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Nature of the E-B decomposition of CMB polarization

Matias Zaldarriaga
Physics Department, New York University, 4 Washington Place, New York, New York 10003

~Received 10 June 2001; published 3 October 2001!

We present a derivation of the transformation between theQ andU Stokes parameters and theE andB scalar
and pseudoscalar fields. We emphasize the geometrical properties that such transformation must satisfy. We
present theE andB decompositions of some simple maps and of a model for a supernova remnant. We discuss
the relative amplitudes of theE andB components, and argue that for generic random mapsE andB should
have roughly the same amplitudes.
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I. INTRODUCTION

In the last few years there has been great surge of inte
in the polarization anisotropies of the cosmic microwa
background ~CMB!. The detection of CMB polarization
anisotropies has become a major goal in our field, promp
many groups to build experiments and to start thinking ab
future satellite missions dedicated to polarization~see, for
example, Refs.@1–4#!.

The pattern of polarization on the sky can be charac
ized in terms of a scalar field~E! and a pseudoscalar field~B!
@5,6#. This decomposition is particularly useful because d
sity fluctuations cannot produceB type polarization@7,8#. A
B type pattern is a direct signature of the presence of a
chastic background of gravitational waves. Such detec
would provide invaluable information about inflation~for es-
timates of how constraints on parameters of the inflation
model would improve by measuring polarization; see,
example, Refs.@9–11#!. This is perhaps the most importa
source for the new interest in polarization. It was also p
posed that the detection ofB polarization could signal othe
types of ‘‘new physics’’@12#.

The mathematics of theE-B decomposition was pre
sented in several papers@5,6,13–15#. In this paper we will
present a different derivation of theE-B transformation that
will highlight the ingredients that are needed to connect
spin two fields ofQ andU with the scalar and pseudoscal
fields E and B. The aim is to gain intuition into theE-B
decomposition, which is particularly useful at this sta
when new experiments are being designed. Intuition w
help address issues such as the optimal shape of the
patch needed to separateE from B, or if bothQ andU Stokes
parameters need to be measured.

We will also present theE andB decompositions of some
simple polarized maps. Our aim is to understand if havin
map withB50, such as the one produced by density per
bation, is something generic or if one should always exp
E'B.

The paper is organized as follow, in Sec. II we presen
derivation of theE-B decomposition. In Sec. III we presen
the decomposition for some simple intensity and polarizat
maps. We comment on our observational strategies and
clude in Sec. IV.
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II. GEOMETRICAL PROPERTIES OF THE E-B
DECOMPOSITION

The CMB anisotropy field is characterized by a 232 in-
tensity tensorI i j . The intensity tensor is a function of th
direction on the skyn̂ and two directions perpendicular ton̂
that are used to define its components (ê1 ,ê2). The Stokes
parametersQ and U are defined asQ5(I 112I 22)/4 andU
5I 12/2, while the temperature anisotropy is given byT
5(I 111I 22)/4 ~the factor 4 relates fluctuations in the inte
sity with those in the temperature,I}T4). These three quan
tities fully describe any state of linearly polarized ligh
While the temperature is invariant under a rotation in t
plane perpendicular to the directionn̂, Q and U transform
under rotation by an anglec as

Q85Q cos 2c1U sin 2c,

U852Q sin 2c1U cos 2c, ~1!

whereê185cosc ê11sinc ê2 and ê2852sinc ê11cosc ê2.
It is useful not to describe the polarization field in term

of Q andU but to do so in terms of two quantities that sca
under rotation, usually calledE and B @5,6#. This E-B de-
composition is a linear transformation of theQ-U field on
the sky. The transformation is invertible.E and B differ in
their behaviors under a parity transformation:B changes sign
while E does not.

To make our derivation more transparent we will work
the flat sky approximation, which is valid for small patch
of sky. We do this only for the sake of clarity, as all of o
results can be trivially generalized to a full sky analysis.
the flat sky limit the directions (ê1 ,ê2) used to define the
Stokes parameters at every point in the plane of the
correspond to the coordinate axis (ê1 ,ê2)5( x̂,ŷ).

A general linear transformation can be written as

E~u!5E d2eKE~u,e!X~e!

B~u!5E d2eKB~u,e!X~e!. ~2!
©2001 The American Physical Society01-1
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MATIAS ZALDARRIAGA PHYSICAL REVIEW D 64 103001
whereX is the two component vectorX5(Q,U), andK (E,B)
are transformation kernels.

