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Bulk viscosity of neutron-star matter
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Hyperon bulk viscosity is the most significant transport coefficient affecting the growth or decay of any
neutron-star mode of oscillation which has, even to second order in its amplitude, a periodic density fluctua-
tion. This paper evaluates both the direct Urca and strangeness-changing four-baryon weak-interaction terms in
the coefficient.
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I. INTRODUCTION

The coefficient of bulk viscosity may be anomalous
large, in a fluid undergoing periodic density fluctuations w
angular frequencyv, if the approach to local equilibrium
between physically distinct degrees of freedom has a re
ation timet such thatvt is within a few orders of magni-
tude of unity @1#. An example of this general phenomeno
occurs in the core of a neutron star, where the bulk modu
derived from the translational degrees of freedom of the v
ous Fermi-liquid components depends on the degree of l
equilibrium between them. The physically important rela
ation times are those associated with weak-interaction e
librium. Strong-interaction equilibrium occurs so rapidly th
its relaxation times are negligibly small. Approximate calc
lations of the bulk viscosity produced by the nonlepton
weak processS21p
n1n, assuming a bare-particl
current-current interaction, were published many years
@2,3#. The present paper, giving further results for mat
above theS2 and L-hyperon threshold densities, has be
prompted by more recent developments, and may be rele
to the unstable growth ofr-modes in neutron stars throug
gravitational radiation reaction@4–6#.

Modern equations of state, with interacting fermion co
ponents, usually have hyperon formation threshold dens
of about 531014 g cm23 @7–10#. TheS2 andL thresholds
are quite closely spaced and their order is not comple
certain because a repulsive, isoscalar-exchange,S2-nucleon
interaction@8# may be strong enough to move theS2 thresh-
old above that for theL. The L component is importan
because its relaxation time, forL1n
n1n, can be ob-
tained from observational data@11–15# and so is much less
uncertain than the bare-particle current-current interaction
laxation time assumed forS21p
n1n. Its existence al-
most certainly allows direct Urca processes@16,17# with as-
sociated relaxation times, at a reference temperatureTo
51010 K, about five orders of magnitude longer than for t
nonleptonic processes, but still within the interval of physi
interest.

Calculation of the bulk viscosity in terms of relaxatio
times is a classical problem. For the degenerate fermion
tems concerned, the temperature can be neglected as a
dependent thermodynamic variable and is significant o
through its effect on the relaxation times. It is assumed to
such thatT>Tci(r) in at least a moderate fraction of th
stellar volume, whereTci is the ith Fermi superfluid transi-
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tion temperature at matter densityr. ~The indexi represents
both baryons and electrons.! There are equilibrium values o
the number densitiesNi and of the pressureP, denoted byNi

o

and Po. The existence of density fluctuationsNi5Ni
o1dNi

implies a non-equilibrium state. The Fourier compone
dNi(k,v) of small number density fluctuations and the flu
velocity v are related with the various net transition rates p
unit volume by the following linear equations:

2 ivdN1 iNok•v50 ~1!

2 ivdNe1 iNe
ok"v2I np2I Lp2I Sn2I SL50 ~2!

2 ivdNp1 iNp
ok•v2I np2I Lp1I Sp1I s50 ~3!

2 ivdNn1 iNn
ok•v1I np2I Sn2I Ln22I Sp2I s50 ~4!

2 ivdNL1 iNL
o k•v1I Lp2I SL1I Ln2I s50 ~5!

2 ivdNS1 iNS
o k•v1I Sn1I SL1I Sp1I s50 ~6!

and by the conditions of charge neutrality and baryon c
servation,

dNp5dNS1dNe ~7!

dN5dNp1dNn1dNL1dNS . ~8!

The m-meson number density immediately above the h
peron formation thresholds can be approximately half
magnitude ofNe

o , but the associated net transition rates ha
been neglected in Eqs.~1!–~8!. Their inclusion would re-
quire an additional equation, completely analogous with
~2!, and an additional term in Eq.~7!. ~Leptonic direct Urca
m2e transitions are not allowed.! The presence of a furthe
number density variable would greatly complicate, but n
change significantly, Eqs.~41!–~43! which give a simple al-
gebraic expression for the bulk viscosity induced by the n
leptonic weak interaction. Strong-interaction equilibrium im
poses the constraint

dmS1dmp5dmL1dmn ~9!

on chemical potential fluctuationsdm i away from their equi-
librium valuesm i

o . The net transition rates per unit volum
are for the following processes and each expression defi
its associated relaxation time:
©2001 The American Physical Society03-1
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S2p→Ln IsÞ0 ~10!

n→pe2n̄ I np5
dmn2dmp2dme

tnpan
~11!

