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Signals for noncommutative interactions at linear colliders
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Recent theoretical results have demonstrated that noncommutative geometries naturally appear within the
context of string oM theory. One consequence of this possibility is that QED takes on a non-Abelian nature
due to the introduction of 3- and 4-point functions. In addition, each QED vertex acquires a momentum
dependent phase factor. We parametrize the effects of noncommutative space-time coordinates and show that
they lead to observable signatures in severat2 QED processes ie*e~ collisions. In particular, we
examine pair annihilation, Moller and Bhabha scattering, as welyas> yy scattering and show that non-
commutative scales of order a TeV can be probed at high energy linear colliders.
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I. INTRODUCTION AND BACKGROUND priori the scaleA ¢ can take any value, perhaps the most

likely being of order the Planck scaMp,. However, given
Although the full details of string ol theory have yetto  the possibility[2] of the onset of stringy effects at the TeV
be unraveled, this theoretical effort has inspired a number ofcgje. and that values of the scale where gravity becomes
ideas over the years which have had significant impact on theyrong in models with large extra dimensions can be of order
phenomenology of particle physics. Two such examples arg Tey, it is feasible that NC effects could also set in at a TeV.

given by the string-inspires models of the late 19804]  Here, we adopt this spirit and consider the possibility that
and the ongoing endeavor in building realistic and testablq\NC may not lie far above the TeV scale.
models from theories which have additional space-time di- Note that the matrix _is nota tensor since its elements
mensiong 2]. Most recently, a resurgence of interest in non-gre jdentical in all reference frames. This leads immediately
commutative quantum field theofCQFT) and its applica- g g violation of Lorentz invariance which is quite different
tions [3] has developed within the context of string theory. from that discussed most often in the literat{wé since it
Of course noncommutative theories are also interesting iQgts in only at energies of orddr,.. As we will see below,
their own right. However, it has yet to be explored whetherips yiolation will take the form of dimension-8 operators for
they have any connection with the physics of the standarghe processes we consider and is thus highly suppressed at
model (SM) or whether their effects could be observable inq, energies. In addition, there exists a more than superficial
Iabqratory experiments. It |s.the purpose of this paper tqg|ation between the anti-symmetric matej, and the Max-
begin to address these questions. _ well field strength tensoF,, as NCQFT arises in string
An exhaustive introduction to NCQFT is beyond the iheqry (5] through the quantization of strings, described by
scope of the present treatment; hence we will simply outlingne |ow energy excitations of D-branes in the presence of
some of the basics of the theory as well as some resuli§ackground electromagnetic fields. The space-time compo-
which are relevant to the phenomenological analysis that fo'hents,cm , thus define the direction of a backgroudield,
lows. We will see that NCQFT results in modifications to \, hiie the space-space componerts, describe the direc-
QED which can be probed in-22 processes ie"e” col-  jon of a background magnetic or striryfield. Geometri-
lisions. o _ o cally, we can then think ofy; andc;; as two 3-vectors that
The essential idea of N%QFT is a generalization of theysint in 4 specific pair of preferred directions in the labora-
usuald-dimensional spaceR”, associated with commuting 4y frame. Theories witheg; (cij) # 0 are usually referred to
space-time coordinates to one which is noncommulng, as space-timéspace-spagenoncommutative.
In such a space, the conventional coordinates are representedNCQFT can be phrased in terms of conventional commut-

by operators which no longer commute, i.e., ing QFT through the application of the Weyl-Moyal corre-
i spondencé6b]
[XM’XV]:ie,uVE_rCMV‘ (1)
ANC
A(X)—A(X), (2

