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Weak annihilation in the rare radiative B\rg decay
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The amplitude of theB→rg decay induced by the flavor-changing neutral currents contains the penguin
contribution and the weak annihilation contribution generated by the 4-quark operators in the effective Hamil-
tonian. The penguin contribution is known quite well. We analyze the weak annihilation which is suppressed
by the heavy-quark mass compared to the penguin contribution. In the factorization approximation, the weak
annihilation amplitude is represented in terms of the leptonic decay constants and the meson-photon matrix
elements of the weak currents. The latter contain theBg, rg transition form factors and contact terms
determined by the equations of motion. We calculate theBg and rg form factors within the relativistic
dispersion approach and obtain numerical estimates for the weak annihilation amplitude.
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I. INTRODUCTION

The investigation of rare semileptonicB decays induced
by the flavor-changing neutral current transitionsb→s and
b→d represents an important test of the standard mode
its extensions. Rare decays are forbidden at the tree lev
the standard model and occur through loop diagrams. T
they provide the possibility to probe the structure of the el
troweak sector at large mass scales from contributions
virtual particles in the loop diagrams. Interesting informati
about the structure of the theory is contained in the Wils
coefficents in the effective Hamiltonian which describes
b→s,d transition at low energies. These Wilson coefficien
take different values in different theories with testable co
sequences in rareB decays.

Among rareB decays the radiative decaysb→sg and b
→dg have the largest probabilities. Theb→sg transitions
are Cabibbo-Kobayashi-Maskawa~CKM! favored and have
larger branching ratios than theb→dg transitions. Theb
→sg transition has been observed by CLEO in the exclus
channelB→K* g in 1993 and measured inclusively in 199
The B→rg decay will be extensively studied by BaBar an
BELLE.

The main uncertainty in the theoretical analysis ofB de-
cays is connected with long-distance QCD effects aris
from the presence of hadrons in initial and final states.
inclusive decays these effects are under better control, h
ever, from inclusive measurements it is more difficult to o
tain precise results.

The decay amplitude contains two different contributio
one arising from the electromagnetic penguin operator
another from the 4-fermion operators in the effective Ham
tonian. One of the effects generated by the 4-fermion op
tors is weak annihilation~WA!. Further details about short
and long-distance effects in the radiative decays can
found in recent publications@1–4# and references therein.

In the B→K* g decay the weak annihilation is negligib
compared to the penguin effect: it is suppressed by two p
ers of the small parameterl.0.2 of the Cabibbo-Kobayashi
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Maskawa matrix. InB→rg both effects have the same ord
in l and must be taken into account.

The penguin contribution has been analyzed in sev
ways and is known quite well. On the other hand, the WA
B→rg has been studied in less detail: the relevant fo
factors were analyzed within sum rules@5,6# and perturbative
QCD @7#. However, some contributions to these form facto
were neglected. These contributions may be relevant if p
cise measurements become available.

The aim of this paper is to analyze the weak annihilat
for the B2→r2g decay more closely.

In the factorization approximation, the weak-annihilatio
amplitude can be represented as the product of meson
tonic decay constants and matrix elements of the weak
rent between meson and photon. The latter contain
meson-photon transition form factors and contact ter
which are determined by the equations of motion. The p
ton can be emitted from the loop containing theb quark
which is described byBg transition form factors. It can also
be emitted from the loop containing only light quarks d
scribed by therg transition form factors~Fig. 1!.

We calculate theBg form factors within the relativistic
dispersion approach which expresses these form factor
terms of theB meson wave function. We demonstrate that t
form factors calculated by the dispersion approach behav
the limit mb→` in agreement with perturbative QCD. TheB
meson wave function was previously tested in theB→ light
meson weak decays and is known quite well, allowing us
provide reliable numerical estimates for theBg form factors.

