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A number of recent determinations iy using hadronicr decay data involve inclusive analyses based on
the so-called K,0) spectral weights. We show here that the OPE representations of the longitudinal contribu-
tions appearing in these analyses, which are already known to be poorly converging, have in addition an
unphysicak dependence that produces a significant unphysical decreasenith increasingk. We also show
how, using additional sum rule constraints, the decay constants of the excited resonances in the strange scalar
and pseudoscalar channels may be determined, allowing one to evaluate the longitudinal spectral contributions
to the (k,0) sum rules. Taking into account the very accurately knawandK pole contributions, we find that
longitudinal contributions can be determined with an accuracy at the few percent level, and hence reliably
subtracted, leaving an analysis fog involving the sum of longitudinal and transverse contributions, for which
the OPE representation is much better converged.
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[. INTRODUCTION where (y) indicates additional photons or lepton pairs, can
be expressed in terms of weighted integrals over the $pin
The determination of the strange quark magshas been =0 (longitudina) andJ=1 (transversgcomponents of the
the focus of much recent activity in both the sum ridle 14  corresponding V or A spectral functiorj22], where the
and latticel 15—18 communities(A summary of the current spectral functions are defined, as usual, by
status of both the sum rule and lattice determinations is given
in Ref.[19].) 1
Among the sum rule approaches, those based on flavor Pi(JJ;)VyA(qz)E;'mni(JJ;)V'A(qz)' 2
breaking in hadronie decay]5—14] appear the most reliable
at present. There are two reasons for this statement. First, QA Eq. (2), Hi(jJ_)VA are the spinJ scalar components of the
the experimental side, the spectral data required is knowgsyal flavorij V, A current-current correlators,
over the full kinematic range entering the relevant sum rules
[20,21] and, second, on the theoreti¢aperater product ex- .
pansion(OPB] side, flavor-independent instanton and renor- if d*x€ (0| T[J4., A3y A(0)1]0),
malon effects, which create potential uncertainties in analy-
ses of the strange scalar and pseudoscalar chafhald], =(—0""q?+q*g") IR, A(0%) + g I, A(G2).
cancel in forming the flavor-breakingdecay differencg7]. 3)
The 7 decay sum rules are, however, not without complica-
tions. The primary complication has to QO vyith the beh,aViorWorking with the combinationsI1©*(g?)=11©)(q?)
o_f the OPE representatlon_of the con'_[rlbunons t(_) the |nclu—+H(1)(q2) andq?11(®)(g?) which have no kinematic singu-
sive decay rate of hadronic states with total spi0. In larities, R, 4 can then be writtefi23,24
order to elaborate on this point, and to fix terminology and VA '
notation, we briefly review the relation o to hadronicr 5 2
decay. Can 2 o (m2ds( s
Y- . ) ) i Rij.v.a=12mSegw Vi) f —2( 1 —2>
The ratio of the inclusive hadronicdecay width through 0 m: m?
the flavorij =ud or us vector (V) or axial vector(A) weak

hadronic current to the corresponding electron decay width: S| (0+1 2s o
| | 12— [ VA9 = —5 A a(s)
mT T
I'[7~—v;hadrongya(y)]
Rijv.a= — , 1) ds s\?
T[7 —v.e ve(7)] =6wsEW|vi-|2i§3 asf,_ s
P Sigmmm2l T m?
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where s=q°=—Q?, Sgy=1.0194 represents the leading  Equation(6) [corresponding to the (0,0) spectral weigjht
electroweak correction$§25], V;; are the usual Cabibbo- and/or its k,0) generalizations, would allow a straightfor-
Kobayashi-MaskawdCKM) matrix elements, and the sec- ward determination ofng, provided the OPE representations
ond line follows from the first as a consequence of Cauchy’'sf both theJ=0+1 andJ=0 contributions above were well
theorem. The second line of Eq&l) allows R;j;.y 5 to be  converged at scalmi. Unfortunately, it turns out that this is
evaluated using techniques based on the OPE and perturbget the case. The problem lies with the OPE contribution
tive QCD [22-24,26,2T. The weightswr(y)=(1-y)*(1  involving the producw{®(y)IT(©)(s). We refer to these con-
+2y) andw, (y)=—2y(1-y)? (with y=s/m?) multiply-  tributions as “longitudinal’ in what follows.

ing IT®*Y) and I1(®), respectively, havédouble zeros ats The source of the problem is that the perturbative series
= mf, reflecting the fact thas= mf lies at the edge of had- for the integratedD =2 longitudinal contributior{fwhich is
ronic phase space. The resulting suppression of contributioriown to four loops, i.e.O(ag) [28,29] is not convergent
from the region of the circular contour near the timelike realat the scalemf [6,7,30. This is true whether one considers
axis (the region of potential breakdown of the OPi& re-  the “fixed order” (FOPT) expansioriexpansion in powers of
sponsible for the high quality of the OPE representation ofy (,?) at a fixed scaleu, e.g.,u=m_], or the “contour-
the inclusive hadronic ratesee Ref[27] for a recent re- improved” expansion(CIPT) [26,31 (in which the large

view). logarithms are summed up by the scale chojcg=Q?
Defining R;j=Rjj.v+ Rjj;a, it is then evident that point-by-point over the contourTaking the unmodified ver-
sion of Eq.(6), corresponding t&k=0 to be specific, one
Rud Rus finds that using the central value of the ALEPH determina-

T

= 2 2 (5 tion, as(m2)= .334, the FOPTD =2 series behaves as
|Vud| |Vus| T

~140.99+1.24+1.59+ - - -, (7)
vanishes in theSU(3) limit. Defining ATTO=118) - 11()
and ApO=pP)—p) the mass-independel=0 contri-  while the corresponding CIPT series behave§243
butions, therefore, cancel by construction on the OPE side of
the sum rule forAR, analogous to Eq4), ~1+0.78+0.78+ 0.90+ - - - ®

