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CP violation in tau slepton pair production at muon colliders
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We discuss in detail signals forCP violation in the Higgs boson and tau-slepton sectors through the

production processesm1m2→ t̃ i
2t̃ j

1 , wherei , j 51,2 label the twot slepton mass eigenstates in the minimal
supersymmetric standard model. We assume that the soft breaking parameters of third generation sfermions
containCP violating phases, which induceCP violation in the Higgs sector through quantum corrections. We
classify all the observables for probingCP violation in the Higgs boson andt slepton sectors. These observ-
ables depend on the initial muon beam polarization, where we include transverse polarization states. If the
heavy Higgs bosons can decay into tau slepton pairs, a complete determination of theCP properties of the
neutral Higgs boson andt-slepton systems is possible. The interference between the Higgs boson and gauge
boson contributions could also provide a powerful method for probingCP violation, if transversely polarized
muon beams are available. We show in detail how to measureCP violation directly in the tau slepton system,
under the assumption that the neutral Higgs mixing angles are determined through the on-shell production of
the neutral Higgs bosons.

DOI: 10.1103/PhysRevD.64.095009 PACS number~s!: 11.30.Pb, 11.30.Er
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I. INTRODUCTION

CP violation was observed in the neutral kaon system@1#,
and strongly suggested by recent experiments inB-meson
decays@2#. In addition,CP violation constitutes one of the
conditions for a dynamical generation of the cosmologi
baryon asymmetry@3#. In the standard model~SM!, which
contains only one physical neutral Higgs boson, the o
source ofCP violation is the complex phase of the qua
mixing matrix @4#.1 On the other hand, models with multipl
Higgs doublets can have additional sources ofCP violation,
e.g., neutral and/or charged Higgs bosons of no definiteCP
quantum number.

Supersymmetry~SUSY! is now widely regarded to be th
most plausible extension of the SM; among other things
stabilizes the gauge hierarchy@5# and allows for the grand
unification of all known gauge interactions@6#. Of course,
supersymmetry must be~softly! broken to be phenomeno
logically viable. In general this introduces a large number
unknown parameters, many of which can be complex@7#.
CP-violating phases associated with sfermions of the fi
and, to a lesser extent, second generation are severely
strained by bounds on the electric dipole moments of
electron, neutron, and muon. However, it was recently re
ized @8# that cancellations between different diagrams all
some combinations of these phases to be quite large. Eve
models with universal boundary conditions for soft break
masses at some very high energy scale, the relative p
between the supersymmetric higgsino mass parameterm and
the universal trilinear soft breaking parameterA0 can be

1In principle CP could also be violated in the SM by the QCDu
term, but bounds on the electric dipole moment of the neutron fo
uQCD to be very small&10210.
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O(1) @9#. If universality is not assumed, the phases of th
generation trilinear soft breaking parameters are essent
unconstrained. In fact, some of these phases might be l
@10#, so as to provide non-SM sources ofCP violation re-
quired for a dynamical generation of the baryon asymme
of the Universe.

Recently it was realized that the explicitCP violation in
the mass matrices of the third generation squarks with s
possibly largeCP phases2 can induce sizableCP violation
in the minimal supersymmetric standard model~MSSM!
Higgs sector through loop corrections@12–16#. This induced
CP violation in the MSSM Higgs sector can affect the ph
nomenology of the Higgs bosons at present and future
liders @12,13,16–21#. These phases also directly affect th
couplings of Higgs bosons to third generation sfermio
These couplings play an important role in the calculation
loop-induced couplings of Higgs bosons to photons and g
ons, as well as in the production of third generation sferm
ons atm1m2 colliders @17#.

In the past few years a considerable amount of effort
been devoted to investigations of the physics potential
high energym1m2 colliders @22# as a plausible future ex
perimental program. Since muons emit far less synchrot
radiation than electrons do, a muon collider might be sign
cantly smaller and cheaper than ane1e2 collider operating
at the same center-of-mass energyAs. The main physics ad-
vantage of muon colliders compared to the conventio
e1e2 and hadron colliders is that the larger Yukawa co
pling of muons in many cases admits copious production

e

2If tan b is large, the third-generationCP phases are constraine
by the electric dipole moments of the electron and neutron, beca
in this case their contributions at the two-loop level could be siza
@11#.
©2001 The American Physical Society09-1
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Higgs bosons ass-channel resonances, allowing one to p
form precision measurements of their properties@22–
24,17,25,26#. In particular, they can allow us to search f
CP violation in the couplings of Higgs bosons not only
heavy SM fermions but also to third generation sfermio
which have large Yukawa couplings.

It is difficult to probe theseCP phases through process
controlled by gauge interactions, where largeCP-odd asym-
metries can emerge only if some sfermion mass eigens
are closely degenerate, with mass splitting of the order of
decay width, in which case flavor or chirality oscillations c
occur @27–29#. On the other hand, in the MSSM
CP-violating phases can appear at tree level in the coupli
of a single sfermion species to neutral Higgs bosons. Th
phases can give rise to largeCP-odd asymmetries regardles
of sfermion mass splittings. Here we focus ont̃ pair produc-
tion. Unlike sfermions of the first two generations,t̃ ’s gen-
erally have sizable couplings to heavy Higgs bosons eve
the latter are much heavier thanmZ . Furthermore, unlike for
b̃ and t̃ production the charge of a producedt̃ is usually
readily measurable; this is necessary for the constructio
mostCP-odd asymmetries. Finally, in most models slepto
are significantly lighter than squarks, making it easier
study them at lepton colliders.

In the present work we extend the previous work@17#
significantly in order to discuss in more detail signals forCP

violation in the production processesm2m1→ t̃ i
2t̃ j

1 where
i , j 51,2 label the twot slepton mass eigenstates. We wo
in the framework of the MSSM with explicitCP violation.
More specifically, we present a general formalism and a
tailed analysis of the effects of theCP-violating Higgs boson
mixing, and of theCP phases in the tau slepton mass matr
on the polarized cross section for tau-slepton pair product
We consider both longitudinal and transverse polarization
the initial muon and antimuon beams. A detailed procedur
suggested for measuringCP violation directly in the tau
slepton system, under the assumption that the neutral H
mixing angles are determined through the on-shell prod
tion of the neutral Higgs bosons as demonstrated in R
@21#. The polarization observables allow for a complete d
termination of theCP properties of the neutral Higgs boso
andt slepton systems. The interference between Higgs
gauge boson exchange contributions plays a crucial rol
this analysis.

The remainder of this paper is organized as follows. S
tion II is devoted to a brief review of the mass spectra a
mixing patterns of the neutral Higgs bosons and tau slept
focusing on the role of theCP phases@13,15,16#. In Sec. III
we present the helicity amplitudes of the production o
t-slepton pair in m1m2 collisions with polarized muon
beams. We also give a complete classification of theCP and
CPT̃ transformation properties of the polarization obse
ables. In Sec. IV we show how to extract the rate and po
ization asymmetries by taking appropriate configurations
the muon and antimuon spins. We then perform a deta
numerical analysis for a representative SUSY parameter
so as to obtain a concrete estimate of the relative useful
of those observables. Section VI is devoted to a brief su
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II. SUPERSYMMETRIC PARTICLE MIXING

Bounds onCP violating flavor changing processes tell u
that the CP violating phases associated with flavor of
diagonal trilinear scalar interactions must be strongly s
pressed@30#. We therefore neglect all these flavor changi
CP violating phases in the present work, so that the sca
soft mass matrices and trilinear parameters are flavor dia
nal and the complex trilinear terms are proportional to
corresponding fermion Yukawa couplings. Clearly t
Yukawa interactions of the top and bottom~s!quarks play the
most significant role in radiative corrections to the Hig
sector. Furthermore, for large values of tanb the t̃L and t̃R
states are expected to mix strongly.

A. CP-violating neutral Higgs boson mixing

In this section, we give a brief review of the calculatio
@15# of the Higgs boson mass matrix based on the full o
loop effective potential, valid for all values of the releva
third-generation squark soft-breaking parameters. T
CP-violating phases in the top and bottom squark sect
cause scalar-pseudoscalar mixing at the one-loop level.

The MSSM contains two Higgs doubletsH1 andH2, with
hyperchargesY(H1)52Y(H2)521/2. Here we are only
interested in the neutral components, which we write as

H1
05

1

A2
~f11 ia1!, H2

05
ei j

A2
~f21 ia2!, ~1!

wheref1,2 anda1,2 are real fields. The constant phasej can
be set to zero at tree level, but will in general become n
zero once loop corrections are included.

The mass matrix of the neutral Higgs bosons can be c
puted from the effective potential@31#

VHiggs5
1

2
m1

2~f1
21a1

2!1
1

2
m2

2~f2
21a2

2!2um12
2 u~f1f2

2a1a2!cos~j1u12!1um12
2 u~f1a21f2a1!sin~j

1u12!1
ĝ2

8
D 21

1

64p2
StrFM 4S log

M 2

Q2
2

3

2D G .

~2!

We have allowed the soft breaking parameterm12
2

5um12
2 ueiu12 to be complex, and we have introduced t

quantities

D5f2
21a2

22f1
22a1

2 , ĝ25
g21g82

4
, ~3!

where the symbolsg andg8 stand for the SU(2)L and U(1)Y
gauge couplings, respectively.Q in Eq. ~2! is the renormal-
ization scale; the parameters of the tree-level potential
particular the mass parametersm1

2 , m2
2, andm12

2 , are running
9-2
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parameters, taken at scaleQ. The potential~2! is then inde-
pendent ofQ, up to two-loop corrections.

The matrixM in Eq. ~2! is the field-dependent mass m
trix of all modes that couple to the Higgs bosons. The by
dominant contributions come from the third generati
quarks and squarks. The~real! masses of the former ar
given by
b
o

ie
in
s

ed

09500
r

mb
25

1

2
uhbu2~f1

21a1
2!, mt

25
1

2
uhtu2~f2

21a2
2!, ~4!

wherehb andht are the bottom and top Yukawa coupling
The corresponding squark mass matrices can be written
M t̃
2
5S mQ̃

2
1mt

22
1

8 S g22
g82

3 DD 2ht* @At* ~H2
0!* 1mH1

0#

2ht@AtH2
01m* ~H1

0!* # mŨ
2

1mt
22

g82

6
D

D ,

M b̃
2
5S mQ̃

2
1mb

21
1

8 S g21
g82

3 DD 2hb* @Ab* ~H1
0!* 1mH2

0#

2hb@AbH1
01m* ~H2

0!* # mD̃
2

1mb
21

g82

12
D

D . ~5!
tor
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HereH1
0 andH2

0 are given by Eq.~1!, while mt
2 andmb

2 are
as in Eq.~4! andD has been defined in Eq.~3!. In Eq. ~5!

mQ̃
2 ,mŨ

2 , andmD̃
2 are real soft breaking parameters,Ab and

At are complex soft breaking parameters, andm is the com-
plex supersymmetric Higgs~ino! mass parameter.

The mass matrix of the neutral Higgs bosons can now
computed from the matrix of second derivatives of the p
tential ~2!, where m1

2 , m2
2, and m12

2 sin(j1u12) are deter-
mined by the stationarity conditions3 ]V/]f15]V/]f2
5]V/]a150. The massless stateG05a1 cosb2a2 sinb is the
would-be Goldstone mode ‘‘absorbed’’ by the longitudinalZ
boson. We are thus left with a squared mass matrixM H

2 for
the three statesa5a1 sinb1a2 cosb, f1, andf2. This ma-
trix is real and symmetric, i.e., it has six independent entr
CP violation is caused by the appearance of nonvanish
af1 or af2 entries of this mass matrix. The sizes of the
entries are controlled by the quantities

D t̃5
Im~At m ei j!

mt̃ 2

2
2mt̃ 1

2 , D b̃5
Im~Ab m ei j!

mb̃2

2
2mb̃1

2 . ~6!