FIG. 1. Diagrams describing the weak annihilation process
B→rg in the factorization approximation:~a! The photon is emit-
ted from the loop containing theb quark,~b! the photon is emitted
from the loop containing only light quarks.
©2001 The American Physical Society06-1
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The rg transition form factor is related to the divergen
of the vector and axial-vector currents. In the case of
axial-vector current it is proportional to the light-qua
masses if the classical equation of motion is applied.
cause the quark momenta in the loop are high, these ma
have to be identified with current quark masses. For
reason the correspondingrg form factor was neglected in
previous analyses@1,5#. We find however that this argumen
is not correct: this form factor remains finite in the limit o
vanishing light quark massm→0 and behaves like
;M r f r /MB

2 which means the violation of the classical equ
tion of motion. We present the result for therg transition
form factor but leave a detailed discussion of the anom
appearing for the matrix element^rgu]nAnu0& for a special
publication.

Finally, we provide numerical estimates of the wea
annihilation amplitude taking into account theBg, rg tran-
sition form factors, and the contact term contributions.

In Sec. II the effective Hamiltonian for theb→d transi-
tion and the general structure of the amplitude are presen
In Sec. III we discuss the photon emission from theB meson
loop and obtain theBg transition form factors within the
dispersion approach. Section IV contains results for therg
transition form factors. In Sec. V the numerical estimates
given. The concluding section summarizes our results.

II. THE EFFECTIVE HAMILTONIAN, THE AMPLITUDE
AND THE DECAY RATE

The amplitude of the weak radiativeB→r transition is
given by the matrix element of the effective Hamiltonian f
the b→d transition

A~B→rg!5^g~q1!r~q2!uHeff~b→d!uB~p!&, ~1!

wherep is theB momentum,q2 is ther momentum, andq1

is the photon momentum,p5q11q2 , q1
250, q2

25M r
2 , p2

5MB
2 . The effective weak Hamiltonian has the structure@8#

Heff~b→d!5
GF

A2
j tC7g~m!O7g2

GF

A2
ju@C1~m!O1

1C2~m!O2#, ~2!

where only operators relevant for the penguin and weak
nihilation effects are listed.GF is the Fermi constant,jq

5Vqd* Vqb , Ci ’s are the Wilson coefficients andOi ’s are the
basis operators

O7g5
e

8p2
d̄asmnmb~m!~11g5!baFmn , ~3!

O15d̄agn~12g5!uaūbgn~12g5!bb ,
~4!

O25d̄agn~12g5!ubūbgn~12g5!ba ,

with the following notation:e5A4paem, g55 ig0g1g2g3,
smn5 i @gm ,gn#/2, e0123521 and Sp(g5gmgngagb)
54i emnab, Fmn5]mAn2]nAm .
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The amplitude can be parametrized as follows:

A~B→rg!5
eGF

A2
@eq1e

1* q2e
2*
FPC1 i e2*

ne1*
m~gnmpq1

2pmq1n!FPV#, ~5!

where FPC and FPV are the parity-conserving and parity
violating invariant amplitudes, respectively.e2(e1) is the
r-meson~photon! polarization vector. We use the short-han
notationeabcd5eabmnaabbcmdn for any 4-vectorsa,b,c,d.

For the decay rate one finds

G~B→rg!5
GF

2aem

16
MB

3~12M r
2/MB

2 !3~ uFPCu21uFPVu2!.

~6!

A. The penguin amplitude

The main contribution to the amplitude is given by th
electromagnetic penguin operatorO7g :

Apeng~B→rg!52
eGF

A2
j tC7

mb

2p2
T1~0!@eq1e

1* q2e
2*

1 i e2*
ne1*

m~gnmpq12pmq1n!#, ~7!

whereT1 is the form factor of theB→r transition through
the tensor current@9–11#. The corresponding contribution t
the invariant amplitudes is therefore

FPC
peng5FPV

peng52j tC7

mb

2p2
T1~0!. ~8!

B. The weak annihilation amplitude

The radiativeB→rg transition also receives contributio
from the 4-fermion operatorsO1 and O2. For the charged
B2→r2(q2)g(q1) transition the corresponding amplitud
reads

AWA~B2→r2g!52
GF

A2
ju^r

2~q2!g~q1!ud̄gn

3~12g5!uūgn~12g5!buB2~p!&.

~9!