S2→Le2n̄ I SL5
dmS2dmL2dme

tSLaS
~12!

L→pe2n̄ I Lp5
dmL2dmp2dme

tLpaL
~13!

S2→ne2n̄ I Sn5
dmS2dmn2dme

tSnaS
~14!

Ln→nn ILn5
dmL2dmn

tLnaL
~15!

S2p→nn ISp5
dmL2dmn

tSpaS
. ~16!

The baryon parametersa i5]m i /]Ni5p2/(pi
omi

!), wherepi
o

is the Fermi momentum andmi
! the effective mass, are th

Fermi-surface inverse densities of states.@The electron in-
verse density of states isae5p2/(pe

ome
o).# The strong-

interaction rateI s is dependent on almost completely infin
tesimal deviations from the constraint given by Eq.~9!, but
cannot be neglected. It will be convenient to assume that
~9! is exact, although with the consequence thatI s is inde-
terminate. Equations~11!–~14! include all possible direc
Urca processes. If one or more of these processes ar
lowed, the ubiquitous modified Urca process transition ra
@17# can be treated as negligibly small.

The bulk viscosity is the real part ofz obtained from a
calculation of the pressure fluctuation as a function ofv:

dP~v!5(
i

g idNi5(
i , j

Nj
o ]m j

]Ni
dNi , ~17!

which, with elimination of thedNi , can be expressed in th
form

dP~v!5dP~0!2 i zk•v, ~18!

so as to definez @1#. Obviously, Eqs.~1!–~9! are not inde-
pendent: constraints~7! and ~8! are implicit in Eqs.~2!–~6!
because all the processes~10!–~16! are charge and baryon
number conserving.

Calculation ofz from Eqs.~17! and~18! requires, in prin-
ciple, a very complete specification of the equation of st
for the various interacting Fermi systems. Hyperon form
tion threshold chemical potentials are not needed in
evaluation of relaxation times, but both Eq.~17! and the
relations between chemical potential and number den
fluctuations

dm i5(
j

]m i

]Nj
dNj ~19!
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contain a set of partial derivatives which are not usua
specified with published equations of state. In general,
off-diagonal partial derivatives should not be neglecte
Their calculation, as an example, for a specific model
interacting neutrons and protons, the Skyrme pseudopote
density adopted by Lattimeret al. @18#, has demonstrated
that diagonal and off-diagonal partial derivatives can be
the same order of magnitude. Precise evaluation ofz is there-
fore difficult, quite apart from uncertainties in the nonle
tonic relaxation times, but the effect of bulk viscosity can
so large that accurate values of the coefficient are not alw
essential.

In order to remove as much uncertainty as possible,
expression for the relaxation timetLn is obtained, in Sec. II,
from an observationally based effective coupling consta
Expressions for the direct Urca relaxation times are a
given, but based on well-established weak currents@19,20#.
A minor extension of the calculations gives the neutrino
minosities for these processes. A complete algebraic solu
for z, with six relaxation times, would be possible by n
merical techniques if the chemical potential partial deriv
tives were known. The linear approximation assumed in E
~1!–~6! will always be satisfactory provided the fluctuation
are such that the chemical potential differences in Eqs.~11!–
~16! are small compared withkBT, a condition which should
be satisfied at temperatures within an order of magnitude
To . However, the direct Urca relaxation times atTo are
about six orders of magnitude longer than eithertLn or the
probable value oftSp . This difference makes possible com
pact approximate algebraic solutions forz which are satis-
factory for deciding whether or not bulk viscosity produc
significant damping in a given circumstance for particu
regions ofr and T. Unless otherwise stated, the system
units is such that\5c51.

