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Two-color QCD at nonzero quark-number density
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We have simulated two-color four-flavor QCD at nonzero chemical potentialm for quark number. Simula-
tions were performed on 84 and 123324 lattices. Clear evidence was seen for the formation of a colorless
diquark condensate which breaks quark number spontaneously, form.mc;mp/2. The transition appears to be
second order. We have measured the spectrum of scalar and pseudoscalar bosons which shows clear evidence
for the expected Goldstone boson. Our results are in qualitative agreement with those from effective
Lagrangians for the potential Goldstone excitations of this theory.
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I. INTRODUCTION

QCD at finite quark/baryon-number density at zero and
finite temperature describes nuclear matter. Nuclear matt
high temperatures~and possibly densities! was certainly
present in the early universe. Neutron stars consist of de
cold nuclear matter. The BNL Relativistic Heavy Ion Co
lider ~RHIC! and the CERN heavy-ion program promise
produce hot nuclear matter in the laboratory. Calculating
properties of high density nuclear matter could predict if a
where strange matter could be produced. Any method
can be used to determine the properties of nuclear ma
could be adapted to nuclear physics calculations.

Finite quark-number density is best achieved by introd
ing a chemical potentialm for quark number, and using th
grand-canonical partition function. Unfortunately, this re
ders the Euclidean-time fermion determinant complex, w
a real part which can change sign. Standard lattice sim
tions, which rely on importance sampling, fail in this cas
Attempting to circumvent these problems by using canon
~fixed quark number! ensembles fails except at high tempe
tures@1# because of sign problems.

Until a simulation method is found that avoids these d
ficulties, it is useful to study models which exhibitsomeof
the properties of QCD at highm. Now it is expected that, a
zero temperature, nuclear matter undergoes a phase tran
at m of order one-third the mass of the nucleon. It has be
proposed that at still higherm the ground state is characte
ized by a diquark condensate@2–6#. Such a condensat
would not only cause spontaneous breaking of the bar
number, but would also spontaneously break color. Si
color is a gauge symmetry, such breaking is realized in
Higgs mode. Thus nuclear matter would become a color
perconductor at highm.

For this reason we have simulated 2-color QCD, i
SU~2! Yang-Mills theory with fermion matter fields
~‘‘quarks’’ ! in the fundamental representation ofSU(2)color ,
and finitem. As well as having color confinement this theo
0556-2821/2001/64~9!/094505~9!/$20.00 64 0945
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does exhibit diquark condensation as we shall demonstra
this paper, but form.mc;mp/2, since the diquark ‘‘bary-
ons’’ in the same multiplet as the pions, also have massmp .
For m&mp the phenomenon is describable as a rotation
the condensate from the chiral to the diquark direction
predicted by effective Lagrangian analyses@7#. Unlike in
true ~3-color! QCD, the diquark condensates are colorle
the broken symmetry is realized in the Goldstone mode,
there is no color superconductivity, but rather superfluid
as in liquid 3He. Despite this, we shall later argue that th
theory is more similar to 2-flavor QCD than one might thin
~see Sec. IV!.

Since 2-color QCD has a non-negative determinant
pfaffian, even at nonzerom, standard simulation methods ca
be used. We use the hybrid molelcular-dynamics method
simulate the theory with 4 flavors of staggered quarks@8#.
Pfaffian simulations of a 4-fermion model, including a d
quark source term, have been reported in@9#. We have run
simulations at a moderately large quark mass and an in
mediate gauge coupling on 84 and 123324 lattices, i.e., at
zero temperature. We measured order parameters inclu
the chiral and diquark condensates, the quark-number
energy densities, and the Wilson line~Polyakov loop!. The
larger lattice allowed us to observe finite size effects a
more importantly, to measure the scalar and pseudosc
meson and diquark masses, which include all the poten
Goldstone bosons in the theory. Preliminary results fr
these simulations were reported Ref.@10#. The extension of
these calculations to finite temperature was reported in a
cent letter@11#. This work builds on early work with 8 quark
flavors which presented far less conclusive results@12#. Pre-
vious studies of diquark condensation in this model w
various numbers of flavors have either used the approxi
tion where l50 in the updating algorithm@13# ~as does
@12#!, or been in the strong gauge-coupling regime@14#.

