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We present results of quenched lattice calculations of the matrix elements relevant forBd2B̄d and Bs

2B̄s mixing in the standard model. Results for the correspondingSU(3)-breaking ratios, which can be used to
constrain or determineuVtdu, are also given. The calculations are performed at two values of the lattice spacing,
corresponding tob56.0 andb56.2, with quarks described by a mean-field-improved Sheikholeslami-Wohlert
action. As a by-product, we obtain the leptonic decay constants ofB andD mesons. We also present matrix

elements relevant forD02D̄0 mixing. Our results are summarized in the Introduction.
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I. INTRODUCTION

The study ofBd2B̄d oscillations enables measurement
the magnitude of the poorly known Cabibbo-Kobayas
Maskawa~CKM! matrix elementVtd and thus the determi
nation of one of the sides of the unitarity triangle. The fr
quency of these oscillations is given by the mass differe

Dmd[MBd

H 2MBd

L , ~1!

whereMBd

H andMBd

L are the heavy and light mass eigenv

ues of theBd2B̄d system.Dmd is experimentally measur
able from taggedBd meson samples.1 It is also calculable in
the standard model. Keeping only dimension six opera
after an operator product expansion in which the top qu
andW boson are integrated out, the standard model pre
tion for Dmd is, to next to leading order~NLO! @3,4#,

Dmd5
GF

2

8p2
MW

2 uVtdVtb* u2hBS0~xt!CB~m!

3
u^B̄duO d

DB52~m!uBd&u
2MBd

, ~2!

wherext5mt
2/MW

2 , S0(xt).0.784xt
0.76 ~to better than 1%!

is the relevant Inami-Lim function@5#, m the renormalization
scale, O d

DB52 the four-quark operator@ b̄gm(12g5)d#

@ b̄gm(12g5)d# and hB50.55 andCB(m), short-distance
coefficients. The renormalization-scale dependence
CB(m) and of the hadronic matrix element cancel such t
Dmd is m independent to the order in perturbation theory
which CB(m) is calculated. In the naive dimensional reg
larization modified minimal subtraction~NDR-MS) scheme
assumed here,

1For a recent experimental review see, for instance, Ref.@1# or @2#.
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CB~m!5@as~m!#26/23F11
as~m!

4p
J5G , J55

5165

3174
. ~3!

Since uVtbu is equal to unity to very good accuracy, a me
surement ofDmd clearly enables the determination ofuVtdu.
The accuracy of this determination is limited, at present,
the theoretical uncertainty in the calculation of the nonp
turbative, strong-interaction effects in the matrix eleme

^B̄duO d
DB52(m)uBd&.

An alternative approach, in which many theoretical unc
tainties cancel, is to consider the ratioDms /Dmd , where
Dms is the mass difference in the neutralBs2B̄s system. In
the standard model,

Dms

Dmd
5UVts

Vtd
U2 MBs

MBd

j25UVts

Vtd
U2 MBd

MBs

r sd

[UVts

Vtd
U2 MBd

MBs

U ^B̄suO s
DB52uBs&

^B̄duO d
DB52uBd&

U , ~4!

whereO s
DB52 is the same operator asO d

DB52 , with d re-
placed bys, and where we have omitted the renormalizatio
scale dependence, as it cancels in the ratio. Because the
tarity of the CKM matrix implies uVtsu.uVcbu to a few
percent and a clean extraction ofuVcbu can be achieved by
analyzing semileptonicB decays @6#, a measurement o
Dms /Dmd yields a determination ofuVtdu. The high fre-
quency ofBs2B̄s oscillations makes this a challenging me
surement. Nevertheless, the experimental lower bounds
tained onDms @1,2#, already yield interesting constraints o
the unitarity triangle@1,7–12#.

The matrix elements that appear in Eq.~4! are tradition-
ally parametrized as

^B̄quO q
DB52~m!uBq&5 8

3 MBq

2 f Bq

2 BBq
~m!, ~5!
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whereq5d or s and where the parameterBBq
(m) measures

deviations from vacuum saturation, corresponding
BBq

(m)51. Here,f Bq
is the decay constant defined by

^0ub̄gmg5quBq~pW !&5 ipm f Bq
. ~6!

One also usually introduces a renormalization-group
variant and scheme-independent parameterB̂Bq

, which to
NLO in QCD is given by

B̂Bq

nlo5CB~m!BBq
~m!, ~7!

whereCB(m) is given by Eq.~3! as long asBBq
(m) is com-

puted in the NDR-MS scheme with five active quarks. Fo
consistency with the value ofhB given after Eq.~2!, as

should be taken to have its two-loop value withLMS
(5)

5225 MeV.
In the present paper, we report on high statisti

quenched lattice QCD calculations of matrix elements a
the correspondingSU(3)-breaking ratios relevant for neutra
B-meson mixing. We obtain theSU(3)-breaking ratior sd in
two ways:~1! by calculatingBBs

/BBd
and f Bs

/ f Bd
, and com-

bining these two ratios with the experimental mass ra
MBs

/MBd
~‘‘indirect’’ method!; ~2! by calculating the matrix

elementŝ B̄d,suO d,s
DB52uBd,s&, directly and taking their ratio

~‘‘direct’’ method!, as suggested in Ref.@13#.2 They mainly
differ in the required light- and heavy-quark-mass interpo
tions and extrapolations, since for the ‘‘direct’’ method, it
the matrix element and corresponding ratio that are inter
lated and extrapolated, while for the ‘‘indirect’’ method it
the B parameters, decay constants, and corresponding ra

As described in more detail in Sec. II, these calculatio
are performed at two values of the lattice spacing,a
@;(2.0 GeV)21 and ;(2.7 GeV)21#, with relativistic Wil-
son fermions. In order to keep discretization errors in che
the lattice calculation is performed with heavy quarks who
masses are around that of the charm and the results ar
trapolated to the mass of theb. Even in the charm sector
however, quarks have compton wavelengths that are
much larger than our lattice spacings, and it is importan
reduce discretization errors as much as possible. We atte
to do so by describing quarks with mean-field-improv
@14#, Sheikholeslami-Wohlert~SW! actions@15#. When com-
bined with improved operators, these actions lead to disc
zation errors, which are formally smaller than those gen
ated with an unimproved Wilson action@O(asa) instead of
O(a)#, and which may be numerically smaller than tho
brought about by a tree-level-improved SW action. It is i
portant to note that, as far as four-quark operators are c

2Our method differs slightly from that of Ref.@13# in that we
actually calculate

^B̄suOs
DB52uBs&

^B̄duOd
DB52uBd&

S MBd

MBs

D
and multiply by the experimentally measured value ofMBs

/MBd
.
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cerned, nonperturbativeO(a) improvement has not yet bee
undertaken, and all lattice calculations ofBd,s2B̄d,s mixing
matrix elements have, as we do,O(asa) discretization er-
rors, or worse,O(a) errors. It is also important to remembe
thatO(a2) errors can be significant in the presence of hea
quarks in a relativistic approach.

Alternatively, one could take an effective theory approa
and work with static, nonrelativistic QCD~NRQCD! or Fer-
milab quarks. In these approaches, the matrix elements
expanded in inverse powers of the heavy-quark mass to
move it from the long-distance dynamics. One important
vantage is that discretization errors are no longer enhan
by this mass. An accurate description of the physics of thb
quark, however, requires one to consider corrections in
verse powers ofmb and the calculation of these corrections
made difficult by contributions proportional to inverse pow
ers of a. The effective theory and relativistic approach
should thus be viewed as complementary.

An additional feature of our calculation is that we e
trapolateSU(3)-breaking ratios in the heavy-quark mass
rectly instead of first extrapolating numerator and denomi
tor and then taking their ratio. The heavy-quark-ma
dependence will cancel partially between numerator and
nominator and therefore make the extrapolation more r
able. This approach turns out to be particularly fruitful f
the determination off Bs

/ f B , where the statistical error is
significantly reduced by a direct extrapolation of the ratio

Our main results are3,4

j5
f Bs

ABBs

f Bd
ABBd

51.15~2!22
14,

r sd5S MBs

MBd

D 2

j251.38~6!26
110,

f Bd
AB̂Bd

nlo5210~21!226
127 MeV,

f Bd

f Ds

AB̂Bd

nlo50.89~7!27
16,

~8!

f Bs
AB̂Bs

nlo5241~14!227
130 MeV,

f Bs

f Ds

AB̂Bs

nlo51.02~4!27
16,

BBd
~MB!50.91~4!20

14, B̂Bd

nlo51.40~5!21
16,

BBs
~MB!50.90~2!20

13, B̂Bs

nlo51.38~3!20
15,

BBs
/BBd

50.98~2!22
10,

where the first error is statistical and the second correspo
to the systematic uncertainties added in quadrature. In qu
tities involving ratios ofB parameters, the renormalization
scale dependence is not specified, as it cancels. We con
a wide array of systematic uncertainties, as discussed in

3The results of preliminary analyses on the same lattices w
presented in Refs.@16–18#.

