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Superpartner solutions of a BPS monopole in noncommutative space
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~Received 29 June 2001; published 26 September 2001!

We constructU(2) BPS monopole superpartner solutions inN52 noncommutative super-Yang-Mills
theory. The calculation to second order in the noncommutative parameteru shows that there is no electric
quadrupole moment that is expected from the magnetic dipole structure of noncommutativeU(2) monopole.
This might give an example of the nature of how supersymmetry works without changing between the com-
mutative and noncommutative theories.
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The decoupling limit of the world volume theory on D3
branes in the Neveu-Schwarz–Neveu-Schwarz~NS-NS!
2-form background is described by the noncommutat
super-Yang-Mills ~SYM! theory, in which Bogomolnyi-
Prasad-Sommerfield~BPS! monopoles exist as a stable sta
because it can be broken by the Higgs mechanism just
the ordinary SYM theory. The solution to the BPS equat
of theU(2) noncommutative monopole to first order inu has
been studied in@1,2#, and the second-order solution is in@3#.
The solution has the generalized rotational invariance
exhibits a dipole structure@4–6# in the magnetic field of the
monopole.1

On the other hand, it is well known that ordinary BP
monopoles ofN52 Yang-Mills theory are invariant unde
half the supersymmetry generators and hence form a f
dimensional, short representation of the supersymmetry a
bra @7#.2 From the work of Jackiw and Rebbi@9#, we know
that the angular momentum of spinning monopoles is car
by the quantized states of fermionic zero modes. For a sin
BPS monopole, the fermionic zero modes are generate
infinitesimal broken supersymmetry transformations. Wh
we get by acting with afinite transformation is then the back
reaction of the fermionic zero modes on the other fiel
Because of the quantized nature of the fermionic zero-m
states@9#, the fields of the monopole superpartner soluti
are necessarily operator valued.

In @10# we have studied the long-range fields of the d
ferent states in the ordinaryN52 BPS monopole supermu
tiplet. Following the work of Aichelburg and Embacher o
N52 BPS black holes@11#, we generate the fields of
monopole ‘‘superpartner’’ solution by acting on the boson
monopole with an arbitrary, finite, broken supersymme
transformation, in which we have found that the operat
valued electric dipole moment is proportional to the angu
momentum operator with a gyroelectric ratiog52 and the
quadrupole moment tensor is found to vanish identically
all spin states.

*Email address: esna@theory.khu.ac.kr
1This dipole structure can be visualized from the brane picture

D-string stretched between parallel D3-branes. When a backgro
B field is turned on along the branes, the suspendedD string is tilted
because the two endpoints carry opposite charges.

2See, e.g.,@8# for a good review of this subject.
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This vanishing quadrupole moment tesor is in contr
with the result of@11# on N52 black hole superpartners fo
which these variations are nonzero, which is one of the m
tivation of this paper together with the fact that theU(1) part
of the magnetic field of the noncommutativeU(2) monopole
exhibits a dipole structure. If noncommutativity produces
magnetic dipole structure to theU(2) monopole, then one
can expect the electric quadrupole moment@12# and it would
be interesting to see if there exists an electric quadrup
moment that is not found in an ordinarySU(2) monopole
@10#. However, our calculation gives a negative answer.
to O(u2) in tree level, we show that there is no quadrupo
moment. This result might be an example of the nature
how supersymmetry works not changing between the co
mutative and noncommutative theories.

In the following we will construct the BPS monopole s
perpartner solutions of theN52 noncommutative super
Yang-Mils theory, by applying the Seiberg-Witten map to
superpartner fields to the second order inu. As a check, up to
O(u2) we showed explicitly that the angular momentum o
erator and the electric dipole moment are independen
noncommutativity.

We restrict ourselves to the case where the nonvanish
component of the noncommutative parameter isu1252u21
5u, excluding the effect of time noncommutativity. We sha
takeU(2) as the gauge group becauseSU(2) is not closed
under the* product that is defined by

~ f * g!~x![ f ~x!g~x!1
i

2
urs]r f ~x!]sg~x!

2
1

8
ursuab]r]a f ~x!]s]bg~x!1O~u3!. ~1!