Section II introduces the staggered-fermion lattice port
2-color QCD. The results of our simulation are presented
©2001 The American Physical Society05-1
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Sec. III. Section IV gives our conclusions and indicates
ture avenues of research.

II. LATTICE 2-COLOR QCD

Because in 2-color QCD fundamental quarks and a
quarks lie in the same representation ofSU(2)color the flavor
symmetry group for Nf flavors is enlarged from
SUL(Nf)3SUR(Nf)3UV(1) to SU(2Nf). The pattern of
chiral symmetry breaking isSU(2Nf)→Sp(2Nf) rather
than the usual SUL(Nf)3SUR(Nf)→SUV(Nf) @15,7#.
3-color QCD with 1 staggered quark~4 continuum flavors!
has aUV(1)3U(1)« flavor symmetry. For 2 colors this i
enhanced toU(2) @12#. Chiral or quark-number symmetr
breaking@the chiral and diquark condensates lie in the sa
U~2! multiplet# occurs according to the patternU(2)
→U(1).

The quark action for 2-color QCD with one stagger
quark is

Sf5 (
sites

H x̄@D” ~m!1m#x1
1

2
l@xTt2x1x̄t2x̄T#J ~1!

whereD” (m) is the normal staggered covariant finite diffe
ence operator withm introduced by multiplying the links in
the1t direction byem and those in the2t direction bye2m.
The superscriptT stands for transposition. Note that we ha
introduced a gauge-invariant Majorana massl which explic-
itly breaks quark-number symmetry. Such an expli
symmetry-breaking term is needed to observe spontan
symmetry breaking on a finite lattice. We shall be interes
in the limit l→0. Integrating out these fermion fields yield

p f a f f ianF lt2 A
2A T lt2

G5Adet~A †A1l2! ~2!

where

A[D” ~m!1m. ~3!

We note thatA †A1l2 is positive definite for finitel.
Hence the pfaffian never vanishes and thus, by contin
arguments never changes sign and can be chosen to be
tive. Note that det(A) has been shown to be positive in@16#.
Denoting the 232 matrix in Eq.~2! by M we have seen tha
its determinant is the determinant of a positive definite m
trix and thus can be used directly in our simulations. To
this we defineM̃ by

M̃5F1 0

0 t2
GMF t2 0

0 1G ~4!

so that

M̃5F l A
2A † l

G ~5!

and
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M̃ †M̃→FA †A1l2 0

0 AA †1l2G . ~6!

We note that det@AA †1l2#5det@A †A1l2#. Because we
are now dealing with the matrixM̃ †M̃ we can use the hy-
brid molecular dynamics method with ‘‘noisy’’ fermions@8#
to simulate this theory. Here, although we generate Gaus
noise with both upper and lower components, we keep o
the upper components of the pseudo-fermion field to ca
late det@A †A1l2#, which means that we only need to inve
A †A1l2 at each update. Keeping only half the compone
of the pseudo-fermion field is entirely analogous to keep
only the fermion fields on even sites in normal QCD sim
lations. The square root of Eq.~2! is obtained by inserting a
factor of 1

2 in front of the fermion term in the stochasti
action in the standard manner.

We now give a brief discussion of symmetry breaking
this model. This is covered in more detail in@12#. At m
5m5l50, the U(2) symmetry will break spontaneously
Two directions in which it will choose to break are of pa
ticular interest. The first is where it breaks to give a nonz
chiral condensatêx̄x&. There will be 3 Goldstone boson
corresponding to the 3 broken generators ofU(2). These
states and their correspondingU(2) generators are

1⇒x̄ex

s1⇒xTt2x2x̄t2x̄T ~7!

s2⇒xTt2x1x̄t2x̄T.

s3 remains unbroken. The second is whereU(2) breaks to
give a nonzero diquark condensate1

2 ^xTt2x1x̄t2x̄T&. This
time the 3 Goldstone bosons and corresponding genera
are

1⇒xTt2ex1x̄t2ex̄T

s2⇒x̄x ~8!

s3⇒xTt2x2x̄t2x̄T.

s1 remains unbroken. WhenmÞ0 only 2 Goldstone boson
remain,xTt2ex1x̄t2ex̄T andxTt2x2x̄t2x̄T. When in ad-
dition mÞ0, only the latter state remains a Goldstone bos
A more detailed study of the patterns of symmetry break
can be performed in terms of an effective Lagrangian for
Goldstone modes as in@7#. The only difference is that the
effective field, denotedS in that work, here belongs to a
symmetric 232 tensor representation ofU(2) rather than to
the antisymmetric 2Nf32Nf representation ofSU(2Nf) of
the continuum case.

