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Dynamical electroweak breaking and latticized extra dimensions
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Using gauge invariant effective Lagrangians in 113 dimensions describing the standard model in 114
dimensions, we explore dynamical electroweak symmetry breaking. The top quark seesaw model arises natu-
rally, as well as the full Cabibbo-Kobayashi-Maskawa structure. We include a discussion of the effects of
warping, and indicate how other dynamical schemes may also be realized.
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I. INTRODUCTION

Recently we introduced the low energy effective Lagran
ian in 113 dimensions for the standard model in aD dimen-
sional Yang-Mills gauge theory@1#. Gauge fields, fermions
and Higgs scalars propagate in the bulk which is latticiz
@2#. The extra dimensions, when described by the transv
lattice technique@3# become a prescription for writing dow
an extension of the standard model in 113 dimensions. As
Kaluza-Klein ~KK ! modes are discovered, they carry a h
den copy of the gauge group they represent through the
den local symmetry of vector mesons@4#. Thus, the enlarge
ment of the gauge group into the bulk is realized as o
climbs the KK tower. An independent approach, very simi
to ours, was proposed in@5#.

Our approach emphasizes the importance of a gauge
variant description of an infrared truncation of the theo
There is significant utility in mapping theD-dimensional
theory into an equivalent 113 theory as a model building
tool. We are led to a chain of standard model gauge gro
~this element of the scheme has a heritage; see e.g.,@6#! and
‘‘linking-Higgs fields’’ which, in the broken phase, are th
Wilson links in the extra dimensions, allowing hopping fro
one lattice brane to another@1,2#. These linking-Higgs fields
can be viewed as a valid UV description of the ext
dimensional theory up to the quartic Landau poles of
Higgs potential, where something like a superstring ph
transition probably occurs@7#.

We will henceforth refer to our approach of describing t
D theory with the 113 dynamics as aremodeledextra di-
mensional theory. Theremodeling, or latticization of com-
pact extra dimensions to produce an effective 113 Lagrang-
ian with new dynamics, is in a sense the analogue
descending in supersymmetry from a full superspace ac
to an action in pure space-time. Just as supersymmetry
as an organizing principle and dictates constraints on
spacetime theory, so too an extra dimensional theoryremod-
eled into 113 dictates a certain structure and dynami
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Moreover, we can map the physical questions we wish
address, e.g., dynamics, topology, electroweak symm
breaking, etc., into conventional methods familiar to 113
model builders. Everything is manifestly gauge invariant a
renormalizable. Casting a given theory with new dynam
into remodeledextra dimensions can yield insights and a
enues for extension of the new dynamics.

Our present task is to explore dynamical fermion biline
condensate formation for the breaking of electroweak sy
metry in the context of remodeled extra dimensions. A str
ing aspect of the standard model in the latticized bulk c
struction is that it provides the essential ingredients o
top-color model @8#. Indeed, top color is a dynamica
gauge theory basis for top quark condensation@9# and in-
volves rather uniquely the imbedding ofSU(3)→SU(3)1

3SU(3)2 . . . . Here the third generation feels the strong
SU(3)1 interaction, while the first and second generatio
feel the weakerSU(3)2. Such an imbedding, or enlargeme
of the SU(3) gauge group is a natural consequence of ex
dimensions with localized fermions@1,2#. Indeed, top color
viewed as a remodeled extra dimensional theory anticip
the fermionic generations arising in a localized way in ex
dimensions@6,10#.

Extra dimensional models with gauge fields in the bu
@11#, or their remodeled counterparts, are inherently stron
coupled. We show that the inherent strong coupling expec
in these models can naturally provide a dynamical cond
sation of^ t̄ t&. In the remodeled description this is on a fir
footing since the dynamics can be approximated reliably b
Nambu–Jona-Lasinio~NJL! model. We should say thata
priori nothing precludes the addition of more physics, e
supersymmetry or technicolor, etc. We pursue top-color
top seesaw models at present because the remodeling o
114 standard model supplies all the ingredients for free

If we wanted to construct a pure top-color model, or
model such as top-color assisted technicolor@8,12#, we also
require a ‘‘tilting’’ mechanism to block the formation of

^b̄b&. Again, the standard model in the latticized bu
provides the desired extra weak hypercharge imbedd
U(1)Y→U(1)Y13U(1)Y2 . . . needed to tilt in the direction
of the top condensate. The fact that the top–anti-top chan
is the most attractive channel in a standard model config
©2001 The American Physical Society03-1
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tion then drives the formation of the top condensate alon
In the present paper, however, we will explore a furth

aspect of the dynamics of a remodeled 114 theory with the
standard model gauge structure propagating in the bulk.
will show that the top seesaw model@13#, which may indeed
be the best and most natural model of dynamical electrow
symmetry breaking, arises completely and naturally from
tra dimensions. In a top seesaw model a top conden
forms with the natural electroweak mass gap,m;600 GeV,
but there exist additional vectorlike partners to thetR quark,
usually designated byxR and xL . These objects form

heavier Dirac mass combinations such asM x̄x andm8x̄LtR ,
and taken together the physical top mass is given bymtop

5m8m/M . The top seesaw affords a way to make a hea
top quark, and explain all of the electroweak breaking wit
minimum amount of fine tuning. It has a heavy Higgs bos
;1 TeV, yet is in full consistency with theS2T error ellipse
constraints@14,15#. Remarkably, the vectorlikex quarks of
the top seesaw are also available for free from extra dim
sions. These are simply the ‘‘roaming’’tR quark in the bulk,
away from the domain wall that localizes its chiral ze
modetR .

The possibility of generating top condensation~or other!
schemes in the context of extra dimensions has been de
oped previously in explicit continuum extra dimensions@16#;
indeed, Dobrescu@17# first observed that dynamical elec
troweak symmetry breaking was a likely consequence of
strong coupling of QCD in extra dimensions. The geome
reasoning we inherit from extra dimensions leads us t
systematic way of extending the models. Remodeled e
dimensions has led us in the present paper to the first th
of flavor physics from the top quark seesaw, with Cabibb
Kobayashi-Maskawa~CKM! structure and light fermion
masses. We also show that one can readily construct a v
4th generation scheme along these lines. All fermions
condensed by theSU(3)3U(1)Y structure on the 4th gen
eration brane, and one can postulate Majorana masses fo
nRi as well, allowing the Gell-Mann–Ramond–Slansky
Yanagida neutrino seesaw~see, e.g.,@19# and references
therein!.