In what follows we suppress the label WA. Neglecting t
nonfactorizable soft-gluon exchanges, i.e. assuming vacu
saturation, the complicated matrix element in Eq.~9! is re-
duced to simpler quantities—the meson-photon matrix e
ments of the bilinear quark currents and the meson de
constants. The latter are defined as usual

^r2~q2!ud̄gnuu0&5e2n* M r f r , f r.0,

^0uūgng5buB2~p!&5 ipn f B , f B.0. ~10!
6-2
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It is convenient to isolate the parity-conserving contributi
which emerges from the product of the two equal-parity c
rents, and the parity-violating contribution which emerg
from the product of the two opposite-parity currents.

1. The parity-violating amplitude

The parity-violating amplitude has the form

APV~B2→r2g!5
GF

A2
jua1$^r

2gud̄gnuu0&^0uūgng5buB2&

1^r2ud̄gnuu0&^guūgng5buB2&%. ~11!

Herea1 is an effective Wilson coefficient, which we take a
a15C11C2 /Nc at the scale;5 GeV.

The first term is a contact term which can be calcula
using the equations of motion for the quark fields@1#. Setting
mu5md , we find

^r2gud̄gnuu0&^0uūgng5buB2&

5 ipn f B^r2gud̄gnuu0&

5 f B^r2gu]n~ d̄gnu!u0&

5 iee2*
ne1*

mgmnM r f r f B . ~12!

TheB2→g amplitude in the second term of Eq.~11! can be
parametrized as follows:

^g~q1!uūgng5buB2~p!&5 iee1*
mF ~gnmpq12pmq1n!

2FA

MB

2pmq1n

2 f B

MB
22M r

2G . ~13!

It contains the form factorFA(q2
25M r

2), and the contact term
proportional tof B ~the derivation of this relation is given in
the Appendix!.

Summing the contributions of the photon emission fro
theB-meson loop and ther-meson loop gives the amplitud
APV which can be represented in the formAPV5e1*

mTm with
q1

mTm50 as required by gauge invariance. Thus, the we
annihilation contribution to the form factorFPV for the B2

→r2g decay is1

FPV
WA5jua1f rM rF2FA

MB
1

2 f B

MB
22M r

2G . ~14!

The two contact terms which are present in the amplitude
the photon emission from theB meson loop and from the

1We note that for theB1→r1g the term proportional tof B

changes sign~see the Appendix!, and alsoFA
B1

52FA
B2

as can be
obtained from charge conjugation of the amplitudeAPV . For the
B0→r0g decay the term; f B is absent.
09400
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r-meson loop do not cancel each other~we disagree here
with the claim of Ref.@6#! but lead to a nonvanishing con
tribution proportional tof B .

C. The parity-conserving amplitude

This amplitude reads

APC~B2→r2g!52
GF

A2
jua1$^r

2ud̄gnuu0&^guūgnbuB2&

1^gr2ud̄gng5uu0&^0uūgng5buB2&%.

~15!

The B2→g amplitude from the first term in the bracke
contains the form factorFV(q2

25M r
2):

^g~q1!uūgnbuB2~p!&5eenmpq1
e1*

m 2FV

MB
. ~16!

The second term in Eq.~15! can be reduced to the divergenc
of the axial-vector current and contains another form fac
GV : namely,

^0uūgng5buB2&^gr2ud̄gng5uu0&

5 f B^gr2u]nd̄gng5uu0&5e fBGVeq1e
1* q2e

2*
. ~17!

Thus, the weak annihilation contribution toFPC reads

FPC
WA5jua1M r f rF2FV

MB
2

f BGV

M r f r
G . ~18!

Summing up, within the factorization approximation th
weak annihilation amplitude can be expressed in terms of
three form factorsFA , FV , andGV .

III. THE FORM FACTORS F A AND F V

In this section we derive the formulas for the form facto
FA,V within the dispersion approach to the transition for
factors. This approach has been formulated in detail in@10#
and applied to the weak decays of heavy mesons in@11#.
Recall that the form factorsFA,V describe the transition o
the B-meson to the photon with the momentumq1 , q1

250,
induced by the axial-vector~vector! current with the momen-
tum transferq2 , q2

25M r
2 . For technical reasons, it is conve

nient to treat the form factorFA(V) as describing the ampli
tude of the photon-induced transition of theB-meson into a
bū axial-vector~vector! virtual particle with the correspond
ing factor 1/(s2q2

2) in the dispersion integral. Then we ca
directly apply the equations obtained in@10# for the meson-
meson transition form factors.