One can see the remnantU(1) symmetry whenl→0 by
allowing l to become complex. The Majorana mass term
Eq. ~1! then becomes12 @lxTt2x1l* x̄t2x̄T#. l2 is replaced
by ulu2 in the pfaffian.
5-2
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TWO-COLOR QCD AT NONZERO QUARK-NUMBER DENSITY PHYSICAL REVIEW D64 094505
Although the 2-flavor theory would be of more interest
the continuum, we have chosen to simulate the 4-fla
theory because this represents a single staggered quark
cies and thus has well defined symmetries and a well defi
spectrum at all lattice spacings. Unlike the 8-flavor ca
simulated in@12# it probably does have a sensible continuu
limit.

III. SIMULATIONS OF 2-COLOR, 4-FLAVOR LATTICE
QCD

We have simulated 2-color QCD with 1 staggered qu
species~4 continuum flavors! on 84 and 123324 lattices.
The simulations reported here are all atb54/g251.5 which
is roughly thebc for the finite temperature transition on a
Nt54 lattice@17#. This first set of simulations has been pe
formed with quark massm50.1 in lattice units. These simu
lations are currently being repeated atm50.025, where the
smaller pion mass will give a richer spectrum of Goldsto
and pseudo-Goldstone bosons and where a larger portio
the relevant phase diagram should be described by effec
Lagrangians.~We have also performed some zero tempe
ture simulations atb51.0 andm50.05. This has been re
ported in our finite temperature/finitem letter@11#.! Since we
wished to take the limitl→0, we neededl!m. The values
we chose werel50.01 andl50.02 form50.1.~At low m ’s
we also ran atl50.!

The smaller lattice was used to map out the interes
range ofm values, measuring order parameters including
diquark condensatêxTt2x&, the chiral condensatêx̄x&
5^c̄c&, and the number densityj 05(1/V)(] ln Sf /]m). In
addition to measuring these quantities on the larger latt
we also calculated the spectrum of potential Goldsto
bosons. The length of each ‘‘run’’ was 2000 molecular d
namics time units.dt had to be chosen as low as 0.005 f
l50.01 and 0.4,m<0.975. In Fig. 1 we have plotted th
diquark condensate as a function ofm at eachl for both
lattice sizes.

Since we are interested in the limit where the symme
breaking parameterl→0, we have performed a linear ex
trapolation of the diquark condensate tol50. Note that the
effective Lagrangian calculations@7#, and lower statistics
simulations we performed atm50.05 @11# where we used 3
l values, suggest that linear extrapolations are the cor
approach forl sufficiently small, except atmc . The results
of these extrapolations are plotted in Fig. 2. What we fi
notice is that form<0.2, the extrapolated diquark condensa
is small enough that we can believe that it should be ze
For m>0.35 it is clearly nonzero. The points atm50.3
would appear to show finite size rounding were it not for t
fact that the 84 and 123324 points are so close together. W
think it more likely thatm50.3 is so close to the transitio
that the linear extrapolation has broken down. We therf
conclude that the system undergoes a phase transitionm
5mc'0.3,mp/250.37622(5). If this holds true, the fac
that mc is less thanmp/2 would indicate that the diquar
‘‘baryons’’ do not exist as free particles but bind in
‘‘nuclear’’ matter. Over the range 0.35<m<0.6, the conden-
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sate increases with a curvature consistent with a critical
dexbqq,1 ~the tree level effective Lagrangian analysis pr
dicts the mean field resultbqq5 1

2 ). Since the condensat
starts to decrease soon afterm50.6, the scaling region is

FIG. 1. ^xTt2x& as a function ofm: ~a! on an 84 lattice and~b!
on a 123324 lattice. The arrow is atm5mp.

FIG. 2. ^xTt2x& extrapolated tol50 as a function ofm on both
84 and 123324 lattices.
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KOGUT, SINCLAIR, HANDS, AND MORRISON PHYSICAL REVIEW D64 094505
narrow and it would require more points to even try to e
tract this critical index. Form*mp , the condensate starts t
decrease, approaching zero for largem, which would appear
to be a saturation effect. In fact, Fig. 2 suggests that
condensate vanishes form.ms'1, indicating a saturation
phase transition. We shall have more to say about this la
Note that this decrease in the condensate withm is not pre-
dicted by the effective Lagrangian analysis, which is on
expected to be valid for smallm and mp . This is not sur-
prising if it is indeed a saturation effect. Saturation is a res
of the fermi statistics of the quarks, and should not be see
a model which only considers the system’s bosonic exc
tions.