We want to derive the properties that the kernels m
satisfy to makeE andB transform correctly. We first conside
two types of transformations, a translation and a rotati
Under a translation by a distanceu0 the vectors on the plan
of the sky transform asu85u1u0. Under a rotation of the
coordinate system by and anglec they transform asu8
5R(c)u, with R the standard rotation matrix. The explic
convention for the rotation is explained below Eq.~1!. In
both casesE and B should remain unchanged; in oth
words,

E8~u8!5E~u!

B8~u8!5B~u!
~for translations & rotations!. ~3!

Equation~3! implies that

E d2eKE~u8,e!X8~e!5E d2eKE~u,e!X~e!,

E d2eKB~u8,e!X8~e!5E d2eKB~u,e!X~e!.

~4!

Under a translationQ andU are remain unchanged,X8(u8)
5X(u). Equation ~3! implies that K (E,B)(u,e)5K (E,B)(u
2e).

On the other hand, under a rotationQ and U are not
scalars. They change as

X8~u8!5RX~c!X~u!, ~5!

with the matrixRX(c) defined in Eq.~1!. Equation~5! im-
plies that theE-B decomposition has to be nonlocal.E andB
at point u cannot be constructed by combiningQ and U at
that same point, because any such linear combination~if in-
vertible! would not be scalar under rotations.

The other type of transformation that needs to be con
ered are reflections. After a reflectionE remains unchanged
andB changes sign:

E8~u8!5E~u!

B8~u8!52B~u!
~ for parity!.

~6!

Although Eq.~6! is valid for any reflection, to be concret
we consider a reflection about theŷ axis. The position vec-
tors transform asu85(ux8 ,uy8)5(2ux ,uy) and the Stokes
parameters asQ8(u8)5Q(u) and U8(u8)52U(u). The
transformation laws for reflections about other axis can
obtained by combining these transformation laws with
transformation properties for rotations.

Rather than trying to find directly the form of the kerne
needed to satisfy all the above properties, for pedagog
reasons we will use Figs. 1 and 2 to derive the kernels
more intuitive way. We first consider the contribution
E(u) from a pointe at a distanceũ alongŷ. We will assume
that the contribution from this point is not zero. Note th
with this particular configuration the axis (ê1 ,ê2) at pointe
10300
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are aligned with the vectore2u. This is the reason we chos
this setup. We will obtain the kernels for other configuratio
using the scalar nature ofE under rotations.

The contribution toE(u) from e, which we will call
dE(u), is

dE~u!}aE
qQ~e!1aE

uU~e!, ~7!

where we have introducedK (E,B)( ũ ŷ)5(a (E,B)
q ,a (E,B)

u ). E is
invariant under reflections. In Fig. 1 we consider a reflect
across thee2u line, the ŷ axis. After this transformation
u85u and e85e but the Stokes parameters change asQ8
5Q andU852U. This implies thatau

E50.
To construct a quantity that is invariant under parity (E),

the contribution from a point separated byũ ŷ can only in-

FIG. 1. Contribution toE(u) from point e. The two panels are

related by a parity transformation, a reflection across theŷ axis. The
axes labeled by numbers are the ones used to define the S

parameters. In the flat sky limit, (ê1 ,ê2)5( x̂,ŷ).

FIG. 2. Contribution toE(u) from point e. The two panels are
related by a rotation by an anglec.
1-2
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volve Q. Our conclusion is a consequence of the particu
geometrical setup, but we will use the transformation pr
erties under rotations to derive the kernels for other dir
tions.

We use Fig. 2 to understand what happens under rotati
When we rotate the coordinate system by an anglec, the
Stokes parameter are changed as described by Eq.~1!. The
position angle of pointe with respect to thex̂ axis, which we
will call f̃, changes fromp/2 to p/21c. We have to allow
for the kernels to depend on this position angle; otherwisE
would never be a scalar under rotations given the trans
mation properties ofQ and U. Using the above argumen
about parity, we concluded that

aq
E~p/2!5v~ũ!,

au
E~p/2!50, ~8!

where we have calledv( ũ) the value of the kernel atp/2.
We have explicitly included a dependence on the separa
ũ, because there is no reason why all the points alonŷ
should contribute equally.E is a scalar, so

dE8~u8!5dE~u!,

aE
q~p/21c!Q81aE

u~p/21c!U85vQ. ~9!