1 [where in both cases we have normalized successive terms in
127725ij dy[w(y)ApCTY(s)+w, (y)Ap©(s)] the integrated series to the Ieadin@(ag), term|. The inte-
0 grated longitudinalD=2 series, truncated a(D(ai), also
exhibits a very strong residual scale dependé¢iiteBecause

=6iSgw fﬁ dy[w(y)AIIC*D(s) of the non-convergence and strong residual scale depen-
lyl=1 dence, inclusive sum rules of the type described above con-
+w (Y) ATIO)(s)]. 6) tain significant uncertainties associated with the presence of

the longitudinal contributions. Recent inclusive analyses
[7,9-11,13,14,2l1 proceed by taking the sum dd=2 J
=0+1 andJ=0 contributions tcO(ag). The size of the last
known [O(a?d)] term is taken as an estimate of the=2
the ALEPH Collaboratiorf20,21]. On the OPE side, th® trunca_ltion error. In Ref$7,10,13,14, an additional error has
— 2 contribution is known in terms of. oncem. is fixed: been included to account for the residual scale depende'nce of
T ] s S ' the truncated sum. The scale-dependence error is estimated
the D=4 contribution is known in terms dfmgss); and the  ,y yarying the scale choice in the CIPT evaluation of the
D=6 contribution is small as a result of the cancellationp—» gym according tou?=£2Q2, with .75<¢<2, and
between the dominarD=6 four-quark condensate terms symmetrizing the resulting variation about the central value
which occurs in thev+A sum[5,24]. Alternate sum rules s— 1 The resulting estimated=2 error is much larger than
which also allow the spectral side to be_evaluated usi_ng thénat for the remaining longitudinal terms, and hence domi-
measured-dependentid andus number distributions, with-  nates the error on the total longitudinal contribution. Taking
out necessitating 4=0/J=1 separation of the experimental the results of Ref[10], which gives the detailed breakdown
data, can be constructed by multiplying the integrands apmto individual longitudinal contributions, to be specific, and
pearing on both sides of E(6) by a common analytic factor.  combining the quoted errors in quadrature, one finds errors
For the case that this factor is {ly)ky", the resulting sum of 32%, 34% and 37% for the (0,0), (1,0) and (2,0) total
rule is said to involve thek(n) spectral weight, and the |ongitudinal contributions, respectively. These errors repre-
resulting analogue oAR, is denotedAR™™. The k,0)  sent the dominant component of the total theoretical error in
spectral weight sum rulesvith k=0,1,2) form the basis of a the inclusive analyses.
number of recent inclusive treatments of timg extraction While the errors on the longitudinal contributions dis-
problem[7-11,13,14 We will denote the weights accompa- cussed above might appear safely conservative, we will ar-
nying IT®*Y and 1 in the (,0) sum rules byw{(y)  gue in this paper that they are, in fact, almost certainly too
=(1-y)?2"k1+2y) andw(,_k)(y)z —2y(1—y)2*X respec- small. We will, in addition, demonstrate that the central val-
tively. ues of the OPE contribution thR*® contain an unphysical

Neglectingm? 4 and agm, 4ms relative tom?, the leading
D=2 term is proportional tan? [5,24). The integrand on the
LHS of Eq.(6) is known, as a function of, from the work of
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dependence okwhich produces a corresponding unphysicalwherey,,=s;7m?2. TheV part of this contribution should be
lowering of the extracted value ohs with increasingk. Fi-  dominated by th&? (1430) resonance, since only the tail of
nally, we will demonstrate that it is possible to significantly the next strange scalar resonance, K¢ 1950), lies within
reduce the uncertainties on the total longitudinal contribuype kinematically allowed ranges<m?. Similarly, the A
tions, allowing one to subtract the longitudinal contributions qntribution in Eq. (10) should be dominated by the

from the experimental number distribution and work insteadK(1460)_ TheK and 7 pole longitudinal contributions are
with sum rules for the much better behavet D correlator ¢ course, very accurately known, so it is the absence of an

difference. experimental determination of thé% (1430) andK (1460)

The rest of the paper IS organized as foIIows._In Seq. I W‘.adecay constants which prevents us from performing a reli-
demonstrate the existence of the problem and investigate e longitudinal subtraction

magnitude. In Sec. Il we discuss how to improve the esti- (0) (0) i
mate for the longitudinal contributions using sum rules for Note that becauspusy and pysa are positive and the

8nalogousud resonance contributions are negligible, the lon-
the strange scalar and pseudoscalar channels and present UT dinal resonance contribution of E6L0) is necessaril
numerical results. Finally, in Sec. IV we summarize our re-J y

sults and comment on their implications for future analyseélzc;zﬁglvisa&c;?tggclgenasi,'tﬂgi;“;;CKt'g)nIr%lr;;?gég%?ni?éjt% ns
of mg using 7 decay data. 9 ’

must satisfy the inequality
II. PHYSICAL CONSTRAINTS ON THE LONGITUDINAL

SS
CONTRIBUTIONS T};\(’)\IZE\I(ESEI;ECTRAL WEIGHT [A R(Tk+ 1,0)]rLesonance$ ( 1— St_*;) [A R(Tk,O)]rLesonance
T
If a J=0/J=1 spin decomposition existed for the current =0.873A R(Tk,O)]rLesonance, (11)

experimental data, one could simply subtract the longitudinal

contribution from each bin of the experimentati andus  where the equality would be obtained only if the entire non-
distributions, determing{%,t\, , (), and use this informa- pole us spectral strength lay at threshold in the scalar chan-
tion to analyze the &1, rather than inclusive, sum rules. nel. That both the pole and resonance contributions are de-
Unfortunately, such a decomposition does not yet exist ovegreasing functions ok, of course, also means that theal

the whole of the kinematically allowed range. Certain gen-ongitudinal contribution toAR*? must be a decreasing
eral features of the longitudinal contributions to ¥@ndA  function ofk.

