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Constraints on lepton flavor violation in the minimal supersymmetric standard model
from the muon anomalous magnetic moment measurement
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We establish a correspondence between those Feynman diagrams in the minimal supersymmetric standard
model ~MSSM! that give supersymmetric contributions to the muon anomalous magnetic moment and those
that contribute to the flavor violating processesm→eg andt→mg. Using current experimental limits on the
branching ratios of these decay modes, combined with the assumption of a supersymmetric contribution to the
muon anomalous magnetic moment, we establish bounds on the size of the lepton flavor violating soft masses
in the MSSM largely independent of assumptions about other supersymmetric parameters. If the deviation

measured at Brookhaven National Laboratory is from supersymmetry, we find the boundsm2
em /m̄2&2

31024 andm2
tm /m̄2&131021, wherem̄2 is the mass of the heaviest particle in any loop that contributes at

this level to the anomalous magnetic moment of the muon. This provides a significant constraint on the
non-flavor-blind mediation of supersymmetry breaking that often occurs at a suppressed level in many models,
including gaugino mediation.

DOI: 10.1103/PhysRevD.64.075015 PACS number~s!: 12.60.Jv, 13.35.2r, 13.40.Em, 14.80.Ly
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I. INTRODUCTION

The recent measurement@1# of the anomalous magneti
moment (g22) of the muon at Brookhaven National Lab
ratory ~BNL! exhibits a deviation from what is expecte
from the standard model~SM! ~for a clear review, see Ref
@2#!. This suggests that a contribution from physics beyo
the SM is necessary to explain the discrepancy. Supers
metry ~SUSY! has been known for some time to provide
significant contribution to anomalous magnetic moment
erators@3–5#. Several recent papers have also considered
possibility that the BNL measurement is evidence of a sup
symmetric contribution to (g22) at the level of the experi
ment @6#. Other papers also have considered a possible c
nection between muon (g22) and lepton flavor violation in
both a supersymmetric@7# and nonsupersymmetric conte
@8#. In this paper we establish a correspondence between
supersymmetric diagrams in the minimal supersymme
standard model~MSSM! that contribute to the anomalou
magnetic moment of the muon and a precisely analog
class of diagrams that contribute to the lepton flavor vio
ing processes, includingm→eg andt→mg. This enables us
to place bounds on the flavor violating soft massesm2

em and
m2

tm in the MSSM. In particular we findm2
em /m̄2<2

31024 and m2
tm /m̄2<131021, wherem̄2 is the mass of

the heaviest supersymmetric particle in any loop that cont
utes at this level to the anomalous magnetic moment of
muon. We do not assume any relation between the gau
soft massesM1 , M2, and them term in the superpotential
nor any relation among the slepton masses. The bound

*Email address: zchacko@phys.washington.edu
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establish are largely insensitive to any supersymmetric
rameters and assume only that there is no accidental ca
lation between independent diagrams contributing to the
vor violating processes.

To understand the underlying reason for the corresp
dence between the diagrams for the two types of proce
consider the structure of the relevant operators. The ano
lous magnetic moment operator has the form

Mm5
ie

2mm
ūm~p2!amsmnqnum~p1!Am . ~1.1!

The operator for the processm→eg has the form

Mmeg5
ie

2mm
ūe~p2!smnqn~al PL1ar PR!um~p1!Am1H.c.,

~1.2!

where PL,R[(17g5)/2 and smn[( i /2)@gm,gn#. This has
the same structure as the anomalous magnetic momen
erator above providedal5ar . In particular both operators
involve a net chirality flip between the ingoing and outgoi
leptons. This suggests that the different sets of graphs c
tributing to the two processes will have almost identic
structures.

The complete expressions for the supersymmetric con
butions to the muon anomalous magnetic moment have
peared in Refs.@4,5,9#. In general, the muon (g22) arises
from chargino-sneutrino and neutralino-smuon graphs, w
contributions differing due to the gaugino in the loop, t
sfermion in the loop, and the location of the chirality flip~s!.
In Figs. 1–6 we show the supersymmetric diagrams that g
rise to muon (g22). In order to obtain the correspondin
m→eg graph for each of these diagrams we simply inser
flavor violating soft massmem

2 along the slepton line~other
©2001 The American Physical Society15-1
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discussions of lepton flavor violation can be found in, e
Refs.@10–12#!. The resulting graph then gives an amplitu
for m→eg that is related in a straightforward way to th
original amplitude for the muon (g22) and also to the mas
insertion mem

2 . We can then use the upper limit on th
branching ratio for the processm→eg in the literature to
obtain a bound on the flavor violating soft massmem

2 . This
bound will of course be crucially dependent on the sup
symmetric amplitude for the muon (g22), which is an ex-
perimental input.

Naively one might think that these flavor violating di
grams may be heavily suppressed compared to the (g22)
diagrams by a ratio of the electron mass to the muon mas
more since each (g22) graph depends explicitly on th
~muon! flavor through one or more powers of the fermio
mass~or the fermion Yukawa coupling!, resulting in a very
weak bound. However, the detailed analysis we perform
subsequent sections reveals that this isnot the case. We show
that the supersymmetric contribution to (g22) is dominated
by graphs whose flavor violating analogues have no supp
sion factors, resulting in a very stringent bound.

Once constraints are established on the flavor viola
mass mixing, they can be immediately applied to supers
metry breaking models. Generally the constraints are m

FIG. 1. Chargino-sneutrino contributions toar that give rise to a
muon (g22) andm→eg in the interaction eigenstate basis. Th
photon~not shown! is emitted from the chargino. The chirality flip
is shown by the3 on the fermion line, while the the lepton flavo
violating mass insertion is shown by thê.