Explicit expressions forM H
2 can be found in Ref.@15#.

SinceM H
2 is real and symmetric, it can be diagonaliz

with a three-dimensional orthogonal rotation matrixO:

S a

f1

f2

D 5OS H1

H2

H3

D . ~7!

3The condition]V/]a250 gives the same constraint as]V/]a1

50 @15#.
e
-

s.
g

e

Our convention for the three mass eigenvalues ismH1

<mH2
<mH3

. The loop-corrected neutral Higgs boson sec

is thus determined by fixing the values of the following p
rameters:mA , which becomes the mass of theCP-odd
Higgs boson ifCP is conserved, and tanb fix the tree-level
Higgs potential; andm, At , Ab , and the soft-breaking third
generation sfermion massesmQ̃ , mŨ , and mD̃ , which fix
the third generation squark mass matrices. After minimi
tion of the potential the rephasing invariant sumu121j of
the radiatively induced phasej and the phaseu12 of the soft
breaking parameterm12

2 is no longer an independen
parameter.4 The physically meaningfulCP phases in the
Higgs sector are thus the phases of the rephasing inva
combinationsAtmei j and Abmei j appearing in Eqs.~6!. We
refer to Ref.@15# for further details on neutral Higgs boso
mixing in the presence ofCP violation. This mixing changes
all the couplings of the Higgs fields so that the effects ofCP
violation in the Higgs sector can be probed through vario
processes@18–21#.

B. Tau slepton mixing

The mass matrix squaredM t̃
2 for the left- or right-handed

tau sleptons is given by

4As discussed in Ref.@15#, j andu12 are not separately physica
parameters. For example, one or the other can be set to ze
certain phase conventions for the fields. Similar remarks hold
the phases ofAt , Ab andm. Altogether there are only three repha
ing invariant ~i.e., physical! phases, which we write asu12

1j, arg(Atmei j), and arg(Abmei j). The minimization of the poten-
tial fixes one of these combinations, leaving two independent ph
cal phases as free input parameters.
9-3
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M t̃
2
5S Xt Zt e2 ift

Zt eift Yt
D , ~8!

where the matrix elements are defined as

Xt5mt̃
L

2
1mt

21
1

2
~mZ

222mW
2 !cos 2b,

Yt5mt̃
R

2
1mt

21~mW
2 2mZ

2!cos 2b,

~9!

Zt5mtuAt* 1m ei jtanbu,

ft5arg~2At2m* e2 i jtanb!,

where mt̃L,R

2 are the left- and right-handed soft-SUS

breaking tau slepton masses squared, respectively.
The mass matrix squaredM t̃

2 can be diagonalized by
unitary transformationUt ,

Ut
†M t̃

2
Ut5diag~mt̃1

2 ,mt̃2

2
!, ~10!

with the mass orderingmt̃1
<mt̃2

as a convention. The di
agonalization matrix can be parametrized as

Ut5S cosut 2sinut e2 ift

sinut eift cosut
D , ~11!

taking the ranges2p/2<ut<0 and 0<ft<2p. The tau
slepton mass eigenvalues and mixing angles are then g
by

mt̃1,2

2
5M t̃

2
7

Dt

2
,

sin 2ut522
Zt

Dt
, cos 2ut52

Xt2Yt

Dt
.

~12!

The phenomenological parametersM t̃
2 andDt are related to

the tau slepton masses as

M t̃
2
[

mt̃2

2
1mt̃1

2

2
5

Xt1Yt

2
,

Dt[mt̃2

2
2mt̃1

2
5A~Xt2Yt!

214Zt
2. ~13!

Clearly tau slepton left-right mixing is enhanced for lar
tanb and largeumu.

III. TAU SLEPTON PAIR PRODUCTION

In this section, we present all the Feynman rules nee
for the production processm1m2→ t̃ i

2t̃ j
1 ( i , j 51,2), derive

the production amplitudes, and describe how to obtain
polarized cross sections with initial muon and antimuon
larizations. We then classify all the polarization and ra
09500
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e
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asymmetries according to theirCP andCPT̃ transformation
properties, and discuss theCPT̃-even and -odd combination
of the neutral Higgs boson propagators, neglecting theZ bo-
son width.

A. Feynman rules

The couplings ofg and the neutral gauge bosonZ to
fermions in the MSSM is described by the same Lagrang
as in the SM

LV f f52eQf f̄ gm f Am2
g

cW
f̄ gm

3@~Tf 32Qf sW
2 !P22Qf sW

2 P1# f Zm, ~14!

with e5gsW and the chirality projection operatorsP65(1
6g5)/2. Qf is the electric charge of fermionf in units of the
proton charge. The couplings of the neutral Higgs boson
leptons and quarks are described by the Lagrangian

LH f f52
hl

A2
(
k51

3

l̄ @O2k2 isb O1kg5# lH k

2
hd

A2
(
k51

3

d̄@O2k2 isb O1kg5#dHk

2
hu

A2
(
k51

3

ū@O3k2 icb O1k#uHk . ~15!

Herehl , hd , andhu are the lepton and quark Yukawa co
plings

hl5
g ml

A2mWcb

, hd5
g md

A2mWcb

, hu5
g mu

A2mWsb

,

~16!

respectively, withcb[cosb and sb[sinb. It is then clear
that all the neutral Higgs bosons couple dominantly to
third generation fermionst, b, andt, and that they couple to
a muon about 200 times more strongly than to an electro
the primary reasonfor having a muon collider.

The couplings ofg and the neutral gauge bosonZ to tau
sleptons in the MSSM are described in the mass eigens
basis by the Lagrangian,

LVt̃ t̃5 i eAmd i j ~ t̃ i* ]m

↔
t̃ j !2 i

g

cW
ZmQi j

Z ~ t̃ i* ]m

↔
t̃ j !, ~17!

whereQi j
Z are expressed in terms of the tau slepton mix

matrix Ut as

Qi j
Z 5sW

2 d i j 2
1

2
~Ut!1i* ~Ut!1 j . ~18!
9-4
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On the other hand, the Feynman rules for the Higgs bo
couplings to tau slepton pairs, involving all the mixing a
phases and including the phase rotations of the scalar
fields, can be written as

LH t̃ t̃52
gmZ

cW
Oak~Ut!b i* ~Ut!g jVa;bgHkt̃ i* t̃ j

[2
gmZ

cW
Vk; i j Hkt̃ i* t̃ j , ~19!

where a labels the three neutral Higgs boson interact
eigenstates$a,f1 ,f2%, and $b,g% denote the chiralities

$L,R% of the t̃ interaction eigenstates. The chiral couplin
Va;bg for the scalar tau leptons can be obtained in a rat
tedious but straightforward way as

Va5
mt

2mZ
2 S 0 i ~At* tanb2mei j!

2 i ~At tanb2m* e2 i j! 0
D ,

Vf1
5cbS sW

2 2
1

2
1

mt
2

mZ
2cb

2
2

mtAt*

2mZ
2cb

2

2
mtAt

2mZ
2cb

2 2sW
2 1

mt
2

mZ
2cb

2

D , ~20!

Vf2
52sbS sW

2 2
1

2

mtmei j

2mZ
2cbsb

mtm* e2 i j

2mZ
2cbsb

2sW
2 D .

These 232 matrices determine the dimensionless couplin
Vk; i j through the relation

Vk; i j 5Oak~Ut!b i* ~Ut!g jVa;bg . ~21!

B. Production amplitudes

As shown in Fig. 1, the matrix elementMi j for m1m2

→t̃i
2t̃j

1 receives contributions fromg and Z exchange as
well as from the exchange of the neutral Higgs bosons of
MSSM. It can be written as

FIG. 1. The mechanisms contributing to the processm1m2

→ t̃ i
2t̃ j

1 : three spin-0 neutral-Higgs boson exchanges and sping
andZ exchanges. The indicesi and j are 1 or 2, and the indexk is
1, 2, or 3.
09500
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Mi j 5
e2

s (
a56

$Za i j @ v̄~ p̄!~p” i2p” j !Pau~p!#

1mWHa i j @ v̄~ p̄!Pau~p!#%, ~22!

wherea56 and the vector and scalar chiral couplings a
given by

Z2 i j 5d i j 1DZ~s!
sW

2 21/2

cW
2 sW

2
Qi j

Z ,

Z1 i j 5d i j 1DZ~s!
1

cW
2

Qi j
Z ,

~23!

H2 i j 52Ym

DHk
~s!

cW
2 sW

2
Vk; i j @O2k1 isbO1k#,

H1 i j 52Ym

DHk
~s!

cW
2 sW

2
Vk; i j @O2k2 isbO1k#.

The couplingYm , and theZ and Hk propagatorsDZ and
DHk

(k51,2,3) are

Ym5
mm

2mW cb
,

DZ~s!5
s

s2mZ
21 imZGZ

, ~24!

DHk
~s!5

s

s2mHk

2 1 imHk
GHk

.

Defining the polar angle of the flight direction of the ta
sleptont̃ i

2 with respect to them2 beam direction byQ ~see
Fig. 2!, the explicit form of the production amplitude@Eq.
~22!# can be evaluated in the helicity basis by the tw

FIG. 2. Schematic depiction of the production plane with t
polar scattering angleQ. The transverse polarization vectorsPT and

P̄T have azimuthal anglesa andā with respect to the event plane
respectively.
9-5
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component spinor technique of Ref.@32#.5 We denote them2

and m1 helicities bys and s̄, with s51 and 2 standing
for right- and left-handed particles, respectively. Neglect
the muon mass in the kinematics, the helicity amplitudes

Mi j ~s,s̄ ![e2^ss̄& i j ~25!

read

^11& i j 52
mW

As
H1 i j , ^12& i j 52Z1 i j b sinQ,

^22& i j 51
mW

As
H2 i j , ^21& i j 52Z2 i j b sinQ.

~26!

Here b5l1/2(1,mt̃
i
2

2
/s,mt̃

j
1

2
/s), with l(x,y,z)5x21y21z2

22(xy1yz1zx), describes the 3-momentum of the scalat
leptons in the center-of-mass frame. Note that in the limit
negligible kinematic mass of the muons vector boson
change only contributes to configurations wherem2 andm1

have opposite helicities, whereas Higgs boson exchange
contributes to configurations with equalm1 and m2 helici-
ties. This implies that Higgs and gauge boson exchange
tributions can only interfere with each other if at least one
the muons has nonvanishingtransversepolarization, which
can be understood ascoherentsuperposition of left- and
right-handed helicity states@32#; see Eqs.~31! and ~32! be-
low.

Before turning to the calculation of the cross section,
us briefly describe the symmetry properties of the helic
amplitudes. TheCP transformation leads to a relation amon
the transition helicity amplitudes:

^ss̄& i j ↔
CP

~21!~21!(s2s̄)/2^2s̄,2s& j i ; ~27!

note thats2s̄ gives the total spin, if them2 momentum
direction is used as quantization axis. Equivalently one
for the scalar and vector helicity amplitudes

^66& i j ↔
CP

2^77& j i , ^67& i j ↔
CP

1^67& j i . ~28!