II. RELAXATION TIMES

The L mean life in large-A hypernuclei is determined
principally by the processesL1n,p→n1n,p. There may
be a contribution from more complex processes in which t
particle-hole pairs are created@21#, but the channelL
→pp2 is very strongly suppressed by the Pauli exclus
principle. The sparse measurements that have been mad
large-A hypernuclei@11,12# give a transition rate forL1n
→n1n nearly an order of magnitude greater than forL
1p→n1p. Measurements of theL mean life in nuclear
matter (209Bi, 238U) are more recent and numerous, and u
two different techniques@13–15#. Averaging these results
gives a mean life of 1.660.2310210 s in the large-A limit. It
can be assumed, with little error apart from the neglect
multiple particle-hole processes@21#, that the transition rate
for L1n→n1n is the sole contributor to this lifetime. A
description in terms of a phenomenological interaction
pressed as the most simple possible scalar coupling of
fermion fields, GLcLcncncn1H.c., gives a constantGL

51.29GF , whereGF is the Fermi weak constant@19#. ~The
Pauli principle correction has been made by neglecting
difference betweenL-hyperon and neutron single-partic
potentials and by adopting a neutron Fermi momentum
3-2
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BULK VISCOSITY OF NEUTRON-STAR MATTER PHYSICAL REVIEW D64 084003
260 MeV/c that corresponds with the known neutron dens
in large-A nuclei.! This procedure enables the derivation
the relaxation timetLn in neutron-star matter, with details o
the phase space calculation following those of Ref.@3#, by
scaling from large-A hypernuclei. There are, of course, som
uncertainties. At higher matter densities, it is quite poss
that multiple particle-hole pair creation@21# may be rela-
tively more important. However, proton and hyperon fra
tions in neutron star matter are small so that errors cause
our neglect of processes such asL1p→n1p and L1L
→n1L are unlikely to be significant.

Analogously with Eq.~11! of Ref. @3#, the transition rate
per unit volume is

I Ln5
GL

2

6p3b2
pL

o mL
! mn

!3dm ~20!

whereb215kBT, and the chemical potential imbalancedm
5dmL2dmn is assumed to be such thatbdm!1. The re-
laxation time is defined by Eq.~15!,

1

tLn
5

GL
2

6pb2
mn

!3 . ~21!

It is several orders of magnitude shorter thantSp ,

1

tSp
5

GF
2

12pb2
mn

!2mp
! sin2 uc cos2 uc~CVCV813CACA8 !2

~22!

where sinuc50.223, CV51, CV8521, CA521.267, CA85
20.340.@See the baryon summary table in Ref.@19# for the
source of these parameters. This definition is not quite id
tical with that of Ref.@3# because Eq.~16! which definestSp
contains theS-hyperon density of states in place of that f
the neutron. It is also unfortunately the case that Eq.~7! of
Ref. @3# contains an error equivalent to the presence o
minus sign within the bracketed term in Eq.~22!.# An almost
complete but fortuitous cancellation of the bracketed ter
in Eq. ~22! accounts for most of the several orders of ma
nitude difference found on evaluation oftSp andtLn . This
difference in order of magnitude is also interesting beca
the transition rate forL1n→n1n, unlike that forS21p
→n1n, has no contribution from an elementary bar
particle current-current interaction based onW-boson ex-
change, but must depend on a very wide class of poss
weak-hadronic exchange processes. Because most of
processes also contribute toS21p→n1n, there must be
serious doubts about their neglect both here and in Ref.@3#.
For these reasons, the view expressed in this paper is tha
relaxation time given by Eq.~22! is essentially meaningles
and that the truetSp is unknown but is probably of the sam
order of magnitude astLn . However, the value given by Eq
~22! is used later in this paper, but merely for the sake
definiteness.

The weak currents from which the direct Urca relaxati
times have been obtained are well-known@19,20#, apart from
the induced pseudoscalar and weak magnetism terms w
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are neglected here. Straightforward calculation, with the
sumption of empty neutrino phase spaces, gives the net t
sition rate

I i j 5b~dm! i j ~ I →! i j ~23!

corresponding with any of Eqs.~11!–~14!, in which dm is
the chemical potential imbalance for the process concer
andI → is its forward transition rate per unit volume~not the
net rate!. The relaxation time is

1

t i j
5

GF
2

~2p!3b4

mj
!me

o

pi
o

U2uMi j u2 ~24!

and assumes that the direct Urca conditionpi
o,pj

o1pe
o can

be satisfied.@The relaxation time for the correspondin
m-meson process would be identical with Eq.~24! because
the m-meson chemical potential is equal tome

o . However, a
direct Urca condition, being dependent on momentum, m
be satisfied, at a given chemical potential, by electrons
not necessarilym-mesons.# The various factors are

uMnpu252 cos2 uc~113CA
2 !, ~25!

uMSLu25
4

3
cos2 uc~3CA9

2!, ~26!

uMLpu253 sin2 uc~113CA-
2!, ~27!

uMSnu252 sin2 uc~113CA8
2!. ~28!

