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Precision determination of |V ,| from inclusive decays
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We propose determiningy,,| from inclusive semileptoni8 decay using combined cuts on the leptonic and
hadronic invariant masses to eliminate the ¢ background. Compared to a pure dilepton invariant mass cut,
the uncertainty from unknown ordargCD/mg terms in the operator product expansion is significantly reduced
and the fraction ob—u events is roughly doubled. Compared to a pure hadronic invariant mass cut, the
uncertainty from the unknown light-cone distribution function of thguark is significantly reduced. We find
that |V, can be determined with theoretical uncertainty at the 5-10% level.
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. INTRODUCTION (Aqep/my)? corrections in the OPE, the importance of
which was recently stress¢8l]. In addition, because of finite

The magnitude of the Cabibbo-Kobayashi-Maskawadetector resolution, the actual experimental cugémay be
(CKM) matrix elementV,, is an important ingredient in |arger than the optimal value ofrg—mp)?, and the theo-
overconstraining the unitarity triangle by measuring its sidegetical error in|V,,,| grows rapidly agj? is raised.
and angles. Inclusive semileptorﬁc—>u decay provides the In this paper we propose to improve on both methods by
theoretically cleanest method of measur|ivg,| at present, combining cuts on the leptonic and hadronic invariant mass.
since it can be calculated model independently using an opyarying theg? cut in the presence of a cut omy allows one
erator product expansiofOPE) as a double expansion in to interpolate continuously between the limits of a pgfe
powers of Aqcp/M, and as(mp) [1]. However, the phase cut and a pureny cut. We examine how a combined cut on
space cuts which are required to eliminate the overwhelming, and g2 can minimize the overall uncertainty. This also
background fromb—c decay typically cause the standard allows a precision determination pf,,,| to be obtained with
OPE to fail. This is t?e cazse both for the cut on the charge%utS which are away from the threshold B X7, an
lepton energyE, > (mg —m;)/2mg [2], as well as for the cut i nortant criterion for realistic detector resolution.
on the hadronic invariant massy<mp [3-5]. In both of In Sec. Il we discuss the regions of phase space and ex-
these cases, the standard OPE becomes, in the restricted fain which ones are accessible within the standard OPE. In
gion, an expansion in powers dfocpmy,/m;, which is of  Sec. 11l we present the decay rate with a combined cut on the
order unity. leptonic and hadronic invariant mass to ordefcy/mj in

Recently we showed that a cut on the dilepton invarianthe OPE and to ordeag,Bo in the perturbative expansion,
mass can be used to reject the background foerc decay  including a detailed investigation of the theoretical uncer-
[6,7], while still allowing an expansion in local operators. tainties. Our results are summarized in Sec. IV.
Imposing a cutg®>(mg—mp)? (where q is the four-
momentum of the virtualV) removes thd— c background

while leaving the OPE valid. This approach has the advan- II. KINEMATICS

tage of being model independent, but is only sensitive to . . _ _

~20% of the ratE, as Opposed 1a80% for amx< mp had- The Dalitz plot forb—u Seml|ept0nlc decay n thqz
ronic invariant mass cut. In addition to the sensitivityig, ~ — M plane is shown in Fig. 1. While the region of phase

the main uncertainty in the analysis using a pumg cut  Space contained by tig#>(mg—mp)? cut corresponds to a
comes from incalculable corrections, formally of order subset of the regiomy<mp, the theoretical prediction for
Aqcp/my, to theb quark light-cone distribution functioh, the former region is better behavig]. This may seem coun-
while in the case of the purg? cut it comes from the order terintuitive, since uncertainties for inclusive observables usu-
ally decrease the more inclusive the quantity. The present
situation occurs because the OPE breaks down when the ki-
1This assumes that the light-cone distribution function of the Nematics is restricted to large energy and low invariant mass
quark is determined from thB— X,y photon spectrum; otherwise final states, for whichnZ/Ex~ A gcp. As it is explained be-
the model dependence is formalB(1). low, this kinematics dominates the lower left corner of the
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Which of these situations applies to the kinematic regions
25 B bosc allowed my<mp andg?>(mg—mp)? depends on the relative sizes
5 6 dilope of my, M., andAqcp. It sSeems most reasonable to treat
20 iy B my<m,
@ 15 ﬁ MM ¢°>(mp-mp)? AQCDmBNO(sz)u (4)
(GeV?) B
10 since neither side is much larger than the other. Cutting only
5 on the hadronic invariant maser on E,), the hadronic en-
ergy can extend all the way to ordeg,
- 5 10 15 20 25
m; (GEVZ) My~Mp, EXN Mg, (5)

FIG. 1. The Dalitz plot folb— u semileptonic decay, indicating and Som)2</Ex is typically of OrderAQCD- By contrast, the
the regions corresponding to—c decay(shadedi the lepton in- ¢yt ong? implies

variant mass cutj®>>(mg—mp)? (vertically striped, and the had-
ron invariant mass cuny<<mp (horizontally stripegl

. - . . My~Mp, Ex=—F5_——~mp, (6)
Dalitz plot in Fig. 1, and that is why the OPE is better be-
haved in the restricted region determined by ¢fecut.