Our present discussion will be largely schematic. We w
describe the structure of the theory, and in a later work
will present the full phenomenology@18#. To make the
present discussion as transparent as possible we will ‘‘
the degrees of freedom.’’ Normally, we would approxima
the bulk with a very large number of branes and interlinki
Higgs fields. Presently, however, we will describe reduc
n-brane models, in whichn is small, typically n
52,3,4,5. . . . In our minimal top seesaw scheme we ha
n54, i.e., there is one brane per generation and one e
spectator brane~required for technical reasons!. Hence, in
this case all of the bulk is approximated by a transve
lattice with four branes. The gauge group we consider in
13 dimensions for then-brane model isSU(3)n3SU(2)L

n

3U(1)Y
n and we haven21 link-Higgs fields per gauge

group. Thus, we keep only the zero modes andn21 Kaluza-
Klein modes for each gauge field. We will also keep some
the vectorlike KK modes of the fermions, in particular f
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the third generation. The masses of the vectorlike KK ferm
ons are controlled by the mechanism that produces the c
fermions on the branes@20,21# and these can be lifted to
arbitrarily large Dirac masses, independent of the compa
fication scale.

The thinning of degrees of freedom is a mathemati
approximation to the full theory. It is presumably derive
from the fine-grained theory by a Kadanoff-style renorm
ization group. As a result, we expect many renormalizat
effects, and e.g., any translational invariance that may
softly broken by background fields of the short-distan
theory can be lost in the thinned degrees of freedom of
effective theory. Our residual engineering freedom, lead
to any given scheme, arises largely from the localization
the chiral fermions and the freedom to renormalize
linking-Higgs vacuum expectation values~VEV’s! and
gauge couplings in a non-translationally invariant way. Ho
all of this ultimately interfaces with flavor physics con
straints, e.g., flavor changing neutral current constraints@22#,
etc., remains to be examined in detail@18#.

Thus our models can be viewed as transverse lattice
scriptions of a standard model in 114 dimensions in which
the gauge fields and fermions and Higgs bosons all live
the bulk @11,10,16# with thinned degrees of freedom. Alte
natively, they are a new class of 113 models with top-color
@8,9# and Top Seesaw@13# dynamics. The two pictures ar
equivalent throughremodeling.

II. EFFECTIVE LAGRANGIANS IN WARPED
LATTICIZED BACKGROUNDS

We begin with some essential preliminaries on latticiz
extra dimensions. We wish to describe the low energy eff
tive Lagrangian of, e.g., the standard model in 114 dimen-
sions using the transverse lattice, but we include prese
effects that break translational invariance inx5. We begin
with the QCD content and allow a general background
ometry described by a metric with dependence upon the
tra dimensionx5.

Consider the pure gauge Lagrangian in 113 dimensions
for N11 copies of QCD:

LQCD52(
j 50

N
1

4g̃ j
2

Gj mn
B Gj

Bmn1(
j 51

N

DmF j
†DmF j ~1!

in which we haveN11 gauge groupsSU(3) j with gauge
couplingsg̃ j that depend upon jandN link-Higgs fields,F j

forming (3̄j 21,3j ) representations. The covariant derivati
is defined asDm5]m1 i ( j 50

N Aj m
B Tj

B . Tj
B are the generators

of the i th SU(3)i gauge symmetry, whereB is the color
index. Thus,@Ti ,Tj #50 for iÞ j ; Tj

B annihilates a field that
is singlet under theSU(3) j ; when the covariant derivative
acts uponF j we have a commutator of the gauge part w
F j , Tj

B† acting on the left andTj 21
B acting on the right; the

j th field strength is determined as usual,Gj mn
B

}trTj
B@Dm ,Dn#, etc.

We treat theF j as explicit Higgs fields. Renormalizabl
potentials can be constructed for each of the link-Hig
3-2
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fields, and we can always arrange the parameters in the
tential such that the diagonal components of eachF j develop
a common vacuum expectation valuev j , while the Higgs
and U(1) pseudo Nambu-Goldstone bosons~PNGB’s! are
arbitrarily heavy~for the perturbative unitarity constraint o
this limit see Ref.@1#!. Hence, eachF j becomes effectively a
nonlinears model field@1,2#:

F j→v jexp~ if j
BTj

B/v !. ~2!

In our previous discussion@1,2#, we assumed thatg̃ j andv j
were common for allN11 gauge groups andN links, i.e.,
independent ofj. This corresponds to a translationally inva
ant extra dimension with physical parameters independen
x5.

In general, we must consider non-uniformg̃ j andv j in the
remodeled theory. These correspond to a large variety of
sible effects. For example, we may have an extra dimen
with non-trivial background metric and a space depend
gauge coupling. These effects can arise from a bulk cos
logical constant, background space dependent dilaton fi
or from other fields and the finite renormalization effects d
to localization of these fields. Alternatively, a backgrou
scalar field with nontrivial dependence uponx5, w(x5), and
coupled to the gauge kinetic term, (Gmn

B )2, will give finite x5

dependent renormalization ofg̃.
Let us consider presently the case of a warped geom

where the metric will contain an overall warp factor or bac
ground dilaton field, e.g., a Randall-Sundrum model@23#.
The effect of the dilaton field can be seen through the
plicit identification of the link-Higgs fieldsFn with the Wil-
son lines:

F j~xm!5expS i E
( j 21)a

ja

dyA5
B~xm,y!TBD , ~3!

wherea is the lattice spacing. One finds

DmF j
†DmF j→

1

2
a2v j

2G( j 21/2)m5
B G( j 21/2)

Bm5 . ~4!

Let us compare this with the 114 dimensional action for the
gauge field in the background metric:

ds25e22s(y)hmndxmdxn2dy2. ~5!

We have, for the gauge action,

LG5E d5xAggMNgPQ
21

4g5
2~y!

GM P
B GNQ

B

5E d4xE dy
21

4g5
2~y!

~hlkGmn
B GBmn

22e22s(y)Gm5
B GBm5!, ~6!

where the indicesm,n are raised and lowered by th
Minkowskian metrichmn . We thus can see by compariso
that the gauge couplingg̃ j is related to the 5-dimensiona
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gauge coupling byg̃ j
25g5

2( ja)/a ~assuming thatg5 is
smoothly varying! andv j is simply related to the warp facto
by

g̃ j 21/2v ja5e2s[( j 21/2)a] , ~7!

where

g̃ j 21/2[
g5@~ j 21/2!a#

Aa
. ~8!

For smoothly varyingg̃ j andv j , we can make the following
interpolation:

g̃ j 21/2
2 5g̃ j 21 g̃ j , g̃ j

2 v j v j 11 a2 5 e22s( ja) [ e22s j .
~9!

An example with 3 lattice points is described in Appendix
It is also straightforward to obtain the transverse latt

Lagrangian for scalar and fermion fields under the warp
background metric. The action for a scalar field under
background~5! is given by@24#

E d5xAg~gMN]MH†]NH2mH
2 H†H !

5E d4xE dy~e22s(y)]mH†]mH2e24s(y)]5H†]5H

2e24s(y)mH
2 H†H !. ~10!

After discretization, we have

E d4x(
j 50

N S e22s j]mH j
†]mH j2e24s j 21/2

1

a2 UH j2
F j

v j
H j 21U2

2e24s jmH
2 H j

†H j D . ~11!