4We takeMBd
55279 MeV, MBs

55375 MeV, MD51864 MeV,
andMDs

51969 MeV.
1-2
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STANDARD MODEL MATRIX ELEMENTS FOR NEUTRAL . . . PHYSICAL REVIEW D 64 094501
VII. We normalize dimensionful quantities, involving deca
constants, byf Ds

because some systematic~and statistical!
uncertainties, including possibly those associated w
quenching, partially cancel in the ratio. The original quan
ties can then be recovered by using the experimental m
surement off Ds

.5

The results of Eq.~8! will be compared, in Sec. VIII, to
earlier calculations of some or all of these quantities p
formed with propagating heavy quarks@13,23,24# and with
nonrelativistic quarks@25,26#. The comparison of theB pa-
rameters with results obtained using static heavy quarks@27–
30# will be addressed elsewhere@31#.

Because decay constants and the corresponding matr
ements are necessary for obtaining the results of Eq.~8!, we
also have results for these decay constants. We find

f B5177~17!222
122 MeV,

f Bs
5204~12!223

124 MeV, f D5210~10!216
117 MeV,

f Bs

f B
51.15~2!22

14, f Ds
5236~8!214

117 MeV, ~9!

f B

f Ds

50.71~6!25
14,

f Ds

f D
51.13~2!22

14,

f Bs

f Ds

50.82~3!25
14,

where the first error is statistical and the second system
as discussed in Sec. VII. A comparison with recent quenc
results@32–39# will be made in Sec. VIII and a discussion o
unquenched results@38–41# will be undertaken in Sec. VII F
Note that results forf B can be combined with the measur
ment of the branching ratio for the rare decayB1→t1nt ,
when it becomes available, to yield a clean determination
uVubu.

6

While short-distanceD02D̄0 mixing is highly suppressed
in the standard model@48#, it can be enhanced in supersym
metric extensions@49–53#, above even the long-distanc
contributions discussed in Ref.@54#. Thus, we give theB
parameter and decay-constant combinations relevant for
matrix element of the left-left,DC52 operator, which is one
of the operators that can contribute in supersymmetric ex
sions:

BD~MD!50.82~3!21
14, B̂D

nlo51.12~4!21
15,

5Reference@19# gives f Ds
5241(32) MeV as a summary numbe

which is in good agreement with our determination of this quan
@see Eq.~9! below#. However, recent determinations appear to yie
larger values, albeit with large uncertainties: f Ds

5285(20)(40) MeV @20#, f Ds
5323(44)(36) MeV @21#, and f Ds

5280(19)(44) MeV@22#.
6For recent reviews of lattice calculations of the quantities p

sented in Eqs.~8! and ~9!, please see@17,42–47#.
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f DAB̂D
nlo5222~10!216

120 MeV,
f D

f Ds

AB̂D
nlo50.94~3!23

12,

~10!

whereB̂D
nlo is obtained by multiplyingBD(MD) by CD(MD),

with

CD~m!5@as~m!#26/25F11
as~m!

4p
J4G , J45

6719

3750
,

~11!

where the two-loop as(m) is evaluated with LMS
(4)

5350 MeV.

II. SIMULATION DETAILS

Our results are based on quenched,SU(3) gauge configu-
rations, calculated on a 243348 lattice at b56.2 and a
163348 lattice atb56.0. The configurations are generat
using the hybrid over-relaxed algorithm described in R
@55#. The parameters of the simulations are summarized
Table I.

We describe quarks with the Sheikholeslami-Wohl
~SW! action @15#7

SF
SW5SF

W2 ig0 cSW

kc

2 (
x,m,n

c̄~x! Pmn~x!smnc~x!,

~12!

whereSF
W is the standard Wilson action,g0 the bare gauge

coupling,Pmn a lattice definition of the field strength tenso
kc the appropriate quark hopping parameter, andcSW the
so-called clover coefficient. Here,c stands for both light~q!
and heavy~Q! quarks. While with the Wilson action (cSW
50) spectral quantities suffer from discretization errors
O(a), the tree-level value,cSW51, guarantees that these e
rors are reduced toO(asa) @15,56#. In the present paper, w
work with a mean-field estimate of the clover coefficie

@14,57#, cSW51/u0
3 with u05^ 1

3 TrUp&
1/4. Since this estimate

accounts for large tadpole contributions and is closer to
nonperturbative value of the clover coefficient@58#, which
removesO(a) errors to all orders inas , our discretization
errors may be numerically smaller than forcSW51. It is

y

- 7Here and belowsmn5( i /2)@gm,gn#, wheregm are the usual se
of Euclideang matrices with$gm,gn%52dmn.

TABLE I. Simulation parameters.cSW is the clover coefficient.

b 6.2 6.0

cSW 1.442 1.479
size 243348 163348
# of configurations 188 498
1-3
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TABLE II. Hopping parameterskc , of the light (c5q) and heavy (c5Q) quarks used in the simula
tions. In brackets, we give the massesmp , of light-light pseudoscalar mesons composed of a degene
quark and antiquark with hopping parameterkq , obtained as described in Sec. IV. We also provide
massesM P , of heavy-light pseudoscalar mesons composed of a heavy quark with hopping parameterkQ and
a massless antiquark, obtained as described in Sec. IV and Sec. VI. Error bars are statistical only. Th
used to translate these masses into MeV area2152.73 GeV atb56.2 anda2152.00 GeV atb56.0, as
obtained in Sec. V.

b kq @mp in MeV# kQ @M P in MeV#

6.2 0.13640@831~4!#, 0.13710@608~4!#, 0.120@2238~14!#, 0.123@2006~13!#,
0.13745@466~6!# 0.126@1757~11!#, 0.129@1488~10!#

0.132@1186~9!#

6.0 0.13700@827~1!#, 0.13810@587~3!#, 0.114@2183~6!#, 0.118@1971~5!#,
0.13856@454~3!# 0.122@1746~4!#, 0.126@1503~4!#,

0.130@1234~3!#
av
s

,
av
at
n

-
El

v-
lin

tiz
th
e
e

pa
o
la

m
te

av
its
la
ce
or

rse,
are

ure
les

ng
tral

cal
The

let
e-
ce-
ly.

ba-
t to

of
c-
ld
he

, in
are

nal
n
ize
d
ri-

i-
important to note, however, that in the presence of he
quarks with massesamQ;0.3 or more, discretization error
of O((amQ)2) may be comparable to those ofO(asamQ).

In order to improve matrix elements up toO(asa), we
must further ‘‘rotate’’ the quark fields@56#:

c→H 12
a

2
@zg•DW 2~12z!mc#J c, ~13!

whereDW m is the symmetric covariant derivative,mc the bare
quark mass to be defined later, andz is a real parameter
which can have any value between 0 and 1. For he
quarks, a large source of discretization errors is the mism
in the normalization of tree-level, zero-momentum, co
tinuum and lattice quark propagators. Equation~13! with z
50 corrects this mismatch atO(a). Since we can compen
sate this mismatch completely by implementing the
Khadra-Kronfeld-Mackenzie~EKM! normalization@59#

c→A11amcc, ~14!

we choose the latter instead of Eq.~13!.
At both values of the lattice spacing, we work with se

eral values of the heavy-quark hopping parameter stradd
the charm. This enables us to extrapolate our results
heavy-quark mass from the charm sector, where discre
tion errors appear to be only a fraction of the result, to
bottom sector, where these errors would be very large w
we to perform the simulation directly with such quarks. W
also consider several values of the light-quark hopping
rameter around that of the strange. Then, we interpolate
results in the light-quark mass to the strange and extrapo
them to the chiral limit. The values of the hopping para
eters used in our paper are given in Table II. For comple
ness, the masses of the corresponding light-light and he
light pseudoscalar mesons are also given in physical un

To isolate the ground state more efficiently in the corre
tion functions that we calculate, we use fuzzed sour
and/or sinks@60#. These are extended interpolation operat
09450
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g
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e
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-
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te
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-
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-
s
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that have improved overlap with the ground state. Of cou
operators whose matrix elements we wish to compute
kept local.