FIG. 2. Similar to Fig. 1, the chargino-sneutrino contributions
al that give rise to muon (g22) and m→eg in the interaction
eigenstate basis.
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severe @12# in models that communicate supersymme
breaking from a hidden sector through gravitational inter
tions @13#. In this framework the effective size of soft SUS
breaking is given by Planck suppressed operators such

E d4u
S†S

MPl
2

Li
†L j ~1.3!

whereS andS† are hidden sector fields, whileLi andL j are
MSSM chiral multiplets of generationi and j. The Planck
suppressed operators need not respect global flavor sym
tries, and soi and j can be different. When the hidden sect
fields acquire a SUSY breakingF term the soft~mass! 2 gen-
erated is

uFSu2

MPl
2

~1.4!

for all entries of the mass matrix in flavor space. Inste
current bounds on both quark and lepton flavor violati
processes require either that the mass matrix is nearly d

FIG. 3. Neutralino-slepton contributions toar that give rise to a
muon (g22) andm→eg in the interaction eigenstate basis. Th
photon~not shown! is emitted from the slepton. The chirality flip i
shown by a3 on the fermion line and the slepton flavor violatin
mass insertion is shown by â.
5-2
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CONSTRAINTS ON LEPTON FLAVOR VIOLATION IN . . . PHYSICAL REVIEW D64 075015
onal, or that it is ‘‘aligned’’ to the Yukawa couplings. This
the supersymmetric flavor problem.

One solution is to push at least the first and second g
eration scalar masses to be very heavy~order tens of TeV or
greater! @14#, but this is inconsistent with generating a lar
supersymmetric contribution of (g22). Other methods of
generating nearly flavor blind masses involve the gauge
gaugino fields in some nontrivial way. Gauge mediation@15#
postulates that the dominant SUSY breaking is commu
cated to the MSSM through gauge interactions with a he
messenger sector charged under the SM gauge gr
Anomaly mediation@16# and gaugino mediation@17# postu-
late physically separating the hidden sector and the MS
across a small extra dimension. Soft masses are generate
MSSM fields through either tree-level interactions~gaugino
mediation! or at higher orders via the trace anoma
~anomaly mediation!. In either case, the result is a near
flavor blind soft mass spectrum.

Why then is SUSY breaking induced flavor violation im
portant? We view this as a means to test these mechan
by accessing the flavor-nondiagonal structure. For insta
gravity mediation does contribute at a suppressed level to
soft SUSY breaking masses in gauge mediation, and so
straints on the size of flavor violating soft masses can
translated into upper bounds on the scale of supersymm
breaking. Also, in both anomaly mediation and gaugino m
diation there are exponentially suppressed flavor violat
contributions resulting from the small wave-function overl
on the visible brane of SUSY breaking fields localized on
hidden brane. The size of this suppressed contribution is

FIG. 4. Similar to Fig. 3, the neutralino-slepton contributions
ar with a left-right slepton mass insertion that gives rise to
muon (g22) and m→eg in the interaction eigenstate basis a
shown. The slepton left-right mass insertion is shown by ad.
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M2
~1.5!

whereM5(L21MPl
2 )1/3 is the effective Planck scale of th

theory. Constraining the size of flavor violation therefore
stricts the size of the extra dimensionL, requiring it to be
roughly an order of magnitudelarger than the effective
Planck length. Conversely, observing flavor violation in th
framework would allow an estimate of the size of the ex
dimension.

Why is leptonflavor violation important? The large bod
of evidence for neutrino oscillations shows that the lep
number cannot be an exact symmetry of nature, and he
there is flavor physics that is outside the Cabibb
Kobayashi-Maskawa~CKM! matrix. Probing the sensitivity
of the supersymmetry breaking sector to this flavor phys
may provide insight into the scale and the nature of the n
flavor structure. It would be interesting to see how co
straints on the SUSY induced lepton flavor violation relate
the lepton violation through neutrino masses~e.g., see@18#!.
We leave this for further study.

This paper is organized as follows. In Sec. II we discu
the chargino-sneutrino contributions to (g22), and in Sec.
II A we calculate the chargino-sneutrino contribution to t
lepton flavor violating processm→eg. We then use the cur
rent experimental bounds on the branching ratio intom

FIG. 5. Neutralino-slepton contributions toal that give rise to a
muon (g22) andm→eg in the interaction eigenstate basis. Th
chirality flip is shown by an3 on the fermion line and the slepto
flavor violating mass insertion is shown by â.
5-3
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Z. CHACKO AND GRAHAM D. KRIBS PHYSICAL REVIEW D 64 075015
→eg to establish a bound on the sneutrino~left-left! e↔m
flavor mixing mass. In Sec. III we carry out the same ana
sis for the neutralino-slepton contributions, and obtain si
lar bounds on the left-left and right-right slepton flavor mi
ing masses betweene↔m. In Sec. IV we calculate the
bounds on the flavor violating processt→mg. We find sig-
nificantly weaker constraints on them↔t flavor mixing
mass as compared with thee↔m flavor mixing mass. Fi-
nally, in Sec. V we present our conclusions.

II. CHARGINO-SNEUTRINO CONTRIBUTIONS

We begin by calculating the contributions to flavor viol
tion resulting from sneutrino mixing. These are the ana
processes to the sneutrino contributions to (g22). It is
rather instructive to do this case analytically in detail, and
we restrict to consideringñe2 ñm mixing only.