Equations~28!, ~23!, and ~26! show thatCP violation in
diagonal channels (i 5 j ) can only occur in the presence o
nonvanishing pseudoscalar couplings, since the contribut
}O1k in Eq. ~23! are the only ones that violate relation~28!.
We will see in the next section that observableCP-odd ef-
fects can only arise in diagonalt̃ pair production if a pseu-
doscalar coupling interferes with one of the other couplin
On the other hand, all four sets of couplings~scalar, pseudo-

5Our convention for the momentum-dependent Weyl spinor
fermions going in the2z direction differs by an overall sign from
that of Ref.@32#.
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scalar, vector, and axial vector! can give rise toCP violation
in nondiagonalt̃ pair production (iÞ j ).

Another useful classification is provided by the so-call
‘‘naive’’ time reversalT̃. Like properT transformation, this
transformation changes the directions of all 3-momenta
spin vectors, i.e., it leaves helicities unchanged. Howe
unlike aT transformation, aT̃ transformation doesnot inter-
change initial and final states. In our case aT̃ transformation
simply corresponds to taking the complex conjugate of
helicity amplitudes. Under the combinedCPT̃ transforma-
tion the helicity amplitudes therefore transform as follows

^66& i j ↔
CPT̃

2^77& j i* , ^67& i j ↔
CPT̃

1^67& j i* . ~29!

We note that tree-levelCPT̃ violation is only possible in the
presence of finiteZ or Higgs boson widths. It is therefor
very useful to analyze theCP and CPT̃ properties of any
physical observable simultaneously, so as to investigate
only CP violation itself but also its dependence on the re
or imaginary part of some product~s! of propagators.

C. Polarized production cross sections

The production cross section for general~longitudinal or
transverse! beam polarization can be computed either us
standard trace techniques~employing general spin projectio
operators!, or from the helicity amplitudes by a suitable ro
tation @32# from the helicity basis to a general spin basis.
the former case, neglecting the muon mass in the spin
jection operators we can obtain the following approxima
form for them7 projection operators:

1

2
~p”1m!~11g5s” !→ 1

2
~11PLg5!p”

1
1

2
g5PT~cosan” 11sinan” 2!p” ,

1

2
~p”̄2m!~11g5s”̄ !→ 1

2
~12 P̄Lg5!p”̄

1
1

2
g5P̄T~cosān” 11sinān” 2!p”̄ .

~30!

Here sm is the spin 4-vector, andn1m and n2m are purely
spatial vectors satisfyingni•nj52d i j and ni•p5ni• p̄50.
PL and P̄L are the longitudinal polarizations of them2 and
m1 beams, whilePT and P̄T are the degrees of transvers
polarization witha and ā being the azimuthal angles be
tween the transverse polarization vectors and the momen
vector of t̃ i

2 as shown in Fig. 2. We also note thatPL
21PT

2

<1 andP̄L
21 P̄T

2<1.
Equivalently the polarization weighted matrix eleme

squared in the helicity basis is given by

r

9-6
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( uMu25 (
ss8s̄s̄8

Mss̄Ms8s̄8
* rss8

2 rs̄s̄8
1

5Tr@M r1M †r2T#, ~31!

where Mss̄ (s,s̄56) denotes the helicity amplitude fo
any given production processm2(s)m1(s̄)→X, and the 2
32 matricesr7 are the polarization density matrices for th
initial m7 beams:
e

09500
r25
1

2 S 11PL PT e2 ia

PT eia 12PL
D ,

r15
1

2 S 11 P̄L 2 P̄T ei ā

2 P̄T e2 i ā 12 P̄L
D . ~32!

Applying the projection operators~30! or/and evaluating
the trace~31! leads to the following matrix element square
for polarizedm1m2→ t̃ i

2t̃ j
1 production:
S i j [ (
ss8s̄s̄8

^ss̄& i j ^s8s 8̄& i j* rss8
2 rs̄s̄8

1

5~12PLP̄L!C1@ i j #1~PL2 P̄L!C2@ i j #1~11PLP̄L!C3@ i j #1~PL1 P̄L!C4@ i j #

1~PT cosa1 P̄T cosā !C5@ i j #1~PT sina1 P̄T sinā !C6@ i j #1~PT cosa2 P̄T cosā !C7@ i j #

1~PT sina2 P̄T sinā !C8@ i j #1~PLP̄T cosā1 P̄LPT cosa!C9@ i j #1~PLP̄T sinā1 P̄LPT sina!C10@ i j #

1~PLP̄T cosā2 P̄LPT cosa!C11@ i j #1~PLP̄T sinā2 P̄LPT sina!C12@ i j #

1PTP̄T†cos~a1ā !C13@ i j #1sin~a1ā !C14@ i j #‡1PTP̄T†cos~a2ā !C15@ i j #1sin~a2ā !C16@ i j #‡. ~33!
the

d

-
y

The coefficientsCn(n51 –16) are defined in terms of th
helicity amplitudes by

C15
1

4
@ u^12&u21u^21&u2#,

C25
1

4
@ u^12&u22u^21&u2#,

C35
1

4
@ u^11&u11u^22&u2#,

C45
1

4
@ u^ 11&u22u^22&u2#,

C55
1

4
Re~^11&2^ 22&!~^21&2^12&!* ,

C65
1

4
Im~^11&2^22&!~^21&1^12&!* ,

C75
1

4
Re~^11&1^22&!~^21&1^12&!* ,

~34!

C85
1

4
Im~^11&1^22&!~^21&2^12&!* ,

C95
1

4
Re~^11&1^22&!~^21&2^12&!* ,
C105
1

4
Im~^22&1^11&!~^21&1^12&!* ,

C115
1

4
Re~^22&2^11&!~^21&1^12&!* ,

C125
1

4
Im~^11&2^22&!~^12&2^21&!* ,

C1352
1

2
Re@^21&^12&* #, C145

1

2
Im@^21&^12&* #,

C1552
1

2
Re@^22&^11&* #, C165

1

2
Im@^22&^11&* #.

The production cross section is then given in terms of
distributionS i j in Eq. ~33! by

ds

d cosQ dF
~m1m2→ t̃ i

2t̃ j
1!5

a2

4 s
bS i j , ~35!

with b as in Eq.~26!. The dependence of the distributionS i j
on the azimuthal angleF of the production plane is encode
in the anglesa andā. If the azimuthal angleF is measured
with respect to the direction of them2 transverse polariza
tion vector, theF dependence can be exhibited explicitly b
taking for the anglesa and ā,

a52F, ā5h2F, ~36!
9-7
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TABLE I. The classification of the correlations of the muon and antimuon polarization vectors that a

in Eq. ~33! according to theirCP andCPT̃ properties, based on theCP andCPT̃ relations@Eq. ~38!#.

CP CPT̃ Polarization factors

even even 12PLP̄L , PL2 P̄L , 11PLP̄L ,

PT cosa1P̄T cosā, PLP̄T cosā2P̄LPT cosa,

PTP̄T cos(a1ā), PTP̄T cos(a2ā)

odd PT sina1P̄T sinā, PLP̄T sinā2P̄LPT sina,

PTP̄T sin(a1ā)

odd even PT sina2P̄T sinā, PLP̄T sinā1P̄LPT sina,

PTP̄T sin(a2ā)
odd PL1 P̄L , PT cosa2P̄T cosā,

PLP̄T cosā1P̄LPT cosa
a
la
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whereh is the rotational invariant differenceā2a of the
azimuthal angles of them1 and m2 transverse polarization
vectors. The polarization coefficients can be classified
cording to their correlation patterns of the vector and sca
contributions as follows:

vector and vector~VV ! correlations: C1 , C2 , C13, C14,

scalar and scalar~SS! correlations: C3 , C4 , C15, C16,

scalar and vector~SV! correlations:

C5 , C6 , C7 , C8 , C9 ,C10, C11, C12. ~37!

Among the 16 observables, only six observables—the
VV observables $C1 ,C2% and the four SS observable
$C3 ,C4 ,C15,C16%—can be measured independently of t
azimuthal angleF, but the other ten observables require t
reconstruction of the production plane. This is true in p
ticular for the observables involving scalar-vector corre
tions; as already stated in Sec. III B, these observables
only nonzero if at least one of the incoming beams has n
vanishing transverse polarization.

D. Observables with definiteCP and CPT̃ properties

TheCP andCPT̃ transformations act on the polarizatio
vectors of the initial muon beams according to the simu
neous exchanges:

PL↔
CP

2 P̄L , PT↔
CP

P̄T , a↔
CP

ā,

PL ↔
CPT̃

2 P̄L , PT ↔
CPT̃

P̄T , a ↔
CPT̃

2ā. ~38!

The CP and CPT̃ relations @Eq. ~38!# of the polarization
vectors lead to the following classification of the terms in E
~33!: sevenCP-even andCPT̃-even, threeCP-even and
09500
c-
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-
-
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.

CPT̃-odd, threeCP-odd andCPT̃-even, and threeCP-odd
andCPT̃-odd polarization factors, as shown in Table I.

The coefficientsCn@ i j #(n51 –16) corresponding to thes
polarization factors are bilinears inZ6 i j andH6 i j . For later
convenience we define the asymmetric combinatio
@Cn@12## and the symmetric combinations$Cn@ i j #% ( i j
511,12,22) as

@Cn@12##[
1

2
~Cn@12#2Cn@21# !,

$Cn@ i j #%[
1

2
~Cn@ i j #1Cn@ j i # !. ~39!

Clearly the coefficients multiplyingCP-even polarization
factors~the first group in Table I! can give rise toCP viola-
tion only through the antisymmetric combinations@Cn@12##,
which describe rate asymmetries. In contrast, all symme
combinations$Cn@ i j #% of the coefficients of the secon
group in Table I, which haveCP-odd polarization factors,
can contribute toCP-odd polarization or azimuthal angl
asymmetries; these can be probed for three differ
CP-even final states (t̃ i

2t̃ i
1 , i 51,2 and the sum oft̃1

2t̃2
1

and t̃1
1t̃2

2 production!. Based on these observations one c

classify all 64 distributions according to theirCP andCPT̃
parities as shown in Table II. We will show in Sec. IV B th
all 64 coefficients appearing in Eq.~33! can be extracted
independently,if the polarization of both beams can be co
trolled completely and the final tau slepton pair is identifie

We thus see that one can define tenCP-violating rate
asymmetries involving antisymmetric combinations in thet̃
indices and six polarization or angle asymmetries involv
symmetric combinations in thet̃ indices; we recall that the
latter can be studied for three different final states, leading
a total of 28 different asymmetries. More detailed explan
tions of the definition of the rate and polarization asymm
9-8
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TABLE II. The classification of the coefficientsCn@ i j #(n51 –16, i j 511,12,21,22) according to thei

CP andCPT̃ properties. The underlined observables can be constructed without direct reconstruction
scattering plane. Here$Cn@ i j #%5(Cn@ i j #1Cn@ j i #)/2, and@Cn@12##5(Cn@12#2Cn@21#)/2.

CP CPT̃ Coefficients (i j 511,12,22)

even even $C1@ i j #%, $C2@ i j #%, $C3@ i j #%, $C5@ i j #%, $C11@ i j #%, $C13@ i j #%,
$C15@ i j #%, @C4@12##, @C7@12##, @C9@12##

odd $C6@ i j #%, $C12@ i j #%, $C14@ i j #%, @C8@12##, @C10@12##, @C16@12##

odd even $C8@ i j #%, $C10@ i j #%, $C16@ i j #%, @C6@12##, @C12@12##, @C14@12##

odd $C4@ i j #%, $C7@ i j #%, $C9@ i j #%, @C1@12##, @C2@12##, @C3@12##,
@C5@12##, @C11@12##, @C13@12##, @C15@12##
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tries and of the extraction of the asymmetries by adjust
the muon and antimuon polarizations will be given in t
next section.