This equation should be valid for arbitrary valuesQ andU.
Combining Eqs.~1! and ~9!, we obtain

aq
E~f̃ !52v~ũ!cos~2f̃ !,

au
E~f̃ !5v~ũ!sin~2f̃ !. ~10!

In fact, Eq.~10! is simple to interpret: onlyQr5I r2I t ,
the difference between the radial and tangential intens
can be used to constructE, and the weight can only depen
on the distanceũ. In other words when constructingE at u
we should use the radial and tangential unit vectors to de
the Stokes parameters (ê1 ,ê2)5(êr ,êf). In this frame only
Qr contributes toE.

We have proven thatE(u) can we expressed as

E~u!5E d2ũv~ũ!Qr~u1ũ!

5E d2ũv~ũ!@Q~u1ũ!cos~2f̃ !2U~u1ũ!sin~2f̃ !#.

~11!

Any choice of weightw will produce a quantity that is scala
under rotation and invariant under parity.

A similar argument can be used to show that the only w
to constructB, a quantity invariant under rotations but th
changes sign under reflections is
10300
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B~u!5E d2ũv~ũ!Ur

5E d2ũv~ũ!@Q~u1ũ!sin~2f̃ !1U~u1ũ!cos~2f̃ !#,

~12!

where nowUr is the U Stokes parameter defined with re
spect to the radial and tangential directions. In generalv in
Eqs.~11! and ~12! need not be the same.

The usual definition ofE andB corresponds to a particula
choice of the weightv:

v~ũ!521/ũ2~ ũ.0! ~13!

@v(0)50; but as will become apparent later this fact is n
important for smooth fields#. There are several reasons wh
this choice is made, some of which are easier to unders
when working in Fourier space. As Eqs.~11! and~12! make
clear, theE-B transformation is a convolution and thus b
comes a multiplication in Fourier space. The choice ofv is
such that the relation betweenE-B and Q-U is a simple
rotation in Fourier space with no scale dependent fac
With v given in Eq.~13!, the relations are

Q~ l!5@E~ l!cos~2f l !2B~ l!sin~2f l !#,

U~ l!5@E~ l!sin~2f l !1B~ l!cos~2f l !#. ~14!

Furthermore, with these choices the ensemble averageP
5Q21U2 is the same as the ensemble average ofE21B2.
The sign convention on the other hand is chosen so
positive values ofE generate a tangential pattern of polariz
tion. The convention is rooted in the weak lensing literatu
which has identical mathematics and where theE field cor-
responds to the projected densityk which produces tangen
tial distortions when positive.

For the purpose of finding a linear combination ofQ-U
that tests for the presence of gravitational waves orB type
polarization any choice ofv is equally good. Other practica
considerations such as the geometry of the observed patc
sky will probably be more important. In weak lensing the
is a long literature that deals with different choices ofv, to
create, for example, measures of the enclosed mass tha
more local than the 1/u2 weighting. It is beyond the scope o
this section to summarize that literature. We want the rea
to take away three basic points from the above exercise

The construction ofE andB out of Q andU is by its very
nature nonlocal.

To construct scalars under rotation at pointu we need to
average the Stokes parameters around circles centeredu
using the radial and tangential directions of this circle
define the Stokes parameters (Qr ,Ur). The weight along the
circle should be constant.

To constructE ~a scalar! we need to averageQr and to
constructB ~a pseudoscalar! we need to averageUr .
1-3
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III. EXAMPLES

In this section we consider simple intensity-polarizati
maps to illustrate some of the properties of theE-B decom-
position. As a byproduct we will understand better if the fa
that density perturbations produce onlyE type polarization is
a unique prediction or if most sources of polarized emiss
have this characteristic.

A. Simple maps

We start by considering a localized source of radiation
typical extentL and centered around the origin. We first i
tend to compute theE-B fields for points far away from this
distribution. In this limit, Eqs.~11! and ~12! become

E~u!5
cos~2f!

u2 E d2ũQ~ ũ!2
sin~2f!

u2 E d2ũU~u!,

B~u!5
sin~2f!

u2 E d2ũQ~ ũ!1
cos~2f!

u2 E d2ũU~ ũ!.

~15!

The choice ofv implies that the amplitude ofE and B
decay as 1/u2. What is more interesting is that whetherE or
B are different from zero depends on the direction of obs
vation. In fact there is no way to makeB zero everywhere
and keepE different from zero.E andB are only zero every-
where if the source is not polarized on average.