A. The form factor F A

The form factorFA is given by the diagrams of Fig. 2
Figure 2~a! showsFA

(b) , the contribution to the form factor o
the process when theb quark interacts with the photon; Fig
6-3
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2~b! describes the contribution of the process when the qu
u interacts whileb remains a spectator. One has

FA5FA
(b)1FA

(u) . ~19!

The B2 meson is described by the verte
b̄(kb) ig5u(ku)G(s)/ANc, with G(s)5fB(s)(s2MB

2). The
B-meson wave functionfB is normalized according to th
relation @10#

1

8p2E(mb1mu)2

`

dsfB
2~s!@s2~mb2mu!2#

l1/2~s,mb
2 ,mu

2!

s
51.

~20!

Herel(a,b,c)5(a2b2c)224bc is the triangle function.
It is convenient to change the direction of the quark li

in the loop diagram of Fig. 2~b!. This is done by performing
the charge conjugation of the matrix element and leads
sign change for thegng5 vertex.

Now both diagrams in Figs. 2~a! and 2~b! are reduced to
the diagram of Fig. 3 which defines the form fact
FA

(1)(m1 ,m2): Setting m15mb , m25mu gives FA
(b) : FA

(b)

5QbFA
(1)(mb ,mu). Similarly, setting m15mu , m25mb

gives FA
(u) , FA

(u)52QuFA
(1)(mu ,mb). For the diagram of

Fig. 3 ~quark 1 emits the photon, quark 2 is the spectator! the
trace reads

2Spig5~m22 k̂2!gng5~m11 k̂18!gm~m11 k̂1!

54i ~k11k18!m~m1k21m2k1!n14i ~gmnqa2gmaqn!

3~m1k21m2k1!a .

The spectral density of the form factorFA
(1)(m1 ,m2) in the

variablep2, p5k11k2, is the coefficient of the structuregmn

obtained after the integration of the trace over the qu

FIG. 2. Diagrams for the form factorFA : ~a! FA
(b) , ~b! FA

(u) .

FIG. 3. The triangle diagram forFA
(1)(m1 ,m2). The cut corre-

sponds to calculating the imaginary part in the variablep2.
09400
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phase space. Performing necessary calculations, we arri
the following single dispersion integral:

2

MB
FA

(1)5
ANc

4p2E(mb1mu)2

` dsfB~s!

~s2M r
2!

3H Fm1logS s1m1
22m2

21l1/2~s,m1
2 ,m2

2!

s1m1
22m2

22l1/2~s,m1
2 ,m2

2!
D

1~m22m1!
l1/2~s,mb

2 ,mu
2!

s G
1

1

pq1
Fl1/2~s,mb

2 ,mu
2!

2s

2m1
2logS s1m1

22m2
21l1/2~s,m1

2 ,m2
2!

s1m1
22m2

22l1/2~s,m1
2 ,m2

2!
D G J .

~21!

For q1
250 one haspq15(MB

22M r
2)/2.

Now, let us analyze the behavior of the form factor in t
limit mb→`. To this end it is convenient to rewrite the spe
tral representation~21! in terms of the light-cone variables a
follows ~see@12# for details!:

2

MB
FA

(1)~m1 ,m2!5
ANc

4p2E dx1dx2dk'
2

x1
2x2

d~12x12x2!

3
fB~s!

s2M r
2 $m1x21m2x12~m12m2!

3k'
2 /pq1%. ~22!