The factorCA-50.718, and the resultCA950.788 has been
derived from the semileptonicS2-decay branching ratios
given in Ref.@19#. The dimensionless factorU2520.6 in Eq.
~24! is thes52 case of the integral

Us5E
2`

`

dxE
2`

`

dyE
0

`

gs dg
1

exp~x!11

3
1

exp~y!11

1

exp~g2x2y!11
. ~29!

These relaxation times are longer, by a factor of the orde
(bmn

!)2, than that given by Eq.~21!. This is about six orders
of magnitude at the reference temperatureTo51010 K and is
a consequence of the small neutrino phase space in any s
leptonic process.

The direct Urca neutrino luminosity can be obtained by
minor extension of these calculations. For any one of
processes~11!–~14!, the luminosity is

Li j 5
8GF

2

~2p!5b6
mi

!mj
!me

oU3uMi j u2 ~30!

which includes both neutrino and antineutrino emission,
example,e2p→nn and n→pe2n̄. @The luminosities for
m-meson direct Urca processes are identical with those g
by Eq.~30!.# The integral in Eq.~30! has the numerical value
3-3
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U3587.2. These expressions give luminosities identical w
those published earlier by Prakashet al. @16#.

For most published equations of state, any hyperon fr
tional number densityNi

o/No increases rapidly, as a functio
of matter density, from threshold to an approximately co
stant value and then declines slowly as other hyperon thr
olds are passed. The number densities selected as typic
approximate evaluation of relaxation times have been
tained from the upper left-hand diagram in Fig. 7 of t
paper by Knorrenet al. @7#. At a total baryon densityNo

53.931038 cm23, individual number densities areNn
o

52.3431038,Np
o57.831037,NL

o 54.731037,NS
o 53.131037,

Ne
o1Nm

o 54.731037 cm23. The corresponding Fermi mo
menta are pn

o5375,pp
o5260,pL

o 5219,pS
o 5191,pe

o5192
MeV/c. With the assumption that the effective mass
are identical with free-particle masses, the relaxation tim
at the reference temperatureTo are tLn58.931028,
tSp57.431025,tnp52.031022,tSL54.031022,tLp53.4
31021,tSn58.331021 s. The direct Urca luminosities
given by Eq. ~30! are enormous atTo , for example,Lnp
52.431033 erg cm23 s21. The neutrino or antineutrino mea
free pathl determined by the processes~11!–~14! is simply
related to the relaxation timest i j . It is given by

l215(
2b2pi

omi
!I l

ct i j U2
~31!

where the summation is over those of processes~11!–~14!
that satisfy a direct Urca condition. The integral is

I l5E
2`

`

dxE
2`

`

dy
1

exp~x!11

3
1

exp~y!11

1

exp~2x2y2xn!11
~32!

(I l.0.5xn
2 , for xn@1) where xn is the neutrino~or an-

tineutrino! energy in units ofkBT. Again, m-neutrino and
e-neutrino mean free paths are identical provided the sa
set of direct Urca conditions are satisfied. Neutral we
current processes are always kinematically allowed but h
little effect on l owing to the smallness of the scatter
neutrino phase space relative to that of the charged lep
Their contribution has been neglected here. The refere
temperature mean free path is obviously small, of the or
of 23103 cm at a typical neutrino energy of 3kBT. Thus the
empty neutrino phase space assumption is not valid atTo :
Eqs. ~24! and ~30! become valid only at temperaturesT
&109 K. The computation of cooling rates at higher tem
peratures is an involved problem, but one whose solutio
not usually necessary. In most cases, it is sufficient to kn
that cooling is extremely rapid in comparison with other
gions which do not support direct Urca processes. The in
ence of the relative positions of theL and S2-hyperon
thresholds on temperature is considered further in Sec. I
08400
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III. BULK VISCOSITY

Owing to our serious lack of understanding of the nonle
tonic weak-interaction matrix elements, an accurate a
complete evaluation of their contribution to the bulk visco
ity coefficient is not possible quite apart from its dependen
on details of the equation of state above the hyperon thre
olds. This contrasts with thenpem direct Urca process for
which a more accurate bulk viscosity has been obtai
@22,23# for a specific equation of state. However, such a
lution is not always necessary. The coefficientz can vary
over so many orders of magnitude that an approxim
evaluation may be adequate for many problems. It should
possible to show, in many cases, either that the dampin
too weak to be significant or that it is so strong that
accurate evaluation is not necessary.

