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o dependence of the scalar field in Brans-Dicke theory
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This article examines the claim that the Brans-Dicke scalar field¢y+ O(1/yw) for large @ when the
matter field is traceless. It is argued that such a claim cannot be true in general.
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Brans-Dicke(BD) theory[1] is generally regarded as a
viable alternative to Einstein’s theory of general relativity. $=¢ot O
This theory has recently regained interest because, in the
Einstein conformal frame, it turns out to be the low energyand
limit of many theories of quantum gravity, such as the super-
symmetric string theory2] or Kaluza-Klein theony3]. The 1
theory is relevant also in the extended inflationary scenario R~0O| —
of cosmology[4]. The BD theory, which accommodates
Mach’s principle, describes gravitation through a spacetimdhus it appears from above equations that the post-
metric (@,,) and a massless scalar fielg)( that couples to  Newtonian expansion of BD theory reduces to general rela-
both matter and spacetime geometry. The strength of the cotivity in the infinite w limit. But it was reported 6] that a
pling is represented by a single dimensionless congtaim ~ number of exact solutions of BD theory do not go over to the
the Jordan conformal frame, the BD action takes the form corresponding solutions of general relativity in the limit
—o, Recently, Banerjee and Sén] illuminated this point
0 through the study of the BD field equations and pointed out
d’R_ggM b,uP0F Lmatter| (1) that, when the trac€rl) of the energy momentum tensor van-
ishes, the asymptotic behavior éfis not represented by Eq.

whereLnater iS the Lagrangian density of ordinary matter. A (4) but follows the relation
variation of Eq.(1) with respect taqg*” and ¢ gives, respec-
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tively, the field equations
=+ 0| —]. 6
w
Ruv=59mR= ?Tuﬁ (10,7 9.,070 ;) Faraoni[8] also claimed to have found a similar depen-
¢ dence. As a result, the BD theory does not tend to general
1 relativity in the w—ce limit. This feature is significant be-
+$(VMVV¢—9,WD ®), (20 cause the lower limit ofo(~500) for the solar system mea-

surements is fixed using thi&(1/w) behavior in the standard
parametrized post-Newtonia(PPN approximation. It is
87T . ) .
O¢= - (3) therefore important to study the situation more closely,
(2w+3) which we do here.
) o ) We noticed that Eq(6) is not valid in general. In this
whereR is the Ricci scalar, and =T, is the trace of the Brief Report we will discuss some counterexamples to Eq.

matter energy momentum tensor. (6) in BD theory. We will also point out some assumptions
In the weak field approximation, the metric tensor can benherent in[7] and[8] that led to Eq.(6).
written as WhenT=0, BD field equations yield
9= vt Ny U¢=0 )

where 7, is the Minkowskian metric tensor. Similarly and
= ¢o+ &, where ¢ is a constant. Using these approxima-

tions in Egs.(2) and(3), one concludes thab w
0s(2) and(3) 4] R=—5(69.) ®
*Email address: arlbhadra@yahoo.com From the above equation, Banerjee and S@mrgued thatp
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0556-2821/2001/68)/0875013)/$20.00 64 087501-1 ©2001 The American Physical Society



BRIEF REPORTS PHYSICAL REVIEW D 64 087501

such a conclusion holds only if R is assumed to be indepen- A—a?sir? o
dent ofw. This is a strong condition which is not justified in ~~ ds?=A~ 223 gjn~4(2e*3) gl _ —)dt2
general. Note that, Ed8) contains two unknown functions

of : R and¢. Hence if one knows the dependencewn 2asir? 6(r’+a?—A)

of one of the functions, the same for the other could be - S dtd¢

obtained from Eq(8). It is true that thew independence dr

leads to Eq(6) but there is no way to know the functional (r’+a?)2—Aa’sirfd\| )
behavior of R a priori unless one considers specific solu- + S )sz odé

tions. On the other hand, it is known that for a number of
exact solutions of BD theory having traceless souRés a
function of w.

To clarify the situation further, let us consider the static
spherically symmetric vacuum solution of the BD theory D(r,0)=A220+3) gipfl20+3) g (16)
given by Brans and Dickgl]:

+ A0 +3) sin4’(2°’+3)0(§dr2+2d02) (15)

er .
ds?=e?*dt2—e2A(dr2+r2d 6>+ r2sir? 6d¢?)  (9) A= 5 (8, asir 65)) (17)

where where 3=r?+a’cog 6 and A=r?—2Mr+a%+e? with
M, a, and e representing the Arnowitt-Deser-Misner
(ADM) mass, angular momentum per unit mass and electric
charge, respectively. In this case the source is electromag-
netic field and hence traceless. The above solution reduces to
2(\—C—1)/\ the standard Kerr-Newman solutigh0] in the limit w—oe.