Suppose a small flavor violating~mass! 2 m12
2 !mñe ,ñm

2 is

added to the MSSM,

L5mñe

2
ñe* ñe1mñm

2
ñm* ñm1m12

2 ñe* ñm1H.c., ~2.1!

giving a simple 232 mass matrix for the sneutrinos:

M ñ
2
5S mñe

2
m12

2

m12
2 mñm

2 D . ~2.2!

FIG. 6. Similar to Fig. 5, the neutralino-slepton contributions
al with a left-right slepton mass insertion that give rise to a mu
(g22) andm→eg in the interaction eigenstate basis are show
The slepton left-right mass insertion is shown by ad.
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Note that we have absorbed the electroweakD terms into
our definition ofml̃

2 for any l 5 ñe ,ñm ,ẽ,m̃. Following the
usual procedure we diagonalize this matrix, defining
mass eigenstatesñ1,2 as

S ñ1

ñ2
D 5S cosuñ sinuñ

2sinuñ cosuñ
D S ñe

ñm
D ~2.3!

ordered such thatñ1 is the sneutrino that is majorityñe ~and
ñ2 is majority ñm). The sneutrino mass mixing angle is give
by

sin 2uñ5
2m12

2

A~mñm

2
2mñe

2
!214m12

2
. ~2.4!

The interactions of the sneutrino mass eigenstates w
charginos can be obtained by inserting the mass eigens
into the interaction Lagrangian@19#

L5(
k

@ ē~2gPRVk11PLYeUk2* !x̃k
c~ ñ1 cosuñ2 ñ2 sinuñ!

1m̄~2gPRVk11PLYmUk2* !x̃k
c~ ñ1 sinuñ1 ñ2 cosuñ!#

1H.c. ~2.5!

We now calculate the chargino-sneutrino contribution tog
22) in terms of the mass eigenstates. There are three dis
contributions that can be identified by the gaugino running
the loop and the location of the chirality flip:~a! pure gauge,
~b! pure Higgsino, and~c! mixed, as shown in Figs. 1 and 21

The total chargino-sneutrino contribution is simply

am5am
(a)1am

(b)1am
(c) , ~2.6!

where the individual diagrams give

16p2

mm
am

(a)5
mm

12mx̃
k
6

2 g2
2uVk1u2@sin2uñxk1F1

C~xk1!

1cos2uñxk2F1
C~xk2!# ~2.7!

16p2

mm
am

(b)5
mm

12mx̃
k
6

2 Ym
2 uUk2u2@sin2uñxk1F1

C~xk1!

1cos2uñxk2F1
C~xk2!# ~2.8!

1These diagrams are in the interaction basis and are there
schematic. However, this is merely for purposes of clarity and d
not affect our conclusions.

n
.
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CONSTRAINTS ON LEPTON FLAVOR VIOLATION IN . . . PHYSICAL REVIEW D64 075015
16p2

mm
am

(c)52
2

3mx̃
k
6

g2Ym Re@Vk1Uk2#

3@sin2uñxk1F2
C~xk1!

1cos2uñxk2F2
C~xk2!#, ~2.9!

where the sum overk51,2 for the two charginos is implic
itly understood. HereYm is the muon Yukawa coupling,g2 is
the SU(2)L coupling,x1k,2k[mx

k
6

2
/mñ1,2

2 , andUi j ,Vi j are the

chargino mixing matrices in the (W̃6,H̃6) basis. In the Ap-
pendix we provide the one-loop kinematical functionsF(x),
which are defined identically to Ref.@9#. In the limit of no
flavor violation,m12

2 →0, this result agrees with previous ca
culations@5,9#.

Given that the size of the flavor mixing mass is sma
m12

2 !mñe

2 ,mñm

2 , there are two limiting cases:m12
2 !umñm

2

2mñe

2 u, and m12
2 @umñm

2
2mñe

2 u. In the first case, the mixing

angle uñ!1, so that cosuñ.1 while sinuñ!1. The mass
eigenstates are therefore nearly identical to the interac
eigenstatesñ2. ñm and ñ1. ñe , so that Eqs.~2.7!–~2.9!
trivially reduces to the interaction eigenstate result. In
second case, the mixing angle is maximaluñ.p/4, so both
sneutrinos contribute about equally but are suppressed
factor of sin2uñ.cos2uñ.1/2. The sum of course gives near
the same result as obtained without flavor mixing. Thus,
formalism gives the expected result that small flavor mix
in the sneutrino masses does not affect the prediction og
22) in supersymmetry. We can express this result as

sin2uñxk1F1,2
C ~xk1!1cos2uñxk2F1,2

C ~xk2!.xk,mF1,2
C ~xk,m!,

~2.10!

wherexk,m[mx
k
6

2
/mñm

2 .

What is the relative size of each of these diagrams? H
the advantage of working in the interaction eigenstate b
is apparent. In the limitM2!m, the gaugino diagram domi
nates, and the others can be ignored. WhenM2;m, there is
large gaugino-Higgsino mixinguVk1u;uUk2u, and so the rela-
tive size of the diagrams is governed by the couplings

uam
(a)u:uam

(b)u:uam
(c)u5U g2mm

8Ymmx̃6
U :U Ymmm

8g2mx̃6
U :1. ~2.11!

In this case clearly diagram~b! is highly suppressed relativ
to diagram~a! or ~c!. The relative competition between dia
gram ~a! and ~c! depends on tanb and the mass of the
chargino. Finally, the limitm!M2 is slightly subtle. Fortu-
nately it is straightforward to show that in this lim
uVk1Uk2u.A2MW /M2, and so the ratio
07501
,

n

e

a

r

re
is

Uam
(c)

am
(b)U; g2mMW

YmmmM2
. ~2.12!

This ratio is much greater than one even form/M2
5(mm /MW)1;103. Diagram~c! therefore dominates in the
light Higgsino case.

Hence, the overwhelmingly dominant chargino-sneutr
contribution to (g22) arises from diagrams~a! and ~c!.
Hereafter, we ignore diagram~b!.