Statistical errors are estimated from a bootstrap proced
@61#, which involves the creation of 1000 bootstrap samp
from our set of 188~498! configurations atb56.2 (b
56.0). Correlators are fitted for each sample by minimizi
x2. The quoted statistical errors are obtained from the cen
68% of the corresponding bootstrap distribution.

To convert our values for decay constants into physi
units, we need an estimate of the inverse lattice spacing.
determination of this quantity is discussed in Sec. V.

III. MATCHING AND RUNNING

Because the lattice and the continuum treat ultravio
modes differently, the extraction of continuum matrix el
ments from lattice calculations requires a matching pro
dure. Ideally, this matching is performed nonperturbative
For our mean-field-improved action, however, nonpertur
tive matching coefficients are not available and we resor
perturbation theory instead.

The simulation is performed with the fermion action
Eq. ~12! with cSW51/u0

3 and the standard Wilson gauge a
tion. However, the fully mean-field-improved action wou
involve normalizing each occurrence of a link variable in t
action by the measured value ofu0. To recover the results we
would have obtained had we used the latter, we must
interpreting the results of our simulation, use rescaled b
couplings ās5as /u0

4 and k̄c5kcu0, with as5g0
2/(4p).

cSW already has its desired rescaled value and no additio
rescaling is necessary.ās is actually only a first guess at a
improved expansion parameter and one may try to optim
this choice@14#. This issue will be elaborated on at the en
of the present section and, for the moment, we will gene
cally denote the coupling byas .

In perturbation theory, the effect of normalizing link var
ables is obtained by expanding the factors ofu0 in powers of
the strong coupling. AtO(as) we have@14#
1-4
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u0[ K 1

3
TrUpL 1/4

511
as

4p
X with X52

4p2

3
. ~15!

This means that every occurrence ofkc , in a first order
perturbative expression, must be replaced byk̄c„1
2(as/4p)X…. Because factors ofcSW always appear multi-
plied by at least one power ofas in perturbative expressions
cSW5123(as/4p)X can be replaced bycSW51 in first or-
der expressions. This is what we do to determine the cen
values of our results. However, in obtaining errors, we c
sider the variation induced by takingcSW51/u0

3.
To extract theB parameters of Eq.~5! from ratios of

three-point and two-point correlation functions on the latti
we must match the mean-field improved, EKM-normaliz
lattice axial-vector current to its Euclidean continuum cou
terpart via

Am5ZA~as!Am
lat~a!, ~16!

with

Am
lat~a![

1

a3
A11am̄qA11am̄QA2k̄q 2k̄Q~Q̄gmg5q!~a!,

~17!

where am̄q,Q5(1/k̄q,Q21/k̄cr)/2, with k̄cr the mean-field
improved version of the critical hopping parameterkcr ,
which is determined nonperturbatively as detailed in Sec
Using the results of Refs.@62,63#, we find at one loop8

ZA~as!511
as

4p F4

3
~Dgmg5

1DS1
!2XG

512
as

4p
@7.9010.33cSW23.00cSW

2 #,

~18!

where, in the notation of Ref.@62#, Dgmg5
andDS1

arise from

the one-loop corrections to the vertexgmg5 and to the quark
wave function, respectively. The effect of the mean-field i
provement is encoded in the term proportional toX. Without
mean-field improvement, i.e.X50, the coefficient ofas/4p
would be substantially larger: 18.39 instead of 5.23 forcSW
51.

The matching of the four-quark operatorO q
DF52 (F

stands for the flavor of the heavy quark! is complicated by
the fact that Wilson-type fermions break chiral symme
explicitly, inducing mixing among four-quark operators
different chirality. The following five operators form a com
plete basis for this mixing on the lattice in the parit
conserving sector:

O1,2
lat 5gm3gm6gmg53gmg5 ,

O3,4
lat 5I 3I 6g53g5 , ~19!

8In practice, we use Ref.@63# where results are given for arbitrar
cSW and where loop integrals are calculated to higher numer
accuracy.
09450
al
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-

O 5
lat5smn3smn ,

where a sum over Lorentz indices is implicit and whe
G3G stands for (1/a6) (11am̄q) (11am̄Q) (2k̄q 2k̄Q)
(Q̄Gq)(Q̄Gq). The parity even component ofO q

DF52 corre-
sponds to the continuum equivalent ofO 1

lat so that, at one
loop

O q
DF52~m!→Z11~as ,am!S O 1

lat~a!1(
i 52

5

Z1i~as!O i
lat~a!D .

~20!

Z11 has a logarithmic dependence onam, where m is the
scale at which the continuum operator is renormalized, wh
Z1i , i 52, . . . ,5, remains finite asa vanishes. Mean-field
improving the dimensional reduction~DRED! results of
Refs. @62–64# and using the matching between DRED a
NDR-MS given in Ref.@65#, we find that one-loop matching
to the NDR-MS scheme is given by

Z11~as ,am!511
as

4p F24 ln~am!1
1

3
$5~Dgm

1Dgmg5
!

2~D I1Dg5
!18DS1

%2222XG ~21!

512
as

4p
@4 ln~am!124.5229.33cSW

24.88cSW
2 #,

Z12~as!52
11

12

as

4p
@D I2Dg5

#

52
as

4p
@8.8429.15cSW13.13cSW

2 #,

Z13~as!52
4

11
Z12~as!, Z14~as!5

2

11
Z12~as!,

Z15~as!5
2

11
Z12~as!,

where theDG , G5gm , gmg5 , I andg5 arise from the one-
loop corrections to the bilinear vertices associated withG.9

For the numerical evaluation of the renormalization co
stants, we choose to work with theMS couplingaMS, ob-
tained via

aMS~3.41/a!5aV~e5/63.41/a!S 112
aV

p D , ~22!

whereaV is the coupling defined from the heavy-quark p
tential. The latter is obtained from our simulations by solvi
@14#

al 9Here again, we use the more precise and generalcSW results of
Ref. @63# for DG .
1-5
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ln~u0!5
p

3
aV~3.41/a!~121.185aV!. ~23!

Values ofaMS for scales different from 3.41/a are obtained
by solving the two-loop running equation numerically, wi
nf50. BothaMS andaV have been shown to lead to expa
sions that are much more convergent than those in term
the bare lattice coupling@14#. For completeness, we giv
values ofaMS(m) for a collection ofm in Table III.

Having chosen the coupling, we must fix the scaleq* , at
which it is evaluated. We take 2/a as a central value bu
allow q* to vary from 1/a to p/a to estimate the uncertaint
associated with this choice. This range forq* covers typical,
ultraviolet lattice scales.

As it is convenient for the heavy-quark extrapolations a
does not generate large logarithms, we match the lattice
sults for theB parameters atm5M Pl

, whereM Pl
is the mass

of the heavy-light meson composed of a heavy antiquarkQ̄
and a massless quark,l 5d or u. As we will see in Sec. VI,
the heavy-quark extrapolation yieldsBBq

(MBd
). Values for

the renormalization-group-invariant and scheme-indepen
B parameters are then simply obtained from Eqs.~7! and~3!:
B̂Bq

nlo5CB(MBd
)BBq

(MBd
). Values for BBq

(m), with m

ÞMBd
, can also be obtained straightforwardly throu

TABLE III. The coupling aMS(q) at different values ofq as
obtained in the simulations atb56.0 and 6.2.

b aMS(1/a) aMS(2/a) aMS(p/a)

6.2 0.1730 0.1402 0.1250
6.0 0.1921 0.1522 0.1343

FIG. 1. Plateau for theB parameter of the operatorO q
DF52

renormalized atm52/a in the NDR-MS scheme, forb56.2 @i.e.,
Eq. ~26! times 3/(8ZA

2)#. The correlation function is obtained fo
10<ty<14 and 10<T2tx<14. Points with the sameT2tx1ty are
shifted for clarity.
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BBq
(m)5@CB(MBd

)/CB(m)# BBq
(MBd

), with or without an

expansion inas of the term proportional toJ5 in Eq. ~3!.
Since we match the matrix elements andB parameters

defined in Eq.~5! at one loop, we may choose to expan
combinations of renormalization constants such asZ11/ZA

2 or
Z11Z1i , i 52, . . . ,5, toorder as . In the present paper, a
central values are obtained without expansion. Neverthel
we have checked that expanding these combinations m
negligible differences in the final results. This is because
one-loop corrections to the renormalization constants
small, especially after mean-field improvement.