More precisely, there are three distinct regions of phas
space, in which the behavior of the OPE is qualitatively dif-
ferent. Over most of the Dalitz plot, the kinematics typically
satisfies

@nd so typicallymi/Ex~mp . Viewing mp> A ocp, both re-
gions are parametrically far from the resonance regi&e
However, themy<mp [or E;>(m3—m3)/2mg] region is in
the shape function reginjsee Eq(2)], and thus sensitive to
the light-cone distribution function. In contrast, the region
My> A qcp, M/ Ex>Aqcp, (1) g*>>(mg—mp)? is parametrically far from both the reso-
nance and shape function regimes.
and the inclusive rate may be expanded in powers of 1hus: thecut om? eliminates the region where the struc-
Aqep/my, via the OPE. The leading order term is ihquark ture fgnctlon is important, maklng the calcglanon of the par-
decay result, and the higher order terms are parametrized nglly integrated rate possmlg n an expan5|02n oleocal opera-
matrix elements of local operators. This is the simplest relors: Hzowever, from Eq(6), imposing a cug™> qg = (Mg
gion theoretically, since reliable predictions can be made_Mx)” results in the effective expansion parameter for the
knowing only the first few matrix elements, which may be OPE being
determined from other processes. The situation is more com-
plicated in the “shape function” region, which is dominated

AocpEx A mpA
by low invariant mass and high energy final states QCD=X_ 7QCh_ Tb77QeD

: @)
mi Mx mg_qgut
Mx>Aqcp, m§/Ex~O(Aqcp)- 2 5
and so the convergence of the OPE gets worsegsis

: 2 _ _ 2 (m. —m )2 i -
In this region, a class of contributions proportional to powersralse.d' FOKlgy= (Mg — Mp)“=(m, —~mc)”, the OPE is an ex

> “pansion inA ocp/me [11]. For a very high cut org? (say,
Of AqepEx/m mu.st be resummeq to a!l orders. Thg OPE Sabove~ 18 C?e\/z) tche phase space is restricted to the reso-
replaced by a twist expansion, in which the leading termnance region cal’Jsing a breakdown of the OPE
depends on the light-cone distribution function of thguark For the pl'Jrqu cut, the largest uncertainties originate
in the B meson. Since this is a nonperturbative function, thefrom the b quark mas’s and the unknown contributions of
leading order prediction is model dependent, unless the dis; q

: . . 2
tribution function is measured from another process. Even ! me nS|30rI1—S|§_ operators, suppresr? ed h bynoA oen/(M;
this light-cone distribution function is extracted from the —w]”. In this paper we propose that the uncertainties can

photon energy spectrum iB— Xy [9,10], the unknown be reduced considerably by lowering the cut g@hbelow

_ 2 . - .
higher order corrections are only suppressedily:p/m,.  (Ms~Mo)”, and using a simultaneous cut am to reject
Finally, in the resonance regime b—c events. It is obvious that loweringZ, all the way to

zero would result in the rate with just the cut oy, which
depends strongly on the light-cone distribution function.
My~ O(Aqcp), 3 Thus Ioweringq§ut in the presence of a fixed cut amy
increases the uncertainty from the structure function, while
the final state is dominated by a few exclusive resonancedecreasing the uncertainty from the matrix elements of the
and the inclusive description breaks down. In this case neidimension-six operators. The optimal combination of the two
ther the local OPE nor the twist expansion is applicable. cuts is somewhere in between the pgfeand puremy cuts.
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In the rest of this paper we calculate the partially integrated

rate and its uncertainty in the presence of cutgiandmy .

IIl. COMBINED CUTS

The integrated rate with a lower caf, on g?> and an
upper cutmg,; on my may be written as

(1-g?)?