Flavor violating chargino-sneutrino graphs

The chargino-sneutrino contribution to lepton flavor vi
lation is related to the muon (g22) graph by a simple re-
placement of the outgoing muon with an electron. Theg
22) graphs can be written in pairs, with the same partic
in the loop but the ingoing and outgoing muons having d
ferent chiralities. These graphs have the same amplitud
there are no phases. Form→eg, however, there are two
distinct sets of diagrams for the left-handed and right-han
incoming muons, leading to distinct contributions to the a
plitude for al andar . We find that the contribution toal is
suppressed by at least one additional power of the elec
mass or electron Yukawa coupling, and so can be neglec
The contribution toar can be split into the same three co
tributions as we did above for (g22). We obtain

16p2

mm
ameg

(a) 5
mm

24mx̃
k
6

2 g2
2uVk1u2 sin 2uñ

3@xk1F1
C~xk1!2xk2F1

C~xk2!# ~2.13!

16p2

mm
ameg

(b) 5
mm

24mx̃
k
6

2 YmYeuUk2u2 sin 2uñ

3@xk1F1
C~xk1!2xk2F1

C~xk2!# ~2.14!

16p2

mm
ameg

(c) 52
1

3mx̃
k
6

g2Ym Re@Vk1Uk2#sin 2uñ

3@xk1F2
C~xk1!2xk2F2

C~xk2!#. ~2.15!

Following the arguments we made for (g22), it is an excel-
lent approximation to neglect diagram~b!. The relationship
between the amplitudes for (g22) andm→eg can be seen
by writing the ratio of diagrams~for fixed k, not summed
over!,

ameg
( i )

am
( i )

5
1

2

sin 2uñ@xk1FC~xk1!2xk2FC~xk2!#

xk,mFC~xk,m!
. ~2.16!

HereF1(x)5F1
C(x) for ( i )5(a) andF1(x)5F2

C(x) for ( i )
5(c). Notice that the couplings and chargino mixing ang
drops out. The expression can be evaluated~exactly! in the
232 mixing case. However, before doing this we first obta
a qualitative understanding of this ratio of amplitudes.
5-5
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From the expression above it is clear that unless

xk1FC~xk1!

xk2FC~xk2!
21!1 ~2.17!

the ratio of amplitudes

ameg
( i )

am
( i )

.
1

2
sin 2uñ.

m12
2

max@mñm

2 ,mñe

2
#
. ~2.18!

Now the approximation~2.17! that leads to the equatio
above clearly breaks down in the limitxk1→xk2. A careful
examination of the structure of the functionsFC(x) also
shows that Eq.~2.17! is not satisfied when bothxk1@1 and
xk2@1 even ifxk1 andxk2 are very different in magnitude
Since the functionsFC(x) are monotonic apart from thes
regions the equation~2.17! is satisfied. We therefore examin
these two limits in further detail.

We first consider the case ofxk1@1, xk2@1. Then by
studying the asymptotic behavior ofFC(x) it follows that

ameg
( i )

am
( i )

.
m12

2

mx̃
k
6

2 . ~2.19!

This suggests that Eq.~2.17! can be generalized to

ameg
( i )

am
( i )

.
m12

2

max@mñm

2 ,mñe

2 ,mx̃
k
6

2
#
. ~2.20!

We now considerxk1→xk2. For simplicity we examine
the limits umñm

2
2mñe

2 u@m12
2 and umñm

2
2mñe

2 u!m12
2 sepa-

rately. Forumñm

2
2mñe

2 u@m12
2 we have

sin 2uñ.
2m12

2

umñm

2
2mñe

2 u
~2.21!

and

xk1FC~xk1!2xk2FC~xk2!

xk,mFC~xk,m!
.

mñm

2
2mñe

2

mñm

2 , xk&1,

~2.22!

xk1FC~xk1!2xk2FC~xk2!

xk,mFC~xk,m!
.

mñm

2
2mñe

2

mx̃
k
6

2 , xk@1,

~2.23!

up to numerical factors of order one. Combining these eq
tions we find Eq.~2.20! is in fact reproduced even in thi
limit. Now consider the casexk1→xk2 with umñm

2
2mñe

2 u

!m12
2 . Then sin 2uñ.1 while
07501
a-

xk1FC~xk1!2xk2FC~xk2!

xk,mFC~xk,m!
.

m12
2

mñm

2 , xk&1, ~2.24!

xk1FC~xk1!2xk2FC~xk2!

xk,mFC~xk,m!
.

m12
2

mx̃
k
6

2 , xk@1. ~2.25!

Hence once again we find Eq.~2.20! holds. It is not dif-
ficult to verify that this remains true in the intermediate r
gion umñm

2
2mñe

2 u'm12
2 . From this simple analysis we there

fore conclude that the amplitudes form→eg and (g22) are
simply related by

ameg
( i )

am
( i )

.
m12

2

max@mñm

2 ,mñe

2 ,mx̃
k
6

2
#
. ~2.26!

It is not difficult to understand the origin of this result. Give
the correspondence between diagrams then elementar
mensional considerations indicate that the ratio of the t
amplitudes is approximately given bym12

2 /M2 whereM2 is a
heavy scale. The most conservative assumption is thatM2 is
the heaviest scale in the problem, the mass of the heav
particle, which immediately yields Eq.~2.20!.

We now perform a more careful analysis of the proble
The simplest piece of Eq.~2.16! to evaluate is the denomi
nator. Since we are assuming no relations among the
supersymmetry breaking masses, let us consider the t
possible limits:~1! xk,m@1, ~2! xk,m;1, and ~3! xk,m!1,
corresponding to the chargino mass being much greater t
roughly equal to, or much smaller than the muon sneutr
mass, respectively. The limits of the one-loop functions
given in the Appendix, and so we simply state the res
here:

1

mx̃
k
6

2 xk,mF1
C~xk,m!5

2

mx̃
k
6

2 for xk,m@1 ~2.27!

5
2

mñm

2 for xk,m;1 ~2.28!