IV. CORRELATION FUNCTIONS

To determineDF52 matrix elements and theirB param-
eters, as well as decay constants, we compute the follow
two- and three-point functions:

CPP
FF~ tx!5(

xW
^PF

†~x!PF~0!&,

CAP
LF ~ tx!5(

xW
^PF

†~x!A0
lat~0!&, ~24!

CO
FLF~ tx ,ty!5(

xW ,yW
^PF

†~y!O~0!PF
†~x!&,

as well asCPA
FL (tx) and CPP

FL (tx). Here, the subscriptsF on
operators indicate that they are fuzzed@60#, while operators
with no F are local. For the correlation functions, the sup
scriptsF andL indicate which of their operators are fuzze
~F! or local (L). In Eq. ~24!, A0

lat is the time component o
the EKM-normalized axial-vector current defined in E
~17!, PF is a fuzzed@60# version of the pseudoscalar densi
Q̄g5q, andO stands for any of the four-fermion operators
Eqs.~19! and ~20!. In the present section, we set the latti
spacinga51 and omit light-quark indices on heavy-ligh
quantities, for notational simplicity.

TABLE IV. Fit ranges for the correlation functions and ratio
used in this paper.

b 6.2 6.0

CO
FLF/CAP

LFCAP
LF 34<tx<38 33<tx<37

10<ty<14 11<ty<15

CO
FLF/CPP

FFCPP
FF 34<tx<38 33<tx<37

10<ty<14 11<ty<15

CPA
FL (tx)/CPP

FF(tx) 15<tx<23 13<tx<23

CPP
FF 13<tx<23 11<tx<23

CPP
FL 13<tx<23 11<tx<23

Cpp
FL 10<tx<20 5<tx<23

Cpa
FL(tx)/Cpp

FF(tx) 15<tx<23 11<tx<23
1-6
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FIG. 2. Fits of the squared, light-light pseudo
scalar meson masses versus light-quark mas
the PCAC relation of Eq.~29!, atb56.2 and 6.0.
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At large Euclidean time separations, the three-point c
relation functionCO

FLF(tx ,ty) has the asymptotic behavior10

CO
FLF~ tx ,ty!→ 1

4M P
2 ^0uPF

† uP̄&^P̄uOuP&^PuPF
† u0&

3exp@2M P~T2tx1ty!#, ~25!

whereM P is the mass of the pseudoscalarP. Therefore, fits
to the ratios of correlation functions:

CO DF52
FLF

~ tx ,ty!

CAP
LF ~ tx!CAP

LF ~ ty!
→ 8

3
ZA

2BP , ~26!

CO
q
DF52

FLF
~ tx ,ty!

CPP
FF~ tx!CPP

FF~ ty!
→ ^P̄uO q

DF52uP&

^0uPFuP&^P̄uPFu0&
, ~27!

where BP is the B parameter corresponding to the heav
light mesonP, yield the desired quantities up to renorma
ization constants that we determine perturbatively~see Sec.
III ! and factors ofM P and of the typê 0uPFuP&, that we
determine from fits to the two-point functionsCPP

FL (tx)
11 and

CPP
FF(tx), respectively. Note that in Eqs.~25! and ~27!, all

pseudoscalar meson states have vanishing three momen
An example of a plateau for the ratio of Eq.~26! is shown in
Fig. 1.

To determine the decay constants, we consider

CPA
FL ~ tx!

CPP
FF~ tx!

→ M P f P

ZA^0uPF
† uP̄&

tanh@M P~T/22tx!#. ~28!

In order to investigate the dependence of the matrix e
ments andB parameters on heavy- and light-quark mass,
need the heavy-light and the light-light pseudoscalar me
masses, and the light-light decay constants, which we us
set the scale. As already stated, we obtain the heavy-
pseudoscalar meson massM P , from a fit to the large time

10On our periodic lattices, this corresponds toaty and a(T2tx)
much greater than 1 but small enough so that the desired
ordering dominates. Here,aT548 is the time extent of our lattices
We consider timestx and ty such thatT/2,tx,T and 0,ty,T/2.

11CPP
FL gives a particularly good signal forM P .
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behavior ofCPP
FL (tx). Similarly, we get the light-light pseu

doscalar meson massmp , from a study of the two-point
function Cpp

FL(tx), wherep5q̄1g5q2 is the pseudoscalar bi
linear made from the two light quarksq1 andq2. Finally, the
light-light pseudoscalar decay constant is obtained from a
to the ratio Cpa

FL(tx)/Cpp
FF(tx), where a0 is the EKM-

normalized version ofq̄1g0g5q2, much in the same way the
heavy-light decay constant is obtained.

The time ranges over which the various correlation fun
tions and ratios are fitted, are given in Table IV.

V. LIGHT-QUARK-MASS EXTRAPOLATIONS AND
DETERMINATION OF THE LATTICE SPACING

Results for physicalBd andBs mesons require investiga
tions of the dependence of the lattice measurements on li
and heavy-quark masses. We begin by the light-quark-m
extrapolations and interpolations. To obtainkcr , the critical
value of the quark hopping parameter, we study the beha
of the light-light pseudoscalar meson massmp , as a function
of k1 andk2, the hopping parameters of the light quarks th
compose it. We assume that it obeys the partially conser
axial-vector current~PCAC! relation

~amp!2~k1 ,k2!5bm~am̃11am̃2!, ~29!

wherem̃i is theO(a)-improved quark mass, given by

m̃i5mi~11bmami !, ~30!

with ami51/(2k i)21/(2kcr) @66#. At tree level, which is
sufficient with our mean-field-improved action,bm521/2.
kcr is then obtained by fitting the function of Eq.~29! to our
results for (amp)2, with bm andkcr as fit parameters.k1 and
k2 are taken among the values in the row labeledkq in Table
I. Addition of a term quadratic in quark mass in Eq.~29!
makes very little difference to the central value forkcr and
this variation has a negligible effect on the light-quark-ma
extrapolations of the matrix elements of interest. The lin
extrapolation of Eq.~29! is shown in Fig. 2.

For mp and all the quantities we study here, in addition
higher-order polynomial corrections in light-quark mass, c
ral perturbation theory also predicts the presence of ch
logarithms. These logarithms, however, are difficult to is
late numerically and are modified by the quenched appro
mation@67–69#. Thus, we perform polynomial interpolation

e

1-7
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FIG. 3. Interpolation ofa fp , according to Eq.
~31!, which is used to determine the scalea21, at
b56.2 and 6.0, fromf K andmK , as described in
the text.
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and extrapolations from our intermediate values of lig
quark mass, only considering, in most cases, the lead
non-trivial dependence on light-quark mass.

Next we determine the lattice scalea21 and the bare
strange-quark massam̃s , in lattice units. We obtain both
quantities simultaneously from the kaon’s decay cons
f K , and its massmK . As long as the mass dependence off p ,
the decay constant of a light-light pseudoscalar meson,
be described by a function ofmp

2 only, Eq.~29! implies that
both quantities depend only on the sum of quark masses
that only an interpolation in these masses, not an extrap
tion, is needed to obtaina fK . The use off K , instead of, for
instance,mK* , is prompted by the fact that the only quan
ties we report on here, which depend strongly~i.e., not loga-
rithmically! on a21, are the heavy-light decay constants. O
procedure has the added benefit that it is also applicabl
unquenched simulations.12 Thus, we fit our results for
a fp /ZA to

ZAS a fp

ZA
D5a f1b f~amp!21g f~amp!41•••. ~31!

We find that this parametrization describes our results w
Assuming that the lattice spacing is fixed withf K ~or equiva-
lently mK), we solve Eq.~31! for a fp ~or amp), at the point
specified by the physical ratiomK / f K , with f K

5159.8 MeV andmK5493.7 MeV. am̃s is then obtained
from the resultingamK , using our earlier fit to Eq.~29!, and
the lattice spacing from the resultinga fK ~or amK). The fits
at our two values of the coupling are shown in Fig. 3. B
cause of the slight curvature, we favor the quadratic fi
These fits also give a value off K / f p , which is closer to the
experimental result of 1.22: 1.16(3)@1.19(2)# for quadratic
fits instead of 1.131(10)@1.147(7)# for linear fits, at b
56.2 ~6.0!. In any case, linear and quadratic fits give nea
identical results for the scale andam̃s . The values ofZA
used are those obtained from Eq.~18! with as5aMS(2/a).
Systematic uncertainties in the determination ofa21 and
am̃s will be addressed when we discuss the uncertainties

12The K* is not a stable particle once light-quark loops are
lowed.
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our B-physics results in Sec. VII. A summary of the resu
for a21, kcr , andam̃s used below is given in Table V.