~ 0

50: 5
Mg, Mg m -
mgmp  \ My Mg

The hadronic invariant massy is related tog? ands by

M§=S MMy + (Mg — M) (Mg — g°My,). (10
G(g2,.Mcy) is the ratio of the semileptonib—u width
with cuts ong? andmy to the full width at tree level with
mp=4.7 GeV. The fraction of semileptoniz— u events in-
cluded in the cut rate is-1.21G(g2,;,Mcy) - Note that then;,
prefactor, a large source of uncertainty, is included

PHYSICAL REVIEW D 64 113004

di'  GE[Vypl? (4.7 GeWw®
dg2ds 192773

X G(qgut* mCUT) 1

®

whereq=q/m,, s=(v—q)? is the rescaled partonic invari-
ant massy is the four-velocity of the decaying meson, and

for mg,c>mg—m, Va2,

2 ~2
for mg,<(mg—mygq°) (Mg—my),

(€)

) otherwise.

rate is very insensitive to it. The ellipses in E§1) denote
order a§ terms not enhanced by, order (AQCD/mb)2
terms proportional to derivatives 03‘(%), and higher order

terms in both series. The functiof(g2,s) can be obtained
from the triple differential rate given in Ref12], and the

function Y(g?,s) was calculated numerically in RefL3].
The perturbative contributions to the differential rate in

inEg. (11) are finite fors>0, where only bremsstrahlung dia-

G(05,: M) - The theoretical uncertainty in the extraction of grams contribute, but singular as-0. For a fixed value of

|Vup| is therefore half the uncertainty in the prediction for

G (0wt Mau) -

A. Standard OPE

«, settings=0 in Eq.(10) determines how fag? can be
lowered without encountering the singularity. Since the sin-
gularity is smoothed out by thie quark light-cone distribu-
tion function, such low values af? correspond to the shape

For g2>(mg— mg,)?, the effects of the structure function function region. Throughout this paper we will therefore stay
are parametrically suppressed, and correspond to includingawvay from this region by only considering valuesq‘zxgjt and
class of subleading higher order terms in the OPE. In thisn,, satisfying
region the standard OPE is appropriate, and the double dif-

ferential decay rate is given by

tar 83| | 1+ )\1)2(1 ‘2)2(1+2‘2)+)‘2
- —=<-—=<=0(S — — _<
I'o dg?ds 2mg k k m;
~ ~ m PN
X (3—453%+300°) +%”)X(q2,s)
my) \ 2 .
+(“5( ")) BoY(G%S)+- -, (12)
where 8o=11-2n;/3 and
G2 |V, |2 m?
o= F| ub| b (12)

19273

is the tree leveb—ulv decay rate. The matrix elemexyj is
known from theB* —B mass splitting\,=0.12 GeVf [the
uncertainty in this relation is included in ti@& 1/m?) termg.
A1 is much less well known but, as is clear from Etfl), the

mp=4.6 GeV

my=4.7 GV

T
my=4.8GeV ™ |

Lo
IR
2

m2, ( GeV? )

1 3

FIG. 2. The thin dashed lines show the location of the perturba-
tive singularity of d'.(myg/dg?, given by Eg.(13), for m,
=4.6,4.7 and 4.8 GeV. The thick vertical dashed lines correspond
to m,,—=1.5, 1.7, and 1.86 GeV. The intersection of the thick and
thin dashed lines give qualitatively, for a given valuenaf,, the
value of g, below which the effects of the distribution function
become large.
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FIG. 3. (a) The O(e) andO(€3,,,) contributions toG(g2,,,M.) (normalized to the tree level resufor hadronic invariant mass cut
me,= 1.86 GeV(solid lineg, 1.7 GeV(short dashed lingsand 1.5 GeMlong dashed lings (b) Scale variation of the perturbative correc-
tions: The difference between the perturbative correction@(tqgu[,mcm), normalized to the tree level result, far=4.7 GeV andu
=1.6 GeV.

) , My Mackenzie- (BLM-)enhanced”(by a factor of 8) O(e€?)
dcuc> Ms Mo~ Mt e (13 term. Terms of order! in Eq. (14) should be counted as
order €", and terms of the same order énin the two series
This is illustrated in Fig. 2. Note that ifi is Iowered,qgut should be combined. The mismatch in ordersxgfbetween

must be increased to keep the uncertainty at a roughly corfdS-(14) and(15) is required for the bad behavior of the two
stant level. If the difference between the left- and right-handS€ries to cancell4]. o )

sides of Eq(13) is at least a few timed ocpm, then we are The uncertainties in the OPE prediction B(qc, Mew)
far from the shape function region, and the OPE is welifrom Eq.(14) come from three separate sources: perturbative

behaved. In this case the tree level result is not sensitive tgncertainties from the unknown full two-loop result, uncer-
the cut onmy, and theg? spectrum including a hadronic tainties inb quark mass, and uncertainties due to unknown

invariant mass cut is given by matrix elements of local operators@(l/mg) in the OPE. In
the following subsections we will estimate each of these un-
certainties separately as the fractional error&gg2,,, M., -