We now turn to a consideration of the chiral condensa

^x̄x&5^c̄c&. This is plotted in Fig. 3 for our 2 differen
lattice sizes. In thel→0 limit, this is expected to be constan
at itsm50 value form,mc . These plots are consistent wit
this expectation. Abovemc , effective Lagrangian studie
predict that the condensate merely rotates from the ch
direction to the diquark direction, so that the magnitude

the condensate, i.e.,A^x̄x&21^xTt2x&2, should remain con-
stant and independent ofl. Since the diquark condensa

FIG. 3. ^c̄c& as a function ofm: ~a! on an 84 lattice and~b! on
a 123324 lattice.
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increases up tom;mp , this means that the chiral condensa
should fall, as it does. It, however, continues to fall past t
point, because of saturation effects, appearing to vanish
m.ms . To test the prediction that the principal effect fo
m,mp is merely a rotation, we have tabulate
A^x̄x&21^xTt2x&2 in Table I. We see that, form<0.6, the
magnitude of the condensate is approximately constant
independent ofl, so that the main effect is a rotation of th
condensate from the direction of chiral symmetry breaking
that of quark-number breaking. Form>0.8, it decreases with
increasingm approaching zero for largem.

In Fig. 4 we plot the quark-number densityj 0
5(1/V)(] ln Sf /]m) as a function ofm for our 2 lattices.j 0 is
consistent with zero asl→0 for m,mc . ~Note effective
Lagrangians predict that it vanishes quadratically withl in
this region.! Above mc it increases with increasingm ap-
proaching the saturation value of 2~1 staggered quark field
of each color per site, the maximum value allowed by Fer
statistics! for largem. Note that Fig. 4 suggests thatj 052 for
m.ms with ms consistent with that predicted from the co
densates. This indicates that it is this saturation which cau
the condensates to vanish form.ms . It also tells us that this
transition is an artifact of the finite lattice spacing and wou
recede to infinitem in the continuum limit.

For the chiral condensate and quark number density
sented above, we note excellent agreement between th4

and 123324 measurements which indicates that finite s
effects are well under control. For the diquark condensate
values for the 2 lattice sizes are close enough form<0.8 that
we feel confident in assuming that the 123324 values are
excellent estimates of the infinite volume numbers. Form
.0.8, while the shapes of the 2 curves are similar, the fin
size effects are clearly large. Fortunately, since the beha
of the system in this region is dominated by saturation effe
which are a lattice artifact, we do not need good quantitat
measurements here.

TABLE I. Magnitude of the condensateA^x̄x&21^xTt2x&2 as
functions ofm andl on a 123324 lattice. Errors are not quoted bu
they are in the next or a subsequent digit after the least signifi
quoted digit.

uCondensateu
m l50.01 l50.02

0.000 0.835 0.836
0.200 0.834 0.836
0.300 0.835 0.839
0.350 0.841 0.840
0.400 0.845 0.846
0.500 0.850 0.856
0.600 0.856 0.860
0.800 0.792 0.799
0.900 0.657 0.667
0.950 0.503 0.534
0.975 0.379 0.433
1.000 0.212 0.311
1.200 0.019 0.038
5-4
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TWO-COLOR QCD AT NONZERO QUARK-NUMBER DENSITY PHYSICAL REVIEW D64 094505
On the 123324 lattice we have measured the propagat
for all the potential Goldstone bosons, both scalar and ps
doscalar, using a single noisy point source for the conne
propagators and multiple~5! noisy point sources for the dis
connected propagators. We have measured both diagona
off-diagonal zero momentum propagators.