5
4

mñm

2 for xk,m!1, ~2.29!

which can be written very roughly as

1

mx̃
k
6

2 xk,mF1
C~xk,m!;

1

max@mx̃
k
6

2
,mñm

2
#

~2.30!
5-6
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CONSTRAINTS ON LEPTON FLAVOR VIOLATION IN . . . PHYSICAL REVIEW D64 075015
for anyx, dropping overall factors of 2. The same express
can be found for the other one-loop functions with o
exception.2

The numerator of Eq.~2.16! can also be evaluated fo
analogous limits. Since both sneutrino masses are in the
pression there are nine distinct cases depending on the
tive hierarchy ofmñ1

, mñ2
, andmx̃

k
6. The ratio can be evalu

ated straightforwardly in all of these cases. We present
results in Table I. For those cases withxi ,k;1 we have freely
interchangedmñ i

with mx̃
k
6.

The most important result is that each (g22) diagram has
a m→eg counterpart that is proportional to

d125
m12

2

max@mx̃
k
6

2
,mñe

2 ,mñm

2
#

~2.31!

for any choice of soft breaking parameters. Right away
see that if a nonzero supersymmetric contribution to
muon (g22) comes from mainly one diagram~with one
chargino in the loop!, then there is a prediction for the size
the lepton flavor violating processm→eg that only depends
on the size of the flavor mixing (mass)2 divided by the larger
of the chargino mass and the electron sneutrino mass.3 The
prediction is

ameg*
1

4
amd12.ar . ~2.32!

2The exception is the smallx limit of xF2
C(x), which behaves as

2x ln x.
3In two of 18 cases in Table I there is an additional logarithm

suppression of 1/lnmx̃
k
6

2 /mñm

2 . We have conservatively accounted f

this by including the smuon mass in the denominator of Eq.~2.31!,
but one should remember that in the other 16 cases the smuon
cancels out of the ratio.

TABLE I. The ratio of the amplitude form→eg over (g22)
for diagrams~a! and ~c!, for a given chargino (k fixed!.

Case ameg
(a) /am

(a) ameg
(c) /am

(c)

xk,1 ,xk,2@1 2m12
2 /mx̃

k
6

2
m12

2 /mx̃
k
6

2

xk,1 ,xk,2!1 m12
2 /mñe

2
m12

2 /mñe

2

xk,1!1!xk,2 m12
2 /mñe

2
m12

2 /mñe

2

xk,2!1!xk,1 m12
2 /mx̃

k
6

2 1
2 m12

2 /(mx̃
k
6

2 ln mñm

2 /mx̃
k
6

2 )

xk,1;xk,2;1 2
5 m12

2 /mñe

2 1
4 m12

2 /mñe

2

xk,1;1, xk,2@1 1
2 m12

2 /mñe

2 1
3 m12

2 /mñe

2

xk,1;1, xk,2!1 1
4 m12

2 /mx̃
k
6

2 1
3 m12

2 /(mx̃
k
6

2 ln mñm

2 /mx̃
k
6

2 )

xk,2;1, xk,1@1 m12
2 /mx̃

k
6

2 1
2 m12

2 /mx̃
k
6

2

xk,2;1, xk,1!1 m12
2 /mñe

2
m12

2 /mñe

2
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We take the low value ofameg because we are interested in
bound. The width form→eg is easily obtained from the
magnetic moment operator Eq.~1.2!:

G~m→eg!5
mme2

64p
~ ual u21uar u2!. ~2.33!

and as we discussed above, we may ignore theal contribu-
tion since it is further suppressed by the electron mass.
branching ratio~BR! is then

BR~m→eg!5
3p2e2

GF
2mm

4
uar u2, ~2.34!

which we can write as

BR~m→eg!.2.031024S am

4.331029D 2

d12
2 . ~2.35!

The current experimental bound is BR(m→eg),1.2
310211 @20#, which we can use to place a bound on t
flavor mixing (mass)2:

d12,2.431024S BR~m→eg!

1.2310211 D 1/2S 4.331029

am
D .

~2.36!

This bound is as accurate asd12 is known, i.e., to within
about a factor of 2.

III. NEUTRALINO-SLEPTON CONTRIBUTIONS

The second class of diagrams that contribute to muong
22) and lepton flavor violation are ones with neutralin
and charged sleptons in the loop. We again restrict ourse
to m↔e flavor transitions only, taking up other possibilitie
in Sec. IV. There are several important differences with
chargino-sneutrino contributions: there are four neutralin
B̃, W̃0, H̃d

0 , andH̃u
0 instead of two; there is a pair of charge

sleptons for each flavorẽL,R and m̃L,R ; left-right slepton
mixing in addition to flavor mixing; flavor mixing can be
between left-left, right-right, a combination of both, and le
to-right or right-to-left.

Unlike the chargino-sneutrino class of diagrams, th
may be an unsuppressed contribution to eitheral or ar . We
show the complete set of diagrams in Figs. 3–6. There
nearly one-to-one correspondence between the contribu
to al through left-left flavor mixing, and that forar through
right-right flavor mixing~or vice versa!. The exception is the
diagrams with a Wino which couples only to left-hand
fields.

As in the chargino-sneutrino case, roughly half of the d
grams are proportional to the electron mass or elect
Yukawa coupling. Those diagrams that have an exact an
which simply replaces the electron mass with the muon m
can be safely neglected. This includes Figs. 3~e-R!, 5~e-L!,
5~g-L!, 3~i-R!, 5~i-L !, 3~k-R!, 5~k-L!, 3~p-R!, 5~p-L!, and
5~r-L!.

ass
5-7
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Neutralino-slepton contributions include a new set of d
grams resulting from left-right mixing between the slepto
We have shown this set of diagrams separately in Figs. 4
6. Each muon (g22) diagram for a given muon chirality ha
two m→eg contributions that result from the two possib
orderings of the left-to-right transition and the flavor tran
tion. One of these orderings involves muon left-right mixi
whereas the other involves electron left-right mixing.~Only
the muon left-right mixing is shown in Figs. 4 and 6.! Ordi-
narily the flavor-diagonal slepton mass matrix is written a

M l̃
2
5S ml̃ L

2
ml~Al2m tanb!

ml~Al2m tanb! ml̃ R

2 D . ~3.1!

As long as the different flavorA terms are not as hierarch
cally different as the lepton masses, the diagrams with se
tron left-right mixing can be neglected. Even though we w
assume this, in what follows it is clear that weakening t
restriction will not affect the bound.