correlators, however, allow us to nonetheless obtain useful The fact that one expects only very small contributions

constraints. o _ from the tails of theK} (1950) andK (1830) resonances, and
In the chiral limit, the longitudinal spectral functions van- nat poth the masses and widths of the (1430) and
ish except for(ot)he(mass(lgs)SW and K pole terms, which 1460) are similar allows us to sharpen considerably the
contribute tol(’éx)d;A and s respectively. Away from the  constraint represented by E@.1). In the narrow width ap-
chiral limit, pj;y, and pjj;, receive additional contributions proximation(NWA), dominance by resonance contributions

proportional, respectively, tang—m;)* and (m;+m;)?. For  atM~1.4 GeV would mean that
ij =ud, these additional contributions are numerically tiny

and can be neglected. Figr=us, the thresholds for the non- M2
pole contributions top'Y\, and p{¥, are (mg+m,)2=s5> [ARY 1’0)][es°”a”°e:( 1— — |[AR{Djesonance
and (my+2m,)?=s3"5, respectively. The sum of the longi- m;
tudinal K and = pole contributions for the k,0) spectral =0.3q AR(kO)jresonance (12)
weight is
) ) 2\ 2+k A more refined version of this estimate is obtained by con-
[AR(k,O)]E+w:48ﬂ_ZSEW (_K) (%)( _ _K) side_ring K3 (1430) andK(1460) Breit-Wigner forms with
T 2)\ m? m? Particle Data Group 200(PDG2000 values for the masses

and widths, and integrating directly over the resonance pro-
2\ [ m2 m2 |2 files. The results of this exercise are that the individual reso-
- F F 1- F ' 9 nance contributions tpA R(Tk'o)]L for k=0,1,2 are in the ra-

T T T tios 1:0.46:0.24 for thej(1430) and 1:0.43:0.20 for the
with f_.=92.4 MeV andfy=113.0 MeV[32]. Thew pole = K(1460). We would thus expect the total resonance contri-
contribution is nearly constant with increasikgthe K pole  butions to[AR(Tk'O)]L to satisfy
contribution slowly decreasing witk The remaining longi-
tudinal contribution, which we will refer to as the “reso- [AR(LOresonance. g 44 A R(0O)jresonance
nance contribution,” is then given by

[A R(TZ,O)][GSOHHHCQ: O.ZZA R(TO,O)]rLesonance:

1
[ARS_k,O)]rLesonance: 127725wa dy2y(1—y)2+k (13)
y
© ;2) Let us now consider the OPE representation of
X[pusvtpusal, (10 [AR%9], | In what follows we will, for convenience, quote
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TABLE |. Comparison of longitudinal and total OPE contributionsM{“® as obtained in Ref10]. The
quoted values ofns(mi) are those obtained in Rgfl0] using the given spectral weighk,0). This means
that the difference between the total longitudinal OPE contribution and the experimentaﬂ&ﬁlﬁ@]e"p is
the value of the 6-1 OPE contribution produced by the giveng(mi). The decrease of the longitudinal
D=2 contributions withk is a reflection of the decrease in the extra(mgdmf) with k; as explained in the
text, for a fixedms(mf), the longitudinalD =2 values would be increasing with The experimental errors
are those of the ALEPH collaboration.

Weight my(m?)(MeV) [ARKOP=2 [ARKOPPE [ARSO]exP
(0,0) 143 0.20%*0.085 0.2740.087 0.394:0.137
(1,0) 121 0.156:0.073 0.22%30.076 0.38%0.078
(2,0) 106 0.126:0.072 0.1990.074 0.37%0.054

the OPE results obtained in R¢fl0], since that reference rejation, ((my+mg)uuy=—1F2m2.t and (iii) (ss)/(uu)

m !

provides a complete breakdown of the individuat © and  —0.8+0.2[10]. The value turns out to be the same for the
longitudinal contributiongin addition to a detailed discus- (0,0), (1,0), and (2,0) spectral weight:0]:
sion of the evaluation of the various contributions, to which
the interested reader is referred for defaiEhe D=2 lon- [ARKO1P=4=0 0726+ 0.0194. (17
gitudinal contributions are of the forfii0]
The error in Eq(17) is considerably smaller than that on the
2 D=2 contributions. The leading four-quaix=6 contribu-
Abo (19 tions are absent frorl{, o [24], justifying the neglect of
’ D=6 contributions, while contributions @ =8 and higher
are assumed to be negligible. The OPE representation of
[AR% 9] employed in recent inclusive analyses thus con-
sists of the sum oD=2 andD=4 terms, with the error
dominated by that on the truncat@d=2 series.
It is now straightforward to see that the OPE representa-
tion just described fof AR?], rather badly violates the

2
mg(my)
2
m?

[ARik'°>]E=2=6sEM1—eé>(

where eq=mgy/mg=.053, andA o), which results from the
CIPT integration, depends oms(mf). The results of Ref.
[10] are

Afp=5.1£2.1x0.5 constraints obtained above. We first observe that, from Egs.
(14) and (15), [AR%?1P=2 s a slowly increasing function
: (kO)1D=4 : - :
A(L1'0)=5.3i2.5i0.7 of k. Since[ARY"™] ™" is constant withk, this means that

the OPE representationA R“?1°PE is also slowly increas-

ing, rather than decreasing, with? Since, for values of
A(,0=5.8+3.2-0.8, (15  my(m?) typical of those obtained in recent sum rule analyses,

ms(mf) ~120 MeV, theD =2 contributions are more than a

where, in each case, the first error represents the combinatidactor of 2 larger than the correspondibg=4 contribution,

of the scale-dependence and truncation errors, discusségS problem is likely to have important numerical conse-
above, and the second represents the effect of the experimefiuences. The increase wikhof the central values shown in
tal uncertainty inag(m?). The D=4 longitudinal contribu-  Ed- (15), in fact, means that the extracted valuesrafmust

. . . 3 .
tions are, numerically, completely dominated by the termnecessarilydisplay an unphysicalecreasavith k.” This un-

