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Tolman type VII solution, trapped null orbits, and w-modes
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The Tolman type VII solution is an exact static spherically symmetric perfect fluid solution of Einstein’s
equations that exhibits a surprisingly good approximation to a neutron star. We show that this solution exhibits
trapped null orbits in a causal region even for a tengiofal radius to mass ratic>3. In this region the
dynamical part of the potential for axia-modes dominates over the centrifugal part.
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I. INTRODUCTION 8mp(r) 1 , r\2
3 | P T K 2
Exact solutions of Einstein’s equations provide both a BKT

route to the physical understanding of relativistic phenomena

and a check on numerical procedures. Unfortunately, even iherep(r) is the energy density and, T andK are con-

the case of isolated static spherically symmetric perfect flustants. The physical meaning of these constants is clear at the
ids, very few solutions are known which pass even elemenoutset:K?=3/8mp,, wherep, is the central density, anal

tary tests of physical relevangg]. In a recent studj2] four = (T—1)/K?T for r/K= . The isotropic pressurg) van-
types of ostensibly reasonable solutions were examined fdghes atr/K =g defining the boundaryX). (The Schwarzs-

the internal trapping of null geodesi¢8] along with the child interior solution is not thg@— « limit.) Physically rea-
associated resonance scattering of axial gravitational wavegonable values of for neutron stars ar@ =1+ € wheree
[4—6]. The solutions examined if2] have a large abrupt <~10"°. In this paper, without any change to our conclu-
density discontinuity(phase transitionat the boundary7].  sions, we takél =1. It is convenient to use the dimension-
As a consequence, though physically reasonable, they are niess variablex=r/K.

good models of(say neutron star structurf8]. There are With Eqg. (2) the effective gravitational mags) is given

only two known exact static spherically symmetric perfectby

fluid solutions which match onto vacuum without any den-

sity discontinuity at the boundary; the Buchdahl solufi®h X3 3

and a special case of the Tolman type VII solutid]. m(B,X)=KE(5——2X2), ()]
These solutions are both quite reasonable models of neutron

star structurd8]. The Buchdahl solution does not exhibit
internal trapping of null geodesi¢g]. In this paper we show
that the Tolman type VII solution exhibits trapped null orbits
even for a tenuity(total radius to mass ratic>3. In this
region the dynamical part of the potential for axiaimodes

which gives a tenuityfr/m(r)]|s=5/8°=a. In contrast to
Egs.(2) and(3), the isotropic pressure is not a simple func-

tion. (Indeed, this caused Tolman to abandon the solution
[10].) The pressure is given in the Appendix. We record the

actually dominates over the centrifugal part. metric
2
Il. THE TOLMAN VIl SOLUTION ) va(g,x)+b(B,x) 5
ds?=—D?sin In dt
A. Outline of the solution C(B)
We begin with the static spherically symmetric metric in dr?
“curvature” coordinateq 11] +—, (4)
a(B,x)
dg?=dsi+r2dQ?, (1)
where
wheredQ? is the metric of a unit sphere antf is a static
Lorentzian 2 surface with coordinategr(). The source of _ , 3
Eq. (1), by way of Einstein’s equations, is considered to be a a(Bx)=1-x"+ 552" ®
perfect mathematical fluid generated by radial streamlines of
constantr. The solution terminates and matches onto a 5
Schwarzschild vacuum upon the vanishing of the isotropic b :l E 2_ Si
(B.X) X , (6)
pressure. B VY5 6

The Tolman type VII solution begins with the ansatz
andD defines the choice of scale fo(which, of course, is of
no physical consequencé&he numbelC(B) (which is gov-
*Email address: lake@astro.queensu.ca erned byT) is given in the Appendix. Without regard to

0556-2821/2001/68)/0840015)/$20.00 64 084001-1 ©2001 The American Physical Society