Herexi is the fraction of theB-meson light-cone momentum
carried by the quarki, ands5m1

2/x11m2
2/x21k'

2 /x1x2. For
the form factorsFA

(u) andFA
(b) one obtains

2

MB
FA

(u)52Qu

ANc

4p2E dxdk'
2

xu
2xb

fB~s!

s2M r
2

3H muxb1mbxu1
2~mb2mu!k'

2

MB
22M r

2 J ,

2

MB
FA

(b)5Qb

ANc

4p2E dxdk'
2

xb
2xu

fB~s!

s2M r
2

3H mbxu1muxb1
2~mu2mb!k'

2

MB
22M r

2 J ,

with

s5
mb

2

xb
1

mu
2

xu
1

k'
2

xuxb
. ~23!
6-4
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Let us recall that theB-meson decay constant has the follo
ing representation in terms of the wave function@10#:

f B5
ANc

4p2E dxdk'
2

xuxb

fB~s!

s2M r
2 $muxb1mbxu%. ~24!

Due to the wave functionfB(s), the integral in the heavy
quark limit is dominated by the regionxu5L̄/mb , xb51
2L̄/mb , where L̄ is a constant of orderMB2mb . This
leads to the following expansion of the form factors in t
1/mb series:

2

MB
FA

(u)52Qu

f b

L̄mb

1 . . .

~25!
2

MB
FA

(b)5Qb

f b

mb
2

1 . . . .

Clearly, the dominant contribution in the heavy quark lim
comes from the process when the light quark emits the p
ton, whereas the emission of the photon from the he
quark gives only a 1/mb correction. The expressions~25! for
the form factorFA

(u) agree with the result of Ref.@7#, while
we have found a different sign forFA

(b) .

B. The form factor F V

The consideration of the form factorFV is very similar to
the form factorFA . FV is determined by the two diagram
shown in Fig. 4: Fig. 4~a! givesFV

(b) , the contribution of the
process when theb quark interacts with the photon; Fig. 4~b!
describes the contribution of the process when the quau
interacts. One has

FV5FV
(b)1FV

(u) . ~26!

It is again convenient to change the direction of the qu
line in the loop diagram of Fig. 4~b! describingFV

(u) by per-
forming the charge conjugation of the matrix element. F
the vector currentgn in the vertex the sign does not chan
~in contrast to thegng5 case considered above!.

Then both diagrams in Figs. 4~a! and 4~b! are reduced to
the diagram of Fig. 5 which gives the form facto
FV

(1)(m1 ,m2): Setting m15mb , m25mu gives FV
(b) : FV

(b)

5QbFV
(1)(mb ,mu); setting m15mu , m25mb gives FV

(u) ,
FV

(u)5QuFV
(1)(mu ,mb). The trace corresponding to the di

gram of Fig. 4~1, active quark; 2, spectator! reads

FIG. 4. Diagrams for the form factorFV : ~a! FV
(b) , ~b! FV

(u) .
09400
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2Spig5~m22 k̂2!gn~m11 k̂18!gm~m11 k̂1!

524enmaq1
~m1k21m2k1!a .

The spectral representation for the form factor takes the fo

2

MB
FV

(1)5
ANc

4p2E(mb1mu)2

` dsfB~s!

~s2M r
2!

3H ~m22m1!
l1/2~s,mb

2 ,mu
2!

s

1m1logS s1m1
22m2

21l1/2~s,m1
2 ,m2

2!

s1m1
22m2

22l1/2~s,m1
2 ,m2

2!
D J .

To analyze the heavy quark limitmb→` we again represen
the form factor in terms of the light-cone variables

2

MB
FV

(1)52
ANc

4p2E dx1dx2dk'
2

x1
2x2

d~12x12x2!
fB~s!

s2M r
2

3~m1x21m2x1!. ~27!

For FV
(u) andFV

(b) the corresponding expressions read

2

MB
FV

(u)52Qu

ANc

4p2E dxdk'
2

xu
2xb

fB~s!

s2M r
2 $muxb1mbxu%,

2

MB
FV

(b)52Qb

ANc

4p2E dxdk'
2

xb
2xu

fB~s!

s2M r
2 $mbxu1muxb%.

By the same procedure as used forFA , we obtain in the limit
mb→`

2

MB
FV

(u)52Qu

f b

L̄mb

1 . . .

~28!

2

MB
FV

(b)52Qb

f b

mb
2

1 . . . .