In the case where the average polarization is along thx̂
or ŷ axis,E andB are

E~u!5
cos~2f!

u2 Q̄Vs ,

B~u!5
sin~2f!

u2 Q̄Vs , ~16!

whereQ̄ gives the average polarization of the source andVs
is the solid angle it subtends. The direction dependenc
E-B can be easily understood in terms of parity transform
tions. The mean polarization is invariant under reflectio
along directions whereB50 and changes sign along dire
tions whereBÞ0.

As we discussed in Sec. II, theE-B transformation has to
be nonlocal. This implies that a localized source of emiss
will produceE-B even outside the region whereQ andU are
not zero. Our simple exercise has shown that if the sou
has a mean polarization, the typical sizes of theE and B
components are the same outside the source.

Let us now consider points inside the source. The fi
potential problem is that the weight function seems to
verge at zero distance. We consider a smoothQ-U field that
can be expanded in Taylor series. We assume we are c
lating E andB at pointu and we expandQ andU around that
point:

Q~u1ũ!5Quu1 ũ iQ,i uu1
1

2
ũ i ũ jQ,i j uu•••,
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U~u1ũ!5Uuu1 ũ iU ,i uu1
1

2
ũ i ũ jU ,i j uu•••, ~17!

where we denote derivatives with respect to the differ
coordinates as ,i , and a summation of indices is implied. T
computeE andB we replace Eq.~17! into Eqs.~11! and~12!.
The first terms to contribute are the second order ones
cause of the cos(2f̃) and sin(2f̃) factors in Eqs.~11! and
~12!. 1/ũ2 in v( ũ) is canceled byũ2 coming from the Taylor
expansion. In fact there is an extraũ from thed2ũ ; there is
no divergence at the origin. We also conclude thatE andB
are most sensitive to the ‘‘quadrupole’’ pattern aroundu ; the
quadratic term in the Taylor expansion.

As an example we can consider a filament, as shown
Fig. 3. The emitting region has a lengthL along theŷ axis
and a widthl along thex̂ axis (L@ l ). We will assume that
the Stokes parameters are constant along the filament an
zero outside.

We now imagine doing the integrals in Eqs.~11! and~12!
one circle at a time. As long as the radius of the circle
smaller thanl the angular integrals cancel. It is an easy e
ercise to compute the values ofE andB at the center of the
filament,

E52cQ,

B52cU, ~18!

c54E
1

L/ l

dxAx221

x3 ,

wherex5 ũ/ l . Equation~18! shows thatE andB only receive
contributions from rings larger thanl, and that the maximum
contribution comes fromu'A3/2l . The contribution from
far away rings are down by 1/ũ2.

FIG. 3. Examples of polarization vectors inside filaments. T
two circles indicate points that contribute with equal weights toE
andB at the center of those circles. The contributions from poi
along the smaller circle cancel as one moves along the circle.
contribution from the second circle is different from zero. In t
case shown the contribution is mainlyE. The first two filaments
@labeled ~a!# produce mainlyE type polarization inside the fila-
ments, while the second two@labeled~b!#, produce mainlyB type
polarization.
1-4
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Although we have presented a very simplified examp
we see two important features of theE-B transformation. If
theQ-U fields are constant over a scalel, rings smaller than
this do not contribute toE or B. Around a particular point, if
the polarization vectors tend to be aligned or are perpend
lar to the direction over which magnitude of the polarizati
is changing the pattern has a largerE thanB. To haveB the
pattern has to form an angle of approximately 45° with t
direction. In the case of a filament this is illustrated in Fig.

Finally we consider a case in which the polarization pa
is very random, formed by regions of finite extent of typic
size L inside which the polarization is constant. Differe
patches are independent. We sketch such a pattern in F
We want to know how the typical valuesE andB at a point
u inside a particular region compare. From our above
amples we can conclude that the contributions toE and B
coming from external patches are statistically the same; t
depend, for any particular external patch, on the relative
entation of the polarization in that patch and the separa
vectorũ. The contributions from points inside the same pa
cancel to a great extent, but someE and B are left. Which
dominates at a particularu again depends on the relativ
orientation of the polarization and the separation vector
tween u and the center of the patch. Thus for a rando
pattern we expect similar levels ofE andB.