At, or below, the reference temperatureTo51010 K, the
nonleptonic and direct Urca relaxation times form two d
tinct groups, differing by five or more orders of magnitud
Therefore, there exists a wide interval ofv such thatvtLn
andvtSp are several orders of magnitude smaller than un
The equality

dmL5dmn ~33!

can be assumed, thoughI Ln andI Sp then become indetermi
nate. Asymptotic regionsv, andv. can be defined within
this interval such thatv,tU!1 andv.tU@1, where

1

tU
5aL(

1

t i j a i
, ~34!

the summation here being over all the processes~11!–~14!
that satisfy a direct Urca condition.@Given Eq. ~33!, Eqs.
~11!–~14! have a common numerator.# An algebraic solution
for z from Eqs.~1!, ~17! and ~18! requires five independen
equations chosen to avoid the indeterminate net transi
rates. Equations~2!, ~7!–~9! and~33! have been selected. Al
solutions given here neglect the off-diagonal chemical pot
tial derivatives present in Eqs.~17! and~19! and it should be
noted that the expressions obtained@Eqs.~36!–~39!, ~42! and
~43!#, although of complex form, are therefore simply a
proximations. The bulk viscosity coefficient is the real pa
of z, where

z5Nomn
oS u.

2

c2
2

u,
2

c2 D z

v

1

12 iz
. ~35!

This expression is of general validity, giving the bulk visco
ity associated with any relaxation time. It has been obtain
from Eqs. ~1! and ~18! by recourse to the hydrodynami
equation relating the time derivative of the enthalpy flux w
the pressure gradient,

2 ivNomn
ov1 ic2kdP50,

in the linear approximation adopted here. The parametersu,

and u. are the phase velocities of sound in the asympto
regions defined here. Their evaluation for Urca proces
with z5zU , gives the following forms:
3-4
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mn
oS u.

2

c2 D
U

5~gS1AaS!S 2NoaLan2Ne
oBp

No~Bp1BS!
D

1~gp1Aap!S 2NoaLan1Ne
oBS

No~Bp1BS!
D 1ge

Ne
o

No
,

~36!

mn
oS u,

2

c2 D
U

5~gS1AaS!S aLan~2ae1ap!

C1ae~Bp1BS! D1~gp1Aap!

3S aLan~2ae1aS!

C1ae~Bp1BS! D
1geS aLan~aS2ap!

C1ae~Bp1BS! D , ~37!

zU5
vtUaL~Bp1BS!

C1ae~Bp1BS!
. ~38!

The constants are:

A5
gLan1gnaL

2aLan
,

Bp52aLan1ap~aL1an!,
~39!

BS52aLan1aS~aL1an!,

C5aSaLap1aSaLan1aSapan1aLapan .

The viscosity given by this untidy expression reflects
coupling of electrons with the baryon component which
self, at these values ofv, is in almost exact nonleptoni
weak-interaction equilibrium. There is a high degree of c
cellation within the expression such that it can be well a
proximated by making the replacement

mn
oS u.

2

c2
2

u,
2

c2 D
U

'ge

Ne
o

No
, ~40!

though withzU still defined by Eq.~38!.
A similar procedure is possible at higher values ofv,

wherevtU for the Urca processes given by Eq.~34! is at
least several orders of magnitude greater than unity. H
the Urca net transition rates are negligibly small in Eqs.~2!–
~6!. The electrons are weak-interaction uncoupled from
baryons. In this region, asymptoticv, and v. can be de-
fined such thatv,tH!1 andv.tH@1, wheretH is defined
by

1

tH
5

1

tLn
1

aL

tSpaS
. ~41!

@The same chemical potential imbalance producesI Ln and
I Sp ; see Eq.~9!.# The five equations selected, in this cas
for algebraic solution are Eqs.~2!, ~7!–~9!, and the sum of
Eqs.~3! and~4!. The bulk viscosity coefficient is the real pa
08400
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of z, again given by Eq.~35! but with a relaxation time
defined by Eq.~41! and with different forms for the param
etersu. andz. The velocityu, in this case is, as expected
identical with the previousu. , given by Eq.~36!. The pa-
rametersu. andz are

mn
oS u.