The final class of diagrams to be considered are th
with only a Higgsino in the loop. In (g22), it is straightfor-
ward to show that there are always larger contributions fr
either mixed gaugino–Higgsino diagrams or from pu
gaugino diagrams. We may safely neglect the diagra
shown in Figs. 3~h-R! and 5~h-L! in favor of 3~j-L ! and
5~j-R!, respectively. This is because theB-ino content of the
ac
h
th

or
o
n

th

07501
-
.
nd

-

c-
l
s

e

s

lightest neutralino goes asN11.sinuWMZ /M1 ~and theW-ino
content goes asN12.cosuWMZ /M2). The Higgsino diagram
is proportional to mmYm

2 uN13u2, whereas the mixed
Higgsino–B-ino contribution is proportional to
mx̃

1
0g1YmN11N13. So long as sinuWMZ /M1*mmYm /(mx̃

1
0g1),

the smallB-ino content of the lightest neutralino dominat
the amplitude. This is precisely analogous to neglecting
Higgsino diagram in favor of the mixed Higgsino–W-ino
diagram for the chargino-sneutrino contribution.

The Higgsino diagrams with left-right mixing, Figs
4~n-R! and 6~n-L!, are somewhat more subtle in the lim
m!M1 ,M2. In these two diagrams, the chirality flip is o
the internal line, with tanb enhanced left-right mixing on the
slepton line. However, these graphs can be neglected rela
to 4~m-R! and 6~m-L! so long as the ratio of theB-ino mass
to the Higgsino mass is less than about (g1 /Ym)2. Therefore
neglecting this diagram relative to the others is consisten
all but highly fine-tuned regions of parameter space.

Interestingly, the remaining contributions toar andal de-
pend exclusively on the left-left flavor changing transitio
mass m12

LL2 and the right-right flavor changing transitio
massm12

RR2. Hence, there is essentially no interference b
tween the amplitudes involving a left-left flavor changin
transition with the right-right flavor changing transition.

In general, the charged slepton mass matrix takes the f
M l̃
2
5S m̄eL

2 me~Ae2m tanb! m̄2
12
LL

me~Ae2m tanb! m̄eR

2
m̄2

12
RR

m̄2
12LL m̄mR

2 mm~Am2m tanb!

m̄2
12
RR mm~Am2m tanb! m̄mL

2

D . ~3.2!
are
ith;
the
h is

the
d.
like
val-

w

This 434 matrix must be diagonalized to carry out an ex
calculation. We wish to exploit the ease of computing in t
232 case. We can achieve this by first diagonalizing
upper left and bottom right (232) blocks of this matrix
individually. As long as we are working in the one flav
violating insertion limit then this problem reduces to that
several (232) matrices which can be handled indepe
dently.

So, we decompose the 434 matrix into4

M l̃ L

2
5S meL

2
m12

LL2

m12
LL2 mmL

2 D , M l̃ R

2
5S meR

2
m12

RR2

m12
RR2 mmR

2 D .

~3.3!

4Other possible decompositions exist, but this one suffices for
purpose of establishing a bound.
t
e
e

f
-

It is important to note that the elements of these matrices
not exactly those of the original mass matrix we started w
i.e.,meL

is now not the mass of the left-handed slepton in
original mass matrix but the mass of the eigenstate whic
‘‘mostly’’ the original left-handed slepton. Similarlym12

LL

here is simply the mass in the corresponding position of
mass matrix after the (232) blocks have been diagonalize
The resulting matrices can be easily diagonalized just
the chargino-sneutrino case, resulting in the ‘‘mass eigen
ues’’ ml̃

1,2
L , ml̃

1,2
R and mixing anglesu l̃ L, u l̃ R.

Using our treatment for left-right mixing, we can no
write the contribution to the (g22) amplitude for those dia-
grams with unsuppressedm→eg analogues,

16p2

mm
am

(d2R).2
mm

24mx̃
k
0

2 g1
2uNk1u2xk,LF1

N~xk,L! ~3.4!e
5-8
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16p2

mm
am

( f 2R).2
mm

24mx̃
k
0

2 g2
2uNk2u2xk,LF1

N~xk,L! ~3.5!

16p2

mm
am

(g2R).2
mm

12mx̃
k
0

2 g1g2 Re@Nk1Nk2* #xk,LF1
N~xk,L!

~3.6!

16p2

mm
am

( j 2R).
1

3A2mx̃
k
0
g1Ym Re@Nk1Nk3#xk,LF2

N~xk,L!

~3.7!

16p2

mm
am

( l 2R).
1

3A2mx̃
k
0
g2Ym Re@Nk2Nk3#xk,LF2

N~xk,L!

~3.8!

16p2

mm
am

(m2R).
mm~Am2m tanb!

3mm̃R

2
mx̃

k
0

g1
2 Re@Nk1Nk1#xk,L

3F2
N~xk,L! ~3.9!

16p2

mm
am

(o2R).
mm~Am2m tanb!

3mm̃R

2
mx̃

k
0

g1g2 Re@Nk1Nk2#xk,L

3F2
N~xk,L! ~3.10!

16p2

mm
am

(q2R).2
A2mm

2 ~Am2m tanb!

3mm̃R

2
mx̃

k
0

2 g1Ym

3Re@Nk1Nk3* #xk,LF1
N~xk,L! ~3.11!