FIG. 5. The triangle diagram forFV
(1)(m1 ,m2). The cut corre-

sponds to calculating the imaginary part in the variablep2.
6-5
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The dominant contribution in the heavy quark limit aga
comes from the process when the light quark emits the p
ton. Now both form factorsFV

(u) and FV
(b) in Eqs. ~28! per-

fectly agree with the expansions obtained in@7#.
As seen from Eqs.~25! and~28!, one findsFA5FV in the

heavy quark limit, in agreement with the large-energy eff
tive theory@13#.

IV. THE FORM FACTOR GV

The form factorGV is determined by the divergence o
the matrix element of the charged current between
vacuum and ther2g state,

ipn^g~q1!r2~q2!ud̄gng5uu0&5eGVeq1e
1* q2e

2*
. ~29!

The corresponding diagrams are shown in Fig. 6. If the c
sical equations of motion are applied, the form factorGV is
proportional to the light-quark masses. This is the rea
why this form factor was neglected in previous analys
@1,5#. However, a proper calculation shows that this arg
ment is not correct: in fact the classical equations of moti
do not hold and the divergence contains the anomaly.

The anomalous behavior of the divergence of the ax
vector current in the chiral limit is a well-known phenom
enon discovered in the two-photon amplitu

^ggu]nq̄gng5qu0& @14#. A very clear way to demonstrate th
anomaly is to start with the matrix element of the axial ve
tor current and to calculate the spectral representations
the relevant form factors. The anomaly is then obtained
performing the divergence at the final stage of the calcula
@15#. A similar treatment applied to the matrix eleme

^gr2ud̄gng5uu0& leads to the form factorGV which does not
vanish in the limitm→0. We will present a detailed discus
sion of the anomaly in radiativeB decays in a separate pub
lication @16#. Here we only quote the final result: considerin
the spectral representation in the variableq2

2 and introducing
the appropriater-meson radial wave functioncr(s), one
finds the following expression for the form factorGV :

FIG. 6. Diagrams describing the amplitud

^g(q1)r2(q2)ud̄gng5qu0&, p5q11q2 , p25MB
2 . The diagram~a!

is multiplied by thed-quark charge, and the diagram~b! is multi-
plied by theu-quark charge. The cut corresponds to the calculat
of the imaginary part in the variableq2

2.
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GV5ANc~Qu1Qd!F2
MB

2

4p2E dscr~s!~s2M r
2!

~s2MB
22 i0!2 G .

~30!

cr(s) is normalized according to the relation~for massless
quarks!

1

8p2E0

`

dssucr~s!u251. ~31!

Clearly,GV is finite for m50 which means a violation of the
classical equations of motion for the axial-vector curre
Equation~30! describes the anomaly which takes place
thegr final state as well as for thegg one. There is howeve
an important difference between the two cases: For thegg
final state the divergence remains finite in the limitm→0
and p25MB

2→`. For therg final state the divergence i
finite for m→0 but decreases as 1/p2 for p2→`. It is con-
venient to introduce the parameterk such that

GV5~Qu1Qd!k
M r f r

MB
2

, ~32!

with k staying finite form50 andMB→`.

V. NUMERICAL ESTIMATES

Let us write once more the penguin and the weak ann
lation contributions to theB2→r2g amplitude:

FPV
peng5FPC

peng52j tC7

mb

2p2
T1~0!,

FPV
WA5jua1M r f rF2FA

MB
1

2 f B

MB
22M r

2G ,

~33!

FPC
WA5jua1M r f rF2FV

MB
2

f BGV

M r f r
G .

The scaling behavior of the form factors in the limitMB
→` reads

T1~0!;MB
23/2 @17#, FA,B;MB

21/2, GV;MB
22

~34!

such that

Fpeng;MB
21/2, FPV,PC

WA ;MB
23/2. ~35!

The terms proportional to f B ( f B;1/AMB) are
1/MB-suppressed compared with the terms containingFA,V .
As we see below numerically this leads to a suppression b
factor of 425.