Our final example argues that for polarization patte
that have a finite coherence length one should expect to h
roughly the sameE andB. This shows how remarkable it i
that density perturbations do not produce anyB modes. In
order forB to be zero, the integral ofUr has to vanish iden-
tically ~not just statistically! for every possible ring around
any point, regardless of the radius of the ring. It is clear t
this important symmetry will not hold for most random pr
cesses.

FIG. 4. For illustration purposes we show a random pattern
polarization with a coherence length we callL. For the two points at
the center of the filled circles, only the regions outside the circ
contribute. External patches contribute on average the sameE
and B. Only points inside the patch~but outside the circles! will
contribute dominantly toE or to B. Which contribution is larger
depends on the orientation of the polarization inside the patch
the position of the point whereE andB are being calculated.
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B. Supernova remnant

In this section we consider a more realistic model
polarized emission, a model for the emission of a supern
remnant ~SNR! @16#. This has been used successfully
model the emission from the galactic spurs at radio frequ
cies around 1.4 GHz.

The basic features of the model can be summarized
follows. Radiation is produced by synchrotron emission fro
a shell. The thickness of the shell depends on position and~to
first order in the shell thickness! is given by

e~c!5Dr /r 5 ē sin~c! ~19!

wherer is the radius of the shell,c is the angle relative to the
direction of the initial magnetic field, andē is the maximum
thickness of the shell.

The interstellar magnetic field had a strengthB0 before
the supernova explosion. Later it is oriented along the s
face of the shell and is amplified to a valueB5B0/2ē, a
consequence of flux conservation. This model assumes
energy distribution of the particles responsible for the em
sion is of the form

N~E!dE5KE2gdE. ~20!

Moreover, it assumes equipartition between the energy d
sity in particles and magnetic fields:

KE
Emin

Emax
E2g11dE;

B2

8p
. ~21!

Detailed derivations of these equations as well as par
eters that can fit different structures in our galaxy can
found in Refs.@16,17#. It is not our objective to analyze wha
is expected from particular structures in our galaxy, b
rather to use this model to make a map of polarization a
compute itsE-B decomposition to help build intuition. Fo
this purpose the only two relevant parameters are the a
(b) between the plane of the sky and the unperturbed in
stellar magnetic field (B0) and the maximum width of the
shell ē. Without loss of generality we will assume thatB0 lies
in the x-z plane~the x-y plane is the plane of the sky!. The
projection on the sky of the unperturbed field isB0 cos(b).

We then compute the intensity and polarization obser
along each line of sight be integrating the synchrotron em
sivity along the line of sight,

I 5AE dxB'
(g11)/2,

Q5APE dxB'
(g11)/2cos~2f!,

~22!

U5APE dxB'
(g11)/2sin~2f!,

where P is the degree of polarization of the synchotro
emission,B' is the component of the local magnetic field o

f

s

nd
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the plane of the sky,f is the angle betweenB' and thex
axis, andA is a normalization constant that depends on s
eral parameters such as the number density of particles.

Figure 5 shows the intensity and polarization map for
caseb545°. In Figs. 6 and 7 we show the correspondi
E-B maps.E andB extend outside the remnant. The intens
and polarization map has symmetries of reflection across
x̂ and ŷ axes. TheE map respects those symmetries, wh
theB map does not. TheB maps changes sign as one mov
across thex̂ and ŷ axes.

To understand the behavior of the Stokes parameters
the E and B fields, we will look at one dimensional cut
along thex̂ axis ~perpendicular to the magnetic field!. We
show several examples in Fig. 8. Each of the columns co
sponds to a cut at a different height along the remnant. F
Fig. 8 we can conclude the following.

FIG. 5. Temperature and polarization map for a model of S
with b545°. Rods indicate a magnitude ofP5Q21U2.

FIG. 6. E type polarization for a model of the SNR withb
545°.
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Both E and B extend outside the remnant and decay
1/u2.

The temperature and polarization patterns are invar
under reflections across both thex̂ and ŷ axes. This implies
thatB is zero along both axes.E is invariant under reflections
across thex̂ and ŷ axes butB changes sign.

Both E andB tend to peak at the edges of the SNR, whe
theT andP peak. We could think of the edge of the SNR
an example of the more idealized ‘‘filament’’ that we consi
ered in the previous section. Forb50° and 45° we find that

FIG. 7. B type polarization for a model of the SNR withb
545°.