This equation replaces ordinary multiplication in describi
noncommutative theory. Smallu expansion is adopted in a
fields. For example, the scalar Higgs field

Ŝ5ŜATA5~Ŝa1Ŝ~1!
a 1Ŝ~2!

a !Ta1~Ŝ01Ŝ~1!
0 1Ŝ~2!

0 !T0,
~2!

where the quantities with a hat denote those in the nonc
mutative description, the subscripts~n! denote the quantiti-
ties atO(un), anda51,2,3, andTA are the anti-Hermitian
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generators ofU(2) Lie algebra. Throughout this paper, th
notation will be understood and other settings are the s
as in @10#.

We now turn to the construction of the noncommutat
BPS monopole superpartner solutions.3 We work in N52
Yang-Mills theory with gauge groupU(2). TheLagrangian
is given by

LN525TrS 2
1

4
F̂mn* F̂mn2

1

4
~DmP̂!22

1

2
~DmŜ!2

2
e2

2
@Ŝ,P̂#

*
2 1 icC gm* Dmĉ2ecC * @Ŝ,ĉ#*

2ecC g5* @ P̂,ĉ#* D , ~3!

where all fields areU(2) Lie algebra valued, e.g.,Ŝ
5ŜAT̂A, Ŝ, and P̂ are two scalar Higgs fields andĉ is a
Dirac fermion. The non-Abelian electric and magnetic fie
strengths are defined byÊAi52F̂A0i and B̂Ai52 1

2 e i jk F̂ jk
A .

Corresponding global supersymmetry transformations

dÂm5 i āgmĉ2 icC gma, d P̂5āg5ĉ2cC g5a,

dŜ5 i āĉ2 icC a,

dĉ5S 1

2
gmnF̂mn2 igmDmŜ1gmDmP̂g52 i @ P̂,Ŝ#* g5Da,

~4!

where the parametera is a Grassmann-valued Dirac spino4

For a static, BPS monopole field configuration withP̂5Â0

5ĉ50 and

DiŜ
A5

1

2
e i jk F̂ jk

A , ~5!

only the fermionĉ has a nontrivial supersymmetry variatio
given by

dĉa522gk~DkŜ
a!P2a,

dĉ~1!
0 522gk~DkŜ!~1!

0 P2a, ~6!

dĉ~2!
a 522gk~DkŜ!~2!

a P2a,

where P65 1
2 (16G5) are projection operators withG55

2 ig0g5 . If we define projected spinorsa6 satisfying
P6a65a6 , then a1 generates unbroken supersymme
transformations, whilea2 generates broken supersymme
transformations. The variationdc under a broken supersym
metry transformation gives a zero mode of the fermion fi
equation in the monopole background.

3See@10# for ordinary superpartner solutions in detail.
4Our conventions for the Minkowski metric are ‘‘mostly minus

hmn5diag(11,21,21,21) andg551 ig0g1g2g3 .
08770
e

d

At second-order variations,d2S andd2Ak vanish and we
find only nonzero variations forP andA0 given by

d2A0
a52d2Pa524i ~a†gka!DkS

a,

~d2A!~1!
0 52~d2P!~1!

0 524i ~a†gka!~DkS!~1!
0 , ~7!

~d2A0!~2!
a 52~d2P!~2!

a 524i ~a†gka!~DkS!~2!
a .

These reduce to dipole fields in the long-range limit. Int
estingly, the third- and fourth-order variations of all the fiel
turn out to vanish even in the noncommutative sector.
particular, the third-order variation ofc is found to be

d3ca58i ~a†gka!$g0g lDlDkS
a1eg0eabc~DkS

b!Sc%P1a,

d3c~1!
0 58i ~a†gka!@g0g l$] lDkS~1!

0 2 1
2 urs]r~DkS

a!]sAl
a%

1eg0 1
2 urs]r~DkS

a!]sSa#P1a, ~8!

d3c~2!
a 58i ~a†gka!„g0g l$] lDkS~2!

a 2eeabc@~DkS
b!Al ~2!

c

2 1
8 ursuab]r]a~DkS

b!]s]bAi
c#

2 1
2 urs@]r~DkS

a!]sAi ~1!
0 1]r~DkS!~1!