1 dl'c(m A - - A ; o :
F—#ZCM)=(1+ —12) 2(1-9%)%(1+29%) + —22 The fractional uncertainty inV,,| then is one half of the
o dq 2mj, M resulting value.
X (3—450%+300°) + @y(azimcua 1. Perturbative uncertainties

The relative sizes of th®(e) andO(eéLM) corrections to
2 ~p G(qﬁut,mcut) are plotted in Fig. @), for u=4.7 GeV. We
BoY(@ Mo -+, (14 note'that for a given value oh,, the perturbation series is
poorly behaved f0|q§ut both larger and smaller than some
where the functiong(a{mcm) and"\'((a{mcut) are given in  optimal range. For Iargqgut, this behavior arises because the
the Appendix. invariant mass of the final hadronic state is constrained to be
The differential decay rate in E¢L4) is given in terms of small, and so perturbation theory breaks down. For lower
the pole massm”®. It is well known that use of the pole values ofgZ,, the perturbative singularity discussed in the
mass introduces spurious poor behavior of the perturbatioprevious section is being approached, and there are large
series. Although this cancels in relations between physicapudakov logarithms which blow up. These Sudakov loga-
observables, it is simplest to avoid it from the start by usingfithms may in principle be resummed, but since our point in
a better mass definition. There are a number of possibilitieghis paper is to avoid the shape function region entirely, we
here we choose theSlmass, which is defined as one half of will stay in the intermediate region where ordinary perturba-
the Y(1S) mass in perturbation theory. To the order we aretion theory is well behaved.
working, it is related to the pole mass by We may estimate the error in the perturbation series in
two ways:(i) as the same size as the last term computed, the
order €3,,, term, or (i) as the change in the perturbation
series by varyingu over some reasonable range. These are
illustrated in Figs. 8a) and 3b), respectively. In Fig. &) we
vary the renormalization scale betwegn=4.7 GeV andu
' (15 =my/3~1.6 GeV, and plot the change in the perturbative
result[including bothO(e) andO( €3, ) terms. For a given
where powers o=1 count the order in the upsilon expan- set ofq?, andm,,, we take the perturbative error to be the
sion[14], C=4/3, ande3,,, denotes the “Brodsky-Lepage- larger of (i) and (ii).

n ( ag(mp)
T

Cr ay)?
méS: mgo|e[ 1— ( F8 s)

let g (it 1
et Pl et e

2
XEBLM+...
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0.2

0.3

0.1

o= e — FIG. 4. The fractional effect of

a6 ™ a6 g a +80 MeV and =30 MeV un-
G 0 N — certainty inmiS on G(g2,, Mew)

-01 -04 for mg,=1.86 GeV (solid line),
1.7 GeV (short dashed line and

-02} .

e i AmIS=30 MeV .
-03 Am,"=80 MeV 02 / b ¢ 1.5 GeV (long dashed ling
6 8 10 12 14 s s 10 12 14
2,(GeV’) 2,(GeV’)

_ Note that since both th®(e) andO(eg, ) terms change  responding uncertainty itV,| as a function ofgZ,. Since
sign in the region of interest, this approach may underestithe b quark decay result at tree level is insensitive to the cut
mate the error in the perturbative series, particularly near thgp, my, as long asn., is not too low, these results may be
values of the cuts where ti@( €3, ) term or the scale varia- immediately taken over to the present analysis. However, the
tion vanishes. To put the estimate of the perturbative uncercut onm, allows 02, to be lowered belowrfiz—mp)?, re-
tainty on firmer grounds, a complete two-loop calculation ofgylting in a significant reduction of the uncertainty, since by
the double differential rate,Iddg?dmy, is most desirable. Eqg. (7) it scales asgmbAQCD/(mé_qgur)]s-