In the last equality we have parametrized the effect in terms
of an overall scale\ ¢, which characterizes the threshold
where noncommutativéNC) effects become relevant, and a ] .
real antisymmetric matrixc,,, whose dimensionless ele- WhereA represents a quantum field with being the set of
ments are presumably of order unity. From our point of viewnoncommuting coordinates andorresponding to the com-
the role of the NC scald . can be compared to that fin ~ muting set. However, in formulating NCQFT, one must be
conventional quantum mechanics, which represents the levépreful to preserve orderings in expressions such as
of noncommutativity between coordinates and momeAta. A(X)B(X). This is accomplished with the introduction of a
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star product,A(X)B(X)=A(x)*B(x), where the effect of Nnot s.urprising since, in analogy _vvith ordinary quantum me-
the commutation relation is absorbed into the star. Makinghanics, one now has a space-time uncertainty relation
the Fourier transform pair 1
1 ) AXEAXY= Slewl. (12)
A(X)= WJ dae'® a(a)
3 Theories withcy; #0 have an additional problematic feature
1 . in that they generally do not have a unite&@ymatrix [7], at
a(a)= Tﬂ?f dxe " A(X), least in perturbation theory, since an infinite number of time
(2m) derivatives are involved in products. However, it has re-
cently been showf8] that it may be possible to unitarize the
space-time case by combining the spatial NC super Yang
Mills limit with a Lorentz transformation with finite boost
A 1 . . velocity. On the other hand, theories with only space-space
A(X)B(X)= Wf dadBe' *a(a)e'™b(pB) noncommutativityc;; # 0, are unitary.
There are a number of important results in NCQFT which

with x anda being reain-dimensional variables, allows us to
write the product of two fields as

1 . . no & we now state without proof, referring the interested reader to
= Wf dadge!(e+ AX= (U2 alpIX, X,] the original papers for detailed explanatiofi$.lt has been
demonstrated9] that only theU(n) matrix Lie algebra is

Xa(a)b(B). (4) closed under the Moyal bracket as presented here, however,
generalizations of the theory can be foudd] which can

We thus have the correspondence extend the construction of noncommutative gauge theories to
AGOB() < AGO* B(X), 5 SQ(n), Sp(n), and SU(n) gauge groups(ii) Unbroken

U(n) gauge theories have been shown to remain both gauge
invariant and renormalizable at the one-loop lgvdl] when
generalized to noncommutative space tirehile ¢* theo-
AX)*B(x)=[e20uieudmA(x+ {)B(z+ ]¢=p=0- ries have been shown to be renormalizable to 2-lpewsl
there are indications that this result may hold through all
orders. For the case of spontaneously broken theories, al-
Note that to leading order if, the* product is given by though an explicit proof12] only exists forU(1), it seems
i likely that these too will remain renormalizable for &l{n).
A(X)*B(X)=AB+ EGM%A%BﬁL@( 6?). (7) (i) Noncommutative QED, based on the grougl), has
been studied by several grouk3,14]; due to the presence
of » products and Moyal brackets, the theory takes on a

Hencg the noncommutative version of an act|o.n for a quaNaon-Abelian nature in that both 3-point and 4-point photon
tum field theory can be obtained from the ordinary one by

; . . li ted. The photoni t of th tion i
replacing the products of fields by star products. In doing soﬁgvvp Ings are generate © photonic part of the action 15

it is useful to define a generalized commutator, known as the
Moyal bracket, for two quantitieS, T as

provided we identify

-1 -1
SNCQED:_f d4XF’uV*FMV:_f d4XFMVF’uV,
[STlus=StT—T*S, 8) 4 4 i

so that the Moyal bracket of any quantity with itself van-
ishes. Note that the integration of a Moyal bracket of two
guantities over all space-time vanishes, i.e.,

where the second equality follows from the commutativity of
Moyal brackets under integration, shown in ). This
action is gauge invariant under a local transformatibfx)
with F,, defined as
J d*X[S(x), T(x)Ime=0, €)
Fuo=0,A,—3d,A,—i[A,A]lus- (13
which means they commute inside the integral. This can b

generalized to show that the integral ofgproduct of an , . SN
arbitrary number of quantities is invariant under cyclic per_trangparent. NOtPT that the photon’s 2-point function IS iden-
mutations in a manner similar to the trace of ordinary matri—t'cal In commutative and NC spaces because quadratlc forms
ces. We also note that the Moyal bracket of two coordinate emain unchangeq. When performmg the Fourier transforma-
ion of these new interactions into momentum space, the ver-
(10)  tices pick up additional phase factors which are dependent
upon the momenta flowing through the vertices. We will see
mimics the operator commutation relation in Ed). below that these kinematic phases will play an important role
Once the products of fields are replaced-byroducts, in the collider tests of NCQFT.i{¢) When fermions are
infinite numbers of derivatives of fields can now appear in aradded to the theory, covariant derivatives can only be con-
action, implying that all such theories are non-local. This isstructed for fields of charge ©,1. The structure of those