In Fig. 5 we show the masses from fitting the propaga
for the diquark state produced by applying the opera
xTt2x2x̄t2x̄T to the vacuum, to the form

PG~T!5A$exp@2mGT#1exp@2mG~Nt2T!#%, ~9!

valid for large temporal separationsT. As argued in Sec. II,
this is the expected Goldstone boson form.mc and l50.
The effective Lagrangian approach indicates that, in the
m phase, this mass should be quadratic inl, while in the
high m phase, it should vanish asAl. We have performed
extrapolations based on this and plotted them in the fig
Note that with only 2l values, we cannot test these assum
tions directly, but since this behavior is expected on fai
general grounds, we assume it and check that it produ
sensible results. For the 3 points closest to the transitiom

FIG. 4. Quark-number density as a function ofm: ~a! on an 84

lattice and~b! on a 123324 lattice.
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50.3,0.35,0.4, we have performed both extrapolations.
m,mp/2 andl50, we expect

mG5mp22m ~10!

with mp5mp (m50). We see that form<0.3, the points
obtained from quadratic extrapolation lie on this straight lin
the point atm50.35 is close to the line and that form
50.4 lies above this line. All points for 0.35<m<1.0 ob-
tained by square root extrapolation are negative. The po
at m50.35,0.4 show the most significant negative values~al-
though both are greater than20.05), and should be consid
ered as transitional. The other points are so close to zero
one can easily attribute the difference as being due to a c
bination of the systematic errors in extracting masses fr
point source propagators and higher order terms in the
trapolation. Thus our results are consistent with a transit
to a phase with a massless~Goldstone! scalar diquark atm
'mp/250.37622(5), asexpected. Finally the large value o
this diquark mass atm51.2 is further indication that the
system has passed through the saturation phase transiti

We now turn to consideration of the other potential Go
stone bosons of the theory. Since at this quark massmp

2 is
relatively large, we concentrate on those states which
expected to have masses of ordermp or less over the range
of interest. For this reason, we consider the pion itself. F
m,mc , its mass should remain constant atmp , and it is
created by the operatorx̄ex. For m.mc , it is expected to
mix with the pseudoscalar diquark state created from
vacuum by the operatorxTt2ex1x̄t2ex̄T. Rather than try-
ing to diagonalize the propagator over these 2 states, we h
instead calculated the diagonal propagators for each of th
states separately. These we fit to the form

FIG. 5. Mass of the diquark state expected to become a G
stone boson in the diquark condensed phase as a function ofm for
l50.1 andl50.2. The line is the expected linear behavior e
pected for the symmetric phase. Also included are the points al
50, m50 andl→0 extrapolations.
5-5
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KOGUT, SINCLAIR, HANDS, AND MORRISON PHYSICAL REVIEW D64 094505
Pp~T!5A$exp@2mpT#1exp@2mp~Nt2T!#%

1B~21!T$exp@2mb1T#1exp@2mb1~Nt2T!#%

~11!

or the form withB50, and a similar form for the diquark
state. These masses are plotted in Fig. 6. Note that the
graphs are almost identical. Form.mc , this is expected,
since the 2 states mix. Form,mc this is not,a priori, ex-
pected since the diquark state should exhibit a linear
crease withm for l50. However, sincelÞ0 this gives a
small mixing with the pion state, which is then the lowe
mass particle contributing to this pseudoscalar diqu
propagator in this region. It is precisely because this mix
is so small that the errors are so large. The final indicator
this is the correct interpretation was that them50, l50
propagator yielded no sensible mass fit, a sure indicator
the mass was large where there can be no mixing. The
mass fits in this lowm domain are consistent with the expe
tation that thel50 pion mass is independent ofm in this
region. Form.mc these masses fall faster than the expec
mp

2 /2m. At least part of the reason for this more rapid fallo

FIG. 6. Pion~a! and pseudoscalar diquark~b! masses as func
tions of m.
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is the saturation effect. Note that the reason that this m
tends to zero at largem ~before the saturation transition! is
because the pseudoscalar diquark would be a Goldstone
son if m50, and asm increases the relative importance ofm
diminishes. The fact that thep mass becomes more poor
determined for largem is because here, the lowest mass st
in this channel is predominantly the pseudoscalar diquar

It is interesting to contrast our findings with those of
study of adjoint quarks in 2-color QCD@16# with l set to
zero, implying strictly no mixing; in this casemp was found
to rise asmp'2m for m.mc , with the signal becoming
appreciably noisier in the high density phase. Both behav
are in accord with the predictions of chiral perturbati
theory for a meson formed from quarks with a symmet
combination of quantum numbers under the residual glo
symmetry, the difference arising due to the distinct Dys
indices of each model@7#.