FIG. 8. One dimensional cuts ofT, P5AQ21U2, E, and B
across SNR models. Each of the three columns corresponds
different heighty5(20.6,0,0.6) in units of the radius. In eac
panel we show the results for three different values ofb
5(0,45°,90°). TheE curve forb590° andy50 has been divided
by a factor of 10, so all curves in the panel are visible.
1-6
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NATURE OF THEE-B DECOMPOSITION OF CMB . . . PHYSICAL REVIEW D 64 103001
E is positive at the peaks, that means that the polariza
direction is perpendicular to the direction of the ‘‘filament
For b590° the situation is the opposite, and the polarizat
is parallel to the filament direction.

E is larger thanB by a factor of a few in a ‘‘typical’’ place
inside the ring of maximum emission. In particular, at t
edges of the SNR, this means that the polarization is ty
cally like patterns~a! of Fig. 4 rather than patterns~b!.

If b590° B is zero everywhere because the polarizat
pattern has reflection symmetry across any axis go
through the origin.

If b590° theE component has a very large peak at t
origin because the pattern is circular around that point. N
that there is no emission (T5P50) at the origin, whereE
has the maximum. This illustrates the fact that one can
define a degree of polarization usingE andB, because their
relation toQ andU is not local.

It is important to realize that many of our conclusio
follow from specific symmetry properties of the source.
reality these symmetries will be broken by real world co
plications such as inhomogeneities in the density or magn
fields. As our examples in Sec. II show, as the symmet
are lost the amplitudes ofE and B become more similar
Moreover, because theE-B transformation is nonlocal, if
only part of the SNR is in the observed field, theE and B
decompositions will be different.

IV. DISCUSSION

Detecting aB component in the CMB polarization fiel
would be a great triumph for cosmology. As discussed abo
the transformation betweenQ-U andE-B is necessarily non-
local. Moreover, just from geometrical requirements the o
way to construct scalar and pseudoscalar quantities is to
erageQr andUr over circles. Thus the geometry of the pat
of sky to be observed should be such as to allow for m
different circles to be inscribed.

The first generation of modern experiments,@1,3# mea-
sured the Stokes parameters in a ring on the sky. Thus
one circle can be constructed, and so, even if bothQ andU
are measured at every pixel along the ring, there is only
possible linear combination of the data that measure onE
~the average ofQr along the ring! and one linear combina
tion that measures onlyB ~the average ofUr along the ring!.
All other combinations of the data receive contributions
multaneously from bothE andB. In practice Ref.@3# could
ro
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not use these combinations because 1/f noise makes them
unreliable.

In general, one cannot construct circles around the po
in the edge of the observed patch. Thus if the aim is to h
the most possible linear combinations that are sensitive
eitherE or B but not to both, the best strategy is to make t
observed patch of sky as round as possible.

Another consideration is that for each point whereE and
B are calculated one needs to average eitherQ or U in the
natural frame, the radial and tangential directions. T
means that in order to be able to do it for as many circles
possible, one has to measure bothQ andU in every pixel.

The emphasis of our paper was to find linear combi
tions ofQ andU that contain information aboutE or B alone.
However it is perfectly possible to distinguishE andB type
polarizations from the correlation functions ofQ andU. For-
mulas that relate the power spectrum ofE and B with the
correlation functions ofQ andU can be found, for example
in Ref. @5#. DistinguishingE andB this way does not rely on
the shape of the observed region, as the correlation funct
can be calculated just using pair of points.

However, one should realize that obtaining constraints
B from correlation functions comes at the price of larg
error bars. It is clear that even though one can estimate
power spectrum this way, the errors in an estimate ofB re-
ceive contributions from the power in bothE and B type
polarizations. Thus, because we expect theB signal to be
smaller than theE signal, it is much better to directly find a
linear combination~rather than quadratic combinations! of
data that measureB. Suggestions of practical ways of sep
ratingE andB from correlation data were recently present
in Ref. @18#. In reality a full analysis such as the one d
scribed in Ref.@15# will incorporate all the information
available in a given experiment, and should be preferred

We have also analyzed theE andB patterns expected fo
simple maps. We argued that in general one expects boE
andB type polarizations to have comparable amplitudes
though not necessarily equal amplitudes. WhetherE or B
dominates at a particular place inside the source depend
the symmetries of the source. TheE and B transformations
are not local, so someE’s andB’s ‘‘leak’’ outside the source,
unless the source is unpolarized on average. The amplitu
of E and B are the same outside the source, on avera
however, which dominates at a particular point depends
the relative orientation between the polarization direct
and the separation vector.
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