. — . . . physical decrease would not, of course, be a practiasl
ip:jrgr?;i)tglonal to{msss). Since this term arises from the Ward opposed to conceptyaifficulty for the inclusive analysis if

q4Hi(j0;)V,A(q2) =(m= mj)ZHij ;s,P(qz) IDeviations from the GMOR relation have recently been shown to
_ _ be at most 6%434]. The resulting error on theng analysis is com-
+(mM=m)((qidi) £(aq;q;)), (16)  pletely negligible.
2The smallO(m?) contributions to[ AR®®1P=% "which have
been neglected above, are actually also increasingkyith the full

wherell;;.q p are the correlators of the flavoy scalar and L R .
'SP / longitudinal D=4 contribution is actually alsgvery slowly) in-

pseudoscalar densities, and the plosnus signs on the creasing withk

rlght-han(?i .S'dG{RHS) coEespond to th.é‘ V) case,'th'e Wil- 31t is worth noting that Ref[14] employs a-dependent truncation
son coefficient of th¢msss) term receives no radiative Cor- scheme, in contrast to the other inclusive analyses, which truncate
rections. TheD =4 contribution can therefore be evaluated at the same order for al The problem of the unphysicildepen-

rather accurately, usin@) the quark mass ratios obtained by dence of the central values outlined above, however, remains
Leutwyler[33], (ii) the Gell-Mann—Oakes—Renn@MOR) present even for this altered scheme.
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TABLE II. Longitudinal =+ K pole contributions td AR%?], , together with the resonance contribu-
tions implicit in the longitudinal OPE representations of R&€l]. The column labeled “IND” gives the latter
results with eac AR?1°FE evaluated using the central value of the corresponding independent fit for
mg(m?). The column labeled “COMB” gives the same results, except that now e ?1°PE are all
evaluated using the common valmg(mf):llQ MeV obtained in the combined analysis using the (0,0),

(1,0), and (2,0) spectral weights.

Weight [A R(k,O)]E+7T [AR(k,O)]rLesonance(lND) [AR(k’O)] rLesonance(COMB)
(0,0 0.1204 0.154£0.087 0.092-0.062
(1,0 0.1105 0.1120.076 0.10%£0.074
(2,0 0.1014 0.09%20.074 0.1360.092

[ARK1OPE represented only a small fraction AR,. Un-  nance contributions to the other twk,Q) sum rules. We find
fortunately, this is not the case. To illustrate this point wethat if we attempt to make this assumption for eitkerl or
show in Table I, for each of the threk,Q) spectral weights, k=2 the result is &k=0 longitudinal contribution which
the numerical values of the longitudinBl=2 contribution  exceeds the full experimental value, violating the positivity
and total longitudinal contribution obtained in Rgf0], to-  of the O+ 1 OPE representation. If we instead make the as-
gether with the 1999 ALEPH experimental valuesad®®®  sumption fork=0, the resulting change in the (1,0) and
[21]. The reader should be aware that significantly differen{2,0) longitudinal contributions produces a shift in the ex-
central values ofng(m?) were obtained for the three differ- tracted centraimy(m?) values from 121142 MeV and
ent spectral weights; the tabulatBd=2 contributions corre- 106—133 MeV, respectively. We stress that this exercise is
spond to these central valuésiso listed in the table The  for illustrative purposes only; although the consistency of the
quoted D=2 errors were obtained by combining the two three analyses is significantly improved if one assumes that,
theoretical errors in Eq15) in quadrature. We see from the for some reason, thie=0 representation is good, the result-
table that the longitudinal contribution, in each case, repreing “extraction” of mg is meaningless since the assumption
sents more than half of the experimental value. simultaneously forces thke=1,2 representations to be bad,
Let us attempt to quantify how large the errors associateteading one to the conclusion that it is unreasonable to have
with the unphysicak dependence qfAR*?1°PE might be.  assumed that thk=0 representation was good in the first
Note that, given the accurately known values of the longitu-place.
dinal = andK pole contributions, the OPE representation of At present there is little experimental information avail-
[AR(TK’O)]L should be thought of as providing an estimate forable on the size of the longitudinal resonance contributions.
the sum of the unknown longitudinal resonance contribu-Theé PDG2000 compilation provides no information en
tions. In Table Il we display the values DAR(k,O)]rLesonance —K(1460)v,, and quotes only an upper bourigl<.0005

T

values of the corresponding pole contributions, corresponds to an upper bou[rmR(o,O)]Eé(1430)< 0.052. The

k, a . . . T
[AR®OTE ™. Two versions of the resonance contributions cenra| |ongitudinal (0,0) OPE determination, if reliable,
are given. In the firstiabeled “IND" in the table), tf}fo\)/aglé%s would then require a correspondirg(1460) contribution
of mg(m?) used to evaluate the three differ¢dR;*™]""=  greaterthan ~0.10. Taking a Breit-WigneK (1460) form
are different, corresponding to the central values obtained iQjith PDG2000 values for the mass and width, this corre-
the relevant independent_<,()) analysis of Ref[10]. In the  gponds t0fy(1460p> 100 MeV. Such a large value is ex-
secor12d(labeled COMB" in the tablg, the common value, tremely unnatural given theft(14g0)/f—0 in the SU(3)e
ms(mM7) =119 MeV, obtained in the combined fit to all three chiral limit. Not surprisingly, therefore, the lower bound
(k,0) sum rules[10], is used to compute all three of the [AR(®91K(1460)~ 0 10 turns out to be more than an order of
[AR(TK'O)]_EPE- The unphysical increase pA REIIPPEwith  magnitude larger than the value obtained from the sum rule
k, combined with the decrease of the sum of thendK  analysis of the next section. As such, it is completely incom-
pole contributions wittk, means that the nominal resonance patible with the sum rules for thes pseudoscalar correlator.