We can rescalee2s jH→H; the Lagrangian is then given b

LS5(
j 50

N H ]mH j
†]mH j2~mH

2 e22s j

1g̃ j 21/2
2 v j

2 e2(s j 2s j 21/2)!uH j u2

2g̃ j 21/2
2 v j

2 e22(s j 21/22s j 21)UF j

v j
H j 21U2

1S g̃ j 21/2
2 v j

2 e(s j 1s j 2122s j 21/2)H j
† F j

v j
H j 211H.c.D J .

~12!

As discussed in the previous paper@1#, the aliphatic model
corresponds to theS1/Z2 orbifold compactification of the
extra dimension. The even field underZ2 corresponds to the
boundary conditionH215H0, and the odd field underZ2
corresponds to the boundary conditionsH215HN50. The
3-3
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mass parametermH
2 should be replaced bymH j

2 if it depends
on y, which can come from ay-dependent VEV of some field
or the renormalization effects.

The action of a fermion under the background~5! is given
by @25–27#

E d4xE dy e2(3/2)sC̄ S igm]m2g5e2s]5

2
1

2
g5~]5e2s! D e2(3/2)sC2e24smC C̄ C.

~13!

After rescaling and discretization, the fermion Lagrangian
given by

LF5(
j 50

N H C̄ j ig
m]mC j

1Fe2s j 11/2

a
C̄ jRS F j 11

†

v j 11
C ( j 11)L2C jL D 1H.c.G

2
1

2a
~e2s j 11/22e2s j 21/2!~C̄ jLC jR2C̄ jRC jL !

2e2s jmC j~C̄ jLC jR1C̄ jRC jL !J
5(

j 50

N H C̄ j ig
m]mC j1S g̃ j 21/2v j C̄ jL

F j

v j
C ( j 21)R1H.c.D

2S 1

2
~ g̃ j 21/2v j1g̃ j 11/2v j 11!1e2s jmC j D C̄ jC j J ,

~14!

where we have used the relation~7! and imposed the bound
ary conditionsC21R5CNR50 andC (N11)L5CNL , corre-
sponding to havingCR (CL) odd ~even! underZ2. There is
one moreCL than CR at lattice N, so there is a massles
left-handed chiral fermion left. The gauge anomaly must
canceled by including additional chiral fermions. Revers
the Z2 parity of CL and CR gives rise a massless righ
handed fermion. This can be obtained by imposing
boundary conditionsC21R5C0R , C0L5C (N11)L50. Al-
ternatively, we can make the changesL↔R, g̃→2g̃, (a→
2a) in the Lagrangian~14! ~corresponding to an opposit
sign for the Wilson term that is included to avoid the fermi
doubling problem! and impose the boundary condition
C21L5CNL50, C (N11)R5CNR .

III. TOP QUARK SEESAW FROM REMODELED
EXTRA DIMENSIONS

We consider a sequence ofn-brane schemes. We put on
generation of fermions and a copy ofSU(2)L3U(1)Y
3SU(3) on each brane. In addition, we haven21 link-
Higgs fields~chiral fields, one for each gauge group!. In the
end we will have a set of links from a spectator brane to
09500
s
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up brane~which is defined as the brane on which the chi
up quark is localized!, one set from up to charm, and anoth
from charm to top. We will thus have constructed an ‘‘a
phatic model,’’ as in@1,2#. There are the usual zero-mod
gauge fields and then21 KK modes, which are determine
exactly. No Nambu-Goldstone boson zero modes occur a
usually the case in technicolor-like models~indeed these
models have nothing to do with technicolor!.

We are assuming throughout that we have an underly
Jackiw-Rebbi mechanism@20# to trap the fermionic chiral
modes at the specific locations in the bulk. This involv
scalar fields in 114, w(x5)q , which couple toc̄qcq and
have domain wall configurations on which chiral zero-mo
solutions exist. Away from the domain wall the fermions a
vectorlike and have large Dirac masses.~The Jackiw-Rebbi
mechanism on a discrete lattice is described in Appendix!
For the remodeled description of matter fields, we exploit
fact that the chiral fermions can always be engineered on
given brane, with arbitrarily massive vectorlike KK mode
partners on all branes, so we need keep only the chiral z
modes and the lower mass vectorlike fermions. Indeed,
an advantage of the remodeled 113 formalism that we can
do this; in a sense the chiral generations are put in by han
the remodeled theory, and we retain only the minimal r
evant information that defines the low energy effective L
grangian.

We require a mechanism to make the bareg̃3 coupling of
SU(3)C, j critically strong on the top branej, such that the
top quark will condense. Of course, withN branes~of equal
couplings! the bareg̃3 coupling is alreadyAN times stronger
than the QCD physical coupling. The freedom exists
choose an arbitrarily strong bareg̃3 on branej for a variety
of reasons as described in Sec. II. For example, if the k
field that localizes the chiral fermions couples to (Gmn

B )2, it
can give finite renormalization to the top brane gauge c
pling constants and trigger the formation of the condens
~see below!. Any non-universal translational invarianc
breaking inx5 may provide such a mechanism.

The vectorlike fermions of the top seesaw arise in
simple way: they are the roamingtR ~and/ortL) in the bulk.
In a sense it is remarkable that all of the ingredients
present. In addition, we get top flavor@28#, with the copies of
the SU(2)L gauge groups. Here arises a novel problem fi
noted in Ref.@8#. With largeSU(2)L couplings the instanton
mediated baryon number violation mechanism of ’t Ho
becomes potentially problematic.

Finally, we ask: how is CKM matrix generated? We c
put generational linking terms in by hand, which presu
ably arise from an underlying mechanism of overlappi
wave functions for split fermions@10#. In our remodeled for-
mulation we get no more or less information out than is p
in by localizing the fermions in the bulk in the first place.

A. The schematic top seesaw

Let us first briefly review the top seesaw model. In
schematic form of the top seesaw model, QCD is embed
into the gauge groupsSU(3)13SU(3)2, with gauge cou-
3-4
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plings g̃3,1 and g̃3,2 respectively. The relevant fermion tran
forms under these gauge groups are~anomalies are dealt with
by extension to include theb quark! @13#

TL : ~3,1!, xR : ~3,1!, tR , xL : ~1,3!, ~15!

where TL5(tL ,bL) is the third generation left-hande
SU(2)L doublet, andxL ,xR ,tR areSU(2)L singlets. We in-
clude a scalar field,F, transforming as (3,3̄), and it develops
a diagonal VEV,̂ F j

i &5vd j
i , which breaks the top color to

QCD,

SU~3!13SU~3!2→SU~3!QCD . ~16!

The massive gauge bosons~colorons! have mass

M25~ g̃3,1
2 1g̃3,2

2 ! v2. ~17!

