvalues 2(3l112l3

12l4)v2, 0, and 0 for Re(f1
01f2

01f3
0)/A3,Im(f1

01f2
0

1f3
0)/A3, and (f1

61f2
61f3

6)/A3, respectively. The two
other linear combinations are mass degenerate in each s
with mass-squared eigenvalues given byMR

252(3l22l3

2l4)v2,MI
2526l4v2, and M 6

2 523(l31l4)v2, respec-
tively.

The distinct phenomenological signatures of ourA4
model are thus given by the two new Higgs doublets. Th
are predicted to be pairwise degenerate in mass and
Yukawa interactions are given by

Lint5S mt

v
~ne,e!LtR1

mm

v
~nt ,t!LmR1

me

v
~nm ,m!LeRDF8

1S mt

v
~nm ,m!LtR1

mm

v
~ne ,e!LmR

1
me

v
~nt ,t!LeRDF91H.c., ~31!

where

F85
1

A3
~F11vF21v2F3!,

F95
1

A3
~F11v2F21vF3!. ~32!

This means that lepton flavor is necessarily violated a
serves as an unmistakable prediction of this model.

Using Eq. ~31!, we find that the most prominent~with
strengthmtmm /v2) exotic decays of this model are

tR
2→mL

2mR
2eR

1 , tR
2→mL

2mL
1eL

2 , ~33!
2-3
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through (f9)0 exchange. The former amplitude is propo
tional to M0

225MR
221MI

22 and the latter toM1
225uMR

22

2MI
22u. Hence

B~t2→m2m2e1!5S 9mt
2mm

2

M0
4 D S v0

2

3v2D 2

B~t→mnn!,

~34!

where v05(2A2GF)21/2 and 3v2,v0
2. Using B(t→mnn)

50.174, we find

B~t2→m2m2e1!55.5310210S v0
2

3v2D 2S 100 GeV

M0
D 4

,

~35!

as compared to the experimental upper bound of 1.531026.
Similarly, B(t2→m2m1e2) is also given by Eq.~35! with
M0 replaced byM1 ~which is always greater thanM0) as
compared to the experimental upper bound of 1.831026.
Othert decays are further suppressed because they are
portional to mtme or mmme . Note the important fact tha
there is no tree-levelm→eeedecay in this model.

From Eq.~31!, there are also tree-level contributions tot
and m decays through charged-scalar exchange. For
ample,

mR
2→eR

2ntn̄m , mR
2→eR

2nen̄t , ~36!

through (f8)6 and (f9)6 exchange, respectively. Howeve
these amplitudes are proportional tommme and only add in-
coherently to the dominantmL

2→eL
2nmn̄e amplitude. Hence

they are completely negligible. The same holds true fot
decays, but to a lesser extent.

Consider next the muon anomalous magnetic mom
which receives a contribution proportional tomt

2 from (f9)0.
A straightforward calculation yields

Dam5
GFmt

2

4A2p2 S mm
2

M0
2D S v0

2

3v2D
57.4310213S v0

2

3v2D S 100 GeV

M0
D 2

, ~37!

as compared to the possible discrepancy@11# of (426
6165)310211, based on the recent experimental measu
ment @7#. Hence the contribution toDam from Eq. ~31! is
negligible, and the latter’s theoretical explanation rema
that of h andN exchange as proposed in Ref.@6#.

Radiative lepton-flavor-changing decays (i.e.,t→mg,t
→eg,m→eg) throughh andN exchange are suppressed
the near degeneracy of the neutrino mass matrix, as
plained in Ref.@6#. However, they also receive contribution
from Eq. ~31!. The most prominent process is actuallym
→eg from (f8)0 exchange, with an amplitude given by
11301
ro-

x-
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A5
e

32p2

mt
2

Me f f
2

mm

v2 eaqbēsabS 11g5

2 Dm, ~38!

where

1

Me f f
2

5
1

MR
2 S ln

MR
2

mt
2 2

3

2D 2
1

MI
2S ln

MI
2

mt
2 2

3

2D . ~39!

Hence

B~m→eg!5
27a

8p

mt
4

Me f f
4 S v0

2

3v2D 2

. ~40!

Using the experimental upper bound@12# of 1.2310211, we
find Me f f.284 GeV(v0 /A3v).

V. QUARK SECTOR

In the quark sector, we could also try having the thr
left-handed quark doublets transform as3 underA4, and the
right-handed quark singlets as1,18, and19. In that case, the
quark mass matrices corresponding to Eq.~19! are diagonal
like those of the charged leptons. Since the soft breaking
A4 is not possible in the quark sector, the only way tha
charged-current mixing matrix may arise is from the vio
tion of v15v25v3. However, because the mixing is furthe
suppressed by the ratio of quark masses, the final effec
negligible.

Suppose we assign both quark doublets and singlets t
3 underA4. Then there are 2 invariant couplings toF i as
shown by Eq.~1!. However, the mass eigenvalues in th
case are those of Eq.~27!, which do not match the observe
quark masses.

To accommodate realistic quark mass matrices with
correct charged-current mixing matrix, we can just go ba
to the standard model, i.e., all quarks are trivial underA4 as
well as another Higgs doubletF4. Thus

v0
25v1

21v2
21v3

21v4
21u253v21v4

21u2. ~41!

VI. CONCLUDING REMARKS

In conclusion, we have shown how nearly degener
neutrino masses can be obtained in the context of a so
and spontaneously broken discreteA4 ~tetrahedral! symmetry
while allowing realistic charged-lepton and quark mas
@13#. In addition to the standard-model particles, we ha
three heavy neutral right-handed singlet fermionsNi at the
TeV scale or below, whose decay into charged leptons wo
map out the neutrino mass matrix as discussed in Ref.@5#.
The nearly mass-degenerateNi can explain the possible dis
crepancy of the muon anomalous magnetic moment as
cussed in Ref.@6#. The three new Higgs scalar doubletsF i of
this model have distinct experimental signatures. One co
bination, i.e., (F11F21F3)/A3 behaves like the standard
model Higgs doublet, except that it couples only to lepto
2-4
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The other two, i.e.,F8 andF9 of Eq. ~32!, are predicted to
be pairwise mass degenerate and have precisely determ
flavor-changing couplings as given by Eq.~31!. They are
consistent with all present experimental bounds and a
nable to experimental discovery below a TeV.
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