This is one of the “simpler” two-loop calcqlatlons, since the |y addition to these corrections, VolosHis] has recently
phase space of the leptons can be factorized. stressed the importance of the contribution from weak anni-
_ As an alternate approach, Reff$1,19 use the renormal-  pijation (WA) (this uncertainty was included but underesti-
ization group to sum leading and subleading logarithms of,,5iaq in Ref[6]). WA arises atO(A%CD/mg) in the OPE,

my, /(M — /g, (for a pureg® cuy. However, since this log ¢ is enhanced by a factor ef16x? because there are only

is not I_ar_ge in the regions we are considering, it is r_10t clear[WO particles in the final state compared vvhh»ulz. Be-
that this improves the result. For example, resumming lead-

ing logs of m./my, for B—D* semileptonic decay at zero fril:seitvivsAiﬁggtr;?:gzﬁtong Ztntg; eer point of tespec-
recoil in heavy quark effective theofHQET) is known to ' P Offcur cut:

provide a poor approximation to the full two-loop result, and
: . Ny dr 2G2|Vp|?m?
including the power suppressedm{/my) agIn"(m./my) wA__ 22FIYubl b
terms makes the agreement even wgad. dg? 37

1
89— mg)Z_mB

2. Uncertainties in the b quark mass X<B|OU—A_Og—P|B>i (16)

The partially integrated rate depends sensitively on th§nere
value of theb quark mass due both to thej factor in
G(g2,.Me) and the cut ong?, as stressed in Refld]. 1 _
Currently, the smallest error of theSImass is quoted from OV-a=7Nb7u(1=¥5)aqy*(1—ys)hy,

’ 4 “

sum rules[17-19. Reference/19] obtains the valuernéS
=4.69+0.03 GeV by fitting an optimized linear combina- o o
tion of moments of thee*e™—b b spectrum, which may Og-p=7Np(1=75)ad(1~¥s)hp. 17)
underestimate the theoretical erfd8]; the authors of 18]

cite a similar central value with a more conservative error ofrne matrix element in Eq(16) vanishes for both charged
+0.08 GeV. In Fig. 4 we sh_owltshe EﬁECtZS ofa80 MeV and neutraB’s under the factorization hypothesis which

and a+30 MeV uni:sertalnty inmg;> on G(dg, Mewd» USING  case it corresponds to pure annihilation, which vanishes by
the central valuem,®=4.7 GeV. The latter error may be helicity for massless leptopsand so the size of the WA
achievable using moments of varioBsdecay distributions  effect depends on the size of factorization violation. Follow-

[20]. ing the discussion in Ref8] we define the bag constarBs
by
3. O(Adcy/mp) uncertainties i

As discussed in Sec. Il, the convergence of the OPE gets L<B|O§’,,A|B>E meBBl,
worse agy2, is raised. Since the contribution froxy in the 2m 8
OPE is small for all values ocqgut [see Eq.(14)] and\, is 5
known, the largest uncertainty from unknown nonperturba- 1 (B|OY_,[B)= meBB (19
tive terms in the OPE arises &(Adc/mp) [21]. The ef- 2mg S-PI=/— g T

fects of these terms were estimated in R6f.by varying the
values of the corresponding matrix elements over the rangender factorizationB,=B,=1 for B*, andB,;=B,=0 for
expected by dimensional analysis, and determining the coB,, while Ref.[8] suggests a 10% violation of factorization,

113004-5
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e other O(A/my)
6 8 10 12 14
¢2,(GeV?)

cut

FIG. 5. Estimate of the uncertainties due to dimension-six term

in the OPE as a function af?, from weak annihilationf\WA) (solid
line) and other operator@lashed ling

|B;—B,|~0.1, as being a reasonable estimate. This gives g

constant shift taG (g2, Mey) of
2

2 2 I
5G(qcutimcut) =167°(B,— Bl)EZ
b

0.0 o
5702 Gev

While this corresponds to only-a3% correction to the total

2/B,—B
0.1

1). (19)
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error estimate. Such spectator effects could be computed us-
ing lattice QCD, or could be constrained experimentally
from the difference of|V,,| extracted from neutral and
chargedB decay, or from an experimental measurement of
the difference of the semileptonic widths of tB¢ and D

[8].
B. Incorporating the distribution function

As g2 is lowered below fng—mg,)? the effects of the
distribution function become progressively more important,
and their size becomes a detailed question depending on the
difference between the left- and right-hand sides of (#8).

SThe region where the distribution function becomes signifi-
cant is correlated with the region where the Sudakov logs
from the singularity(13) get large. In the simple model dis-
cussed in this section, the impact of the distribution function
on the partially integrated rate is indeed roughly constant
along the thin dashed lines in Fig. 2, independent of the
value ofmgy.