NICHOLAS NEARY, MUSTAPHA ISHAK, AND KAYLL LAKE

1 1.1 12 13 g 14

FIG. 1. The abscissa j8. The upper curve gives the valuedf
for which the potential impact parametB(r) and associated po-
tential for axialw-modesV(r) match continuously onto their exte-
rior Schwarzschild vacuum values at the boundary(r = 8K).
The scale forD? is on the left. The lower curve gives the tenuity
[r/m(r)]|s= e for which the scale is on the right.

causality, the allowed range i@ is 0<B<~1.3896 where

the upper bound is set by the requirement of a finite central 4 41421
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B. Notation
We simply review here some key equations to set the 082 083 084 085 08 08 08 089
not_ation(see e.g(2] for detaily. Non-radial null geodesics FIG. 3. Gross features of the potential impact paramBte).
satisfy The vertical scale is irrelevant. The abscisse/ BK. The minimum
2 B for which there is a local maximum iB(r) is 8~ 1.24955 cor-
r2r2= ( 1— Zm(r)) B(r) -1 ) responding to a maximal tenuity ef3.20229.(a) The values of3
r b2 ' and tenuity top to bottom ar€l.29663,2.97402 (1.29,3.005,
(1.28,3.05175 (1.27,3.3, (1.26,3.1494), (1.25,3.2. (b) An en-
with larged view of the lowest curve ita).
B(r)= r 8 where =d/d\ for affine A, andb is a constant>0, the
(n= \/gn’ (8) “impact parameter.” The evolution of null geodesics is re-

15671513 13 13 136 ﬁ1,'38

FIG. 2. The ordinate is/BK and the abscissg. The curve
uppermost on the left gives the valueréBK for which the poten-
tial impact parameteB(r) reaches a local maximum. The other
curve gives the value af/ 8K below which the sound speed be-
comes superluminal. The curves crossBat1.29663 at a tenuity
~2.97402.

stricted by the conditiorb<B(r). The odd parity(axial)
w-modes are non-radial perturbations of the spacetime which
do not couple to the fluid at all. In terms of the frequenrgy
and mode number=2 the governing equation is given by

(4]

2

2
2+m
*

Z=V(r,)Z, 9

wherer, is the “tortoise” coordinate. The potential is con-
veniently expressed in terms pfand is given by

m(r)'

V(r)= r

6
B(r)z(I(I+1)+477r2[p(r)—p(r)]—

(10

The “centrifugal” part of the potential is given by(l
+1)/B(r)?, the remainder being the “dynamical” part. A
necessary condition for the occurrence of resonance scatter-
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FIG. 5. Gross features of the potentM(r). The abscissa is
FIG. 4. Comparison of the potential impact param&r) and /8K, The vertical scale is irrelevant. The minimugnfor which
the potentiaM(r). The abscissa is/ K. The vertical scale is irrel- there is a local minimum iv(r) is 8~ 1.28582 corresponding to a
evant.(a) Dominance of the dynamical part of the potential. Here maximal tenuity of~3.02419.(a) The values of3 and tenuity top
B=1.28. The potentiaV/(r) (upper curve on the lefis monotone  to hottom are(1.289,3.00929 (1.29,3.00468 (1.291,2.9999%
decreasing yet the potential impact paraméér) reaches a local  (1.292,2.99533 (1.293,2.99070 (1.294,2.98608

maximum in a causal regiofh) Heres=1.29663 andB(r) (upper  (1.295,2.9814) (1.296,2.9768% (1.2966,2.97416 (b) An en-
curve on the left has a local maximum where the sound speedjarged view of the uppermost curve {a).

becomes luminal.