EIl'he origin of the 3- and 4-point functions is now readily

[X/.L 1XV]MB:X,U.*XV_XV*X,U,!
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B level in NC theorieg6,17] and have been found to be both
IR finite and possess a smoath-0 limit in which the usual

po =ig¥ exp(ipBp,/2) ) o
QED results are obtained. Of course it is not yet proven that

DPQ all IR divergences cancel in NC gauge theories, e.g., in in-
B B clusive 2—2 processes, as in ordinary QED or QCD.
W =2gsin(pOp,/2) [(p-p)R” + _In principle, there can be at most two new classes of IR
D, 4 up oo divergences encountered in such processes due to their NC
P (-p)8" +(y-pPE | properties: those involving either logs or inverse powers of

momenta contracted with, with the latter being the more
serious. However, the origin of NC theories within the string
framework leads us to expect that supersymmetry might

= 4ig?l("%g"- #72") sin(p0p,/2) sin(pyOp,/2) have an important role to play in constructing realistic NC
+ (g'°g*o— gh*g™) sin(pOp, /2) sin(p,p,/2) models. In fact it has been shown that NC quadratic diver-
+ (gMgPo— gh%™) sin(p,Op,/2) sin(p,Hps/2)] gences cancel in supersymme.tric NC theories, even those
that are softly brokeri18], leaving divergences no worse
FIG. 1. Feynman rules of NCQED. than logs as are present in QED or QCD and which may be

handled in the usual manner. Of course, this gives rise to
derivatives for theQ=*1 case is similar to that for funda- speculations about the full theory into which NCQED may
mental and anti-fundamental representations in non-Abeliabe imbedded. Attempts have been made recently in the lit-
theories. The covariant derivatives for neutral fields are eitherature to address these infrared problems without the addi-
er trivial [as in the case of Abelian commutativé(1) tion of extra matter into the theory. Perhaps the most prom-
theory] or correspond to what would ordinarily be called the ising of such approaches is that found[ 9], in which the
adjoint representation in the case of a commutative nonSeiberg-Witten majgsee the first reference [15]) is used to
Abelian theory. As before, the three-point function picks updefine NCQED as a power series éh The infrared singu-
an additional kinematic phase from the Fourier transformalarities associated with vanishing external momenta seem ab-
tion of the interaction term into momentum space. This issent in this approach, and there are even the beginnings of an
shown explicitly in Fig. 1. The general form of the Feynmanall-orders proof of renormalizability. We will proceed with
rules for NCQED can be found in Refl5]; the ones of our analysis assuming that one of these approaches will
relevance to the processes considered in this paper are disventually mature enough to resolve these IR difficulties.
played in Fig. 1. {) NCQED with fermions and space-space Indeed, we feel that one of the strengths of examining tree-
noncommutativity has been shoWh6] to be CP violating  level processes, as we do here, is that they yield results
yet CPT conserving. which are robust and independent of the nature of the full

Having now presented the basic formalism of NCQFTtheory to high precision.
and subsequent modifications to QED, in the following sec- Before discussing our analysis for the specific processes
tions we examine the effects in several-2 processes in considered here, a few additional comments are in order re-
e"e  collisions, including pair annihilation, Mier and  garding the observation of noncommutative effects. First, as
Bhabha scattering, as well asjv— yvy scattering. We will  discussed above, the vectoc§=[c0i] and ciB=[eijkcjk]
see that the lowest order correction to the SM results fopoint in fixed specific directions which are the same in all
these transitions is given by dimension-8 operators. In addireference frames. In our analysis below we definezthgis
tion, we find that an oscillatory azimuthal dependence is inas that corresponding to the direction of the incoming par-
duced in these processes due to the preferred direction in thieles in a fixed laboratory frame with the vectar$aving
laboratory frame defined by the NC matdy, . In summary, arbitrary components in that frame. Now, imagine a second
we will see that high energy linear colliders can probe nondaboratory at a different point on the surface of the Earth
commutative scales of order a TeV. performing the same experiment. Clearly the coordinate sys-
At this point one may be concerned that our analysis onljtems of the two laboratories will be different, i.e., the beam