Having determined the strange quark mass and crit
hopping parameter, we interpolate and extrapolate our v
ous heavy-light matrix elements in light-quark mass to th
values. We assume that the up and the down quarks
massless. This is an excellent approximation for the qua
ties we study. As mentioned above, we perform polynom
interpolations and extrapolations from our values of lig
quark mass. Thus, we fit all quantities of interest,Y, in lattice
units, to the functional form

Y~kQ ,kq!5aY1bYam̃q1•••. ~32!

In Figs. 4, 5, 6, and 7 we exhibit the light-quark-mass d
pendence and the corresponding fits to Eq.~32! for the quan-
tities 1/(aMPq

), BPq
, a4^P̄quOq

DF52uPq&, anda fPq
/ZA , for

all values of heavy-quark mass atb56.0 and 6.2. For clarity
of presentation, theB parameters anda4^P̄quOq

DF52uPq& are
renormalized at a common scale of 5 GeV.13 In all cases, the
light-quark-mass dependence is mild and, to good accur
linear. However, we do observe that the matrix elements
Oq

DF52 have a stronger dependence on light-quark mass
the other quantities.

-

TABLE V. Lattice spacings, critical hopping parameters, a
bare, strange quark masses, obtained as detailed in the text. E
are statistical.

b 6.2 6.0

a21 ~GeV! 2.73
110

28
2.00

14

24
kcr 0.13792~2! 0.13921~1!

am̃s
0.0280~19! 0.0401~17!

13These values ofBPq
and a4^P̄quOq

DF52uPq& are obtained by
matching the lattice results onto the NDR-MS scheme at the scale
2/a, then running to 5 GeV in theMS scheme at the two-loop leve
with nf50 and the coupling constant described in Sec. III.
1-8
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FIG. 4. Light-quark-mass dependence of t
heavy-light pseudoscalar meson massM Pq

, and
extrapolation and interpolation to vanishin
quark mass and strange-quark mass atb56.2 and
6.0.
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VI. HEAVY-QUARK-MASS EXTRAPOLATIONS

The second extrapolation we have to perform is in hea
quark mass. We use heavy quark effective theory~HQET! as
a guide, withM Pl

as a measure of the heavy-quark ma
everywhere except for kinematical dependencies, where
appropriate meson mass is used. As before,l stands for either
a d or a u quark. Other choices for the heavy-quark sca
such asM Ps

, for instance, make very little difference to th
final results. We match our QCD results onto HQET at
heavy-quark scaleM Pl

, and cancel the leading logarithm

dependence onM Pl
by including terms of the form

@as(M Pl
)#2g0

HQET/2b0, whereg0
HQET are the relevant, one-loo

anomalous dimensions in HQET, andb0 is the one-loop
b-function coefficient.g0

HQET524 and 28 for the decay
constant and four-quark matrix element, respectively@70,71#.
Thus, we define

F f
q~M Pl

![
a fPq

ZA
AaMPq

3@as~M Pl
!#2/b0, ~33!

for the decay constants,

FB
q~M Pl

![BPq
~M Pl

!3@as~M Pl
!#0/b0, ~34!

for the B parameters, and

FDF52
q ~M Pl

![a4^P̄quO q
DF52~M Pl

!uPq&
1

aMPq

3@as~M Pl
!#4/b0, ~35!
09450
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for the DF52 matrix element. Similar scaling functions a
defined for SU(3)-breaking ratios, in which the leadin
logarithmic dependence on heavy-quark mass cancels
Eqs. ~33!, ~34!, and ~35!, we evaluateas(M ) through
2p/@b0log(M /LQCD)# with LQCD5100 MeV andb0511
2(2/3)nf with nf50, since we are working in the quenche
approximation. This one-loop coupling approximates the
tice couplings defined through Eqs.~22! and~23! rather well,
for the values ofM required here. In fact, final results depen
weakly on the valueLQCD used in the heavy-quark extrapo
lations ~see also Fig. 8 and discussion below!.

For X(M Pl
)5FDF52

q (M Pl
), FB

q(M Pl
), F f

q(M Pl
) and the

corresponding scaling functions forSU(3)-breaking ratios,
we use the HQET-inspired relation

X~M Pl
!5AXF11BXS 1

aMPl
D 1CXS 1

aMPl
D 2

1•••G
~36!

to investigate the heavy-quark-mass scaling of these qua
ties. The leading logarithms make little difference in the e
trapolation, as shown in Fig. 8, where we plot the extrapo
tion of the DF52 matrix element, which has the stronge
logarithmic dependence among the quantities we study, w
and without these logarithms.

In Figs. 9 and 10 we display our results forFB
q(M Pl

) and

FDF52
q (M Pl

), constructed from BPq
(M Pl

) and

^P̄quO q
DF52(M Pl

)uPq& renormalized atM Pl
in the NDR-MS

scheme, as functions of inverse heavy-meson mass ab
56.0 and 6.2 and forq5s and l. In Fig. 11, we plot
F f

q(M Pl
) versus 1/(aMPl

). Finally, in Figs. 12, 13, and 14
he

rk
FIG. 5. Light-quark-mass dependence of t
heavy-light B parameterBPq

(5 GeV), and ex-
trapolation and interpolation to vanishing qua
mass and strange-quark mass atb56.2 and 6.0.

Points with the sameam̃q are shifted for clarity.
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FIG. 6. Light-quark-mass dependence

^P̄quO q
DF52(5 GeV)uPq&, and extrapolation and

interpolation to vanishing quark mass an
strange-quark mass atb56.2 and 6.0.
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we plot the extrapolations of the correspondi
SU(3)-breaking ratios. The fit parameters of the hea
quark-mass scaling of the various quantities studied are s
marized in Table VI. While the heavy-quark-mass dep
dence of most quantities is mild, that ofF f

q(M Pl
) and

especiallyFDF52
q (M Pl

) is quite severe.

We extrapolateSU(3)-breaking ratios directly in heavy
quark mass because the mass dependence cancels pa
between numerator and denominator, making the extrap
tion less pronounced and, thus, more reliable. This is es
cially visible for f Ps

/ f Pl
~Fig. 14!, where the extrapolation o

the ratio yields much smaller uncertainties than the ratio
the extrapolations. In all cases, the extrapolation of the r
is in excellent agreement with the ratio of extrapolations. I
interesting to note, also, that the heavy-quark-mass de
dence of f Ps

/ f Pl
appears to be the same as that

AM Pl
/M Ps

.

VII. SYSTEMATIC UNCERTAINTIES

Our main results at the two values of lattice spacing
summarized in Tables VII, VIII, and IX. In these tables, t
first error on each quantity is statistical. The remaining u
certainties are systematic and we discuss them now.

A. Discretization errors

Ideally, one would extrapolate all computed quantities
the continuum limit, where discretization errors vanish. W
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two values of the lattice spacing, however, this is not p
sible. We must therefore use the information that we have
estimate the uncertainty associated with residual discret
tion effects.

In Table VII, results for the decay constants display so
dependence on lattice spacing. This suggests that discre
tion errors for these quantities may be important. The lead
discretization errors with the mean-field-improved SW act
are formally of O(asa), as they are for the tree-level im
proved SW action. Subleading errors begin atO(as

2a)14 and
O(a2). To estimate these leading and subleading errors,
consider the following variations in our procedure.O(asa)
improvement of the axial current requires one to include
effect of thea]mP counterterm through the replacement (P
is the pseudoscalar density!

Am→Am1cAa]mP, ~37!

as well as to rescale the quark fields as

c→S 11
bA

2
amcDc, ~38!

with both cA andbA evaluated at one loop@66,72#. From a
comparison of results obtained withcA and bA set to their
tree-level values (cA50 andbA51) to those obtained with
cA andbA evaluated at one loop, we can estimate the eff
of O(asa) discretization errors. We do not use the one-lo
results as central values for the decay constants to be co
he

nd
FIG. 7. Light-quark-mass dependence of t
heavy-light decay constantf Pq

, and extrapolation
and interpolation to vanishing quark mass a
strange-quark mass atb56.2 and 6.0. Points

with the sameam̃q are shifted for clarity.