The b quark light-cone distribution function can be mea-
sured from the shape of the photon spectrurB in Xy, but
in the near future such a measurement will have sizable ex-
perimental uncertainties. There are also unkna(i/m,)
corrections in relating this function to the one relevant for
semileptonidB decay(see Ref[24] for a discussion of these

b—uly, rate, the importance of this correction grows as theterms in the twist expansionin this paper we restrict our-

cuts reduce the number of eveAts. selves to cuts for which the effect of the distribution function
The estimated uncertainty from these two classes ofs small, so that its measurement error and the unknown

Adcp/ms corrections toG(gg,, M) are plotted in Fig. 5, O(1/my) corrections have a small effect in the determination

for B,—B;=0.1. Since the uncertainty from WA is roughly a of |V ).

factor of 2 larger than from the other terms, we use the We still need to estimate the effect of the distribution

estimate from WA to determine the theoretical error onfunction to determine how low?2, may be decreased. Since

G(g2,.Mey) from 1/m? effects.

The effects of WA are particularly difficult to estimate
because they arise from a small matrix elemnttorization
violation) multiplying a large coefficient (162), and so fur-

we restrict ourselves to regions where the effect of the struc-
ture function is small, it is sufficient to take them into ac-
count at tree level. To leading twist, this is obtained by
smearing théb quark decay rate with the distribution func-

ther experimental input is required to have confidence in thigion f(k.), which amounts to the replacement in Efjl),

1-¢? ) ~2 S 2
- dk., 8| s+ f(k for q°<(1—mg,)
5(8)— f M, (k) « (20)
5(s) otherwise.
|
[We do not include the distribution function in the region ~ A
%> (1—mgy?, since in this region its effects are contained A(Q7,Mey) = gy (kaz)dk*f(k*)’ (22)

in the O(Agcy/mp) terms, which we have already consid-
ered] This corresponds to multiplying the leading order re-wheres, is defined in Eq(9) and A=mg—m, .3 The best

sult, Eq.(14), in the regiong?< (1—m,,)? by a factor way to determinef (k. ) is from the B— Xsy photon spec-
trum, which gives at tree level

Note that by the same token, this implies-45% uncertainty in
|Vub| extracted from the charged lepton energy end point region 3Since there are ordeAQCD/mb corrections to the distribution
[9,22,23, E >(mB mD)/Zva even when the light-cone distribu- function, VV_e do not need to distinguish betwetrand the HQET
tion function of theb quark is determined froB— Xy. parameter.
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FIG. 6. The effect of the model structure functig@3) on
G(g2,,Mey) as a function ofg?,, for my,=1.86 GeV(solid line),
1.7 GeV(short dashed lingand 1.5 GeMlong dashed ling

1 JA ar”

A(Q2,m,,) =
(@ Mew) = 2

. +
7somb/(1fq2) dEY Ey:(mb+k+)/2
(22

whereK ~1.33 takes into account contributions from opera-

tors other tharD; to the photon spectruf23], andI'” is the
contribution of the tree level matrix element Gf, to theB
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G(qRu» Meur)
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FIG. 7. G(02,,M..), which determines the partially integrated
rate according to Eq(8), as a function of the dilepton invariant
mass cutgZ,, for hadronic invariant mass cuh,=1.86 GeV
(solid line), 1.7 GeV(short dashed lineand 1.5 GeMlong dashed
line).

IV. COMBINED RESULTS

Having considered each uncertainty separately, we now
combine them and give the final result for various values of
cuts @2, Mcy). In Fig. 7 we plotG(g?2,, M., as a function
of qgut for mg,=1.5 GeV, 1.7 GeV, and 1.86 GeV. In this
figure we choose the valuesmi®=4.7 GeV, \,=
—0.2 GeV, andag(m,)=0.22. The combined cut cyf and

:isy dre]g;’:(l)yn r:;zr Thlsjset:r;rGu;X\?v?I:Inr:\ZTZI tr?:tzsg;:?ee of allows a determination dV,,| from about twice more
sY P gy sp the fraction of events than in the case of the cugdralone.

this source of error small and largely model independem_l_he turnaround of the curve fan,=1.5 GeV signals the
o= 1.