16p2

mm
am

(r 2R).2
A2mm

2 ~Am2m tanb!

3mm̃R

2
mx̃

k
0

2 g2Ym

3Re@Nk2Nk3* #xk,LF1
N~xk,L! ~3.12!

and

16p2

mm
am

(d2L).2
mm

6mx̃
k
0

2 g1
2uNk1u2yk,RF1

N~yk,R! ~3.13!

16p2

mm
am

( j 2L).
A2

3mx̃
k
0
g1Ym Re@Nk1Nk3#yk,RF2

N~yk,R!

~3.14!

16p2

mm
am

(m2L).
A2mm~Am2m tanb!

3mm̃L

2
mx̃

k
0

g1
2

3Re@Nk1Nk1#yk,RF2
N~yk,R! ~3.15!
07501
16p2

mm
am

(o2L).
A2mm~Am2m tanb!

3mm̃L

2
mx̃

k
0

g1g2

3Re@Nk1Nk2#yk,RF2
N~yk,R! ~3.16!

16p2

mm
am

(q2L).2
2A2mm

2 ~Am2m tanb!

3mm̃L

2
mx̃

k
0

2 g1Ym

3Re@Nk1Nk3* #yk,RF1
N~yk,R!, ~3.17!

where the sum overk51,2,3,4 for the four neutralinos is
implicitly understood. Hereg1 is the U(1)Y coupling, xk,L

[mx̃
k
0

2
/mm̃L

2 , yk,R[mx̃
k
0

2
/mm̃R

2 , andNi j is the neutralino mix-

ing matrix in the (B̃,W̃0,H̃d
0 ,H̃u

0) basis. The one-loop kine
matical functionsF(x) are defined identically to Ref.@9# and
are given in the Appendix.

The contribution tom→eg can be obtained from the
above amplitudes by replacing

xk,LFi
N~xk,L!→ 1

2
sin 2u l̃ L@xk,1Fi

N~xk,1!2xk,2Fi
N~xk,2!#

~3.18!

yk,RFi
N~yk,R!→ 1

2
sin 2u l̃ R@yk,1Fi

N~yk,1!2yk,2Fi
N~yk,2!#,

~3.19!

where xk,$1,2%[mx̃
k
0

2
/ml̃

$1,2%
L

2
and yk,$1,2%[mx̃

k
0

2
/ml̃

$1,2%
R

2
. This is

completely analogous to the chargino-sneutrino result.
fact, the ratio of any pair of diagrams for a given neutrali
~fixed k) is the same

ameg
(R)

am
(R)

5
1

2
sin 2u l̃ L

xk,1Fi
N~xk,1!2xk,2Fi

N~xk,2!

xk,LFi
N~xk,L!

~3.20!

ameg
(L)

am
(L)

5
1

2
sin 2u l̃ R

yk,1Fi
N~yk,1!2yk,2Fi

N~yk,2!

yk,RFi
N~yk,R!

,

~3.21!

for any of the amplitudes given in Eqs.~3.4!–~3.17! with
appropriatei.

Following the same arguments used the chargi
sneutrino case, we obtain

ameg
(R)

am
(R)

.
m12

LL2

max@mm̃L

2 ,mẽL

2 ,mx̃
k
0

2
#
[d12

LL ~3.22!

ameg
(L)

am
(L)

.
m12

RR2

max@mm̃R

2 ,mẽR

2 ,mx̃
k
0

2
#
[d12

RR. ~3.23!

Just as in the chargino-sneutrino case, the ratio can be ca
lated exactly in various limits shown in Table II. The resu
in the table closely match the expectation above. From t
5-9
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we can predict the size of the amplitude form→eg assuming
that the muon (g22) is dominated by one diagram~with one
neutralino!. Either

ameg
r *

1

3
amd12

LL ~3.24!

or

ameg
l *

1

3
amd12

RR. ~3.25!

Following the same analysis in the chargino-sneutr
sector, we can use the current experimental bound on
branching ratio form→eg to obtain a bound on the flavo
mixing (mass)2:

d12
LL,1.831024S BR~m→eg!

1.2310211 D 1/2S 4.331029

am
D

~3.26!

or

d12
RR,1.831024S BR~m→eg!

1.2310211 D 1/2S 4.331029

am
D .

~3.27!

Combining the chargino-sneutrino results with t
neutralino-slepton results, we obtain essentially the same
sult given above. Notice that, without making assumptio
about the soft mass hierarchy, the best we can do is to p
a bound ond12

LL or d12
RR, but not both simultaneously.

Finally, we note that there are additional diagrams wit
gravitino exchanged in the loop~see, e.g., Ref.@21#!. The

TABLE II. The ratio of the amplitude form→eg over (g22)
for a given neutralino~fixed k) for two classes of diagrams. Set 1
Fig. 3~d-R!,~f-R!,~g-R! and Fig. 4~q-R!,~r-R!. Set 2: Fig. 3~j-
R!,~l-R! and 4~m-R!,~o-R!. The same results hold forx↔y,
ml̃ L

2 ↔ml̃ R
2 , andm12

LL2↔m12
RR2, where Set 1 is just Fig. 5~d-L!, Fig.

6~q-L! and Set 2 includes Fig. 5~j-L !, Fig. 6~m-L! and ~o-L!.