Any CPT̃-odd observable requires someCP-preserving
phase. At tree level this can only be provided by theZ and
Higgs boson widths in the tau slepton pair production p
cesses. Therefore, if theZ width is neglected, in which cas
Z6 i j is Hermitian, the following five quantities involving
only theg or Z boson couplings to muons and tau slepto
vanish:

@C1@12##5@C2@12##5@C13@12##5C14@11#5C14@22#50.

~40!

Furthermore, Eqs.~18!, ~23! and ~34! show that

@C14@12##5$C14@12#%50, ~41!

even for nonvanishingGZ . All other CPT̃-odd quantities can
receive contributions from some Higgs boson width, as w
be clarified in Sec. IV E.

E. CPT̃-even and -odd combinations of Higgs boson
propagators

The behavior of each observable under aCPT̃ transfor-
mation plays a crucial role in determining the interferen
pattern of the Higgs boson contributions, among themse
and with theg andZ boson contributions to this observabl
Every CPT̃-even ~-odd! observable involving only scala
contributions depends on the real~imaginary! parts of the
productsDHk

DHl
* of Higgs boson propagators; note that on

kÞ l gives a nonzero imaginary part. We already showed
the observableC14 involving only the vector contributions is
negligible; see Eqs.~40! and ~41!. In the approximationGZ
50 all the vector boson contributionsZ2 andZ1 in Eq. ~23!
are Hermitian. As a result, the interference terms betw
scalar and vector contributions depend on the real or im
nary parts of the Higgs boson propagatorsDHk

themselves.
This discussion shows that it is convenient to introdu

abbreviated notations for the real and imaginary parts:
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Skl[Re@DHk
DHl

* #

5s2
~s2mHk

2 !~s2mHl

2 !1mHk
mHl

GHk
GHl

@~s2mHk

2 !21mHk

2 GHk

2 #@~s2mHl

2 !21mHl

2 GHl

2 #
,

Dkl[Im@DHk
DHl

* #

5s2
~s2mHk

2 !mHl
GHl

2~s2mHl

2 !mHk
GHk

@~s2mHk

2 !21mHk

2 GHk

2 #@~s2mHl

2 !21mHl

2 GHl

2 #
.

~42!

It is worthwhile to note two points:~a! the denominator re-
veals a typical two-pole structure so that the Higgs bos
contributions are greatly enhanced near the poles;~b! the
numerator ofSkl is negative between two resonances with
mass splitting larger than their typical widths, but positi
otherwise. In contrast, for realistic widths of the MSS
Higgs bosons the numerator ofDkl is always positive~nega-
tive! if mHl

>mHk
(mHk

>mHl
). Moreover, it increases~de-

creases! linearly with s if mHl
GHl

. (,)mHk
GHk

.

As noted earlier, in the approximationGZ50 the SV in-
terference terms depend on the real and imaginary part
each Higgs boson propagatorsDHk

, which are given by

Re@DHk
#5

s~s2mHK

2 !

~s2mHk

2 !21mHk

2 GHk

2
,

Im@DHk
#52

s mHK
GHk

~s2mHk

2 !21mHk

2 GHk

2
, ~43!

respectively. Note that the real parts change their sign wh
ever the c.m. energy crosses the corresponding pole, bu
imaginary parts are always negative.

Combining the coefficients from the mixing matrix ele
ments with the corresponding propagator-dependent fac
enables us to straightforwardly understand the qualitativeAs
dependence of the combinations of coefficientsCn@ i j # listed
in Table II. However, the energy dependence of the co
sponding properly normalized asymmetries is also affec
9-9
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by the energy dependence of the normalization fact
which can be nontrivial. We will discuss these issues furt
in Sec. V, where we present numerical results.

IV. POLARIZATION AND RATE ASYMMETRIES

In this section, we present the explicit forms of all the V
SS, and SV polarization and rate correlations, and then
plain how to extract the corresponding asymmetries by
justing initial beam polarization and, in some cases, inser
weight functions of the polar angle in the phase space i
gral. For completeness we include theCP-even correlations
listed in the upper half of Table II.

A. Expressions for the correlations

1. Vector-vector correlations

The VV correlations are very useful for reconstructing t
tau slepton system independent of the Higgs boson sys
In principle there exist nine nontrivialCP-even and
CPT̃-even VV observables ($C1@ i j #%,$C2@ i j #%,$C13@ i j #%)
and oneCP-odd andCPT̃-even observable@C14@12##. How-
ever, we already saw that this latter observable vanis
Since theCP-violating phaseft in the tau slepton system
affects neither the masses of thet̃ eigenstates nor the abso
lute values of their gauge couplings, it cannot be direc
measured through VV correlations only.6 However, the abso-
lute values ofXt , Yt , and Zt defined in Eq.~9! can be
determined from the remaining nineCP-even and
CPT̃-even observables, together with the measuremen
the two tau slepton masses. As a result, if tanb is determined
~or constrained to be large! from other processes~e.g.,
chargino pair production ine1e2 collisions@33#!, the above
determination can be used to obtain the left and right s
breaking tau slepton massesmt̃L,R

. The absolute magnitud

of uAt* 1m ei j tanbu can be determined even if tanb is un-
known. However, it is necessary7 to consider different ob-
servables to determine the phase angleft5arg(2At
2m* e2 i j).

2. Scalar-scalar correlations

The scalar-scalar correlations involve not only tau slep
mixing but also neutral Higgs boson mixing. However, it
known that the Higgs boson mixing angles can be co
pletely determined through on-shell production of ea
Higgs boson with polarized muons@21#. In this section we
therefore check the possibility of reconstructing the tau sl

6The phaseFAt
does affect thet̃ masses. However, it could b

extracted from measurements oft̃ masses andut only if uAtu and
umutanb are already known. In case ofuAtu at least this seems quit
unlikely.

7The absolute value ofZt does depend on the relative phase b
tweenAt* andmei j. However, observables that only depend onuZtu
clearly cannot determine this phase, unlessuAtu and um tanbu are
already known.
09500
s,
r

x-
-
g
e-

m.

s.

y

of

t-

n

-
h

-

ton system through these scalar-scalar correlations. There
16 such correlations: sevenCP-even andCPT̃-even, one
CP-even andCPT̃-odd, threeCP-odd andCPT̃-even, and
five CP-odd andCPT̃-odd observables. It is straightforwar
to obtain the explicit forms of the these 16 correlations:

$C3@ i j #%51S Ym

cW
2 sW

2 D 2
mW

2

2s
Skl Re~Vk; i j Vl ; i j* !~O2kO2l

1sb
2 O1kO1l !,

@C3@12##52S Ym

cW
2 sW

2 D 2
mW

2

2s
DklIm~Vk;12Vl ;12* !~O2kO2l

1sb
2 O1kO1l !,

$C4@ i j #%51S Ym

cW
2 sW

2 D 2
mW

2

2s
Dkl Re~Vk; i j Vl ; i j* !sb~O1kO2l

2O2kO1l !,

@C4@12##51S Ym

cW
2 sW

2 D 2
mW

2

2s
Skl Im~Vk;12Vl ;12* !sb~O1kO2l

2O2kO1l !,

~44!

$C15@ i j #%51S Ym

cW
2 sW

2 D 2
mW

2

2s
Skl Re~Vk; i j Vl ; i j* !~O2kO2l

2sb
2 O1kO1l !,

@C15@12##52S Ym

cW
2 sW

2 D 2
mW

2

2s
Dkl Im~Vk;12Vl ;12* !~O2kO2l

2sb
2 O1kO1l !,

$C16@ i j #%52S Ym

cW
2 sW

2 D 2
mW

2

2s
Skl Re~Vk; i j Vl ; i j* !sb~O1kO2l

1O2kO1l !,

@C16@12##51S Ym

cW
2 sW

2 D 2
mW

2

2s
Dkl Im~Vk;12Vl ;12* !sb~O1kO2l

1O2kO1l !,

where summation over the repeating indicesk andl is under-
stood. In deriving Eqs.~44! we have exploited the relation
Vk; i j 5(Vk; j i )* . Note that any rate asymmetry, defined to
proportional to the difference between the@12# and @21#
modes, is determined by the combination Im(Vk;12Vl ;12* ),
which is antisymmetric with respect to the Higgs boson
dicesk and l. In addition, in the MSSM the lightest Higg
boson has a mass of less than 130 GeV and a tiny width

-
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that its contribution to the tau slepton pair production is n
ligible. As a result, only the propagator combinatio
S22, S23, S33, andD23 are important in determining theAs
dependence of these rate asymmetries.

3. Scalar-vector correlations

All the SV correlations are proportional to the real
imaginary part of a Higgs propagator, so that they also
sizable when the c.m. energy is very close to one of
heavy Higgs boson resonances:8

$C5@ i j #%51
mWYmb

4AscW
4 sW

4
O2kDZ Re@DHk

#Re~Vk; i j Qi j
Z* !sinQ,

@C5@12##52
mWYmb

4AscW
4 sW

4
O2kDZ Im@DHk

#

3Im~Vk;12Q12
Z* !sinQ,

$C6@ i j #%52
mWYmb

AscW
2 sW

2
O2k Im@DHk

#

3ReS Vk; i j d i j 1DZ

sW
2 21/4

cW
2 sW

2
Vk; i j Qi j

Z* D sinQ,

@C6@12##52
mWYmb

AscW
4 sW

4 ~sW
2 21/4!O2kDZ

3Re@DHk
#Im~Vk;12Q12

Z* !sinQ,

$C7@ i j #%52
mWYmb

AscW
2 sW

2
sbO1k Im@DHk

#

3ReS Vk; i j d i j 1DZ

sW
2 21/4

cW
2 sW

2
Vk; i j Qi j

Z* D sinQ,

@C7@12##52
mWYmb

AscW
4 sW

4 ~sW
2 21/4!sbO1kDZ

3Re@DHk
#Im~Vk;12Q12

Z* !sinQ,

$C8@ i j #%52
mWYmb

4AscW
4 sW

4
sbO1kDZ Re@DHk

#

3Re~Vk; i j Qi j
Z* !sinQ,

8Re(DHk
)50 for As5mHk

. However, since the mass splitting b
tween the two heavy Higgs states is small, the contribution from
second heavy Higgs boson is usually still sizable at this point.
09500
-

re
e

@C8@12##51
mWYmb

4AscW
4 sW

4
sbO1kDZ Im@DHk

#

3Im~Vk;12Q12
Z* !sinQ,

~45!