We now consider the energy densities of the quarks
gluons. Here we limit ourselves to the tree level estimates
these quantities. For the quarks the tree level estimate for
energy density in lattice units is

e f 05 K x̄D” 0x2
1

2
1

1

4
mx̄x1

1

4
lxTt2x L ~12!

while the gluon energy density is

eg05
6

g2
@^Pss&2^Pst&#, ~13!

wherePss and Pst are the traces of the gauge fields arou
space-space and space-time plaquettes, respectively. We
plotted these quantities in Fig. 7 for the larger, 123324, lat-
tice: those for the 84 lattice are similar. What is immediatel
clear is that the energy density is dominated by the ferm
contribution, which contrasts with the finite temperature si
ation. The gluons only feel the effect ofm due to feedback
from the fermion fields, not directly, which helps explain th
dominance ofe f 0 . e f 0 is consistent with zero belowmc .
Abovemc it rises monotonically towards the saturation val
of 1.5. The reason for this is that at very largem, all that
survives in Eq.~12! is the term proportional toem which is
identical to the dominant term inj 0, and the2 1

2 . Thus j 0
→2 impliese f 0→ 3

2 . eg0 is also consistent with zero below
mc . Above mc it rises to a peak at roughly the samem as
does the diquark condensate, and falls as saturation ef
turn on. This suggests that the quarks tend to decouple f
the gluons when saturation sets in.

Finally we consider the Wilson line~Polyakov loop!.
Since the 123324 lattice is~to a good approximation! at T
50, we expect confinement. Not surprisingly, the measu
Wilson line is consistent with zero over the whole range
m. We expect the 84 lattice to be in the low temperatur
phase atb51.5 which is close to theb of the finite tempera-
ture transitions for an 8334 lattice at both zero and finitem.
However, since this means that the temperature of this4

lattice, T'0.5Tc , we could expect to see some finite tem
perature effects. This is born out when we examine the W
son line, which is plotted in Fig. 8. The value of the Wilso
5-6
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TWO-COLOR QCD AT NONZERO QUARK-NUMBER DENSITY PHYSICAL REVIEW D64 094505
line is small (,0.1) over the whole range ofm, consistent
with the area law of confinement. It shows no clear signa
the phase transition atmc . The drop at the saturation trans
tion indicates that this is not a deconfinement transition,
supports the idea that the quarks are decoupling. Most
ticeable is the monotonic rise with increasingm prior to satu-
ration. This is consistent with the expectation that the fin
temperature transition moves to lower temperatures
hence lowerb asm is increased.

IV. CONCLUSIONS

Two-color lattice QCD with one staggered quark spec
~4 continuum flavors! has been studied at finite chemic
potential m for quark number. We have shown conclusi
evidence that this theory undergoes a phase transition
phase characterized by a diquark condensate which spo
neously breaks the quark number, atm5mc;mp/2. This
transition appears to be second order. The simulations w
performed at an intermediate value of the coupling~close to
bc for the finite temperature transition atm50 on a lattice
with Nt54). Because of this, the relevant symmetry was

FIG. 7. The~partial! energy densities for~a! the quark and~b!
the gluon fields as functions ofm on a 123324 lattice.
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d
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e

lattice flavor symmetryU(2) rather than theSU(8) of the
continuum 4-flavor theory. We have presented convinc
evidence that the scalar diquark is the Goldstone boson
sociated with the spontaneous breaking of quark number
m.mc . In addition we have measured the lightest mass
the pion channel as a function ofm. For m&mp the chiral
condensate and diquark condensate are well described
single condensate of constant magnitude which rotates f
the chiral direction form,mc towards the diquark direction
asm is increased abovemc . Despite the fact that the quar
massm50.1 was large enough thatmp was not small rela-
tive to the 2-color QCD scale, we saw good qualitati
agreement with previous calculations in terms of effect
Lagrangians~of the chiral perturbation theory form! for m
&mp . This includes the fact that the quark number dens
increases from zero atm5mc .

As m becomes large, this relationship with effectiv
Lagrangians is no longer valid. Both chiral and diquark co
densates decrease towards zero asm becomes large. How-
ever, because at least part of this is due to the fact thaj 0
saturates at 2 fermions per site, a finite lattice spacing a
fact, and because we see large finite size effects in the
densates for thesem values, studies at smaller lattice spa
ings as well as on larger lattices would be needed
determine how much of this observed highm behavior is
real.