contribution implicit inf AR%®1°PE must be increasing with
k for fixed ms(mf_). This is evident in the results of the com- [ll. THE EXCITED STRANGE SCALAR AND
bined analysis, but obscured by the decreasegm?) with PSEUDOSCALAR RESONANCE DECAY CONSTANTS

k for the independent analysis. It is evident that both sets of FROM SCALAR AND PSEUDOSCALAR SUM RULES
results are far from satisfying the constraints given in Egs. From Egs.(16) and the Ward identities for the diver-

(13). i :
We are now in a position to illustrate the potential signifi- 9°"°® of the flavaij V-andA currents, it follows that

cance of the unphysicaldependence dgiAR®?1°PE on the 9*p (a2 = (mi—m)2pi - (42 =pi - (G2
extracted values aig. Let us imagine that the central OPE . S .

value provides a good approximation for one of the three 9*p{Pa(a®) = (mi+m))2pi;.p(a2) =pij.sa(0),
[ARKONjresenance ang we use Eq(13) to estimate the reso- ' (18)
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wherep;;.s p(g°) is the spectral function dfl;;.s p(g?). The Wy (Y,A)=(1-Yy)(1+Ay)

contribution of theK(1460) top'%, on the left-hand side

(LHS) is, in the NWA, 2% 1460,0(0%— Mg (1460), With the

usual Breit-Wigner generalization to finite width. The decay Wp(Y,A)=(1-y)*(1+Ay), (21
constantf k 1460) is defined as usual by

where nowy=s/sy, andA is a free parameter, gives enough
variability in the weight profile to strongly constrain the
us _ resonance decay constants in a given chahkés. will de-
(0| ALK (1460(q)) =iV2f (14500, - (19 note the class of pinch-weighted FESR’s as PFESR'’s in what
follows.
The OPE representations of the SS and SPS correlators
The analogous NWA contribution of th€(1460) to the RHS  gre known up to dimensiob =6 [2,39], theD=0 part be-
of Eq. (18) is 2f% 1460k (1460/0(0%— Mg (1460)- A Similar  ing determined to four-loop ord¢O(a2)] [28]. It is conve-
relation holds between thi€j (1430) contributions tqpf,os?v nient to work with the second derivative bf with respect to
and (ms—my)?p,ss. It is thus possible, in principle, to de- Q?, which satisfies a homogeneous renormalization group
termine the longitudinal resonance contributions of the pre{RG) equation, allowing logarithms to be summed by the
ceding section indirectly, by fixingf 1460y @nd fix (1430) scale choiceu?=Q?2. One has, for the resulting OPE repre-

through analyses of thes pseudoscalar and scalar correla- sentationg2,39),
tors, respectively. In this section we will show that such a
determination is, indeed, feasible.

The method involves the analysis of the correlators of the 3 (m+m,)?
divergences of theus V and A currents, IT g ,y=(ms [Hﬁs-spsss(Qz)]D:f_z S_—ZU
—my)? s s and [ ;o= (Ms+m,) Il s p using finite en- ' 8w Q
ergy sum rulesFESR) of a type(“pinch-weighted”) known
to allow an accurate reconstruction of the isovector vector +14.179%(Q?) %+ 77.36831(Q2)3}
spectral function using as input only the OPE, together with
PDG values for the resonance masses and w|@Hh86. We
will refer to these correlators as the strange scé®® and
strange pseudoscalé8P3 correlators in what follows. 0 2

The basic idea of the analysis is straightforward. Analyt-.y» 2 _ 3 (mgxm,)"mg

[HUS;SPSS§Q )]D:Z

icity leads to the general FESR relation, ﬁ Q4

11 )
1+ ?a(Q )

28,
1+ 7 a(Q?)

8557 77 95
. +| 25— 33 ]a@)
JstshsspsdSpus;aV,aA(S)W(S)
-1 “This is true even for correlators for which the spectral function
= o o= dSHus;BV,aA(S)W(S)a (20) contains significant background contributions near threshold. As an
0 example, consider thes scalar channel. In Ref38], an ansatz for
the corresponding spectral function has been constructed, employ-
ing the Omnes representation for the timelike scKlarform factor
valid for any functionw(s) analytic in the region of the in combination with certain additional assumptions. The resulting
contour. The LHS is determined by the decay constants ofpectral function displays a very significant background contribu-
the relevant scalar or pseudoscalar resonances, while thien near thresholdassociated with the strongly attractigavave
RHS, for large enougls, can be evaluated using the OPE. | = 1/2K interaction) which cannot be well represented by the tail
For the case of the analogous isovector vector correlator, Rf theKg(1430) resonance. If one takes as input on the OPE side of

has been shown that, although the breakdown of the OPE'® Wn andwp FESR's the value ofng obtained from a FESR
near the timelike real axis fcn;0~m2 is not negligible[so analysis using this spectral ansatz as input, and then, with the OPE
-

. 7K (o representation so fixed, makes an incoherent-sum-of-Breit-Wigner-
that, for example, FESR's withv(s) =s" arenot well satis resonance ansatz for the spectral function, and uses matching to the

fied for sy~m? [35]], even a single zero in(s) ats=Sois  OpE sides of the set of, andwp, FESR'’s above to fix the reso-
enough to produce FESR's that are very well satisfied wheRance decay constants, one finds that Kn¢1430) peak of the
the OPE representation fdl 4., is employed in the ana- spectral function is reproduced to within2%, despite the fact that
logue of the RHS of Eq(20) [35]. A physical understanding the near-threshold region is, of course, not well reproduced. The
of the origin of this behavior is provided by the arguments offeason is obvious: the spectral function is small in the near-
Ref. [37]. As shown in Refs[35,36, working simulta- threshold region and integrals over the spectral function are sensi-

neously with FESR’s based on the weight families tive dominantly to the regions where it is large, i.e., to the regions
of the resonance peaks.
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(mg=m,)? 23 wherep,=(1/0.6 GeV) is the average instanton s{aepa-
[Misspgsd QD) Ip-a=—————| 72| 1+ —a(Q2)> rameter of the ILM, 7, is anSU(3)-breaking factor whose
Q 3 value in the ILM is~0.6[42], and the result is relevant to
121 scales~1 Ge\2. The corresponding result for the SS chan-
><(mju>—§ 1+1_8a(Q2))|G nel is2 obtained by the replacementmg+m,)2— —(m;
—my)“.
64 It is important to remember that, for a given scale, the
+| 1+ —=a(Q? |l ILM contribution to a typical scalar or pseudoscalar FESR is
9 S