14O(as
2a) errors, as well as all errors proportional toa, are absent in non-perturbativelyO(a)-improved calculations.
1-10
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tent with our determination of theB parameters. Indeed
O(asa) improvement of the four-quark operators would r
quire one to consider the mixing of these operators w
operators of dimension seven, which is beyond the scop
the present paper.

As already mentioned, to subtract higher-order discret
tion effects, we use the EKM normalization of Eq.~14!. Thus
we define the one-loop variation in the normalization of t
quark fields through

c→
A11am̄c

11am̄c/2
S 11

bA
12 loop

2
am̄cDc, ~39!

where, using the results of Ref.@73#, we find bA
12 loop51

1(as/4p)@24.031X#51110.87(as/4p) for cSW51.
cA

12 loop is given by 21.20(as/4p) @73#. We find that the
replacements of Eqs.~37! and~39! have opposite effects. Th
former lowers the decay constants while the latter increa

FIG. 8. Influence of leading logarithms on heavy-quark-m

scaling: behavior ofa4^P̄l uO l
DF52(M Pl

)uPl&/aMPl
~i.e. logarithms

omitted! and of FDF52
l (M Pl

)/as(MBd
)4/11 ~i.e. leading logarithms

included! versus 1/(aMPl
).
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their values. For the one-loop values ofcA andbA , the can-
cellation is rather good and the resulting one-loop ver
tree-level variation is certainly an underestimate of the
sidual discretization errors proportional toa. To get a more
realistic estimate, we consider the variation brought abou
each replacement separately. These variations are show
the second error on the decay constants and t
SU(3)-breaking ratios,f Ds

/ f D and f Bs
/ f B . We take the

largest of the two to be a measure of residual discretiza
errors proportional toa.15

To get a handle on errors proportional to higher powers
a, we consider the result of using the tree-level, quark-fi
normalization of Eq.~38! with bA51, instead of the EKM
normalization of Eq.~14!. These two normalizations differ a
O(a2) and we take the resulting variation to be a measure
these additional discretization errors. This variation is sho
as the third error on the decay constants and th
SU(3)-breaking ratios,f Ds

/ f D and f Bs
/ f B .

The symmetric discretization error that enters the syste
atic error in the final results of Eq.~9! is obtained by com-
bining, in quadrature, our estimates of the residual discr
zation uncertainties proportional toa and of the uncertainties
proportional to higher powers ofa. While these two uncer-
tainties are comparable atb56.2, the latter are significantly
larger atb56.0 in theb-quark sector.

A similar estimate of discretization errors can be carr
out for the four-quark matrix elements and theirB param-
eters. However, as we have already mentioned a full qua
fication of O(asa) effects for these quantities is beyond th
scope of this paper. In fact, many discretization effects, s
as those associated with the normalization of quark fie
cancel or partially cancel in the ratios of matrix elemen
used to define theB parameters andSU(3)-breaking ratios.
Furthermore, in Table VIII, results forB parameters and
SU(3)-breaking ratios exhibit very little lattice-spacing d
pendence, supporting the idea that discretization errors
these quantities are small. Thus, we assume that their st
tical uncertainties encompass possible residual discretiza
errors. For the quantities in Table IX, however, which a
obtained using the decay constants, we take into accoun
discretization errors on these constants.

s

ce
FIG. 9. Lattice results for X(M Pl
)

5FB
q(M Pl

) versus 1/(aMPl
) at b56.2 and 6.0

and forq5s and l. The solid lines are fits to the
linear part of the heavy-quark-mass dependen
given in Eq.~36!.

15The largest variation is the one of Eq.~39!.
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FIG. 10. Lattice results for X(M Pl
)

5FDF52
q (M Pl

) versus 1/(aMPl
) at b56.2 and

6.0 and forq5s andl. The solid curves are linea
and quadratic fits of the heavy-quark-mass dep
dence given in Eq.~36! at b56.2 andb56.0,
respectively.

FIG. 11. Lattice results for X(M Pl
)

5F f
q(M Pl

) versus 1/(aMPl
) at b56.2 and 6.0

and forq5s andl. The solid curves are quadrati
fits of the heavy-quark-mass dependence given
Eq. ~36!.

FIG. 12. Lattice results for X(M Pl
)

5BPs
/BPl

versus 1/(aMPl
) at b56.2 and 6.0.

The solid line is a fit to the linear part of th
heavy-quark-mass dependence given in Eq.~36!.

FIG. 13. Lattice results

for X(M Pl
)5(^P̄suO s

DF52uPs&/^P̄l uO l
DF52uPl&)

3 (M Pl
/M Ps

) versus 1/(aMPl
) at b56.2 and

6.0. The solid line is a fit to the linear part of th
heavy-quark-mass dependence given in Eq.~36!.
094501-12
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FIG. 14. Lattice results for
X(M Pl

)5 f Ps
/ f Pl

3AM Ps
/M Pl

versus 1/(aMPl
)

at b56.2 and 6.0. The solid line is a fit to th
constant part of the heavy-quark-mass dep
dence given in Eq.~36!.
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B. Matching uncertainties

As already indicated in Sec. III, to estimate the system
errors arising from the perturbative matching of the vario
quantities we compute, we vary the scaleq* , at whichaMS

is evaluated, in the range between 1/a andp/a, and compare
this with the result obtained forq* 52/a. We also consider
the variation coming from computingZ11(M Pl

), Z1i , andZA

with the constantcSW set to its mean-field-improved valu
instead of 1, keepingq* 52/a fixed. SU(3)-breaking ratios
of decay constants are not affected by these variations, w
those of theB parameters are not significantly so. The
variations are reflected in the fourth error in Tables VII, VI
and IX.
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C. Heavy-quark-mass extrapolations

As shown in Fig. 11, the decay constants have a p
nounced extrapolation in heavy-quark mass, and the t
quadratic in 1/(aMPl

) on the right-hand side of Eq.~36!

contributes significantly. To quantify the systematic error
sociated with this extrapolation-the fifth error on the dec
constants—we perform a fit of the heaviest three points
Fig. 11 to the right-hand side of Eq.~36!, without the qua-
dratic term. For theSU(3)-breaking ratios of decay con
stants, we perform a constant fit to these same three po
These uncertainties are propagated to the results of Table

Figure 9 indicates that the heavy-quark-mass depende
of the B parameters and theirSU(3) breaking ratio is mild
and to very good approximation linear. We have verified t
ntities
TABLE VI. Results for the fit parameters for the heavy-quark-mass dependence of the various qua
studied.CX50 indicates a linear fit andCX5BX50, a fit to a constant.

b AX BX CX

FB
s (M Pl

) 6.2 0.94~2! 20.08(1) 0
6.0 0.95~2! 20.10(2) 0

FB
l (M Pl

) 6.2 0.96~4! 20.10(2) 0
6.0 0.93~5! 20.12(3) 0

BPs
/BPd

6.2 0.97~3! 0.02~1! 0
6.0 1.01~4! 0.03~2! 0

FDF52
s (M Pl

) 6.2 0.010~1! 20.29(1) 0
6.0 0.058~4! 20.85(2) 0.22~1!

FDF52
l (M Pl

) 6.2 0.006~1! 20.29(2) 0
6.0 0.041~6! 20.83(6) 0.20~3!

(^P̄suO s
DF52uPs&/^P̄duO d

DF52uPd&) 6.2 1.57~26! 0.01~6! 0

3(M Pd
/M Ps

) 6.0 1.28~14! 0.11~8! 0

F f
s(M Pl

) 6.2 0.10~1! 20.32(4) 0.04~1!

6.0 0.19~1! 20.53(2) 0.11~1!

F f
l (M Pl

) 6.2 0.09~2! 20.30(8) 0.04~2!

6.0 0.17~1! 20.51(4) 0.11~2!