Case ameg /am ~set 1! ameg /am ~set 2!

xk,1 ,xk,2@1 2
11
2 m12

2 /mx̃
k
0

2
23m12

2 /mx̃
k
0

2

xk,1 ,xk,2!1 m12
2 /mẽL

2
m12

2 /mẽL
2

xk,1!1!xk,2 m12
2 /mẽL

2
m12

2 /mẽL
2

xk,2!1!xk,1 2m12
2 /mx̃

k
0

2
m12

2 /mx̃
k
0

2

xk,1;xk,2;1 3
5 m12

2 /mẽL
2 1

2 m12
2 /mẽL

2

xk,1;1, xk,2@1 3
4 m12

2 /mẽL
2 2

3 m12
2 /mẽL

2

xk,1;1, xk,2!1 1
2 m12

2 /mx̃
k
0

2 1
3 m12

2 /mx̃
k
0

2

xk,2;1, xk,1@1 3m12
2 /mx̃

k
0

2 2m12
2 /mx̃

k
0

2

xk,2;1, xk,1!1 m12
2 /mẽL

2
m12

2 /mẽL
2
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spin-1/2 Goldstino component that is derivatively coupled
the MSSM suppressed by 1/F, whereAF is the SUSY break-
ing scale. This contribution is tiny in all but very low sca
supersymmetry breaking models. However, even if these
grams were to dominate the contribution to (g22), it is
straightforward to show that there are analogous uns
pressed amplitudes form→eg with a gravitino exchanged
and so our bounds on flavor violation are unaffected.

IV. OTHER LEPTON FLAVOR VIOLATING DECAYS

We now consider constraints on the flavor violating tra
sition t→mg. Once again we can establish a corresponde
between the various diagrams. Diagrams that have a chir
flip on the externalt line or have a tau Yukawa vertex hav
an mt /mm amplitude enhancement which is not there in t
m→eg decay. The (g22) graphs can be written in pairs
with the same particles in the loop but the in-going and o
going muons having different chiralities. At least one of t
graphs in each pair is always enhanced with the exceptio
@am

(m2R) and am
(m2L)#, @am

(o2R) and am
(o2L)#. These

graphs are not enhanced unless we assume that eitherAl is
generation independent oruAl u is much smaller thanumtanbu,
and hence the off diagonal elements in the slepton mass
trix are proportional to the Yukawa couplings. From now
we will assume that this is the case and proceed. We w
the relevant part of the interaction Lagrangian as

M5
ie

2mm
ūm~p2!smnqn~al PL1ar PR!ut~p1!Am1H.c.

~4.1!

In analogy with them→eg the smallest value ofal or ar
corresponding to this process is approximately given by

a5
1

4
am

mt

mm

m23
2

m̄2
. ~4.2!

The width is given by

G~t→mg!5
mt

3e2

64pmm
2 ~ ual u21uar u2!. ~4.3!

Using the experimental bound on the branching ra
BR(t→mg),1.131026 @22# and from the the lifetime of
the t (2.9310213 s) we obtain

m23
2

m̄2
<1.431021. ~4.4!

V. CONCLUSIONS

We have found a precise correspondence between the
persymmetric diagrams that contribute to the muon ano
lous magnetic moment and those that contribute to the fla
violating processesm→eg and t→mg. Using current ex-
perimental limits on the branching ratios of these dec
modes, combined with the assumption of a supersymme
5-10
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contribution to the muon anomalous magnetic moment,
have found strong bounds on the size of thee↔m lepton
flavor violating soft mass, essentially independent of
sumptions other supersymmetric parameters. Assuming
current deviation measured at BNL is from supersymme
and using the current experimental limits on radiative le
tonic branching ratios, we findmem

2 /m̄2&231024 and

mtm
2 /m̄2&131021, where m̄2 is the mass of the heavies

particle in any loop that contributes at this level to t
anomalous magnetic moment of the muon. Improvemen
the experimental measurement of (g22) can be easily incor-
porated into our results since our bound is inversely prop
tional to the central value discrepancy between the stan
model and experiment.

The absence of lepton flavor violation places a signific
constraint on the non-flavor-blind mediation of supersymm
try breaking that often occurs at a suppressed level in m
models. Finding lepton flavor violation, however, could le
to fascinating ways of accessing aspects of supersymm
breaking models that are not easily obtained through o
means, such as estimating the size of the extra dimensio
anomaly mediation or gaugino mediation models.

Note added.As this paper was being completed, anoth
paper recently appeared@23# that also discussed the conne
tion between lepton flavor violation and a muon (g22),
with similar conclusions.
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APPENDIX: ONE-LOOP KINEMATICAL FUNCTIONS
AND THEIR LIMITS

The kinematical functionsF(x) that arise in the muon
(g22) and the lepton flavor violating processesl i→ l jg are
given by @9#

F1
C~x!5

2

~12x!4
@213x26x21x316x ln x# ~A1!

F2
C~x!52

3

2~12x!3
@324x1x212 lnx#

~A2!

F1
N~x!5

2

~12x!4
@126x13x212x326x2 ln x#

~A3!
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F2
N~x!5

3

~12x!3
@12x212x ln x#. ~A4!

There are three interesting regions of these functions: sm
x, x;1, and largex. In the smallx limit, xF(x) can be
written as

xF1
C~x!54x122x21¯ ~A5!

xF2
C~x!53x ln 1/x2

9

2
x2

15

2
x21¯

~A6!

xF1
N~x!52x24x21¯ ~A7!

xF2
N~x!53x19x21¯. ~A8!

For x;1, xF(x) can be written as

xF1
C~x!511

2

5
~x21!2

1

5
~x21!21¯ ~A9!

xF2
C~x!511

1

4
~x21!2

3

20
~x21!21¯

~A10!

xF1
N~x!511

3

5
~x21!2

1

5
~x21!21¯ ~A11!

xF2
N~x!511

1

2
~x21!2

1

5
~x21!21¯. ~A12!

Finally, in the largex limit, xF(x) can be written as

xF1
C~x!522

4

x
2

22

x2
1¯ ~A13!

xF2
C~x!5

3

2
2

3

2x
2

9

2x2
1¯ ~A14!

xF1
N~x!541

22

x
1

52

x2
1¯ ~A15!

xF2
N~x!531

9

x
1

15

x2
1¯. ~A16!
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