SincexL ,tR have the same gauge quantum numbers, we
write down an explicit Dirac mass term:

mxt x̄LtR1H.c. ~18!

A second Dirac mass term betweenxL and xR can be in-
duced from the Yukawa coupling toF,

j x̄RFxL1H.c.→mxx x̄RxL1H.c. ~19!

These masses are assumed to be in the TeV range and
the order mxt,mxx,M . Below the scaleM, various
4-fermion interactions are generated after integrating out
heavy gauge bosons. We assume thatg̃3,1 is supercritical and
@g̃3,2. A T̄LxR condensate will form and break the ele
troweak symmetry. To obtain the correct electroweak bre
ing scale, t̄ LxR should have a dynamical massmtx;600
GeV @9#. The mass matrix for thetL,R ,xL,R is then@13#

~ t̄ L , x̄L!S 0 mtx

mxt mxx
D S tR

xR
D . ~20!

The light eigenstate is identified as the top quark and ha
mass

mt;mtx

mxt

mxx
. ~21!

The top quark mass is correctly produced formxx /mxt
;3.5. The model thus produces an acceptable dynam
electroweak symmetry breaking and a composite Higgs
son ~composed of; t̄ LxR) with a fairly natural scale of the
new physics~the QCD imbedding scale! of L; few TeV.

B. Top seesaw from remodeled extra dimensions

All of the ingredients of a top-color scenario, in particul
the top quark seesaw, are present in an extra-dimensi
scheme. We assume that we have only the fermionsT and t
in 114 dimensions. Thex fields will appear automatically
as the vectorlike KK mode components of these fields. T
fermions are coupled in 114 to a background field a
09500
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w(x5)T̄T andw(x5) t̄ t and we assume thatw(x5) produces a
domain wall kink atx0

5 which we identify in our latticized
approximation as brane 1 in the figures below. Before
formation of the top condensate the top quark configurat
on the lattice branes is depicted in Fig. 1.

The basic idea underlying the formation of a condens
is to allow a particular gauge coupling constant to beco
supercritical on a particular brane. In Fig. 2 we show t
formation of the condensatêT̄LtR& on brane 1 where we
assume that theSU(3)1 coupling constant,g̃3,1 is supercriti-
cal, i.e., in the NJL model approximation to QC
3g̃3,1

2 /8p2.1.
A trigger mechanism in the 114 theory for supercritical

coupling at the location of the trapping domain wall can ar

FIG. 1. A left-handed chiral zero modeTL ~right-handedtR) is
localized on brane 1, by coupling to a kink in a background fie
w(x5) which gives a negative~positive! Dirac mass to the right of
brane 1 and negative~positive! mass to the left of brane 1. We
denote the negative~positive! Dirac mass by the up-arrow~down-
arrow! curved links on each brane. The trapping Dirac mass, wit
coarse grain lattice, can alternatively be added to link terms on
side of the zero mode as in Appendix B. We use the definition of
derivative forTL with linking Higgs fields withL, j 21 hopping to
R, j , represented by the diagonal links between nearest neig

branes, and;2T̄R, jTL, j are vertical links on a given brane, Eq
~B1!. For tR we use the first definition Eq.~B2!. We keep only the
lowest lying vectorlike modes in the picture.

FIG. 2. A condensatêT̄LtR& forms on brane 1 when theSU(3)1

coupling constantg̃3,1 is supercritical. This can be triggered from
w(x5)(Gmn

2 ) in the 114 underlying theory, but is a free paramet
choice in the 113 effective Lagrangian. Note that we have chos
for convenience the other hopping convention for theTL field ~Ap-
pendix B!.
3-5
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from a coupling ofw to the squared field strength (Gmn
a )2

such that the gauge Lagrangian in 114 becomes

F2
1

4g3
2

2
lw2

4M2G ~Gmn
a !2. ~22!

Such a coupling will always be induced by the fermion fie
that couple to the gauge fields. We assumew→M (w→
2M ) for x5→R (x5→0). For l.0 the action is well be-
haved, and off the domain wall the effective coupling co
stant,ḡ3

25g3
2/(11l) is suppressed. On the domain wall th

effective coupling is theng3
2 which we assume is supercrit

cal. Moreover, the condensate is generally suppressed
fixed couplingg3

2 in the NJL model approximation for field
with large Dirac masses, so we expect only the chiral fie
to pair up. In fact, one need not appeal to the trigger mec
nism alluded to above, but it is a useful way to suppressḡ3

2

elsewhere in the bulk, and such operators are expecte
general grounds when we construct the renormalized ef
tive Lagrangian with fewer degrees of freedom.

In our latticized 113 description the varying coupling
constantsg̃3,j and Dirac mass terms can be put in ‘‘by han
as defining parameters.

To derive the top seesaw model from extra dimensio
we thin the degrees of freedom of the extra dimension
2-branes. There is anSU(3) j on each brane. The scalar fie
F which breaksSU(3)13SU(3)2 down to SU(3)QCD is
now just the link-Higgs field and has exactly the right stru
ture for top-color breaking. TheSU(2)L doublet and singlet
quarks propagate in the 114 bulk, and in the latticized
scheme are represented by the fieldsTj , t j , j 51,2 on the
two branes:

SU~3!1 SU~3!2

T1L T2R T2L

t1R t2L t2R ~23!

We have projected out the chiral partnersT1R and t1L by
coupling to the background localizing field with a doma
wall kink at brane 1, which produces chiral fermions. T
kinetic terms in the extra dimension give rise the mass te
in the 113 effective Lagrangian that interconnectT1L to T2R
etc. The backgound localizing fieldw also produces the
Dirac masses that interlink, e.g.T2R andT2L , etc. So, in the
two brane approximation we have

mT22
T̄2LT2R1mT12

T̄1L

F†

v
T2R1mt22

t̄ 2Lt2R

1mt12
t̄ 1R

F†

v
t2L1H.c., ~24!

with

mT12
52mt12

'2Ag̃3,1g̃3,2v, mT22
;g̃3,2v1hTw,

mt22
;g̃3,2v1htw.hT@ht . ~25!
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This configuration is shown in Fig. 3.
We can see explicitly that this matches onto the schem

top seesaw model. To match we first assume that thew con-
tribution to theT̄2LT2R mass term is so large thatT2L ,T2R
decouple. Then, the 2-brane model is identical to the sc
matic top seesaw model described above through the foll
ing identification:

TL5T1L , xR5t1R , xL5t2L , tR5t2R ,

mxt5mt22
, mxx5mt12

. ~26!

For a supercritical gauge couplingg̃3,1, the^T̄1Lt1R& conden-
sate will form, breaking the electroweak symmetry. The t
quark mass is then obtained from the seesaw mechanism

C. The light generations and flavor physics

We now consider all three fermionic generations of t
standard model in the latticized bulk. We discuss the issu
how we can generate light quark masses and mixings
generalized geometric top seesaw scenario.