$C9@ i j #%51
mWYmb

4AscW
4 sW

4
sbO1kDZ Im@DHk

#

3Re~Vk; i j Qi j
Z* !sinQ,

@C9@12##51
mWYmb

4AscW
4 sW

4
sbO1kDZ Re@DHk

#

3Im~Vk;12Q12
Z* !sinQ,

$C10@ i j #%51
mWYmb

AscW
2 sW

2
sbO1k Re@DHk

#

3ReS Vk; i j d i j 1DZ

sW
2 21/4

cW
2 sW

2
Vk; i j Qi j

Z* D sinQ,

@C10@12##52
mWYmb

AscW
4 sW

4 ~sW
2 21/4!sbO1kDZ Im@DHk

#

3Im~Vk;12Q12
Z* !sinQ,

$C11@ i j #%51
mWYmb

AscW
2 sW

2
O2k Re@DHk

#

3ReS Vk; i j d i j 1DZ

sW
2 21/4

cW
2 sW

2
Vk; i j Qi j

Z* D sinQ,

@C11@12##52
mWYmb

AscW
4 sW

4 ~sW
2 21/4!O2kDZ Im@DHk

#

3Im~Vk;12Qi j
Z* !sinQ,

$C12@ i j #%52
mWYmb

4AscW
4 sW

4
O2kDZ Im@DHk

#Re~Vk; i j Qi j
Z* !sinQ,

@C12@12##52
mWYmb

4AscW
4 sW

4
O2kDZ

3Re@DHk
#Im~Vk;12Qi j

Z* !sinQ.

The CP andCPT̃ properties of the observables in Eq.~45!
can be identified by noting the following aspects:~i! observ-
ables involving Re@DHk

#(Im@DHk
#) are CPT̃-even

(CPT̃-odd!. ~ii ! The matrix elementsO2k and O1k are
CP-even andCP-odd components of the neutral Higgs b
sonHk , respectively.~iii ! Re(Vk; i j d i j ) and Re(Vk; i j Qi j

Z* ) are
CP-even, while Im(Vk;12Q12

Z* ) is CP-odd. For instance,
e
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$C5@ i j #% is CP-even andCPT̃-even, while @C6@12## is
CP-odd andCPT̃-even. Of course, this determination of th
CP andCPT̃ properties agrees with the results of Table

B. Extracting the polarization and rate asymmetries

In this section we investigate efficient procedures for
tracting the relevant SUSY parameters from the polari
cross sections. In actual experiments, a careful analysi
statistical and systematic uncertainties will be required w
extracting the rate and polarization asymmetries. We do
attempt to estimate realistic uncertainties based on e
simulation or parameter fitting. Instead, we are intereste
the question which of the numerous quantities listed in S
IV A are most sensitive to the fundamental parameters of
theory, our main focus being onCP-odd phases in the inter
action Lagrangian.

The conceptually simplest asymmetry is the total unpo
ized rate asymmetry, defined by

A R
tot5

E d cosQ~@C1@12##1@C3@12## !

E d cosQ~$C1@12#%1$C3@12#%!

. ~46!

Unfortunately this asymmetry is usually very small even
CP is violated in both the Higgs andt̃ sectors. We saw in
Eq. ~40! that @C1@12## vanishes in the limitGZ→0. More-
over, Eq. ~44! shows that @C3@12## is proportional to
O2kO2l1sin2 bO1kO1l . The contribution from Higgs ex-
change can only compete with the gauge boson excha
contributions ifAs.mHiggs. Given the CERNe1e2 collider
LEP search limits fort̃1, real t̃ pair production will only be
possible at energiess@mZ

2 .9 These two requirements to
gether imply that we needmA

2@mZ
2 . In this ‘‘decoupling

limit’’ the lightest neutral Higgs boson eigenstate is given
H1.cosbf11sinbf2; the couplings of this state are ver
similar to that of the Higgs boson of the SM. The rotati
matrix O of Eq. ~7! is then approximately given by

O.S 0 cosaH sinaH

cosb sinaH sinb 2cosaH sinb

sinb 2sinaH cosb cosaH cosb
D , ~47!

where sin(2aH)Þ0 signalsCP violation in the Higgs sector
The value ofaH depends in a complicated manner on t
parameters appearing in the squark mass matrix, and onmA .
However, the structure of the rotation matrix@Eq. ~47!# im-
plies that

O2kO2l1sin2 bO1kO1l.sin2 bd lk , l ,kP2,3. ~48!

9This also implies that in the MSSM the lightest Higgs bos
mass must be smaller than the mass of the lightest tau slepton

so that its contribution to anyt̃ pair production process is negl
gible.
09500
-
d
of
n
ot
nt
in
c.
e

r-

f

ge

On the other hand, the factorDkl appearing in the expressio
for @C3@12## is nonzero only forkÞ l . These two require-
ments are incompatible, i.e., the total rate asymmetry
strongly suppressed.10

We thus have to make use of asymmetries that are se
tive to the beam polarization. To this end we introduce r
and polarization asymmetries with respect to the unpolari
vector boson exchange and Higgs boson exchange p
$C1@ i j #% and$C3@ i j #%, respectively, as follows:

AP~C2@ i j # !5V2

E d cosQ$C2@ i j #%

E d cosQ$C1@ i j #%

,

AR~C2@12# !5V2

E d cosQ@C2@12##

E d cosQ$C1@12#%

,

~49!

AP~C4@ i j # !5V4

E d cosQ$C4@ i j #%

E d cosQ$C3@ i j #%

,

AR~C4@12# !5V4

E d cosQ@C4@12##

E d cosQ$C3@12#%

.

The remaining 1234 correlations (n55 –16) can only be
measured if at least one of the initial beams is transvers
polarized. In this case the proper normalization involves
sum of the unpolarized Higgs and gauge boson excha
contributions:

AP~Cn@ i j # !5Vn

E d cosQ$Cn@ i j #%

E d cosQ~$C1@ i j #%1$C3@ i j #%!

,

AR~Cn@12# !5Vn

E d cosQ@Cn@12##

E d cosQ~$C1@12#%1$C3@12#%!

.

~50!

Vn in Eqs.~49! and~50! are numerical factors that originat
from projecting out the corresponding observable, by adju
ing the ~anti!muon polarization and integrating the distrib
tion S i j over the azimuthal angleF with an appropriate
weight function, as described below.

air,

10This corrects an erroneous numerical result in Ref.@17#.
9-12
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CP VIOLATION IN TAU SLEPTON PAIR PRODUCTION . . . PHYSICAL REVIEW D 64 095009
These factorsVn(n52,4,5 –16) depend sensitively on th
degrees of longitudinal and transverse polarizations of
muon and antimuon beams achievable at muon colliders.
the sake of discussion, let us assume that both the muon
antimuon beams are polarized with perfect degrees of lo
tudinal or transverse polarization. From Eq.~33! we can then
deduce the algorithms for extracting our asymmetries, wh
determine theVn . In the following discussion we alway
assume that all cross sections are appropriately~anti!symme-
trized in thet̃ indices.

The asymmetries}C2@ i j # can be measured by dividin
the difference of cross sections forPL52 P̄L51 andPL5

2 P̄L521 by the sum of these cross sections; this giv
V251.11 Note that aCP transformation leaves the polariza
tion states used in this prescription invariant. The asymm
tries }C4@ i j # can be obtained in the same way from t
cross sections forPL5 P̄L51 and PL5 P̄L521, so that
V451 as well. In this case aCP transformation maps the
two polarization states into each other; this difference
cross sections is therefore aCP-odd quantity, in accord with
the results of Table I.

The asymmetries involvingC15 andC16 can be obtained
by fixing PT5 P̄T51 and taking the ratio of the differenc
and the sum of the distributions for cos(a2ā)561 @sin(a
2ā)561#, respectively.~Recall that PT5 P̄T51 implies
PL5 P̄L50, and thata2ā is independent ofF.! This gives
V155V1651. Recall that aCP transformation flips the sign
of a2ā. Since the cosine is invariant under the change
sign of its argument while the sine changes its sign, the p
scription for extractingC15 is CP-even while that forC16 is
CP-odd, again in accordance with theCP transformation
properties of the corresponding terms in the squared ma
element; see Table I.

The asymmetries involvingC13 andC14 ~which vanishes
in the MSSM in the limitGZ50) can also be obtained b
choosingPT5 P̄T51. However, the angular combination
cos(a1ā)@sin(a1ā)# depend on the azimuthal angleF; see
Eq. ~36!. Therefore we need to apply a (CP-even! normal-
ized weight functionA2 cos(a1ā)@A2 sin(a1ā)# in order to
extract these asymmetries, wherea1ā5h22F. The nor-
malization factors in these weight functionsf (F) are deter-
mined by the requirement that*dF f (F) acts as a projector
which implies*0

2pdF f 2(F)51. Note that this weight facto
shouldnot be applied in the denominator of Eq.~50!. Finally,
one has to take the sum of these weighted integrated c
sections forh50 andh5p, in order to remove terms}C15
or C16 from the denominator;12 note that these two configu
rations of transverse polarization vectors are self-conjug
under aCP transformation, sinceh52p is identical toh
51p. We thus findV135V1451/A2. Sincea1ā is also

11Recall that@C2@12##50 in the MSSM if theZ width is ne-
glected.

12The numerator is independent ofh after the weighted integra
tion overF.
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invariant underCP transformations, this extraction prescrip
tion is CP-even, in accord with the corresponding entries
Table I.

The asymmetries}Cn(n55 –8) are obtained from the
cross sections forPT51, P̄T5 P̄L50, and P̄T51, PT5PL
50, taking h50. C5 and C6 can be obtained from the
(CP-even! sum of the corresponding cross sections, wh
C7 andC8 can be determined from the (CP-odd! difference
of cross sections. In addition one needs the weight func
A2 cosa for C5 andC7, andA2 sina for C6 andC8; for h
50 these weight functions are allCP-even, so that the ex
traction procedure again has the sameCP property as the
corresponding coefficient of the squared matrix eleme
This yieldsV55V65V75V851/A2.

The algorithm for extracting the asymmetries}Cn(n
59 –12) is complicated. One possible procedure is to m
sure the distributions for the polarization combinations$PL

561,P̄T51% and$P̄L561,PT51% for h50. Denote these
four distributions byS6

(1) and S6
(2) . A CP transformation

then sendsS6
(1) to S7

(2) , and vice versa. The asymmetrie
}C9 andC11 can then be extracted fromS1

(1)2S2
(1)6(S1

(2)

2S2
(2)), using the weight functionA2 cosa; note that the

plus ~minus! sign in front of the round parentheses gives
CP-odd (CP-even! combination of cross sections. Th
asymmetries}C10 and }C12 can be extracted in the sam
way, if the weight functionA2 sina is used. This givesV9

5V105V115V1251/A2.
In reality the degrees of longitudinal and transverse po

ization are not perfect, in which case the polarization fact
Vn should be multiplied by the relevant~products of! de-
grees of longitudinal and transverse polarizations,xL andxT

(x̄L and x̄T), of the incident muon~antimuon! beam. As
already stated, we will simply takexL5xT5x̄L5x̄T51 in
the following numerical analysis.

V. NUMERICAL RESULTS

In this section, we present some numerical analyses
CP violation both in the tau-slepton and neutral Higgs bos
systems based on a specific scenario for the relevant S
parameters. The loop-inducedCP violation in the Higgs sec-
tor can only be large if bothumu and uAtu ~or uAbu, if tanb
@1) are sizable@12–15#. For definiteness we will presen
results for tanb510 and the c.m. energyAs near the two
heavy Higgs boson resonances. Since even for tanb510 the
contributions from the bottom~s!quark sector are still quite
small, our results are not sensitive tomD̃ andAb ; we there-
fore fix Ab5At and mD̃5mŨ5mQ̃ , although different val-
ues for the SU~2! doublet and singlet soft breaking squa
masses,mQ̃ÞmŨ , are allowed, and also take equal phas
for At and Ab . Since we are basically interested in disti
guishing theCP noninvariant Higgs sector from theCP in-
variant one, we take two values for the rephasing-invari
phaseFAm of At,bmei j: 0 (CP invariant case!, andp/2 ~the
almost maximallyCP violating case! while the phase of the
gluino massF g̃ is set to be zero. We chose the followin
‘‘standard set’’ of real mass parameters and couplings of
Higgs and squark sectors:
9-13
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mA50.5 TeV, uAt,bu51.0 TeV, umu52.0 TeV,

mg̃50.5 TeV, F g̃50, mQ̃5mŨ5mD̃51.0 TeV.
~51!