(the .that.th.e result is modified by Iarge' Sudakoy Iogs’breakdown of the perturbation expansion due to the singular-
which in principle should be resummed, but in the region we

are interested these effects are subleading and may be B @t s=0, and it is not physical. . .
glected) Since the dependence of our results fqi ., ) is In Table I we use three representative sets of cutg“in
weak, even a crude measurement will facilitate a model in&nd My to estimate the overall theoretical uncertainty with

dependent determination p#,,,| from the combinedj? and
my cuts with small errors.

which |V | can be determined. As throughout this paper, we
choose for the cut on the hadronic invariant mass the three

In the absence of precise data, we will use the simplé’amesngcut: (1.5 GeV,1.7 GeV,1.86 GeV). We choose val-
model presented in Ref12] to estimate the effects of the Ues ofqg, which keep the effects of the distribution function

structure function,

a

a
f(ki)= = (1-x)2 te 2™,

I'(a)
X_X’

. 3A? -
a——)\—l. ( )

f(k;) small(in the simple model discussed in the previous
section. Because we anticipate the distribution function will
be extracted from th8— X,y spectrum to the accuracy re-
quired, we do not include an uncertainty 6¢¢k,) in our
overall theoretical uncertainty.

For comparison, we include in Table | the results for a
pure g2 cut (corresponding tom.,=mg—/02,), for g?
=(mg—mp)?=11.6 GeV and g%=(mg—mpx)?
=10.7 Ge\f. We include the second point because
— DI, is suppressed near zero recoil, and so may be reli-
ably subtracted from the backgroufd]. These results are
consistent with Ref[15], with comparable errors from per-
turbation theory anan, variation.

A source of uncertainty not explicitly considered in this

the known constraints: the zeroth momeénith respect tox)

The size of this is difficult to estimate theoretically, but based

A1/3m3.

and exclusiveB decays, we expect it to be smaller than the

In Fig. 6 we plot in this model the effect of the structure uncertainties we have considered. Cuts on the phase space

function onG(q2,,,My) as a function ofy?,,, for three dif-

may amplify duality violation, but since this technique may

ferent values oing,;. The curves correspond to the param-be sensitive to almost half of the events, we expect these

etersA=0.57 GeV and\;=—0.2 Ge\~.

effects to remain small. In any event, this can be tested ex-
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TABLE I. G(gZ,, M), as defined in Eq(8), for several different choices ofjf,,,Mc.), along with the
uncertainties. The fraction &— Xl v events included by the cuts is 1.8102,.,M.). The two last lines
corresponding to pure? cuts are included for comparisai,,G gives the fractional effect of the structure
functionf(k ) in the simple mode(23); we do not include an uncertainty on this in our error estimate. The
overall uncertaintyAG is obtained by combining the other uncertainties in quadrature. The two values
correspond td&mész +80 MeV and=30 MeV. The uncertainty inV,,| is half of AG.

Ay G

b
Cuts on 2, my) G(0%Me)  AgrueG  ApeG +80/30 MeV  AyeG AG
Combined cuts
6 Ge\?,1.86 GeV 0.38 —4% 4% 13%/5% 6% 15%/9%
8 Ge\?, 1.7 GeV 0.27 —6% 6% 15%/6% 8% 18%/12%
11 GeV’,1.5 GeV 0.15 —7% 13% 18%/7% 16% 27%/22%
Pureg? cuts
(mg—mp)?,mp 0.14 - 15% 19%/7% 18% 30%/24%
(Mg— Mpx) 2, Mpx 0.17 - 13% 17%/7% 14% 26%/20%

perimentally by comparing the extraction pf,,,| with dif- be reduced by an improved determination of thejuark

ferent values of the cuts. mass and a complete two-loop calculation of the doubly dif-
Ultimately, experimental considerations will determine ferential rate @/dg? dmy .
the optimal values of d2,,,m,). An actual analysis will This method is sensitive to up te-45% of the B

probably be sensitive to the regiaf>q2, and my<m,, — Xl» decays, about twice more the fraction of events than
with nonuniform weight. The theoretical errors in such a casdn the case of the cut og” alone. We found that a determi-
will be comparable to our results, as long as the weight funchation of|V,,| with a theoretical error at the 5-10% level is
tion does not vary too rapidly. The formulas presented in thepossible. The combinedqﬁut,mcm) cut also allows this pre-
Appendix are sufficient to determine the perturbative rela<ision to be obtained with cuts which are away from the
tionship of [V,p| and such a measurement. In addition, asthreshold forB— Xl v, an important criterion for realistic
explained in Ref[7], due to heavy quark symmetry, te  detector resolution. Such a measurement|\f,| would

— Xl v background neamy=mpy may be easier to under- largely reduce the standard model range of ginand thus
stand as a function aj? andmy than as a function ofny ~ allow more sensitive searches for new physics.