Clearly, in order to generate light fermion masses fro
the third generation condensates, some flavor mixing te
must be present. Small masses and mixings can be gene
in 114 models by the overlap of the Higgs and fermio
wave functions in the extra dimension@10# and/or small fla-
vor mixing effects arising from localization. We examine th
mechanism in the latticized extra dimension with the si
plest flavor mixing mass terms. We find that the light ge
eration fermion masses are generated radiatively in this
ture.

There is a copy of theSU(3)3SU(2)L3U(1)Y standard
model gauge group on each brane, with gauge couplingsg̃a, j
respectively, wherea51,2,3, is the gauge group index an
j 50,1,2,3 is the brane index. There are link fieldsFa, j , a
51,2,3, j 51,2,3, which break the fullSU(3)43SU(2)L

4

FIG. 3. Two brane approximation. In the limit thatT2 decouples
this is just the original top seesaw model of@13#.
3-6
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3U(1)Y
4 gauge group down to the standard modelSU(3)

3SU(2)L3U(1)Y .
We will denote the 3 generationSU(2)L doublet quarks

with uppercase letters (T,C,U) andSU(2)L singlet fermions
with lower case letters (t,c,u). We assume that the thir
generation fermions propagate on all branes, with the lo
ization removing the right-handedSU(2)L doublets and the
left-handed singlets on brane 0. Hence the third genera
fields Tj and t j , etc., carry the brane indexj, while theC,c
(U,u) are localized on brane 1(2). Thelocalization of the
top, charm and up quarks is accomplished with additio
w(x5) t , w(x5)c andw(x5)u fields that produce domain wall
in the underlying 114 theory.

If we assume that only theg̃3,0 SU(3) coupling constant
is supercritical, this then drives the formation of the cond
sate^T̄L0tR0&, breaking the electroweak symmetry. The t
quark mass is then obtained from the generalized see
mechanism. In general the left- and the right-handed
quark zero modes are linear combinations ofTL j andtR j ~and
CL ,UL ,cR ,uR after including flavor mixings!:

TL
(0)5(

j 50

3

aTj
TL j~1aCCL1aUUL!,

tR
(0)5(

j 50

3

a t j
tR j~1accR1auuR!, ~27!

whereaTj
,a t j

are coefficients determined by the direct a

link mass terms amongTL,R’s andtL,R’s. The top quark mass
is suppressed by the mixingsaT0

anda t0
:

mt;aT0
a t0

3600 GeV. ~28!

Let us first thin the degrees of freedom of the extra
mension to a 3-brane model, and we consider first the g
eration of the charm quark mass. This configuration is
shown in Fig. 4.

To generate the charm quark mass, we include flav
mixing mass terms. In the underlying 114 theory we might
suppose that these can arise on a given brane from coup
of the form, e.g.,ew(x5) tC̄LcR . In the 113 theory this is a
common Dirac mass on brane 1 that mixes all fermions w
equivalent quantum numbers. However, the direct con
mass termsC̄LTR1 , t̄ L1cR , can all be rotated away by redefi
nitions of the fieldsTR1 andtL1. This can be seen by consid
ering the overall mass term on brane 1,m8 t̄ L1cR1M t̄ L1tR1,
where the second term is just the mass of the Dirac~non-
chiral! vectorlike t quark on brane 1. Thus, by redefin
ing cR→(2m8tR11McR)/AM21m82 and tR1→(MtR1

1m8cR)/AM21m82 we eliminate the direct charm quar
mass term. The important point is that this redefinition
volves only fields on the common brane 1, and there is
residual kinetic term mixing since all of the kinetic term
involve the same gauge fieldsAm,1

B . In order to generate a
surviving mass term for the charm quark we thus need a
tional terms to frustrate the chiral redefinition. Such ter
are seen to be present when we consider brane 2.
09500
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Note that when we rotate away the direct charm m
terms on brane 1, we in general will obtain the linking ma
terms

C̄LS)
a

Fa,2DTR2 , t̄ L2S)
a

Fa,2
† D cR , ~29!

where the ()aFa,i) is a product of linking-Higgs terms, a
shown in Fig. 5. These terms can be viewed as mass te
but in reality they are all higher dimension operators; sin
we are in the broken phase in which theF ’s all have VEV’s
we can only approximately describe these terms as tho

FIG. 4. Three brane approximation incorporating charm, wh
C5(c,s)L is a doublet zero mode, andc5cR is a singlet zero
mode, both trapped on brane 1~we assume that the vectorlike par
ners ofC and c are decoupled!. The Dirac flavor mixing between

C̄LTR1 and c̄RtL1 can be rotated away by redefinitions ofTR1 and
tL1.

FIG. 5. The flavor mixing ~dashed lines! between

C̄L)(F/v)TR2 andc̄R)(F/v)tL2 cannot be rotated away by redefi
nitions of TR2 and tL2 without generating effective kinetic term
mixing which leads to non-zero-mode flavor changing gluon ve
ces ~in the broken phase whereF→v; this mixing is actually a
higher dimension operator!. The charm quark mass is thus gene
ated when radiative corrections are included~wavy line!.
3-7
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they are mass terms. However, even with the flavor mix
linking ~higher dimension! mass terms and the direct ma
terms, at tree level ~neglecting the gauge interactions o
branes 1 and 2! we can again perform a field redefinition a
before and we still fail to generate a charm quark el
troweak mass and only the top quark retains a nonzero e
troweak mass. This can be seen readily as the electrow
symmetry breaking~EWSB! condensate couples only toTL0
and tR0. We can rewriteTL0 ,tR0 in terms of the redefined
eigenstates of the electroweak preserving masses:

TL05b3TL
(0)1b2CL

(0)1b1UL
(0)1heavy states,

tR05g3tR
(0)1g2cR

(0)1g1uR
(0)1heavy states.

~30!

After decoupling the heavy vector-like states, the 333 up-
type quark mass matrixMU

MUi j }b ig j ~31!

is of rank 1.
However, the result of the field redefinition is that no

off-diagonal couplings to the gluons on branes 1 and 2
generated. When we now take into account the gauge int
actions on branes 1 and 2, the charm quark does ind
obtain a nonzero mass from radiative corrections as show
Fig. 5. For this to occur we require the interference with
linking mass terms, because otherwise the gauge radia
corrections produce only multiplicative corrections to t
~zero! mass on a given brane.

More explicitly, we now have the interbrane mass term
the form, e.g.,m8 t̄ L2cR for the charm quark. This implies
that on brane 2 there is the overall mass termm8 t̄ L2cR

1M t̄ L2tR2 where the second term is the mass of the Di
vectorlike t quark. Thus, redefiningtR2→cosutR21sinucR
and cR→2sinutR21cosucR we can eliminate the direc
charm quark mass term. However, in kinetic terms we ha

c̄R~ i ]”2A” 1!cR1 t̄ R2~ i ]”2A” 2!tR2 . ~32!