2

c2 D
H

5gL1~gL2gS1ge!
Ne

o

No
1~gn2gL!

3S ~Np
o1Nn

o!~aS12aL1ap!2NoaL2Ne
o~aL1aS!

No~aS1aL1ap1an!
D

1~gS1gp22gL!

3S NoaL1Ne
o~aL1aS!2~aL2an!~Np

o1Nn
o!

No~aS1aL1ap1an!
D ,

~42!

zH5
vtHaL~aS1aL1ap1an!

Bp1BS
. ~43!

The evaluation of Eqs.~36!–~39!, ~42! and ~43! assumes
exactly those conditions adopted in Sec. II for the relaxat
time calculations. It is not intended that these conditio
should apply over a wide range of density: they represent
restricted interval within which onlyL andS2 hyperons are
present.

The coefficient of bulk viscosity at any temperatureT, for
which the relaxation time calculations of Sec. II are valid,
the sum

Re~z!5Nomn
oS u.

2

c2
2

u,
2

c2 D
U

zU

v

1

11zU
2

1Nomn
oS u.

2

c2
2

u,
2

c2 D
H

zH

v

1

11zH
2

'
4.931030~To /T!4

112.031026v2~To /T!8
~44!

1
2.731026~To /T!2

112.9310215v2~To /T!4
, ~45!

in units of g cm21 s21. The evaluation represented by E
~45! assumes that the Fermi liquids are normal. For low
temperatures,T,Tci , it would be necessary, in proceedin
to evaluate Eq.~44!, to make valid relaxation time calcula
tions for superfluids. The temperature dependence of
bulk viscosity would then, of course, be completely differe
The npe2 direct Urca bulk viscosity for normal Fermi liq
uids, with empty neutrino phase spaces, has been calcu
previously by Haensel and Schaeffer@22#. Their result,
3-5
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which is based on an equation state different from that
sumed here, has the same temperature dependence and
more than a factor of 2 larger than the first term in Eq.~45!,
considered in thevtU@1 limit. The calculations have re
cently been extended to include the effects of neutron
proton superfluidity@23#.

At T,Tci , relaxation times are increased by an ener
gap dependent exponential factor. The Urca term is valid
observed at the end of Sec. II, only forT&109 K where the
empty neutrino phase space assumption can be made
magnitude of 2.431032v22 g cm21 s21 at 109 K indicates
that the true Urca bulk viscosity at higher temperatures m
be extremely large. On the other hand, the nonleptonic w
term is valid for allT.Tci . At T.1021To , and physically
important values of v, it is almost completely
v-independent.

IV. CONCLUSIONS

Equations~44! and~45! give the bulk viscosity coefficien
for a normal Fermi liquid containing bothL andS2 hyper-
ons. The numerical values are based on a particular equa
of state but nevertheless should be of the correct orde
magnitude. These hyperon thresholds are expected@7–10# to
lie below those possible thresholds for quark deconfinem
or aK2-condensate. The contribution of such phases to b
viscosity is a separate problem not considered here@24#.
Also not considered are the thresholds forSo, S1 andJ2

hyperons which almost certainly lie above those forL and
S2. There is no reason to suppose that the bulk viscosit
such a region should differ qualitatively from Eqs.~44! and
~45!.

Modified Urca processes have been neglected here
though the modified Urcanpe2 process has been the bas
for some earlier calculations of neutron-star matter bulk v
cosity@25#. The transition rates concerned are some order
magnitude lower than for the corresponding direct Urca p
cess and give, forv of physical importance, proportionall
smaller bulk viscosities. Also, the existence of aL-hyperon
component ensures, except for very small fractional conc
trations, that at least two Urca conditions of the formpi

o

,pj
o1pe

o , those for processes~12! and~13!, will be satisfied
@16#. The conditions for Eqs.~11! and~14! are also satisfied
by the equation of state adopted in Sec. II and might
satisfied in a further region below theL-threshold, contain-
ing S2-hyperons, because the negatively charged bar
component necessarily increases the proton fraction. The
istence of a direct Urca process in the lower-densitynpe2

region of the core is much less certain because a relati
large proton fraction, Np

o/No50.1120.15, is required
@26,27#. But at even lower densities, in the inner crust of t
star, a form of direct Urca process is allowed~see Appendix
A of Ref. @28#!. Finally, there is no reason to doubt that dire
Urca conditions are satisfied at very high densities, wh
many different hyperons are present. These considerat
lead to a particularly simple picture of neutron-star inter
cooling. This should be extremely fast except, possibly,
any limited region of the core not containing hyperons~with
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the possible exception ofS2) in which thenpe2 Urca con-
dition is not satisfied.