We now proceed to numerical estimates for theB-meson
decay. The scale-dependent Wilson coefficientsCi(m) and
a1(m) take the following values at the renormalization sca
m.5 GeV @8#:

n

6-6
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C151.1, C2520.241, C7g520.312,

a15C11C2 /Nc.1.02. ~36!

The penguin form factor was previously calculated with

the dispersion approach with the resultT1
B2→r2

(0)50.27
60.3 @11#. Using the same parameters and theB meson wave
function as in@11# we obtain the form factorsFA,B shown in
Table I. Our result for the form factorFV is in good agree-
ment with the estimates from other approaches. The fo
factor FA agrees well with the constraints from perturbati
QCD and turns out to be considerably larger than the co
sponding sum rule estimate.

The value of theGV is sensitive to the details of ther
meson wave functioncr . The reason for that is the presen
of the term (s2M r

2) in the integrand in Eq.~30! which
changes sign in the integration region. Assumingcr(s)
.b2/(b21s)2 and settingb50.8 GeV, which gives a good
description of ther meson radius, leads tok521.8. Con-
servatively, we take2k,2.0 and use this value for furthe
estimates. The form factorGV does not contribute more tha
a few % to the full amplitude, but can sizably correct t
weak-annihilation part.

Using the obtained form factors and the decay consta
f B50.18 GeV,f r50.21 GeV we arrive at the following es
timates@we show contributions of different terms in Eq.~33!
separately#:

Fpeng520j t MeV,

FPV
WA5$27.8 ~cont. of FA!12.2 ~cont. of f B!%ju MeV

525.6ju MeV ~37!

FPC
WA5$26.0 ~cont. of FV!10.7~cont. of GV!%ju MeV

525.3ju MeV.

Taking into account errors in the form factors, for the rat
of the weak-annihilation to the penguin amplitudes we fin

parity-violating: FPV
WA/FPV

peng.2~0.2860.025!ju /j t ,
~38!

parity-conserving: FPC
WA/FPC

peng.2~0.2560.025!ju /j t .

TABLE I. Results for the weak-annihilation form factorsFA ,
FV andGV for theB2→r2g decay. The accuracy of our estimat
is about 10%. The sum rule results are recalculated from@6# accord-
ing to the relationFA,V52F1,2

SRMB / f r2. The results from@7# are

recalculated according toFA,V52
1
2 f A,V @7# for L̄50.5 GeV.

Dispersion Approach SR@6# pQCD @7#

2FA 0.120 0.073 .0.09
2FV 0.092 0.091 .0.09
2GV ,0.004
09400
m

e-

ts

s

In the standard modeluju /j tu.0.4.
For comparison, sum rules reported the ratioFWA/Fpeng

.20.3ju /j t @6#. Our results for bothFpeng and FWA agree
well with the sum rule estimates@6#. We would like to notice,
however, that the anatomy ofFWA in our analysis is different.
For instance, we have foundFA to be considerably large
than the sum rule result. But after including the contact te
; f B , we have come toFPV

WA close to the sum rule estimate
The calculated form factors and the ratios of the we

annihilation to the penguin amplitudes is one of the nec
sary ingredients for the calculation of the branching ratios
theB→rg decays, isospin andCP asymmetries. In addition
to the above ratios, these quantities contain the phase
duced by the strong interactions and theCP-violating phase
of the CKM matrix~see@3,4# for details!. The corresponding
analysis was done recently in@3# using the valueFWA/Fpeng

.20.3ju /j t .

VI. CONCLUSION

We have analyzed the weak annihilation for the radiat
decayB2→r2g in the factorization approximation.

~i! We have calculated the form factorsFA and FV de-
scribing the photon emission from theB meson loop within
the relativistic dispersion approach. We have performed
1/mb expansion of the form factors and demonstrated that
form factors of the dispersion approach exhibit a behavio
agreement with the large-energy limit of QCD.