much larger than that to the corresponding Borel sum rule
(BSR).” At the scales we will be employing, ILM contribu-
tions to the SPS and SS BSR’s are, in fact, quite small, while
those to our PFESR’s are still non-negligible. Consistency
(M m,)? bgt}Neen PFE_SR and BSR a}nalyses thus represents a non-
[ spg s(Qz)]D:GZ s— 'y (t3[(m-gaa-Gq- trivial constraint on the reliability of the ILM representation
usSPSS 8 = : of instanton contributionp46]. In Ref.[486], this consistency

_3myQY!( 1 155
772 laQ) 24

check was implemented as follows. First, the families of

+mjgaU'GQi>] PFESR’s noted above were used to make a simultaneous
32 determination oim; +m; and the resonance decay constants
—;wzapvsp[@qo“@q»z relevant to the flavolij pseudoscalar channel, the values

obtained form;+m; and the resonance decay constants be-
L ing sensitive to whether or not the OPE was supplemented
—9<qiqi><qjqj>]>, (220 with ILM contributions. The resulting PFESR-generated val-
ues for the decay constants were then used as input to a BSR
wherelg and| are the RG invariant versions of the gluon analysis of the same correlator, an alternate determination of
and strange quark condensate, as defined in [R6f, pysa M+ M; being the output of this analysis. The PFESR and
describes the deviation of the four-quark condensates froBSR determinations ofm;+m; should then be consistent.
their vacuum saturation values, and the up@ewer sign ~ The only non-trivial sensitivity to ILM contributions in the
corresponds throughout to the SESS case. BSR analysis is that associated with the input PFESR values
One should bear in mind that, on the theoretical side of S$or the resonance decay constants. Consistency of the two
(SPS sum rules, the contribution of direct instantons to thedeterminations was found only when ILM contributions were
SS(SPS correlator is not contained in the OPE representaincluded on the theoretical sides of the PFESRS].
tion. Such effects are known to play a potentially important In what follows, therefore, we will employ the ILM to
role in scalar and pseudoscalar chanridl8—43, particu-  estimate direct instanton effects, and determine the strange
larly at lower scales-1 GeV? As a result, one must include scalar and pseudoscalar resonance decay constants in a com-
an estimate of direct instanton contributions, in addition tobinedwy, wp PFESR analysis. Compatibility of the PFESR
OPE contributions, in the theoretical representation of the S8nd BSR quark mass determinations will be imposed as an
(SPS correlator. A convenient, and phenomenologically con-additional consistency requiremétithe Borel transform of
strained, model for making such an estimate is the instantothe ILM contribution to the SPS correlator required for this
liquid model (ILM) [44].° ILM contributions to the theoret- consistency check is given by
ical side of polynomial-weighted SPS PFESR’s can be ob-
tained from the result45]
"The reason is straightforward: ILM contributions to the scalar

2 .
: ds 1T (s and pseudoscalar correlatorsl;;.s o(Q“), are proportional to
27 Jjg=s, [Musp(S)]iLm Q’[K_1(pVQ?)]% The modulus of the MacDonald function
3 2 K_1(p;VQ?), on the circleQ?=|Q?|e'’, is typically much larger
— 3 Ms+ My " 7ys [ So 1 for non-zero# than it is for the spacelike poing=0. The integral
N 41 0 ds S 11(p1s) Ya(p1Vs), around the circlds| =s, present on the theoretical side of a FESR

thus samples regions of the compl@x plane where the ILM con-
(23 tributions are enhanced.
8Errors associated with uncertainties in the input resonance
masses and widths and the input values of parameters appearing on
5The Borel transform of the OPE representation of the correlatothe theoretical sides of the sum rules occur for both the PFESR and
of the flavorij pseudoscalar density, for example, displays theBSR analyses and are strongly correlated. The BSR analysis has
wrong dependence on the Borel malgk,in the chiral limit: while  additional errors associated with the use of the “continuum” ap-
theexp(—s/M?)-weighted spectral integral must become indepen-proximation for the highs part of the spectral integral and the un-
dent of M in this limit, the Borel transformed OPE representation certainty in the choice of the “continuum threshold” parameter. For
displays a strong dependence Mn the SPS case, these were estimated to produce an uncertainty of
5The incorrectM dependence of the theoretical side of the Borel ~9% in mg+m, [46]. We have employed this same estimate for
transformed pseudoscalar correlator sum rule is cured once the OREe additional BSR uncertainty in our combined PFESR/BSR SS
representation is supplemented with ILM contributi9pA&,42. channel analysis.
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3p2(my+m,)2M® pseudoscalar longitudinal contributions in hadronidecay,
- 5 Y [Ko(p?MZ2)+ K (p2M2/2)]. (24)  the result of Eq(26) thus appears very robust.
8w A simultaneous PFESR determinationrof+m, and the

excited resonance decay constants in the SPS channel is pos-
That for the SS correlator is obtained by the replacemensible only because one part of the spectral funcfitve K
(ms+m,)?— —(mg—my)2. Expressions for the Borel trans- pole contribution is well determined experimentally. Unfor-
form of the OPE representations are well known, and can beunately the experimental spectral constraints are consider-
found in Refs[2,29,41. ably weaker in the SS channel.