At T,Tci , relaxation times are lengthened by an energ
gap dependence. For an Urca process, this is approxima
equal to the greater of the exponential facto
exp(bDi),exp(bDj) for the two baryons concerned. In th
case of a nonleptonic process, the lengthening is appr
mately equal to the product of the two largest exponen
factors exp(bDi) for the baryons involved. The scale of th
problem represented by our lack of knowledge of the g
D i(r) can be appreciated by reference to existing work
the calculation ofDn,p at much lower densities@29#.

It is unfortunate that the significance of the strangene
changing four-baryon weak interaction as a generator of b
viscosity has not been widely appreciated, possibly beca
it is otherwise observed only in the decay of hypernuc
The relevance of this bulk viscosity for the unstable grow
of r-modes in neutron stars has been pointed out only
cently @30#, using a coefficient derived from much earlie
work @3#. The very rapid cooling associated with direct Ur
neutrino luminosities indicates that the bulk viscosity giv
by Eqs.~44! and ~45! needs to be considered primarily as
function of T at constantv. At low temperatures, neutron
shear viscosity is a separate and important factor@31# but
with respect to bulk viscosity; the nonleptonic term is t
more important owing to its shorter relaxation time. It has
maximum at a temperature such thatz51 ~equivalent to
vtH'1) and a low-temperature limit, expressed directly
terms oftH , given by

Re~z!5
8.331033

v2tH

~46!

in units of g cm21 s21, which is valid for anytH such that
vtH@1, including temperaturesT,Tci below superfluid
transitions.

Given the existence of any oscillation with finite period
density fluctuation, the energy dissipated per unit volu
and time is the time-average of

1

NoE PdN5Re~z!E U 1

No

]dN

]t U
2

dt5
v2

2 UdN

NoU2

Re~z!,

~47!

by reference to Eqs.~1! and ~18!. The rate of change o
temperature in any small volume is determined almost
actly by Eq.~47! and by the direct Urca neutrino luminosity
Thermal conduction from regions not supporting direct Ur
processes is negligible by comparison. Urca process diss
tion here is obviously negligible because the energy di
pated per transition is small compared with the typical n
trino energy of 3kBT which accounts for the luminosity. Th
luminosities given by Eq.~30! can be re-expressed, individu
ally, as

Li j 5
1

a it i j

2U3

b2U2

,

3-6
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exactly for normal systems, and approximately in the cas
superfluids. The total neutrino and antineutrino luminosity

Ln5( Li j 5
1

aLtU

2U3

b2U2

,

excludingm-meson processes. The steady temperature m
tained by a time-independent density fluctuation amplitu
found by equatingLn with the energy dissipation given b
Eq. ~47!, satisfies

UdN

NoU2

57.831023S tH

tU
D S T

To
D 2

, ~48!

from Eqs. ~34! and ~46!, given that aL54.9310243 erg
cm3. The relaxation times are related bytH /tU
58.931026(T/To)2 at T.Tci , obtained from the individua
relaxation times of Sec. II, but are modified, atT,Tci , by
the exponential factors referred to previously. However,
~48! shows that no more than a very small density fluctuat
amplitude is necessary to maintain a temperature of the o
of 1021To .
.

tt.
,
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ot

c

ick
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Our assumption of a constant density fluctuation am
tude here is not inappropriate because it is determined by
mode of oscillation of the whole star and is independent
the conditions existing in any specific small volume. Te
perature evolution for the case ofr-mode growth in neutron
stars @4–6# is complex. First of all, any consideration o
r-modes has to assume an equation of state with known
peron formation thresholds. The instability producing grow
is the result of gravitational radiation reaction but its ener
dissipation has to be considered as a function of matter d
sity using Eq.~45!. It would also be necessary to know, o
make specific assumptions about, individual superfluid tr
sition temperatures. Superfluidity itself produces further d
sipation mechanisms, for example, the mutual friction d
rived from the scattering of electrons by the magnetic fl
entrained in neutron vortex cores@32#. Such a program is
beyond the scope of this paper which merely attempts
describe those properties of hyperon bulk viscosity which
relevant.
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