( f Ps
/ f Pl

) 6.2 1.16~2! 0 0

3AM Ps
/M Pl

6.0 1.15~1! 0 0
1-13
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TABLE VII. Results at the two values of the lattice spacing. The first error on each quantity is stati
while the others correspond, respectively, to the variations in procedure described in the first five sec
Sec. VII. The errors enclosed in brackets reflect the variations considered in quantifying discretization

b 6.2 6.0

f B @MeV# 177216
117@2520

18111#232621620
161011610 20528

19@2920
114123#2421121820

191011810

fB

fDs

0.7126
16@2120

1213#20222322
10101310 0.7623

13@2120
1216#20242322

10101310

f Bs
@MeV# 204212

112@2620
110113#232721420

181011416 23325
15@21120

117127#2421321620
1101011616

fBs

fDs

0.8223
13@2120

1214#20232220
10101210 0.8721

11@2120
1317#20252220

10101210

fBs

fB

1.1522
12@2020

1010#20202220
10101313 1.1421

11@2020
1010#20202220

10101213

f D @MeV# 21029
110@2420

1514#232021520
181011410 22824

14@2720
1718#242021520

1101011410

f Ds
@MeV# 23628

18@2520
1614#232021220

191011217 25423
13@2820

1919#252021220
1111011117

fDs

fD

1.1322
12@2020

1010#20202220
10101313 1.1121

11@2020
1010#20202220

10101213
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a linear fit to the three heaviest points gives results that
well within the error bars of the fit to all five points atb
56.0. We assume that the same would be true atb56.2 if
we also had five heavy quarks, as there is no evidence
curvature on the three points that we have.

The DF52 matrix elements have a very pronounced d
pendence on heavy-quark mass, as seen in Fig. 10. Sinc
are not reporting results for the four-quark matrix eleme
themselves, we do not quantify the systematic errors ass
ated with their determination.

One may worry that we have only three heavy quarks
b56.2 in our calculation ofDF52 matrix elements. How-
ever, as we have just seen, the heavy-quark scaling of thB
parameters and theirSU(3)-breaking ratio is mild and dis
plays no evidence for curvature. This is confirmed by
09450
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behavior atb56.0, where we have five heavy quarks. Thu
we believe that our results forB parameters and the derive
quantities of Table IX atb56.2, are reliable. The situation i
certainly not as favorable for theDF52 matrix elements
themselves. For those, there is evidence for curvature
our three points atb56.2 can be thought to yield only a
rough estimate. Thus, we do not attempt to give a final re
for these matrix elements from this procedure. In fact, t
strong mass dependence is one of the problems that mak
reliable determination ofr sd , from the ratio of individually
calculated^B̄quO q

D B52uBq&, q5s,d, difficult. The extrapo-
lation of r sd itself, on the other hand, is much milder and t
curvature is much reduced. Thus, we extrapolate it linea
and verify, atb56.0, where we have enough points, that t
result of a quadratic fit, r sd

direct51.50(17), is entirely
er-
tly
TABLE VIII. Results at the two values of the lattice spacing~continued!. r sd
direct

5^B̄suO s
DB52uBs&/^B̄duO d

DB52uBd&. An error of x indicates that the variation has not been explicitely p
formed, but that it is believed to be small. An error ofy means that the variation has not been explici
performed.

b 6.2 6.0

BBd
(MB) 0.9124

13@2x20
1x10#202x2020

141x1010 0.8924
14@2x20

1x10#20202020
13101010

BBs
(MB) 0.9022

12@2x20
1x10#202x2020

131x1010 0.9122
12@2x20

1x10#20202120
13101110

BD(MD) 0.8223
13@2x20

1x10#202x2120
131x1110 0.8123

13@2x20
1x10#20202120

12101110

BBs

BBd

0.9822
12@2x20

1x10#222x2020
101x1010 1.0223

13@2x20
1x10#20202020

10101010

r sd
direct 1.61220

120@2x20
1x10#202x2720

1101y19112 1.36212
111@2x20

1x10#20202620
11161817
1-14
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TABLE IX. Results at the two values of the lattice spacing~continued!. r sd
indirect

5(MBs
/MBd

)2@ f Bs

2 BBs
/ f Bd

2 BBd
#.

b 6.2 6.0

f Bd
AB̂Bd

nlo @MeV# 210221
120@2620

110113#202721820
1121011910 240211

112@21120
116127#2521322120

1151012110

fBd

fDs

AB̂Bd

nlo 0.8927
17@2120

1214#20232422
12101310 0.9524

15@2120
1317#20252422

12101410

f Bs
AB̂Bs

nlo @MeV# 241214
114@2720

112115#212921620
1131011717 27726

17@21320
120132#2521521820

1181011818

fBs

fDs

AB̂Bs

nlo 1.0224
14@2120

1315#20242220
12101210 1.0922

12@2220
1419#20262220

12101210

f DAB̂D
nlo @MeV# 222210

110@2420
1515#202021420

1131011410 24026
17@2720

1818#232021420
1131011410

fD

fDs

AB̂D
nlo 0.9423

13@2020
1011#20202123

12101110 0.9422
12@2020

1010#20202122
11101110

j 1.1522
12@2020

1010#21202220
10101213 1.1622

12@2020
1010#20202220

10101313

r sd
indirect 1.3825

16@2020
1110#23212520

10101618 1.3925
15@2020

1110#20202520
10101618
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compatible.16 In any event, the final value ofr sd that we
quote is that given by the ‘‘indirect’’ method, where none
this is a problem.

Another concern may be that our lightest heavy quark
too light to be in the heavy quark scaling regime. Howev
in the extrapolations used to obtain the results of Eqs.~8! and
~9!, the points corresponding to this quark are consistent w
the smooth curves determined by the other points. Furt
more, our heaviest quarks are as massive as those in
relativistic calculations~see for instance Ref.@24#!. Thus, we
are not distorting the heavy-quark extrapolations by incl
ing these lighter points, nor are we missing information
the heavier-quark end. Finally, as described above, we
clude in our errors, the variation obtained by ignoring o
lightest two points, where appropriate.

Ideally, one would have continuum extrapolations of
sults such as ours and of the same quantities computed i
static limit ~corresponding to an infinite-mass heavy quar!.
Results for theb would then be obtained by an interpolatio
in heavy-quark mass instead of by extrapolation, as they
here. We leave such studies for the future.

D. Uncertainties in the determination of the lattice spacing

In quenched calculations, the value of the lattice spac
varies significantly with the quantity used to set the sca
This variation may be due, in part, to quenching effects,
well as any other systematic uncertainty that affects
quantity used to set the scale. In this paper, we determine
lattice spacing fromf K andmK , as described in Sec. V. W

16To estimate the heavy-quark extrapolation error atb56.0, we
consider the variation due to the removal of the lightest two po
from the linear extrapolation of Fig. 13.
09450
s
r,

th
r-

her

-
n
n-
r

-
the

re

g
.
s
e
he

then vary the inverse lattice spacinga21, by 67%. This
range covers the variations observed in the determinatio
the scale from gluonic or light-hadron spectral quantiti
and with the same action and parameters as we use@74#,17 as
well as the variation due to the uncertainty in the pertur
tive determination ofZA .

Uncertainties in the lattice spacing will obviously affe
the determination of the decay constants and the dimens
ful quantities derived from them. They will also slightl
change the length of the heavy-quark-mass extrapolat
~Figs. 11, 9, and 10!. Furthermore, they induce a variation o
order615% inam̃s , which we obtain from the mass of th
kaon, and therefore affect all quantities that depend on
mass.

In practice, we find that the variation of the lattice spaci
discussed above does not induce a significant change in tB
parameters. However, it does affect all the decay const
and the correspondingSU(3)-breaking ratios as well as th
quantities in Table IX, which are obtained from these co
stants. All of these observations are reflected in the s
error on the quantities in Tables VII, VIII, and IX.

E. Determination of the light-quark masses

Another source of systematic error is the uncertainty
the determination of the light-quark masses. In the previ
section we saw that changing the lattice spacing, while ke
ing fixed the physical quantity used to set the strange-qu
mass, induced approximatively a615% variation inam̃s .
One can also imagine doing the reverse, i.e. holding the

s

17Some of the baryons considered in Ref.@74# would give lattice
spacings outside our67%. However, these particles are more su
ceptible, than the particles we are studying here, to systematic
fects, such as those associated with the finite volume of the lat
1-15
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tice spacing fixed while varying the observable used to
the strange-quark mass. For instance, we could have use

K* or f meson masses to fixam̃s , instead ofmK . Let us
denote the resulting values of the strange quark mass
am̃s(mK* ), etc. Due to quenching and other systematic
fects, the values obtained may differ.