(11)  The curvature scalar for the metric is given by
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503 sin O[(r—M)°A

S
+cof A ~2Ret3)], (19

Cin R=w

1-B/r
= 0( (12

1+B/r

with It is evident from Eqs(16) and(18) that both the scalar field
and scalar curvature go &{1/w) contradicting Eq(6).

) 12 Faraoni[8] claimed to have deduced a rigorous behavior
1- 2 ' (13 of ¢ in terms ofw supporting the result 4f7]. But the above
examplegBD class | and Kim’s black hole solutipmlready
contradict such a claim. The authi@] used the conformal
invariance of BD theory under the transformations

A=|[C+1]*-C

The Ricci scalar for the above metric is given by

2R2 4 ~
R:M#(r_{_B)*‘l{l*[(chl)n‘]} g,uV: d)zag,uv (19)
N
% (1 —B)~41-[(C+ DAL}, (14) b=t (20
To establish their claim, Banerjee and Sen le&@do be ;:L(a_l) 21)
arbitrary but it is not clear to what extent it is so. Any choice (1-2a)?

of C arbitrarily dependent om will not renderR to be w

independent. Only when eithé® is an arbitrary but fixed «# 3. Starting with the fixed value ofo=0, Faraoni ob-
constant orC(w)1/\w for large w doesR become effec- tained from the above equations

tively (but not exactly independent ofv. Therefore, the ar-

bitrariness ofC as used by Banerjee and Sen is severely 1 \/5
constrained. On the other hand, it is well known that to =7 1r— (22
match the BD class | metri¢l] with weak field post- V3+2w

Newtonian expansion of the BD field equatiofwghich is a

standard and probably unique way to fix unknown constantsvhich gives asa— 3, w—o. Under this limit, Eq.(20)
present in vacuum solutionsone must specifC=—1/(2  gives

+ ). And under this choic® goes a€O(1/w) and so does

¢. There are other examples, too. For instance, consider the _ 1
stationary charged black hole solutions in BD theory recently ¢— ot —=InP(w). (23)
obtained by Kim[9] given by \/;
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It was argued that thés(w) corresponding taw=0 does not necessarilyfollow from Eq. (23). However, if ¢(w) is cho-
alter in the limitw— o and hence one ends up with a behav-sen not to depend on the parameterthat describes the
ior similar to Eq.(6). But this argument should be taken with conformal transformation, the transformed scalar fig(@)
care as one may choogd w) to depend on the same param- will truly behave like Eq(6) in accordance with the claim of
eter o that appears in the conformal transformation, so thaRef. [8].

¢(w) changes under transformatig@dl) even in the limit We argue that the functional independence of the Ricci
a—1/2. A simple example will illustrate the point. Suppose scalarR is notgenerallytrue. Consequently, the dependence
¢(w)~1+(1-2a)/Jo—6a(a—1). Under the transfor- of the BD scalar fieldp on the coupling constanb essen-
mation(21), ¢(w)— x(@)~1+ (1/\®). Then we have from tially remainsarbitrary whenT=0 and not necessarily like
Eq. (23) that ¢— ¢o+ O(1/@). The inclusion of the param- the one expressed in E(f). Usually one fixes the constants
etera in the specific choice of that we made in the above appearing in the exact solutions férusing physical consid-
example is not unreasonable as the BD field equations admétrations: In the context of the Oppenheimer-Snyder collapse
an equivalence class of solutions férwith a parametery in the BD theory, this point is illustrated in Refgl1,12.
(see[8]), thougha does not appear in the BD action. In this Also, very recently, it has been discussed by MiyaZai|
sensea could be interpreted as some kind oauge pa- that the asymptotic behavior op could be fixed as¢
rameter Therefore, a solution corresponding to the choice of— O(1/w) due to the presence of cosmological matter distri-
a particulargauge namely,a=0, does not have any special pution for whichT+0 although for local matter distribution
status and one is free to retainin the expression fo. The T could be zero. This idea is perfectly consistent with the
conclusion thatp— ¢+ 0(1/@ for large® thus does not Machian nature of the Brans-Dicke theory.
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