In our numerical analysis, the top and bottom quark runn
massesm̄t(mt)5165 GeV andm̄b(mb)54.2 GeV will be
taken. FormA much larger thanmZ as in Eq.~51!, two neu-
tral Higgs bosons have almost degenerate masses:

FAm50: mH2
5499.6 GeV, mH3

5500.0 GeV,

FAm5
p

2
: mH2

5499.5 GeV, mH3
5500.4 GeV.

~52!

In the CP invariant case (FAm50) we have cosaH50, i.e.
the stateH2 is CP-even and the stateH3 is CP-odd. On the
other hand, our parameter set withFAm5p/2 gives cosaH
50.976, i.e., now the stateH2 is mostly ~but not entirely!
CP-odd, andH3 is mostly CP-even. Because of the nea
degeneracy of the two heavy Higgs bosons a signific
overlap effect, i.e., interference between these two Higgs
son resonances is expected in the presence ofCP violation.
Note thatCP violation in the Higgs sector tends to increa
the mass splitting between the two heavy states; howeve
our case, it still does not exceed the widths of the two Hig
bosons, which amount to about 1.2 GeV.

We work in the general MSSM, i.e., we do not assu
unification of scalar soft breaking parameters~masses andA
terms!.13 The real SUSY parameters associated with the
slepton system are thus independent of the parameters i
Higgs and squark sectors. As standard inputs we take

mt̃L
50.23 TeV, mt̃R

50.18 TeV, uAtu50.5 TeV.
~53!

The phaseFAt
of the rephasing invariant quantityAtmei j is

varied. For reference, we list the tau slepton masses
FAt

50,p/2:

FAt
50: mt̃1

582.7 GeV, mt̃2
5287.4 GeV,

FAt
5

p

2
: mt̃1

587.6 GeV, mt̃2
5286.0 GeV.

~54!

Since the c.m. energy is assumed to be around the resona
of the heavy Higgs bosons,As.500 GeV, the tau slepton
pairs t̃1

1t̃1
2 and t̃1

6t̃2
7 can be produced inm1m2 collisions,

but heavy (t̃2
1t̃2

2) pairs are not accessible, as can be s
from Eq. ~52!.

In the previous section, we have listed 64 polarizat
observables which can be constructed if the production p

13This implies that we cannot make statements about first or
ond generation sfermion masses. Moreover, we do not assume
the electroweak gauge symmetry is broken radiatively.
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can be reconstructed~at least statistically!, i.e., if both the
polar angleQ and the azimuthal angleF can be measured
We have found that there are tenCP-violating rate asymme-
tries and 18CP-violating polarization asymmetries. Fo
some polarization observables, and for all rate asymmet
it is important to experimentally identify the electric charg
of the produced sfermions from their decay products. Th
requirements are very difficult to satisfy in the production
third generation squarks. Moreover, in most SUSY mod
squarks are significantly heavier than sleptons, so that sq
pair production may not be possible forAs.mA . This is
why we focus on the production of tau slepton pairs. Ev
here the requirement that the heavy Higgs boson masse
larger than the sum of the tau slepton masses impos
nontrivial constraint on the accessible parameter spa
Moreover, in the absence of a detailed Monte Carlo stud
is not clear how well the production plane can be determin
experimentally. In the following we therefore consider cas
without and with direct reconstruction of the productio
plane separately.

Before turning to these asymmetries we briefly discuss
behavior of the totalt̃1

1t̃1
2 and t̃1

1t̃2
2 cross sections. Thes

total cross sections are not only necessary to estimate
number of available events for a given integrated luminos
Since~apart from overall prefactors! they also appear in the
denominators of Eqs.~49! and ~50!, they also significantly
affect theAs dependence of the asymmetries. These to
cross sections are shown in Fig. 3. We see that thet̃1 pair
production cross section is sizable (;100 fb) even away
from the Higgs poles. Since here the dominant contributio
come from gauge boson exchange, there is almost no se
tivity to the CP-violating phaseFAt

, as discussed earlier. O
the other hand, the Higgs exchange contribution to the t
cross section does depend significantly on this phase.
only the maximal value of this cross section, but also
energy where this maximum is reached depends on
CP-violating phases. This follows from the observation th
in the absence ofCP-violation aCP-odd Higgs boson can
not couple to an identicalt̃ pair; however, onceCP is vio-
lated, both heavy Higgs bosons contribute. In fact, forFAt

.p andAs.mA , Higgs boson exchange clearly dominat
the totalt̃1 pair production cross section.

The dominance of the Higgs boson exchange contri
tions near the poles is even more pronounced in thet̃1t̃2
channel.14 Our choice@Eq. ~53!# implies usin 2utu.1, which
maximizes theZt̃1t̃2 coupling @Eq. ~18!#. Nevertheless the
gauge boson exchange contributions are suppressed
pared to the case oft̃1 pair production by the absence o
photon exchange contributions and by the smaller availa
phase space (b12

3 .0.24, as compared tob11
3 .0.83). Note

that the Higgs boson exchange contribution only scales
b, and is hence much less phase space suppressed. M

c-
hat

14The difference between the total cross sections fort̃1
1t̃2

2 and

t̃2
1t̃1

2 production is negligible, as shown in Sec. IV B.
9-14
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CP VIOLATION IN TAU SLEPTON PAIR PRODUCTION . . . PHYSICAL REVIEW D 64 095009
over, even in the absence ofCP violation both Higgs bosons
can contribute tot̃1t̃2 production. Nevertheless a strong d
pendence on the value ofFAt

can be seen also in this cas

Note that thet̃1t̃2 production cross section typically chang
by more than a factor of 10 over the shown range of en
gies, as compared to a variation by a factor 2–5 in case ot̃1
pair production. The energy dependence of the total cr
section is therefore especially important for the understa
ing of theAs dependence of asymmetries in thet̃1t̃2 chan-
nel, which includes all rate asymmetries. Note also that
peak cross section, which falls in the range of;50–300 fb,
is also sizable in this channel, when compared to the an
pated luminosity of;10 fb21 per year@22#. Finally, we note
that in the absence ofCP violation in the Higgs sector the
total cross sections are even functions of the phaseFAt

. This

explains why the curves forFAt
5f coincide with those for

FAt
52p2f in Figs. 3~a! and 3~c!. However, this degen

eracy is lifted ifFAmÞ0.

A. Without direct reconstruction of the production plane

If the production plane is not reconstructed, all the S
correlations are averaged away when integrating over
azimuthal angleF, but the polarization and rate asymmetri
corresponding to the coefficients$C1 ,C2 ;C3 ,C4 ,C15,C16%
survive. As emphasized earlier, the VV correlations a
however, determined by the SUSY parameters associ
with the tau slepton system without anyCP-preserving
phases, if theZ boson width is neglected. In this case t
CPT̃-odd VV rate asymmetriesAR(C1,2@12#) vanish so that

FIG. 3. TheAs dependence of the totalt̃1 pair cross section@~a!

and ~b!# and the mixedt̃1
1t̃2

2 cross section@~c! and ~d!# near the
heavy Higgs boson resonances, with the SUSY parameter s
Eqs.~51!, ~52! and~53!. Frames~a! and~c! are forFAm50, while
frames~b! and ~d! are forFAm5p/2, The six lines in each frame
are for FAt

50 ~solid line!, p/3 ~long dashed line!, 2p/3 ~dot-
dashed line!, p ~dotted line!, 4p/3 ~short dashed line! and 5p/3
~heavily dotted line!, respectively.
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there exist no nontrivialCP-violating VV asymmetries15 for
probingCP phases in the tau slepton mass matrix. This i

mediately implies thatt̃ pair production ine1e2 collisions
is of no use for directly measuring theCP phase associate
with the tau slepton system.16

On the other hand, the SS polarization and rate asym
tries are nonzero. The sixCP-violating SS polarization
asymmetriesAP(C4@ i j #) and AP(C16@ i j #) depend onCP

violation in thet̃ sector only through theCP-even combina-
tion of couplings Re(Vk; i j Vl ; i j* ), see Eq.~44!; these asymme-
tries areCP-odd, since they are also proportional to th
CP-odd combinationsO1kO2l7O2kO1l of Higgs mixing

angles. The product of this combination of Higgst̃ t̃ cou-
plings and Higgs mixing angles vanishes ifCP is conserved,
but in general one can expect a nonzero result in the pres

of CP violation in either the Higgs ort̃ sector. If there is no
CP violation in the Higgs sector (FAm50), these~and all
other CP-violating! asymmetries are odd functions o
sinFAt

, i.e., the transformationFAt
→2p2FAt

leads to a

change of sign of these asymmetries, leaving their abso
values unchanged. Since these are polarization asymme
they should be nonzero even for the production of two eq
t̃ states, in particular fort̃1 pair production.

These expectations are borne out by the numerical res
shown in Fig. 4. Here the upper two frames sho
AP(C4@11#) and the lower two frames showAP(C16@11#),
while the left ~right! frames are for aCP-conserving Higgs
sector (FAm5p/2). Since AP(C4@11#) is CPT̃-odd, it is
proportional to the imaginary part of the product of releva
Higgs boson propagators, whileAP(C16), beingCPT̃-even,
is proportional to the real part of the product of propagato
Equation ~42! then explains whyAP(C4@11#) decreases
much faster as one moves away from the Higgs poles t
AP(C16@11#) does. The results of Fig. 4 show that both the
polarization asymmetries are quite sensitive toAt . Also,
both asymmetries can be large. Finally, we note the curi
fact that in the presence of sizableCP violation in both the
Higgs andt̃ sectors someCP-odd asymmetries can be ‘‘ac
cidentally’’ suppressed; see the long dashed curve~for FAt

5p/3) in Fig. 4~b!.
The possibly large size ofAP(C4@11#) is very encourag-

ing, since this asymmetry can be measured with only lon
tudinally polarized beams; this is important, since it might
technically quite difficult to produce transversely polariz
muon beams. Moreover, this asymmetry is linear in polari
tion; this means that the precision with which it can be m
sured also depends ‘‘only’’ linearly on the achievable deg
of polarization. Moreover, in the presence of lar

15From now on, let us denote the asymmetries with SS, VV, a
SV correlations in the numerators by SS, VV, and SV asymmetr
respectively.