. . o ) o there is a local maximum iB(r) is B~ 1.24955 correspond-
ing of axial gravitational waves by an isolated distribution of ing to a maximum tenuity of-3.20229. The Tolman type
fluid is & local minimum inv(r) within the boundary of the v/|| solution therefore exhibits trapped null orbits for a tenu-
fluid. ity >3. This is the first exact causal solution which has been
shown to have this property. As regards the full potential

C. Properties V(r), we find that the minimung for which there is a local
minimum in V(r) is B~1.28582 corresponding to a maxi-
mum tenuity of~3.02419. This means that the dynamical
part of the potential for axiak-modes in fact dominates over
the centrifugal part in the range of tenuity3.0241< a<
~3.20229. This is examined in Fig. 4. Some gross features
of the potential(r) are shown in Fig. 5. For completeness,
a comparison of the Tolman type VII solution with the well
known (and widely usefl Schwarzschild interior solution is
given in Fig. 6.

We start by noting that for an appropriate choice of the
constantD in metric (4) the potential impact parametB(r)
and associated potentigl(r) match continuously onto their
exterior Schwarzschild vacuum values at the boundary
The appropriate value db is shown in Fig. 1 where, for
convenience, we also record the tenyitym(r)]|s=a. The
choice forD is of no physical consequence. We have in-
cluded Fig. 1 simply to emphasize the fact that the continu
ous matching oB(r) andV(r) is possible. Figure 2 shows
the value ofr/ BK for which B(r) reaches a local maximum
compared to the value af/ K below which the classical
adiabatic sound speedﬁ(adp/dp) becomes superluminal. The Tolman type VIl solution is the first exact causal
We conclude thatB<~1.29663 and that the tenuity solution which has been shown to exhibit trapped null orbits
>~2.97402 for the trapping of null geodesics in a causalfor a tenuity >3. Moreover, this solution shows that the
(vs<1) region. Figure 3 records some gross features of thelynamical part of the potential for axiakmodes can in fact
potential impact paramet&(r). The minimump for which  dominate over the centrifugal part over a range in tenuity.

Ill. DISCUSSION
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FIG. 6. The Tolman type VII solution compared to the
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trappedw-modes actually exist in this solution for tenuities
in this range. Nonetheless, this solution makes it clear that
trapped null orbits andv-modes exist in causal solutions
with realistic equations of state and everywhere smooth den-
sities. There is reason to believe then that the purely relativ-
istic phenomena of trapped null orbits awemodes are part

of real astrophysical systems and not just curiosities of toy
models.
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APPENDIX: ISOTROPIC PRESSURE

The pressure can be given in the form

1 2x2\/a(ﬂ,x)\f
8mp(B,X)= 22 3 gcot
( \/\/a(B,X)er(B.X))
x| In +a(B,x)—1],
C(B)
(A1)

Schwarzschild interior solution. In each case the abscissa is a d¥herea(s.x) and b(B,x) are given by Eqs(5) and (6)

mensionless measure of distance to the bounBa(get at 1). The
vertical scale is irrelevant. The sound velocity is subluminal
throughout the range shown for the Tolman type VII solutiand
infinite for the Schwarzschild interior solutipn(a) The potential
impact parameteB(r) for the Tolman type VIl solution(upper

curve compared to the Schwarzschild interior solution. The tenuity

respectively andC(B) is a constantdetermined by the con-
dition T=1) given by

for the Tolman type VII solution is 3.052 compared to 2.632 for the\yhere

Schwarzschild solutior(b) The potential(r) for the Tolman type
VIl solution (lower curve compared to the Schwarzschild interior
solution. The tenuity for the Tolman type VII solution is 2.974
compared to 2.632 for the Schwarzschild solution.

These features would not be expected from any studies of the

Schwarzschild interior solution. Whereas the potenii@l)

C(ﬁ)z\/?sexp(z arctar’(B)) 6+§ , (A2)
5=15-6p2 (A3)
and
23B%6+24B°—60(B+ 6
w(p)= 5 3°—60(8 ). (Ad)

B(—23B?+60+486)

satisfies the necessary condition for the existence of trapped

w-modes even for a tenuity-3, it seems unlikely that

Note thatp(x=B)=0.
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