only. For example, th®** and higher mass states cannot

contribute forq®>8.5 Ge\?, and so the main background is ACKNOWLEDGMENTS
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In this paper we proposed a precision determination of th
magnitude of the CKM matrix element,;,, from charmless
inclusive semileptoni® decays using combined cuts on the
dilepton invariant massj?, and the hadronic invariant mass
my . This leads to the following general strategy for dete
mining |V,|: (i) make the cut ormy as large as possible,
keeping the background frof to charm under controlji)
for a given cut ormy, reduce theg? cut as low as possible, o o
keeping the contribution from thequark structure function, APPENDIX: THE FUNCTIONS X(q* M) AND Y(q?,M cy)
gﬁdwg.ll as the perturbative uncertainties, snisdle Figs. 3 The functions?((aZ,Amcyt) and?(f}z,nmcm) in Eq. (14) can

We have calculate@ (g2, Mg, the partially integrated ~be determined frorX(q?,s) andY(q?,s) defined in Eq(11)
rate in the presence of cuts g andmy [normalized as in  Via
Eq. (8)]. Our results are summarized for three representative . .
values of the cuts in Table I. The total uncertaiys is A2 | P aviaz ey a2 — [ Pqaviaz:
twice the uncertainty iV,,|. The uncertainty from weak X(a 'm“")_fo dsX(a%s). Y(q 'mC”t)_fo dsv(ars),
annihilation(Fig. 5 may be reduced by comparing results in (A1)
B* andB° decay, or by comparing the semileptonic widths
of theD® andD [8], while the remaining uncertainties could wheres; is given in Eq.(9).
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Whenmg,=>mg—m, \/? the mg, limit does not restrict aﬁﬁ_o correction to @'/dg? was cc_)mpu_ted in Re[._13] nu-
the c integration, and the result is just the value of the singlgmerically. We find that the following simple function
differential g2 spectrum. The orded correction to d'/dg? ?0(612)20-472(1—612)—32-5(1—612)2+42-3(1—a2)3
was computed in Ref25], A

—16.0(1—g*)* (A3)

Xo(g%) =— 2{2(1—612)2(1-}—2612)[772—{- 2L,(g?) gives a very good approximation. It deviates from the exact
result by less than 0.01 for any value af [while
—2L,(1— %)+ 4G%(1— 4%— 29%)Ing? JoYo(q?)dg?=—3.22].
. . R In the second case in E@9), mﬁut<(mB—mbfqz) (mg
+2(1-09%)*(5+49°)In(1-q%) —my), Mgy is too small, and the perturbative calculation is
~y ny g not reliable. As we have discussed, we avoid this region in
—(1—-99)(5+99°—-6q9")}, (A2)  this paper.
The situation in which neither of the first two cases in Eq.
whereL ,(z) = — [§dtin(1—t)/t is the dilogarithm. The order (9) applies is the most interesting for us. We obtain

R 4s?

4
X(G2,Mey) = Xo(q?) — g(1—(12)2(1+ 2&2)[ 5 E|n(4s0)+2(|n 2)2—(Insp)?+21InT In?

T-R+s T+R+sg T+R+s,
+| 3+ 2In———|InN(T—R+5p) — 2L,(T) +4L, —4L,
472 2T
4 T-R+sp

- 5[ R(5+70%—8q*+sy) + 5S¢ (1+20%) (4T +5)In —40%(1+ 9% (1-29?)

2/s

T—-R—5sg . .
XIN———+4(1+q?—4g%)In(T-R+sp) { , (A4)

\/?

whereR= \/*+ (1—s5)2— 202(1+s0), T=1- 02, ands, is given in Eq.(9). For the coefficient of the order?4, correction
we find

- . - . e 1 1+s—q?
V(@me =Yo(@)- [ Va2, s,—q), (A5)
So 2 2
where
5 1 2 5 , 8¢ 5
Z5(s,e)= 1—2—Zlns Zl(s,e)—g \/ez—s[5e(3—4e)—4s+26es—85 1+s|9—9e—8e +?+s+6es—25
3(1-e e+.e’—s)? (2e—s)\e’—s 2e—s)?
—l£2€+)s In( s ! 1_2)e+s [12+40e2+55(5+25)—4e(11+105)]In(—)
e’—ste—s Je’—s—e+s
+(3—4e+2s)(8e?—4es+5?)| Ly| ——— | —L,| ——— A6
( )( ) 2( \/m_e 2( \/82_—S+e } ( )
and
Jel—s

16 8 e—
Zi(s,e)= s Je?—s[28e?+2s(5+4s)—3e(7+10s)]— §(3—4e+ 2s)(8e’—4es+ sz)lne+ (A7)

e’—s
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