16An exception to this rule can occur if the twot̃ mass eigenstate
happen to be nearly degenerate, with a mass splitting comparab
their decay widths@29#.

of
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CP-violating phases this asymmetry remains sizable ove
large region of parameter space. This is shown in Fig
which shows the behavior of the maximal value
AP(C4@11#) when one input parameter is moved away fro
our standard input set described at the beginning of this
tion. The maximum here refers to the dependence onAs, i.e.,
we plot the asymmetry at the optimal center-of-mass ene
which depends~slightly! on the input parameters. This
legitimate, sinceAs can be freely chosen in an experimen
In order to show the dependence on different parame
within a single frame, asx axis we chose the ratio of a give
parameter to its ‘‘standard’’ value. The range of variation
these parameters is restricted by experimental constraints
most important ones being the lower boundsmH1

>111 GeV ~note thatH1 behaves essentially like the sta
dard model Higgs boson, sincemA

2@MZ
2) and mt̃1

>80 GeV.
We see that the maximal asymmetry depends only ra

weakly on tanb ~dashed curve!. However, the total cross
section near the Higgs resonance falls}tan8 b for tan2 b
!mt /mb , due to the decrease of the couplings of the he
Higgs bosons to muons andt̃ sleptons and the simultaneou
increase of the Higgs decay widths intot t̄ quarks. The de-
pendence onuAtu is also very weak, as long asuAtu
*200 GeV. However, sendinguAtu→0 removes theCP

FIG. 4. The As dependence of theCP-odd SS polarization
asymmetryAP(C4@11#) for ~a! FAm50 and~b! FAm5p/2, and the
CP-odd SS polarization asymmetryAP(C16@11#) for ~c! FAm50
and ~d! FAm5p/2. Parameters and notation are as in Fig. 3.
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violation from thet̃ sector and also greatly reduces the co

plings of Higgs bosons tot̃ pairs; see Eq.~20!; hence all
CP-odd asymmetries become very small in this limit. T
dependence onumu ~dot-dashed curve! is somewhat stronge
than that onuAtu; however, we again find a maximal asym
metry*0.5 unlessumu is reduced by more than a factor of
from its standard input value of 2 TeV. Finally, the maxim
asymmetry remains finite even asuAtu5uAbu→0, as shown
by the dotted curve. In this limit there is noCP violation in
the Higgs sector, but we already saw in Fig. 4 thatCP vio-

lation in thet̃ sector by itself is sufficient to produce a larg
value of this asymmetry.

Unfortunately studies oft̃1 pair production alone do no

suffice to completely determine the parameters of thet̃ sec-
tor. Even under the most favorable circumstances such s
ies can only determine the values of four real parameters:
massmt̃1

, the mixing angleut ~these two parameters ca
already be determined from VV correlations!, and the cou-
plings of the two heavy Higgs bosons tot̃1 pairs. On the
other hand, thet̃ mass matrix depends on six real paramet
(mt̃L

,mt̃R
,uAtu,umu,tanb, andFAt

). Moreover, if the mixing

betweenCP-even and -odd Higgs states is small,C4@11#
and C16@11# essentially only depend on theproduct of the
couplings of the two heavy Higgs bosons tot̃1 pairs, since in
such a situation the product of mixing anglesO1kO2l will be
sizable only forkÞ l . In our numerical example this is trivi
ally true for FAm50, but is also approximately correct fo
FAm5p/2, whereH2 is predominantlyCP-odd whileH3 is
mostly CP-even. Fortunately the total cross section fort̃1

pair production forAs.mA should depend on a differen
combination of Higgs couplings, so that it might still be po
sible to determine the couplings of both heavy Higgs sta
to t̃1 pairs.

FIG. 5. The maximal value ofuAP(C4@11#)u is shown for
FAm5p/2 andFAt

54p/3, where ‘‘maximal’’ means that the opti
mal value ofAs has been taken. The other input parameters h
been fixed to their ‘‘standard’’ values, except that one of these
rameters has been varied along each curve. Thex axis is the ratio of
this parameter to its ‘‘standard’’ value: for the solid curve,R
5uAtu/(0.5 TeV); for the dashed curve,R5tanb/10; for the dot-
dashed curve,R5umu/(2 TeV); and for the dotted curve,R
5uAtu/(1 TeV). The upper bounds on tanb andumu come from the
requirementmt̃1

>80 GeV, while the lower bound on tanb comes
from the boundmH1

>111 GeV.
9-16



ie

m

ul
e
th

a

th
ep

e
t

e
v
tie

te
h

ut
ad

all

Eq.

ents
gs

nity
e

ry
r

n if

iant

st

me
s
lts
to

be

e-
r in
tive
the
ies

this
ion
d on

nal

o-

ther

s
-

y

CP VIOLATION IN TAU SLEPTON PAIR PRODUCTION . . . PHYSICAL REVIEW D 64 095009
If mixed t̃1
6t̃2

7 pairs are accessible, many more quantit

become measurable. We saw above that studies oft̃1 pair
production should allow one to determine four real para
eters in thet̃ sector. In principle the totalt̃1

6t̃2
7 cross section,

measured in the vicinity of the heavy Higgs poles, sho
then be sufficient to completely fix the parameters of tht̃
sector. However, this is only true if we assume that
masses and mixing angles of the neutral Higgs bosons
known. In addition, we have to assume thatt̃ pair production
is indeed described by the MSSM, and that there are no o
diagrams contributing; for example, in the presence of sl
ton flavor mixing,t-channel diagrams might contribute@34#.
Analyses of the new asymmetries that become availabl
t̃1t̃2 pairs can be produced can then be used to check
consistency of the framework followed in this paper. Mor
over, ~some of! these new asymmetries should also ha
quite different systematic uncertainties than the quanti
discussed so far.

In particular, we now have the opportunity to study ra
asymmetries in addition to polarization asymmetries. All t
SS rate asymmetries, i.e. the twoCP-even asymmetries
AR(C4@12#) and AR(C16@12#), and the twoCP-odd asym-
metriesAR(C3@12#) andAR(C15@12#), are in principle sen-
sitive toCP violation in the tau slepton system even witho
reconstruction of the production plane. However, we alre
saw at the beginning of Sec. IV B that@C3@12## is always
very small in the MSSM withmA

2@mZ
2 . Moreover, we find

numerically that AR(C16@12#) is relatively insensitive to
FAt

, in particular if there is noCP violation in the Higgs

sector. In Fig. 6 we therefore showAR(C4@12#) ~top row!
andAR(C15@12#) ~bottom row!.

The first of these asymmetries is even under bothCP and
CPT̃. It is therefore nonzero even ifFAm5FAt

50, and also

FIG. 6. TheAs dependence of theCP-even SS rate asymmetr
AR(C4@12#) for ~a! FA50 and~b! FA5p/2, and theCP-odd SS
rate asymmetryAR(C15@12#) for ~c! FA50 and~d! FA5p/2. Pa-
rameters and notations are as in Fig. 3.
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remains finite far away from the heavy Higgs poles; rec
that this asymmetry is normalized to the~unpolarized!
squared Higgs boson exchange contribution only; see
~49!. However, this is only true for completely~transversely!
polarized beams; and even in this case the number of ev
will become very small as one moves away from the Hig
poles. Nevertheless measuring this asymmetry in the vici
of the pole should yield useful information. Note that in th
absence ofCP violation in the Higgs sector, the asymmet
depends only on cosFAt

, i.e., it becomes invariant unde

FAt
→2p2FAt

; this is true for all otherCP-conserving
asymmetries as well. However, this degeneracy is broke
FAmÞ0. Generally we find thatCP violation in the Higgs
sector increases the sensitivity to the rephasing invar
phase in thet̃ sector.

This is true also forAR(C15@12#). In fact, this asymmetry
is very small if there is noCP violation in the Higgs sector.
The reason for this is that the products of couplingsO2kO2l
andO1kO1l appearing in this asymmetry@see Eq.~44!#, are
almost proportional todkl if the heavyCP-even and -odd
Higgs states do not mix, while the combinationDkl of Higgs
boson propagators vanishes fork5 l . The interference be-
tween the heavy and lightCP-even Higgs states then at be
gives an asymmetry of order 1023, which is not measurable
with realistic luminosities. On the other hand, onceCP is
violated in the Higgs sector, this asymmetry can beco
large. However, since it isCPT̃-odd, it decreases quickly a
we move away from the Higgs poles. Moreover, the resu
of Fig. 6 indicate that this asymmetry is not very sensitive
FAt

even if FAmÞ0.

B. With direct reconstruction of the production plane

If the production plane of the tau slepton pair can
reconstructed efficiently, the SS asymmetries related toC13
andC14 become accessible. More importantly, all SV corr
lations can now be studied. These asymmetries are linea
Higgs propagators, which implies that they are less sensi
to the strength of the Yukawa coupling of the muon than
SS correlations are. Moreover, in principle asymmetr
}Re@DHk

# allow one to ‘‘switch off’’ the contribution from

Higgs mass eigenstateHk simply by settingAs5mHk
, since

the real part of the Higgs propagator vanishes there. In
manner one might be able to cleanly isolate the contribut
from the second heavy Higgs boson. In this section, base
parameter sets~51! and ~53!, we investigate quantitatively
whether the SV asymmetries can provide us with additio
useful information on thet̃ sector.

In principle SV correlations can already be studied in p
larization asymmetries in thet̃1

1t̃1
2 channel. Unfortunately

we find numerically that these asymmetries are always ra
small, with an absolute value&0.2. This is true also for
polarization asymmetries in the mixedt̃1

6t̃2
7 channel. We are

thus left with the eight rate asymmetriesAR(Cn@12#)(n
55 –12). Equation~45! shows that all these asymmetrie
depend on the parameters of thet̃ sector through the combi
nation of couplings
9-17
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I k[Im~Vk;12Q12
Z* !, ~55!

as well as through the masses of thet̃ sleptons. A closer look
at the explicit expressions for these rate asymmetries sh
that the four asymmetriesAR(Cn@12#) (n56, 7, 10, and 11!
are proportional to the small numerical factor 4sW

2 21'
20.07 for sW

2 '0.233; this comes from the vector couplin
of the Z boson to muons. We will therefore not consid
these asymmetries, and instead concentrate on the rema
four asymmetries, which stem from the axial vector coupl
of the Z boson to muons. They satisfy the proportional
relations

AR~C5@12# !}2O2k Im@DHk
#I k ,

AR~C8@12# !}1sbO1k Im@DHk
#I k ,

~56!

AR~C9@12# !}1sbO1k Re@DHk
#I k ,

AR~C12@12# !}2O2k Re@DHk
#I k .

These relations show that theCP-conserving asymmetrie
AR(C8,9) involve the CP-odd components (O1k) of the
Higgs bosons, while the CP-violating asymmetries
AR(C5,12) involve the CP-even components (O2k) of the
Higgs bosons. This means that in the absence ofCP viola-
tion in the Higgs sector, only one of the two heavy Hig
bosons contributes to a given asymmetry. In our case
remains approximately true even ifFAmÞ0, since, as noted
earlier, the quantity sin(2aH), which measures the strength
CP violation in the Higgs sector, is quite small. In oth
words, in our examples one does not even have to tuneAs
.mHk

in order to isolate the contribution of a specific Hig
boson.

Note also that the two CPT̃-odd asymmetries
AR(C5,8@12#) have their peaks at the heavy Higgs bos
poles, but they are suppressed far away from those poles
to Im@DHk

#. However, Fig. 7 shows that these asymmetr
only decrease relatively slowly as one moves away from
poles. This can be understood from the strong energy de
dence of the totalt̃1t̃2 production cross section shown
Fig. 3: the denominator ofAR(C5,8@12#) also decrease
quickly as one moves away from the poles.

Conversely, Fig. 8 shows that the other two asymmet
AR(C9,12@12#), which are CPT̃-even, reach their extrem
several GeV away from the Higgs poles. The numerators
these asymmetries actually reach their extrema atAs5mH
6GH/2, wheremH and GH are a typical heavy Higgs mas
and decay width, respectively. However, the rapid decre
of the denominator pushes the extrema further away from
Higgs poles. Note also that these asymmetries can a
larger values than theCPT̃-odd asymmetries shown in Fig
7. However, whileAR(C5,8@12#) can be measured if only on
initial beam is ~transversely! polarized,AR(C9,12@12#) can
only be determined if both muon beams are polarized,
having a transverse polarization and the other a longitud
polarization. Together with the requirement that the ev
09500
ws

ing
g

is

ue
s
e
n-

s

of

se
e
in

e
al
t

plane has to be reconstructed this means that measurin
asymmetries shown in Fig. 8 will probably pose the larg
challenge to both collider and detector.