0 ]sAi
a#%

1g0$eeabc@~DkS
b!S~2!

c 1~DkS!~2!
0 #Sc

2 1
8 ursuab]r]a~DkS

b!]s]bSc

2 1
2 urs@]r~DkS!~1!

0 ]sSa#%…P1a,

which vanish becauseP1a50 for the broken supersymme
tries. The fourth-order variations of the bosonic fields th
vanish because they are each proportional tod3c. Note, the
vanishing of the third- and fourth-order variations of th
fields implies a vanishing quadrupole moment tensor for
states in the monopole BPS multiplet and is different fro
the variation of theN52 black hole supermultiplet, for
which these variations are nonzero@11#. It turns out that the
BPS monopole exhibits no electromagnetic quadrup
structure in both the commutative and noncommutat
spaces, and that the dipole structure of noncommuta
monopole does not give rise to the electric quadrupole m
ment up toO(u2), the same of which holds apparently fo
any arbitrary higher order inu. This result is disappointing. I
is mainly from the fact that noncommutativity influence
only the spacial part of field variations, not the spin structu
when supersymmetry transformation is done. In order
check this, let us see the invariance of the angular mom
tum operator.

The fermionic fieldsĉA may be expanded in the mono
pole background as

ĉar522~gk!r
sâsDkŜ

a1nonzero modes,

ĉ~1!
0r 522~gk!r

sâs~DkŜ!~1!
0 1nonzero modes, ~9!

ĉ~2!
ar 522~gk!r

sâs~DkŜ!~2!
a )1nonzero modes,
2-2
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where r,s are spinor indices and we have explicitly di
played only the zero-mode part of the expansion. Using
orthogonality of zero modes and nonzero modes, we
then express the spinorial parametersâl and âl

† as5

âl51
1

2M E d3x~g l !l
rĉarDlŜ

a,

~10!

âl
†52

1

2M E d3xĉr
a†~g l !r

lDlŜ
a,

where M54pv/e is the mass of the monopole6 and this
form is that of the commutative case because the mass
arising from noncommutativity

E d3xhkl$~DkŜ!~2!
a DlŜ

a1~DkŜ
a!DlŜ~2!

a 1~DkŜ!~1!
0 Ŝ~1!

0 %

52M ~2! ~11!

vanishes.7 It is because the contributions from noncommu
tive fields fall off faster than 1/r 2 compared to the commu
tative ones,8 which makes the second-order mass vani
Consequently, the angular momentum vector has no cor
tion from the noncommutativity as expected,

Jk52iM ~a†gka!. ~12!

5See@10# for angular momentum operator in detail.
6Here we have made use of the result*d3xhkl(DkŜ

a)DlŜ
a

52M .
7M (1) also vanishes because the scalar solution is not influen

by noncommutativity atO(u).
8We use noncommutative BPS solutions in@1–3#.
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As another check, we now turn to the long-range limit
the electric field for the monopole superpartner solution up
O(u2). The results for the long-range electric fieldsÊi

5F̂0i[(1/v)ŜA* F̂0i
A obtained are

Ei52
2i

e
~a†gka!H 3xkxi

r 5 2
dki

r 3 J ,

E~1!
i 50,

E~2!
i 52

2i

e
~a†gka! $no dipole-field-like terms%,

~13!

which shows that a dipole field with dipole moment vect
pW 52(2i /e)(a†gW a) can be seen only in the commutativ
sector and that the electric dipole moment proportional
angular momentum operator, thus also the gyroelectric r
g52 @13–15#, obtain no corrections from noncommutativit

In conclusion, we considered theU(2) monopole in non-
commutative space by constructing superpartner solution
to O(u2). We found no electric quadrupole moment that
expected@12# by the dipole structure of noncommutativ
U(2) monopole, which is because spin is independent
noncommutativity. As a check, up toO(u2) we showed ex-
plicitly that the angular momentum operator and the elec
dipole moment obtain no correction from noncommutativi
In a more broad perspective, this result might give an
ample of the nature of how supersymmetry works witho
changing between the commutative and noncommuta
theories.
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