Our simulations extend the work of@12# and @13# by in-
cluding the explicit symmetry-breaking Majorana mass te
in the simulations themselves, rather than just in the m
surements, ensuring that we remain in the correct vacu
We simulate the 4-flavor theory which presumably has a s
sible confining continuum limit, rather than the 8-flav
theory of these earlier papers, which probably does not.
verify the transition to a state in which the quark number
spontaneously broken, reported in these earlier papers. S
the Majorana mass term prevents the Dirac operator fr
becoming singular in this broken phase due to the prese
of Goldstone bosons, we are able to simulate on much la
lattices, allowing us to make accurate measurements of
spectrum of Goldstone and pseudo-Goldstone bosons.~With-

FIG. 8. Wilson line~Polyakov loop! on an 84 lattice as a func-
tion of m.
5-7
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out the Majorana mass term one must rely on the finiten
of the lattice to control the singular behavior of the Dir
operator.! Our graphs for them dependence of the conden
sates and number density are very similar to those obta
by @14# in the strong coupling limit. Since the strong co
pling limit is by nature quenched, this contrasts with wha
expected for true QCD at finitem, and is a property of theo
ries that have fermions with both signs for the charge wh
couples tom in the same representation of the gauge gro
—i.e., all the theories we know how to simulate.

We are currently extending these calculations to low
quark mass (m50.025) where we should be able to measu
the complete spectrum of Goldstone and pseudo-Golds
bosons. For thism, the pion mass should be half that atm
50.1 and the assumptions of the effective Lagrangian
proach should have more validity, allowing a more quant
tive analysis. In addition, there is a larger range ofm/mp

betweenmc and the turnover point. This means we can ho
to measure the critical indexbqq for this transition.~Prelimi-
nary attempts to extract this index from short runs at re
tively strong coupling were reported in our letter on finiteT
and m.! Whereas, in strong coupling, mean field expone
are expected and observed@14#, at finite coupling the expec
tation is less clear. In addition, we plan to study the ch
m→0 limit, where mc→0 and the transition becomes fir
order.

Let us now compare 2-color QCD with 3-color QCD
finite m. Most of this discussion is condensed from the pu
lished literature@4–6#. Since for 2-color QCD, the diquar
condensate is a color singlet, the spontaneous breakin
quark number is realized in the Goldstone mode. This c
trasts with true~3-color! QCD where the condensate is,
necessity, colored and the symmetry breaking is realize
the Higgs mode. To see similarities, we consider the mod
symmetry breaking for normal QCD with 2 light quark fla
vors. Here the expected condensate is a flavor singlet a
color anti-triplet, i.e., antisymmetric in both flavor and colo
The pattern of color breaking is SU(3)3U(1)q
→SU(2)3U(1)Q whereq andQ refer to the quark numbe
before and after the breaking. The 5 gluons correspondin
uc

ys

ot
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symmetries broken by the condensate gain masses via
Higgs mechanism by combining with the 5 would-be Go
stone bosons associated with color and/or quark-num
breaking. With respect to the remnantSU(2) color symme-
try, the condensate is a flavorand color singlet. This is pre-
cisely the condensate that would be formed from the
quarks which are in a color doublet with respect to this u
brokenSU(2) ~the third quark is a singlet with respect t
this group! if we ignored the interactions of the gluons whic
gain masses due to the Higgs mechanism. Since the g
masses produced from the Goldstone bosons produced in
manner are of orderas

1/2(LQCD) f p , ignoring such light par-
ticle interactions is presumably a rather drastic approxim
tion. However, one might hope that it has at least qualitat
validity. @Note that f p is of the order of 100 MeV,
as(LQCD);1, giving gluon masses of the same order
magnitude as previous estimates.# Since this remnantSU(2)
theory is also at finitem this condensate spontaneous
breaks only 1 symmetry, quark number. As seen above,
Goldstone boson associated with this breaking gives mas
one of the gluons via the Higgs mechanism.

Finally, we note that with an appropriate reinterpretati
of the fields, 2-color QCD with a finite chemical potential fo
the quark number can be reinterpreted as 2-color QCD wi
finite chemical potential for isospin. It is clear that one c
simulate true 3-color QCD for 2 flavors with a finite chem
cal potential for isospin. Such a program is underway. T
2-color theory can be used as a guide to the pattern of s
metry breaking and what to expect.
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