VI. SUMMARY AND CONCLUSIONS

We have performed a detailed, systematic investigation
the signals forCP violation in the neutral Higgs boson an

FIG. 7. TheAs dependence of theCP-violating SV rate asym-
metry AR(C5@12#) for ~a! FAm50 and ~b! FAm5p/2, and the
CP-conserving SV rate asymmetryAR(C8@12#) for ~c! FAm50
and~d! FAm5p/2, respectively. Notations and parameters are a
Fig. 3.

FIG. 8. The As dependence of theCP-conserving SV rate
asymmetryAR(C9@12#) for ~a! FAm50 and~b! FAm5p/2, and the
CP-violating SS rate asymmetryAR(C12@12#) for ~c! FAm50 and
~d! FAm5p/2, respectively. Parameters and notation are as in
3.
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CP VIOLATION IN TAU SLEPTON PAIR PRODUCTION . . . PHYSICAL REVIEW D 64 095009
tau-slepton systems through the production of tau slep

pairs in polarizedm1m2 collisions,m2m1→ t̃ i
2t̃ j

1 with the
labels i , j 51,2 for the twot slepton mass eigenstates. W
worked in the framework of the MSSM with exactR parity
and negligible flavor mixing. The relevant sources ofCP
violation can then be found in soft breaking terms associa
with third generation sfermions, as well as them parameter.

CP violation in thet̃ sector contributes toCP-odd asymme-

tries at the tree level.CP violation in the t̃ and/orb̃ sector
leads to mixing betweenCP-even and -odd Higgs curren
eigenstates. Even though thisCP-violating Higgs mixing
only proceeds through loop diagrams, it can give rise
O(1) CP-violating asymmetries even in the absence of ot
CP phases.

The expression for the cross section fort̃ pair production
from am1m2 initial state with arbitrary~possibly transverse!
polarization contains 16 terms. We have classified the beh
ior of these terms underCP and CPT̃ transformations.
Terms with CP-even polarization factors can contribute
CP-violating rate asymmetries, i.e., differences between
cross sections fort̃1

1t̃2
2 and t̃1

2t̃2
1 production. On the othe

hand, terms withCP-odd polarization factors contribute t
CP-violating polarization asymmetries that can already
probed int̃1 pair production. In some cases it can also
interesting to construct asymmetries from these terms wh
are even under aCP transformation. These asymmetries a
nonzero even in the absence ofCP violation, but they can
nevertheless help to determine the to date unknown par
eters in the problem, including phases.

It is reasonable to assume that all the properties of
neutral Higgs bosons are determined beforehand,
through the study ofm1m2→ f f̄ production near the Higgs
poles, wheref 5t,b, or t. The remaining task is thus th
determination of the parameters in thet̃ sector. As a first step
one might want to determine the masses of the accessibt̃

states, as well as thet̃L2 t̃R mixing angleut , through the
study of t̃ pair production away from the Higgs poles. He
the cross section will be dominated by gauge interactio
and is thus completely determined by these parameters.
mixing angleut also affects the polarization of thet leptons
produced int̃ decays@35#. Of course, these measuremen
can also be performed at ane1e2 collider.

t̃ pair production through gauge interactions can thus
best give three relations among the six real parameters
pearing in thet̃ mass matrix. The remaining parameters c
be determined if there are sizable Higgs exchange contr
tions. In particular, the longitudinal polarization asymme
AP(C4@11#) is usually ideally suited for directly probingCP

violation in thet̃ sector. One does not need to reconstruct
event plane to measure this asymmetry, nor are transve
polarized beams required. Moreover, this asymmetry is lin
in the achievable polarization; this is of some importan
since the actual beam polarization might be significantly l
than the ideal value of 100% assumed in the numerical
sults of Sec. V. Of course, we have to assume thatt̃ pair
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production is kinematically allowed in the vicinity of th
Higgs poles. Moreover, the ratio of the vacuum expectat
values tanb must not be too small, since the couplings
both muons and tau~s!leptons to Higgs bosons scale esse
tially }tanb. However, scenarios with very small tanb are
excluded by LEP Higgs searches in any case. The upper
frames in Fig. 9 show that, if these conditions are met a
the CP-violating phases are not very small, this asymme
should indeed be measurable with the foreseen luminosit
about 10 fb21 per year. Here we show the integrated lum
nosity required to see a 1s deviation of this asymmetry from
zero, for ideal beam polarization. The required luminos
scales quadratically with the required number of stand
deviations as well as with the available polarization. For e
ample, a value of 0.01 fb21 means that with a data set o
10 fb21 and 35% beam polarization one can see an 1s
effect, i.e., this asymmetry would be measurable with re
tive precision of about 9%. We saw in Fig. 5 that this co
clusion should remain true over a wide region of parame
space.

Note, however, that this asymmetry might be ‘‘accide
tally’’ suppressed, even though there are largeCP-violating
phases in both thet̃ and t̃ sectors. It is therefore important t
try and measure several independentCP-violating asymme-
tries. Moreover, analyses oft̃1 pair production in the MSSM
can at best determine the couplings oft̃1 pairs to the two
heavy neutral Higgs bosons. LEP search limits onmt̃1

to-

gether with the boundmH1
&130 GeV, imply that the ex-

change of the lightest neutral Higgs bosonH1 contributes
negligibly to t̃ pair production. Simple parameter countin
then implies that, in the absence of any prior knowledge
the parameters of the mass matrix, one will have to stu

FIG. 9. TheAs dependence of the integrated luminosity r
quired to detect the asymmetriesAP(C4@11#) @~a! and ~b!# and
AR(C5@12#) @~c! and ~d!# with statistical significance of one stan
dard deviation, for ideal beam polarization. The luminosity
creases quadratically with the required number of standard de
tions, and with the inverse of the degree of beam polarizat
Parameters and notation are as in Fig. 3.
9-19
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t̃1t̃2 production in order to completely determine the para
eters of thet̃ mass matrix. Note that some of these para
eters (tanb as well asm) also appear in other terms in th
MSSM Lagrangian. It is thus possible that their values w
be known~with some error! beforehand. Even in that case
would be important to determine them independently fromt̃
pair production, in order to confirm that the MSSM with th
given assumptions can indeed describe this process
course, this will only be possible ifmA.mt̃1

1mt̃2
.

Unfortunately we found thatCP-violating asymmetries
that can be measured in the mixedt̃1t̃2 channel are smalle
thanAP(C4@11#), at least in the vicinity of the Higgs pole
where the event rate is sizable. This is demonstrated by
lower two frames of Fig. 9, which shows the luminosi
required to see a 1s deviation in the rate asymmetr
AR(C5@12#). In most cases the minimal required luminos
is at least an order of magnitude larger than forAP(C4@11#).
We saw in Sec. V thatCPT̃-even asymmetries can beO(1)
even in the mixedt̃1t̃2 channel. However, these asymmetri
are proportional to the real parts of heavy Higgs bos
propagators, which vanish near the poles. As a result,
minimal luminosity required for measuring these asymm
tries ~not shown! is similar to that required to measur
AR(C5@12#), but would have to be taken atAs.mH6GH ,
wheremH andGH are the typical mass and total decay wid
of the heavy neutral Higgs bosons. It thus seems unlik
that studies of mixedt̃1t̃2 production can contribute signifi
cantly to the determination of theCP-violating phase in the
t̃ mass matrix. Fortunately the determination of all para
eters of this mass matrix can be completed by measurin
y,
,

.

o
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single quantity in thet̃1t̃2 channel, for example the tota
cross section near the Higgs poles. We saw in Sec. V that
cross section is indeed often sizable, and should thus
readily measurable. A possible problem here might be
distinction betweent̃1 pair andt̃1t̃2 production. This should
be fairly easy in the scenario we studied in Sec. V, due to
larget̃22 t̃1 mass splitting, but could be more problematic
this mass splitting is small.

We thus see that in the chosen framework transverse b
polarization is not necessary to determine all the free par
eters of thet̃ system. However, in order to test the model o
has to overconstrain it, i.e., there should be more meas
ments than parameters. Also, generalizations of the mo
e.g., allowingR-parity violation and/or slepton flavor mix
ing, are conceivable. In that case the squared matrix elem
can still be written as in Eq.~33!, but there will be additional
contributions@36# to expressions~26!, and hence to the co
efficientsCn . It is therefore important to measure as ma
different asymmetries and distributions as possible, includ
those that can only be accessed with transversely polar
beams. Only then will it be possible to fully exploit the phy
ics potential of muon colliders to probe the details of sup
symmetric models through scalart production.

ACKNOWLEDGMENTS

The work of S.Y.C. was supported by a grant from t
Korea Research Foundation~KRF-2000-015-DS0009!. The
work of M.D. and B.G. was supported in part by the Deu
sche Forschungsgemeinschaft. The work of J.S.L. was
ported by the Japan Society for the Promotion of Scie
~JSPS!.
v.
,

ce

d

.

@1# J. H. Christenson, J. W. Cronin, V. L. Fitch, and R. Turla
Phys. Rev. Lett.13, 138 ~1964!; for reviews see, for example
P. K. Kabir, The CP Puzzle~Academic, London, 1968!; W.
Grimus, Fortschr. Phys.36, 201 ~1988!; E. A. Paschos and U
Türke, Phys. Rep.178, 147 ~1989!; B. Winstein and L.
Wolfenstein, Rev. Mod. Phys.65, 1113~1993!; NA31 Collabo-
ration, G. D. Barret al., Phys. Lett. B317, 233 ~1993!; KTeV
Collaboration, A. Alavi-Haratiet al., Phys. Rev. Lett.83, 22
~1999!; NA48 Collaboration, V. Fantiet al., Phys. Lett. B465,
335 ~1999!.

@2# For pedagogical introduction toCP violation in theB meson
system, see M. Neubert, Int. J. Mod. Phys. A11, 4173~1996!;
A. J. Buras, hep-ph/9806471, and references therein. The m
accurate measurements ofCP violating asymmetries inB de-
cays to date are BELLE Collaboration, A. Abashianet al.,
Phys. Rev. Lett.86, 2509 ~2001!; BABAR Collaboration, B.
Aubert et al., ibid. 86, 2515~2001!.

@3# A. D. Sakharov, Zh. E´ksp. Teor. Fiz.5, 32 ~1967! @JETP Lett.
91B, 24 ~1967!#.

@4# M. Kobayashi and T. Maskawa, Prog. Theor. Phys.49, 652
~1973!.

@5# E. Witten, Nucl. Phys.B188, 513 ~1981!.
@6# C. Giunti, C. W. Kim, and U. W. Lee, Mod. Phys. Lett. A6,
st

1745~1991!; U. Amaldi, W. de Boer, and H. Fu¨rstenau, Phys.
Lett. B 260, 447 ~1991!; P. Langacker and M. Luo, Phys. Re
D 44, 817 ~1991!; J. Ellis, S. Kelley, and D. V. Nanopoulos
Phys. Lett. B260, 131 ~1991!.

@7# S. Dimopoulos and D. Sutter, Nucl. Phys.B452, 496 ~1995!;
H. Haber, in ‘‘Proceedings of the 5th International Conferen
on Supersymmetries in Physics~SUSY’97!,’’ edited by M.
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