~ii ! We have analyzed the contribution to the weak an
hilation amplitude from the diagram when the photon
emitted from the loop containing only light quarks. For th
parity-conserving process this quantity is related to the div
gence of the axial-vector current

^g~q1!r2~q2!u]nd̄gng5uu0&

5eeq1e
1* q2e

2*
~Qu1Qd!k f rM r /MB

2 ~39!

with k staying finite in the chiral limitm→0. This result
means the violation of the classical equations of motion a
represents an anomaly which has the same origin as
anomaly of the matrix element^g(q1)g(q2)u]mAmu0&. The
value of k is found to be sensitive to subtle details of th
r-meson wave function. Conservatively, we estimateuku
&1.

~iii ! We have also included contact terms which we
missed in some of the previous analyses. Numerical e
mates for the weak annihilation contribution to theB2

→r2g amplitude are given in Eq.~38!.
It was noticed in@5# that the weak annihilation mecha

nism is crucial for theD→rg decays in which it dominates
over the penguin mechanism. It is therefore very import
to take into account all the contributions to the weak ann
lation amplitude listed above for a proper description of t
rare radiativeD decays.
6-7
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APPENDIX: TRANSVERSITY OF THE PARITY-
VIOLATING AMPLITUDE

The parity-violating amplitude~11! is given by the sum of
the two terms

APV~B2→rg2!;A1
PV1A2

PV ~A1!

where A1
PV5^r2(q2)ud̄gnuu0&^g(q1)uūgng5buB2(p)& and

A2
PV5^r2(q2)g(q1)ud̄gnuu0&^0uūgng5buB2(p)&.
~i! We start with A1

PV . Let us write

^g(q1)uūgng5buB2(p)&5ee1*
mTmn

B with

Tmn
B ~p,q!5 i E dxeiqx^0uT„Jm~x!,ūgng5b…uB2~p!&,

~A2!

whereJm(x)5 2
3 ūgmu2 1

3 d̄gmd2 1
3 b̄gmb is the electromag-

netic quark current. The amplitude has the following Lore
structure:

Tmn
B 5 i ~gmnpq12pmq1n!F1A~q1

2!

1 i ~q1
2pm2pq1q1m!q1nF2A~q1

2!

1 i ~q1
2pm2pq1q1m!pnF3A~q1

2!1
ipmpn

pq1
C,

~A3!

whereC is the contact term. The contact term can be de
mined using the conservation of the electromagnetic cur
]mJm50, which leads to the relation

qmTmn
B ~p,q!52^0u@Q̂,d̄gng5u#uB2~p!&

5 iQBf Bpn52 i f Bpn ~A4!

for the B2 meson. This givesC52 f B . For the radiative
decayq1

250, so we find
09400
st

-

z

r-
nt

A1
PV5 ie frM re1*

me2*
nH ~gmnpq12pmq1n!F1A~0!

2pmpn

2 f B

MB
22M r

2J
5 ie frM re1*

me2*
nH ~gmnpq12pmq1n!F1A~0!

2pmq1n

2 f B

MB
22M r

2J . ~A5!

~ii ! Using the equation of motion for the quark field
(Qu52/3e, Qd521/3e)

ign]nq~x!5mq~x!2QqAngnq~x!,
~A6!

i ]nq̄~x!gn52mq̄~x!1QqAnq̄~x!gn,

one obtains forA2
PV

A2
PV5 ipn f B^r2gud̄gnuu0&5 f B^r2gu]n~ d̄gnu!u0&

52~Qd2Qu!e^r2guAnd̄gnuu0&

5ee1*
me2*

ngmn f rM r f B1O~mu ,md!. ~A7!

~iii ! For the sum we find

A1
PV1A2

PV5 ie fr f BM re1*
me2*

n~gmnpq12pmq1n!

3FF1A~0!1
2 f B

MB
22M r

2G ~A8!

and obtain the relation~14! after settingF1A52FA /MB .
~iv! In the general case, one obtains

APV~B→rg!5 ie fr f BM re1*
me2*

n~gmnpq12pmq1n!

3F2FA
B~0!

MB
2

2 f BQB

MB
22M r

2G , ~A9!

whereQB is the charge of theB meson. Hence, for theB0

→rog decay the contact term is absent. Notice also t

FA
B1

52FA
B2

as can be obtained by the charge conjugation
the parity-violating amplitudeAPV.
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