Upon performing the redefinitions we generate off-diago
transitions:

c̄R~ i ]”2A”̃ 1!cR1 t̄ R2~ i ]”2A”̃ 2!tR21k~ c̄R~A” 12A” 2!tR21H.c.!

1 . . . ~33!

where Ã1(2)5cos2uA1(2)1sin2uA2(1) and k5sinu cosu, and
the ellipsis represents diagonal terms. On the left-hand
of Fig. 6 we also generate off-diagonal couplings of the fo
k8@C̄L(A” 12A” 2)TL21H.c.#. In evaluating the induced charm
quark mass and mixing it is useful to remain in the curr
eigenbasis in which the gluon interactions are diagonal.
emphasize that this effect is different than that described
@22# in which localization produces off-diagonal flavor tra
sitions among fermions coupled to KK mode vector boso

These off-diagonal kinetic terms, we emphasize,
higher dimension operators involving the link-Higgs field
They take the apparentd54 form only as a result of working
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in the broken phase of theF ’s. However, the result is that we
have now generated an interaction that acts likeextended
technicolor @29#. When we include the radiative effects o
the gluons we generate charm quark mass. In Fig. 6 we
lustrate the diagram in the basis in which the gluon couplin
are diagonal~the current eigenbasis!. We also generate radia
tive mixing between charm and top masses through diagr
as in Fig. 7 where now the mixing of the gluonic gau
groups on different branes must be included.

The extension of the scheme to include the up quark m
generation and the mixing is shown in Fig. 8. Again, w
require nearest neighbor mixing between branes which p
duces vanishing mass in tree approximation, but off-diago
gluon vertices in the broken phase due to kinetic term m
ing. The full mass matrix is regenerated when radiative c
rections are included.

One can understand the origin of the mass matrix in
language of the ‘‘shining Higgs VEV profile’’ as discussed
our previous paper@1#. The gauge interactions on branes
and 2 are subcritical, so the Higgs bound states formed
these branes have positive squared masses. However, d
the links with brane 0, the composite Higgs fields on bran
1 and 2 will receive tadpole terms as shown in Fig. 9, a
therefore obtain nonzero VEV’s.

FIG. 6. The radiative correction diagram in the current eigen
sis for the induced charm mass.

FIG. 7. The radiative correction diagrams in the current eig
basis for the induced charmL-topR mixing mass term.
3-8
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From the shining and the flavor mixing effects, the fin
Higgs VEV will contain some small components ofC̄LcR

and ŪLuR after diagonalization, which are responsible f
generating the charm and up quark masses.

To generate the down-type quark mass matrix require
mechanism to first generate theb-quark mass. One possibi
ity is to condense theb quark as in the case of the top quar
and exploit a larger seesaw. This encounters generally a l
degree of fine-tuning; to have the large seesaw suppres
of the physicalb mass requires a larger vectorlike Dirac ma
for the roamingb quarks, and this can turn off the condensa
except for large supercritical coupling. An alternative a
less fine-tuned approach is to exploitSU(3)0 instantons on
brane 0 which produce a ’t Hooft determinant containi
terms like;b̄LbRt̄ LtR1 . . . . Then the nonzerôt̄ t& induces
the b-quark mass. The magnitude of this condensate can
controlled by seesaw with the vectorlikeb quarks. In any

FIG. 8. The extension to include the up quark in a 4-bra
model with radiatively generated mass and mixing.

FIG. 9. The formation of composite Higgs fields on each bra
and their propagation to subsequent branes. This sets up a ta
on each brane which exponentially attenuates away from the b
0 of the top condensate.
09500
l

a
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case, the dynamical and phenomenological details of
generation of theb quark mass are a top seesaw model
issue, and will be described in detail in a forthcoming pap
by He, Hill, and Tait@15#. For our present purposes we ca
simply assume that an inducedb-quark mass or̂b̄b& can be
arranged for brane 0. The full model then takes the form
Fig. 8 with (u,c,t) replaced by (d,s,b). This produces a
second species of Higgs boson, theb Higgs bosonHb which
then shines through the bulk.

Top color does not specifically address the issue of l
tons. We can in principle useU(1)Y0 on the brane 0 to con
dense thet lepton, and a corresponding seesaw to prod
the physicalmt . Alternatively, any new physics that pro
duces the higher dimension operatort̄ t t̄t structure will suf-
fice to give thet lepton a mass. Having produced the^t̄t&
Þ0 on brane 0, we again repeat the construction to prov
the masses form ande. In the lepton case theU(1)Y radia-
tive corrections replace the gluonic radiative corrections. T
neutrinos do not condense sinceU(1)Y does not produce a
nontrivial ’t Hooft determinant, and we do not presently a
dress the origin of the small neutrino Majorana masses.

D. Fourth generation condensates

A fourth generation scheme may have advantages for
lepton mass generation mechanism. Here we imagine c
densing on a fourth generation brane50 the three attractive
channel condensates of^T̄T& and ^B̄B& from SU(3)0 and

^ĒE& from a strongU(1)Y0. The effective Higgs bosons ar
heavy,;1 TeV. The model has an acceptably small posit
S;2/3p and built in custodialSU(2) breaking from the
U(1)Y0 which may provide an acceptably large positiveT
parameter contribution to bring the theory into theS2T er-
ror ellipse.

The structure of the quark sector for a 5-brane version
the model is shown in Fig. 10. We use the strongSU(3)0

@with strong U(1)Y0 corrections# to form a ^B̄B&&^T̄T&
condensate on brane 0 of the fourth generation quarks. T
the SU(3) interaction overwhelms the tilting effect of th
U(1)Y . The quarks of the fourth generation roam throu
the bulk and propagate the composite Higgs bosons.
three lighter generations feel the condensate as in the
seesaw scheme of Sec. III, as seen in Fig. 10 which sh
explicitly the quark sector. The masses and CKM struct
are then generated radiatively in analogy to the top see
scheme.

In Fig. 11 we illustrate how the lepton sector can be d
namically generated. Here there is aU(1)Y0 condensate of

^ĒE& on brane 0 which produces the leptonic Higgs bos
As before, the fermion masses are generated by linking
vor changing terms.

We also include the right-handed neutrinoNR . We em-
phasize that this need not be chiral, i.e., it need not b
localized chiral zero mode associated with a brane 0 ki
The NR is a gauge singlet so we can write down the Majo
ana mass term,N̄R

CNR , which presumably comes from exte
nal physics, e.g., it may come from the effective Planck sc
~we can certainly complicate the picture by including all po

e

e
ole
ne
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sible allowed Majorana and Dirac links within and betwe

branes, e.g.N̄j
CNj 11, etc.!.