To estimate these differences, we turn to the literature
Ref. @75#, where the determination of quark masses with d
ferent fermionic actions is reviewed thoroughly, Bhat
charya and Gupta conclude that for mean-field-improved
actions such as ours,am̃s(mf)/am̃s(mK).1.2, a statemen
that they find depends very little on the gauge couplingb, at
least in a range that covers our two simulations. This resu
obtained with the lattice spacing fixed by the mass of thr
meson. With the lattice spacing set in this way, it is straig
forward to show thatam̃s(mK* ).am̃s(mf). This follows
from the observed linear behavior of the light vector mes
masses and the fact thatmr.2mK* 2mf in nature. The pic-
ture changes when the value of the lattice spacing dif
from the one given by the mass of ther, a(mr). In the
present case, however, the values of the lattice spacing
we use appear to be consistent, within errors, with the va
of a(mr) that can be inferred from Ref.@75#. Thus, we con-
sider that the 20% upward variation inam̃s described in Ref.
@75# is a reasonable estimate of the uncertainty associ
with the different possible choices of an observable to fix t
mass. The changes that this variation induces in our res
are reflected in the seventh error on the quantities in Ta
VII, VIII, and IX.

F. Quenching errors

Quenching effects for the quantities of interest here h
been studied using quenched chiral perturbation theory@69#.
They are typically a few percent for theB parameters if the
theory’s couplings are constrained by large-Nc arguments
and by the reasonable range of Ref.@69#, and larger outside
these ranges. Recent results for the decay constants, obt
with two flavors of dynamical quarks (nf52), show little
variation in f Bs

/ f B compared to its quenched value@38–41#.
The authors of Ref.@38# find that this ratio is enhanced b
(563)% in their calculation with light dynamical quarks
Thus, if quenching effects on theB parameters are smal
commensurate variations onr sd andj are expected. For the
decay constants ofB (Bs) mesons, quenching effects appe
to be significant@38–41#. For instance, the authors of Re
@38# find that these decay constants are enhanced by
~14%! when light-quark loops are included, with a statistic
significance of 2 to 3 standard deviations. For theD (Ds)
mesons, the effect is of 3%~7%! and consistent with zero
within roughly one standard deviation. These latter res
suggest that quenching errors, at least on theB-meson decays
constants, may be reduced by normalizing these const
with f Ds

. The reduction of quenching effects is about 7% a
the remaining effects become consistent with zero. To
extent that quenching errors on theB parameters are negli
gible, all of these considerations carry over to the quanti
in Table IX, which are proportional to decay constants.
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should be remembered, however, that the real world ha
third dynamical light quark and the effects discussed ab
may be amplified.

A thorough estimate of quenching effects for all of th
quantities that we calculate would require a dedicated
quenched simulation, which is beyond the scope of this
per. Therefore, we do not attempt to quantify these effe
specifically. Nevertheless, as we mentioned in the two pre
ous sections, the uncertainties in the lattice scale and in
strange quark mass are, at least in part, quenching effec

VIII. FINAL RESULTS AND DISCUSSION

Because of the excellent consistency of the results
BBs

, BBd
, BBs

/BBd
, and f Bs

/ f Bd
at the two lattice spacings

and because we cannot perform a continuum extrapola
with only two points, we take the results from the finer la
tice atb56.2, which should have smaller discretization a
matching uncertainties, to be our best estimates.

For theSU(3)-breaking ratior sd, we also have a choice
between the ‘‘direct’’ and ‘‘indirect’’ approaches described
the Introduction. While both methods give results that a
compatible at the two values of the lattice spacing, the ‘‘
rect’’ method leads to larger variations with lattice spaci
and significantly larger statistical errors. Furthermore, as
cussed in Secs. V and VI, the light- and heavy-quark-m
extrapolations are better behaved in the ‘‘indirect’’ metho
Therefore, we taker sd ~andj! obtained with the ‘‘indirect’’
method atb56.2 as our best estimate for this quantity.

A summary of our results for quantities directly releva
for B2B̄ mixing is given in Eq.~8!. These results are com
patible with previous calculations of some or all of the
quantities, which were performed using less improved re
tivistic fermion actions@13,23#, as well as with the recen
calculation of Ref. @24#, which makes use of a non
perturbatively,O(a)-improved, Sheikholeslami-Wohlert ac
tion. While the decay constants in Ref.@24# are non-
perturbatively improved,18 B parameters and four-quar
matrix elements are not. Thus, for those quantities, the
cretization accuracy of that calculation is formally the sa
as ours. Moreover, the authors of Ref.@24# do not investigate
cutoff dependence, as we do here with our two lattice sp
ings. Our results are also consistent, once systematic e
are taken into account, with the NRQCD results of Re
@25,26#, whoseB parameters are 7–10% smaller than our

For the decay constants and quantities proportiona
them, the situation is less favorable than forB parameters
andSU(3)-breaking ratios. We do observe a two-statistic
standard-deviation dependence on lattice spacing, indica
that discretization errors are more important for here.
quantify these discretization effects, as described in S
VII A. The corresponding uncertainty atb56.0 is large
enough to bridge the gap between the results forB-meson
decay constants at the two lattice spacings. ForD-meson
decay constants, agreement requires that one

18Almost; the authors actually use the perturbative value ofbA .
1-16
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take into account the statistical error on theb56.2 results.
So we take as our best estimates the results from the
lattice, which in principle have smaller discretization a
matching uncertainties, confident that our errors are a rea
able estimate of the uncertainty associated with our fix
lattice-spacing calculations. In the future though, whenf DS

is
accurately measured experimentally, it will be advantage
to consider the values of these quantities in units of t
decay constant. With this normalization, the discrepanc
between the results atb56.2 and 6.0, as well as the size
systematic~and statistical! errors, are significantly reduced
as can be seen in Tables VII and IX.

Our results for the decay constants are summarized in
~9!. They are compatible with other recent calculations in
quenched approximation@32–36,38,39#, as reviewed in Ref.
@44,46,47#. A very recent, non-perturbativelyO(a)-improved
calculation by the UKQCD Collaboration@37# yields f Bs

and

f B which are over two statistical standard deviations hig
than our results. The authors of Ref.@37# use the scaler 0
@76# to set the inverse lattice spacing,a21, which gives an
a21 at the top of our range. They further use the prelimina
non-perturbative values ofbA obtained in Refs.@77,78# and
the non-perturbative values ofcA obtained in Ref.@79#.19

Agreement with our results is recovered, nonetheless, w
systematic errors are considered. ForD-meson decay con
stants, their results agree with ours within statistical erro

All of our results are obtained in the quenched appro
mation. Some of the error resulting from this approximati
is accounted for by the variations that the uncertainties in
lattice spacing and the strange quark mass induce, since
uncertainties are, at least in part, quenching effects. H
ever, a thorough estimate of quenching effects for all
quantities that we consider here would require a dedica
unquenched simulation, which is beyond the scope of
paper.

IX. CONCLUSION

We have reported on high statistics, quenched lattice
culations of matrix elements relevant for neutral meson m

19The authors of Refs.@77,78# have since finalized their determ
nations ofbA , as well as those ofcA @80#. The authors of Ref.@37#
are currently reviewing their analysis of decay constants to inc
porate, among other considerations, this new information@81#.
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ing, and leptonic decays ofB andD mesons. We use mean
field-improved Sheikholeslami-Wohlert actions to descr
quarks and work at two values of the lattice spacing.
have performed an extensive study of systematic errors
we believe that our final results, presented in Eqs.~8!, ~9!,
and ~10!, carry errors that reflect conservatively the unc
tainty associated with our fixed lattice spacing calculation

Our results for neutralB-meson mixing are compatible
with the results of other calculations of some or all of t
quantities we consider@13,23–26#, as well as with the world
averages of Refs.@17,42–47#. The same is true of our result
for the decay constants, which are compatible with ot
modern, quenched determinations@32–36,38,39# and the
world averages of Refs.@17,42–47#.

Finally, it should be emphasized that all of these resu
are obtained in the quenched approximation. They includ
quenching error only to the extent that the variations in
lattice spacing and strange quark mass that we account
are quenching effects. It is worth noting that when dime
sionless quantities are considered, such asB parameters,
SU(3)-breaking ratios or quantities normalized byf DS

, a
number of systematic uncertainties, including possibly th
associated with quenching, partially cancel. Nevertheles
thorough quantification of these effects for neutralB-meson
mixing matrix elements would require a dedicated u
quenched simulation, which is beyond the scope of this
per. It is important that such a study be undertaken. T
pioneeringnf52 studies of decay constants@38–41# are a
first step in this direction.
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