makes use of tree level considerations in obtaining the coldirections and hence theaxis will not be the same in the
lider sensitivity to NC space time and whether loop-ordertwo locations. This implies that the experimentally deter-
effects would drastically change our results. Since the theormined values for the components of th&ectors will differ
is at least one-loop renormalizable, one could argue that iat the two laboratory sites due to their locally chosen set of
some sense higher-order corrections to observables are undsrordinates. Hencleoth laboratories must convert their local
control. However, there exist some novel infraté®) diver-  coordinates to a common frame, e.g., with respect to the rest
gences in the photon-point functions in NC theories which frame of the 3 degree K blackbody radiation or some other
could lead to sizable distortions in the anticipated behavioslowly varying astronomical coordinate system, so that they
of loop corrections in comparison to those from conventionaWwould measure equivalent directions and magnitudescfor
commutative theories. Although such IR divergences do exThis translation of coordinates to a common frame will be
ist, we still expect alphysicalobservables to not be sensitive necessary if we are to compare the results of multiple experi-
to such divergences; in fact, quantities such asghe of = ments for signals of noncommutativity.
the electron, the Lamb Shift and the production of pairs in a In addition, even for a single experiment, the apparent
strong electric field have all been examined at the one-looplirections of thec vectors will vary with time due to the
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rotation of the Earth and its revolution about the Sun. WhileClearly, more work is needed before experimental constraints

the actuak vectors will always point to the same position on placed on this framework can be translated into bounds on

the sky, the coordinates of this position will vary continu- NCQED.

ously in the laboratory frame due to the Earth’s moti@rhe The one-loop corrections to the Coulombic potential have

effects of galactic motion should be small during the life-been examinefi17] in NCQED and give rise to an electric

span of any given experimeptCollider experiments will and magnetic dipole moment for the electron. The magnetic

thus have to make use of astronometric techniques to coripole moment is of the form

tinuously translate their laboratory coordinates to astronomi-

cal ones such that when events are recorded the relative ori- -_ € g, a)’Eﬁé

entation of the two frames would be accounted for. This #=" 2mel 9 377}\5 ’

should be a rather straightforward procedure for any future

collider experiment to implement given that many non-where )\, is the electron’s Compton wavelength. Accurate

accelerator based experiments already make use of thedeterminations of this quantity are performed in Penning trap

ideas. experiments21] which measure the energy transition be-
Taking the Earth's motion into account is particularly im- tween thes,= =+ 1/2 electron states in a magnetic field, keep-

portant for experiments which measure observable quantitiqﬁg track of sidereal time. However, the B interaction in

that are odd inc, including, for example, thg—2 of the  the |aboratory contributes equally to both tise=+1/2
muon([13], the Lamb shiff{17], as well as other processes states and hence cancels in the measured energy difference.
which are lineaf22] in the NC parameter. If only the labo- Thys bounds on NCQED are not obtained in these experi-

ratory coordinates were employed, at least some of the COMhants. Likewise. an induced N@. B Zeeman effect also

ponents ot would average to zero over a sidereal day. In theCancels in frequency measuremef8]. In addition, it has

c?ses v(\;e (?ﬁcuss belol\év, thte cl;l;)s_ervablﬁls ?fre te\r_en funCt'OB(‘?ﬁen showri17] that possible NC contributions to the Stark
orc, an vxlldlew?tv_vou d.nq _oha(ljn a nu_t_ e’t ect, ime aver- oftect vanish at one-loop. Remaining low-energy tests of
aging would result in a diminished sensitivity fc . NCQED arise from contributions to the Lamb shift. In Ref.

h[\ltrl]n;]erou.:, Il?w—er_w(;argy tlet_sts O.f It_orentz w?liuon, gome of 17], it was shown that the NC Lamb shift depends on the
which have faken sidereal ime Into account, have DEEN Pet: oy numbey,, only occurs forl #0 states, and opens

formed and, in prinple can constan NCQED: A Generang pogaipity f s n a new channelP3”- 2Py
Hence the usual R{/3—2S,, shift line will be split in two

tion, which is the one most commonly tested, is given by L o .
Kostelecky and collaborator§4,20,. To be specific, the by a factor ofé from the_jz——1/2 contributions. Estimated
bounds from such a shift are of order a few TeV.