To produce small Majorana mass terms for the kno
neutrinos we first require a mechanism to generate a D
mass or condensate for the 4th generation neutr

;M n̄LNR on brane 0. This requires one of two options:~a! A

condensate such as^L̄NR&Þ0 must form involving yet a new
strong gauge group, such asU(1)B2L or ~b! a higher dimen-

FIG. 10. The fourth generation condensate generating the
and down type quark masses. We position the kinetic term par
QR ~which is nonchiral! next to the chiral zero modeQL .

FIG. 11. The fourth generation condensate generating the le
masses. A singleNR ~which can be part of a vectorlike Dirac pai
and need not be chiral! is shown and an external mechanism giv
it a Majorana mass. This is communicated to the left-handed n
trinos through the condensate withLL .
09500
n
c

o,

sion operator exists which allows the bilinearL̄NR to feel the
electroweak condensates, as in

1

M2
L̄L

aNR~B̄RTL
a!,

1

M2
L̄L

aNR~ĒRLL!C. ~34!

Once the master 4th generation Dirac mass is establishe
can invoke the seesaw. We depict this in Fig. 11. The Fe
man diagram of Fig. 12 then shows the formation of t
radiatively induced Majorana mass~by, e.g.,Z exchange! for
thent . Similar mixings and mass terms arise for the first a
second generation neutrinos in analogy with the quark
charged lepton masses.

We mention that one should be wary of the possibility
enhanced proton decay coming from the ’t Hooft proce
with strongSU(2)L gauge groups located on various bran
This is an issue for ‘‘top flavor’’ models which we defer t
another session. Moreover, as discussed in Ref.@22#, the KK
gauge bosons can induce flavor-changing effects in the
fermion generation models. This puts a strong constraint
the KK gauge boson masses. In our model, the first t
generations are localized away from the EWSB bra
Flavor-changing effects involving the first two generatio
from heavy gauge boson exchanges can be suppressed
link VEV’s associated with the first two generation bran
are much larger than the weak scale~since they are not di-
rectly related to EWSB!. We have not yet touched upon th
vacuum alignment of the VEV’s of the composite Higgs b
son, possibly through mechanisms such as radiative cor
tions or higher order couplings. Such questions have b
discussed in earlier works on dynamical electroweak sym
try breaking, e.g.@15#; we will put off discussion on our
specific model for future work@18#.

IV. DISCUSSION AND CONCLUSION

In conclusion, we have given a description of a fair
complete extension of the standard model with dynam
electroweak symmetry breaking. This arises from the b
114 dimensions as a 113 dimensional effective theory af

p
er

on

u-

FIG. 12. Thent Majorana mass is radiatively induced by feelin
the condensate and Majorana mass ofNR . This corresponds to an

effective term (c̄L•H)2 whereH is the Higgs boson through mixing
with quarks and charged leptons, or the neutrino condensate e

tive bound-state Higgs boson;N̄RLL .
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ter remodeling. We have kept only a small number of latt
slices~branes! as a minimal approximation with thinned de
grees of freedom.

A dynamical electroweak symmetry breaking sche
emerges naturally in this description, as first anticipated
Dobrescu@17#. We see immediately the emergence of
imbedding of QCD as inSU(3)→SU(3)13SU(3)2 . . . ,
and the appearance of vectorlike partners of the elemen
fermions such as the top quark. With fermionic localizati
we can have flavor dependent couplings to these ga
groups, and trigger the formation of condensates using lo
ization background fields or warped geometry.

These elements are all part of the structure of top co
@8# and the top seesaw@13#, and we are thus led naturally t
this class of extra-dimensional models in which the el
troweak symmetry is broken dynamically. However, one c
go beyond these schemes to, e.g., a fourth generation sc
which is somewhat more reminiscent of technicolor and m
have direct advantages for the lepton sector masses.

One can always discard the notion of extra dimensi
and view this as an extension of the standard model wi
113 dimensions with extra discrete symmetries; howe
the specific structures we have considered are almost c
pelled by extra dimensions. The connection to extra dim
sions is made throughremodeling@1,2#, bulk inhabitation of
gauge fields@11#, the transverse lattice@3#, hidden local sym-
metries@4#, etc., and may be viewed as a manifestly gau
invariant low energy effective theory for an extension of t
standard model in 114.

Remodeling is a remarkable model building tool, and
system of new organizational principles. Remodeling h
guided our thinking in producing the present sketch of a
theory of flavor physics based upon the top seesaw, so
thing which has not been previously done. Much work
mains to sort out the model and to check that the systema
of experimental constraints can be accommodated@15,18#,
and to see if the model survives as a natural scheme wit
a great deal of fine-tuning. It is already encouraging that
top seesaw model is a strong dynamics that is consistent
experimentalS2T constraints.
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APPENDIX A: THREE BRANE EXAMPLE OF GAUGE
FIELDS WITHOUT TRANSLATIONAL INVARIANCE

We now wish to address the impact of the breaking
translational invariance inx5 on the physics of the effective
113 Lagrangian. It is generally advantageous to thin
degrees of freedom in the lattice description of the ex
dimensions. We can construct a coarse grainn-brane model
with n!N as a crude approximation to a fine grain
N-brane model. Such a description can be improved in p
09500
e

e
y

ry

ge
l-

r,

-
n
me
y

s
in
r
m-
-

e

a
s
ll
e-
-
cs

ut
e
ith

.
-
he

f

e
a

-

ciple by a block-spin renormalization group, which is beyo
the scope of our present discussion.

Consider, for example, a 3-brane model. The effective
13 Lagrangian now contains 3 copies of the standard mo
gauge group and link fields interpolating each of t
SU(3)C , SU(2)W , andU(1)Y groups in the aliphatic con
figuration. The pure gauge Lagrangian in 113 dimensions
for 3 copies of QCD is given by

LQCD52
1

4 (
j 50

2

Gimn
B Gj

Bmn1(
j 51

2

DmF j
†DmF j , ~A1!

whereGimn
B has been rescaled so that the gauge couplingg̃3,j

appears in the covariant derivative. The electroweak ga
Lagrangian can be written down analogously.

After substituting the VEV’s of the link fields,

F j→v jexp~ if j
BTj

B/v !, ~A2!

the F j kinetic terms lead to a mass-squared matrix for
gauge fields:

(
j 51

2
1

2
v i

2~ g̃3,(i 21)A( i 21)m
B 2g̃3,iAim

B !2. ~A3!

This mass-squared matrix can be written as a 333 matrix
sandwiched between the column vector A
5(A0m

B ,A1m
B ,A2m

B ) and its transpose, asATMA, where

M5
1

2 S ~ g̃3,0!
2v1

2 2~ g̃3,0g̃3,1!v1
2 0

2~ g̃3,0g̃3,1!v1
2 ~ g̃3,1!

2~v1
21v2

2! 2~ g̃3,1g̃3,2!v2
2

0 2~ g̃3,1g̃3,2!v2
2 ~ g̃3,2!