We use the following input values on the OPHEM side The SS spectral function should be dominated by contri-
of our sum rulesp,=1/(0.6 GeV)[42,44], as(m§)=0.334 butions fromK 7r intermediate states up to and including the
+.022 [20,48, (aG?)=(0.07-0.01) GeV* [49], (m, K}(1430) region, since th&g(1430) displays essentially
+ md)(Uu>= — ff,mf, (the GMOR relation 0.7< (%}/(Uu) no inelasticity. Unitarity and the Omnes representation of the
=r <1 [2,29: (gqoFq)=(0.8-0.2 Ge\’)(qq) [50] and timelike scalarkz form factor allow one to represent the
0<pysa<10. TheD=0, 2 and 4 OPE integrals are evalu- Kar component of the spectral function in termsK_qg pl_ata_
ated using the contour-improvement prescripti@6,31,  and K= phases2,38]. There are, however, ambiguities in
since this is known to improve convergence and reduce rdhis representation. In the Ilterature, it has been assumed that
sidual scale dependenf26]. The running coupling and run- a possible _polynomlal_ prefac_t(_)r is absent from the Omnes
ning mass required in this procedure are obtained using th€Presentation and, in addition, that the corresponding
4-loop-truncated versions of ti@[51] andy [52] functions, ~ @symptotic behavior of th&w phase required by quark
with the value Ofas(mf) given above as input. counting rules has al_ready been reached at the upper edge of

The analysis of the SPS channel has already been p ne currently accessible experimental range;,2.9 GeV,.

formed in Ref[46], to which the interested reader is referred [3h8? spectral a?hsaté Wh'?h resultsbfromf these tassumplnon]:s
for a detailed discussion. The results of that analysis are SErVes as the basis for a number of recent sum ruie o
analyses of the SS channgl] and correspondsreading

from Fig. 2 of Ref.[38]) to the constraint

mg(2 GeV)=100£12 MeV (25
26.2 MeV<fys (1430<31.0 MeV. (28)
fK(1460)=21.4i2.8 MeV (26)
The corresponding value fomg is, averaging the errors
0<fk(1830<8.9 MeV, (27) guoted in Refs[1(d)] and[2(b)],
where the errors have been obtained by combining the my(2 GeV)=115+15 MeV. (29)

“theory” and “method” errors of Ref.[46] in quadraturé. o o

The lack of a strong constraint dik (130 iS a result of the It turns out, however, that quite sizable dew_atlons from the
smallness of th& (1830) contribution to the various PFESR asymptotic value of the phase are allowed in the region of
spectral integrals. Since only the tail of tKé1830) contrib-  the Kg(1950) without violating the known ChPT constraint
utes to hadronie decay, and the endpoint region is strongly on the slope of the form factor &t=0. These can, in turn,
suppressed by the kinematic weight factor, this uncertaintproduce non-frivial deviations of the spectral function from
plays a negligible role for our purposes. Two further pointsthat obtained in Ref[38], even in the region of the
should be stressed: first, the valuerof obtained from the Kg(1430). There are thus potentially significant uncertain-
SPS PFESR/BSR analysis is consistent with that obtaineties not yet reflected in the range of values fig¥ 1430 given
from recent analyses based on hadronidecay data and, in Eq.(28).

second, even if one completely neglects ILM contributions  Without fully constrained experimental values for the SS
(ignoring the resulting inconsistency between PFESR andpectral function, the PFESR and/or BSR analyses allow us
BSR mass determinationsone obtains a valuefx(ise0)  to determinefx (1430 and i (1950 ONly after an input value
:.22..94; 2.7 {\(/)Iev compatible with that given in Eq26) for (m,—my)? has been provided on the OPELM side of
within errors:” For the purposes of determining the strangeiha sum rules. The reason is that, at the scales employed in

our analyses, those terms in the OPE proportionahicare
numerically tiny, so the OPE representation is, to a very good
9The method errors refer to changes in the output produced byipproxima)tlionyproportional torﬁ)ﬁ —m )2 Thus. once ane

3 S u/ - [l

varying .thes" and A ranges used in the PFESR analysis, or byfinds an optimized spectral ansatz for a particular value of
performingwy or wp family analyses separately, rather than a com- m,, say m.—m,=m,, an equally-well-optimized an
RLLTE] s~ Hy=1llp, - - -

bined analysis. A breakdown of the contributions to the combined™s . .
error may be found in Ref46]. satz for any other valuens,—m,=m;,, can be obtained sim-

19The biggest impact of neglecting ILM contributions is on PlY by rescaling the fitted decay constants my/mo. The
fx(1s30, Which becomes 14:51.4 MeV. The PFESR value of PFESR analysis thus allows only a determination of the ra-

my(2 GeV) is also altered, the central value becoming 116 MeV1ios f;/(ms—my). _ _
but it is difficult to assign meaningful errors to this number since  In our SS PFESR analysis, our spectral ansatz consists of

the PFESR and BSR determinations are not consistent in this casan incoherent sum d€; (1430) andKg (1950) Breit-Wigner
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resonance forms, with PDG2000 values of the resonance 0,01 K* (1430) my(2 GeV)|?
masses and widths. We employ the same PFESR analysis [AR?]° =[0.00590.001] 100 MeV | -
window as used in our earlier study of the SPS channel, (35)

namely 3.0 Ge¥<s,<4.0 GeV and O<A<4. The differ-
ent A values correspond to weights with significantly differ-

ent reIativg weightings between the .firs_t and .second '®SOrhe sum of the SS and SPS resonance contributions is thus
nance regions, and hence are useful in tightening constraints ; 5o of thek + 1 pole contribution. This level of suppres-
on the resonance decay constants. As noted above, as a s%l.f-

consistency check on the ILM representation of direct instan= ‘on of resonance relative to pole C.0ntl.’lbutI0nS.IS n facF
ton effects, we also require consistency between the value gfwte qatural, and represc_ants a comglnastlon of chiral and ki-
m,—m, used as input to the PFESR analysis and that op?€matic effegts. With %’KEmK/mr ando Yres
tained as output from the corresponding BSR analysis, i (1.4 GeV})/m?, one hasw({”(yy)=.13 andw{”(y ed)
which PFESR values of the resonance decay constants are.16. Thus, althougiv{®)(yx), which is proportional tang ,

used. The results of this determination are and hence oD(my) in the chiral counting, is formally sup-
pressed by one power ai; relative tow(%)(y,.J), the factor
my(2 GeV) (1—y)? in w9(y) produces a kinematic suppression of
fK3(143°)=[22'5i2'1]( 100 Mev) (30 WO (y 9 whiLch largely undoes this effect. As a result, one
expects resonance contributions taARY], to be sup-
ms(2 GeV) pressed, relative to theK contribution, by the ratio
fix (1050=[17.6= 2-0]<m : (31 [ fkx (1as0)k (1460)/ F ], which has arm? chiral suppression,