2v2
2
D ,

~A4!

where we have kept the full set of effects ofj dependence in

v j and g̃3,j .
We can diagonalize the mass matrix as

Aj m5 (
n50

2

ajnÃm
n . ~A5!

The ajn form a normalized eigenvector (aW n) associated with
the nth eigenvalue. The eigenvectors and the correspond
eigenstate masses for commong̃3 andv, which corresponds
to the flat extra dimension case, were obtained in the pr
ous papers@1,2#,
3-11
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aW 05
1

A3
~1, 1, 1!,

aW 15A2

3S cos
p

6
, cos

3p

6
, cos

5p

6 D
5

1

A2
~1, 0,21!,

aW 25A2

3S cos
2p

6
, cos

6p

6
, cos

10p

6 D
5

1

A6
~1,22, 1!, ~A6!
th
w

a
a

ke
in
tio
e

09500
~M0 , M1 , M2!52g̃3vS 0, sin
p

6
, sin

p

3 D
5g̃3v~0, 1,A3!. ~A7!

The expressions for the eigenvectors and eigenvalues
general g̃3,i and v i are more complicated. However,
g̃3,0v1 , g̃3,1v1 @ g̃3,1v2 , g̃3,2v2, we have a sequential de
coupling. In this case theSU(3)03SU(3)1 is first broken
down to the diagonalSU(3)8 by F1, then SU(3)8
3SU(3)2 is broken byF2 to SU(3)QCD at a lower scale. In
this case, the eigenstates and their masses are given app
mately by
aW 2'
1

Ag̃3,0
2 1g̃3,1

2
~ g̃3,0, 2g̃3,1, 0!,

aW 1'
1

A~ g̃3,0
2 g̃3,1

2 1g̃3,1
2 g̃3,2

2 1g̃3,0
2 g̃3,2

2 !~ g̃3,0
2 1g̃3,1

2 !
@ g̃3,0g̃3,1

2 , g̃3,0
2 g̃3,1, g̃3,2~ g̃3,0

2 1g̃3,1
2 !#,

aW 05
1

Ag̃3,0
2 g̃3,1

2 1g̃3,1
2 g̃3,2

2 1g̃3,0
2 g̃3,2

2
~ g̃3,1g̃3,2, g̃3,0g̃3,2, g̃3,0g̃3,1!, ~A8!

M2
2'~ g̃3,0

2 1g̃3,1
2 ! v1

2 , M1
2'

g̃3,0
2 g̃3,1

2 1g̃3,1
2 g̃3,2

2 1g̃3,0
2 g̃3,2

2

g̃3,0
2 1g̃3,1

2
v2

2 , M0
250. ~A9!
ion
Note that unlike the translationally invariant case, here
massive states do not necessarily correspond to the lo
eigenstates in the continuum limit.

APPENDIX B: CHIRAL FERMIONS AND A DISCRETIZED
VERSION OF THE JACKIW-REBBI DOMAIN WALL

In 114 dimensions free fermions are vectorlike. Chir
fermion zero modes can be obtained by using domain w
kinks in a background field which couples to the fermion li
a mass term. This can trap a chiral zero mode at the k
@20#. This mechanism can be generalized to the lattice ac
@21#. We now discuss the chiral fermions in the discretiz
version of the Jackiw-Rebbi domain wall.

We first consider an infinite fifth dimension@i.e., there are
infinite number ofSU(3)’s for QCD# and for simplicity, we
assume thatg̃ andv are constant. From Eq.~14! we see that
e
est

l
ll

k
n

d

the kinetic term in the fifth dimension appears as ferm
mass terms on the lattice:

i C̄g5]5C;g̃v C̄ iLC iR2g̃v C̄ iLC ( i 21)R1H.c. ~B1!

Note that the derivative hops@ i ,L#→@( i 21),R#. We can
equally well represent the derivative as

i C̄g5]5C;g̃v C̄ iLC ( i 11)R2g̃v C̄ iLC iR1H.c. ,
~B2!

hopping@( i 21),L#→@ i ,R#.

The mass matrix betweenC̄L andCR , C̄L M f CR in the
first convention is
3-12
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M f5g̃vS � � •••

� 1 0 •••

••• 21 1 0 •••

0 21 1 0 •••

] 0 21 1 �

] ] � �

D . ~B3!

A left-handed chiral zero mode can be localized aty5yk by
a kink fermion mass term which hasmC(y,yk).0 and
mC(y.yk),0. In the discrete version, one can add posit

and negative masses to the diagonal term,2mC̄ iLC iR for
i ,k andi .k respectively as in Ref.@21#. For example, with
the kink atk53 we have

M f5S g̃v1m 0 •••

2g̃v g̃v1m 0 •••

0 2g̃v g̃v 0 •••

] 0 2g̃v g̃v2m �

] � � �

D .

~B4!

The approximatesolution for a zero mode is then

cL}(
i

e u i 2k21/2u C iL , e'
g̃v

g̃v1m
,1, ~B5!

where in this case we requirem!g̃v and hence localization
of the zero mode requires a fine grain lattice such thatug̃v
2mu,g̃v.

Alternatively, and more efficiently for a coarse grain la
tice, we can give a positive mass to the diagonal mass t

mC̄ iLC iR , m.0 for i ,k, and a negative mass to the of

diagonal mass term2mC̄ iLF iC ( i 21)R /v for i .k. As in the
previous example, we now have
ev

ys

ev

09500
e

m

M f5S g̃v1m 0 •••

2g̃v g̃v1m 0 •••

0 2g̃v g̃v 0 •••

] 0 2g̃v2m g̃v �

] � � �

D .

~B6!

This enhances the diagonal links fori ,k and the off-
diagonal links fori .k. A left-handed chiral zero mode then
arises centered aroundCkL which has the ‘‘weakest links.’’
One can easily check that the state

cL}(
i

e u i 2ku C iL , e5
g̃v

g̃v1m
,1 ~B7!

is a zero mode, while there is no normalizable right-hand
zero mode. The width of the zero mode becomes narrow
for smallere. In the limit m@g̃v, the zero mode is effec-
tively localized only on the lattice pointk. Similarly, a right-
handed chiral mode can be localized by considering the o
posite mass profile, and the method can easily be adapte
the opposite derivative~hopping! definition.

If we compactify the extra dimension with the periodi
boundary condition, there will be another zero mode with t
opposite chirality localized at the anti-kink of the mass term
In general, the pair of zero modes will receive a small ma
due to the tunneling between the finite distance of the kin
anti-kink separation unless some fine-tuning is made. W
the S1/Z2 orbifold compactification, however, one of the
zero modes will be projected out. One can see that in
discrete aliphatic model, the boundary conditions remo
one chiral fermion at the end of the lattice point, so the
must be a chiral fermion left massless due to the mismatch
the numbers of the left-handed and right-handed fermio
The massless chiral fermion can be localized anywhere
the lattice using the discrete domain wall mass term.
g
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