~0.1. Naive chiral counting would have produced instead a
where we have combined all sources of error in quadraturde€ss strong suppression, of ordeg, ~0.3.
If we consider the range ofis values given in Eq(29), the As noted above, the result of E¢34) is more than an

corresponding range dfcx (1430) allowed by Eq.(30) is order of magnitude smaller than the lower bound implied by
the combination of the PDG2000 upper bound on the
K3 (1430) branching fraction and the assumption that the
OPE representation of the longitudinal (0,0) spectral weight
contribution is reliable. To satisfy the lower bound, one
which turns out to be in good agreement with that given bywould require a value of (1460) @ factor of ~ \J20 larger
Eq. (28). than that given above. Such a large value, however, leads to
With the values above for the decay constants of the S@n exceptionally poor “optimized” PFESR OPE/spectral
and SPS resonances it is straightforward to compute the exnatch. The value ofng corresponding to this “optimized”
pectedr— K§ (1430)v, branching fraction, and also the val- match, moreover, produces a+{@) OPE contribution that
ues of the resonance contributions AR®?], . Taking  already exceeds the experimental value R®?, and
83 MeV<my(2 GeV)<130 MeV [19], the result of Eq. hence violates the positivity of the longitudinal SS and SPS
(30) corresponds to contributions.

0.00003<B[ 7— K% (1430 »,]<0.00011, (33 IV. SUMMARY AND DISCUSSION

- L We have shown that determinationsmof based on inclu-
and hence satisfies the constramt given by the PDG2000 URjye (k,0) spectral weight analyses of flavor breaking in had-
per bo*und. As expegteq on k'nem?g'é:) grounds,l(l@BSO% ronic 7 decay have an unavoidable, unphysical dependence
and K (1950) contributions t¢ AR; ], are “eg_"g't?'el- onk, and that the impact of this unphysical behavior on the
The corresponding<(1460) andK{(1430) contributions, extracted values fom, is numerically significant. The prob-

which follow from Egs.(26) and (30), are’? lem has been shown to result from the unphysical behavior
with respect tdk of the OPE representation of the longitudi-
[AR(01K(1460= 0 0052+ 0.0014 (34 nal contributions to theid and us correlators, when trun-
cated atD=6. If truncation atD=6 is justified, then the
and problem lies with theD=2 part of the OPE representation

(whose integrated contour-improved series, in any case, al-
ready displays rather bad non-converging behavidart of
The K% (1950) contribution is a factor of 20 smaller than the ~th€ problem, however, may lie in the neglect of higher di-
K3 (1430) contribution, thek(1830) contribution a factor of-60 ~ Mension contributions, particularly since contributions un-
smaller than thé<(1460) contribution. suppressed by additional factors @f, and having dimen-
'2For definiteness, we have computed these contributions usin§ions up toD =8, 10 and 12, are in principle present for the
the value|V,,J=0.2196+ 0.0023 obtained from the analysisiéf; ~ (0,0), (1,0) and (2,0) analyses, respectively. Since nothing is
decay data. The results, of course, scale fé,17. known phenomenologically about the values®&8 and
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higher condensates, the only way to investigate this questioresults for futurer decay determinations ahg. It is our
is to consider spectral weigtar other PFESRanalyses with  opinion that the bad behavior of the OPE representation of

so#mM?, and try to use the, dependence to separate contri- the longitudinal contributions precludes the reliable use of an
; ; i ; ; 2 inclusive analysis, and forces us to make a theoretical evalu-
butions of different dimensiot® To work with so#m?, y

; . . ation of the longitudinal resonance contributions to the spec-
however, one must necessarily perform a non-inclusiv

analysis, since different kinematic factors, both of which are%rum. As a result, the previous dis-incentive to studying the
ysIS, P . , ' ) sy dependence of any particular PFE&Re non-inclusivity
specific tos,=m?, are associated with thet0l and longi-

g o ' 9" of such an analysjsis no longer in play. Since th®
tudinal contributions to the experimental number d|str|bu-:2’4,6 terms in the OPE representationdl ©* ) are well
tion. In the region of the spectrum where the separation im%ehaved, a study of th&, dependence then becomes crucial
0+1 and longitudinal contributions is not straightforward ejther to demonstrating explicitly that higher dimension con-
(the excited SS and SPS resonance regienhave provided  triputions can indeed be safely neglected or to constraining
determinations of the SS and SPS resonance decay constaiigir magnitude if they cannot. Because of the very strong
accurate to- 10%. This allows one to evaluate the resonancecorrelations between spectral integrals corresponding to dif-
part of the longitudinal contribution with an accuracy of ferents,, but fixed weightw(s/s,), truncated OPE represen-
~20%. Even for the (0,0) analysis, such an uncertainty cortations which either miss, or pass obliquely through the ex-
responds to only a2% uncertainty on the total longitudinal perimental error band for th,-dependent spectral integral
subtraction; for weights that more strongly suppress the eXresults, will both signal the presence of such neglected
cited resonance region, the corresponding uncertainty is eveiigherD terms. Our determinations of the SS and SPS reso-
smaller:* nance decay constants make it possible for shedepen-
We conclude with a comment on the implications of ourdence of the 8 1 sum rules to be studied in a straightfor-
ward manner, and we believe that such a study should be part
of all future investigations.
Bcontributions of dimensiol =2N scale withs, as 15y * up
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