modified, U(1) gauge invariant, Dirac equation within this . ) : : .
(1) gaug g Since NCQED violates Lorentz invariance in a novel

framework is written as . o
manner, as discussed above, it is not clear that low-energy

(15

[iy#D,—m—a,y*—b,ysy"— %ngﬂ«u ic,,y*D" experiments can provide_ a s_tringent test of such t_h'e'olries. We

) ) thus turn to our examination of collider sensitivities to
+id,,ys¥*D"]¢=0, (14 NCOQED, and stress that a robust testing of any new theory
necessitates its examination in as many different experiments

where the four-component spinor fielddescribes a particle
of chargeq and massm, andiD ,=id,—qA,. Recalling
that NCQED is CPT invariant, we immediately see that the
CPT violating parametefg0] a,, andb,, vanish to all orders

in this case. Hence experiments that bound observables For all of the scattering processes considered in this paper,
which are simultaneously CPT and Lorentz violating cannofexcept foryy— yy, we can define the momenta of the in-
be used to constrain NCQED In addition, the free NCQEDcoming, represented tIyl,Z! and Outgoing, Corresponding to

field theory is identical to that of ordinary QED, hence all of k , ~particles in terms of the coordinates fixed in the labo-
the above parameters must vanish in this limit. The Lorentzatory as

violation in NCQED arises in the interaction with new terms

as possible.

Il. MO LLER SCATTERING

of the form y,A* which, however, do not contribute t,, Js Js

(ord,,) at tree-level or at one-looff] since the fermion p’f:7(1,— 1,0,0 p2=7(1,1,0,0
self-energy is unchange(Recall thatc,,, ,d,, are traceless

in the above formalisn.It is possible that contributions to Js

C,, ord,, will arise at two loops, and that constraints on k’f=7(1,—ce,—500¢,—ses¢) (16)

these parameters might be translated into bounds on the NC
scale superior to those obtained here. However, the status of
NCQED at two loops is completely unknown, and it is dif-
ficult to predict what form these corrections might take. In
addition, many of these experiments measure properties of
composite structures, such as the proton, and the lack of [dote that the ordering of the coordinates used in these defi-
noncommutative extension of the full Standard Model makesitions is given by {,z,X,y), so that thez-axis is along the
the form of these corrections even more difficult to estimatebeam direction as usual. Using these definitions, the bilinear

s
k’2‘=7(1,00,sgc¢,sgs¢).
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matic phases. Clearly, as far as signatures of noncommuta-
tivity are concerned, cases one and three will be qualitatively
similar. Hence, for simplicity, we assume that the first possi-
bility is realized.

Following the Feynman rules of Fig. 1 and the momentum
labeling given in Fig. 2, we see that the and u-channel
exchange graphs now pick up kinematic phases given by

ep) ¢ e k) e(p) ¢ e (k)

e~(p,) e7k) eT(p,) e7(k)

. 1
FIG. 2. Feynman graphs contributing to M scattering with b= 5[p1-60-kit+py 0-ks]
the exchanged particle corresponding to a photonzZhdson. 2
(18)
products of these momenta with the matcix,, which ap- 1
pear in the Feynman rules of Fig. 1 can be calculated to be bu=5[p10-kat P2 0-ky].
S .
Pi-C-P2= ECm Clearly, only the interference terms between theand

u-channel diagrams pick up a relative phase when the full
amplitude is squared. We define this phaseAgg;.; and

s o ;
ky-c-ky= E[C°1C6+ C0284Cy+ CoaSeSy ] find it to be given by
S —yut
p;-c-ki= 1[001(1_00)"’(012_002)50(3(;5 AM'dIer:¢u_¢t:A—ﬁIC[C12C¢_C3ls¢]v (19
~ (Coat Ca1)SySy] A7 With the second equality following from E¢L5). [We define
S the Mandelstam variables as usugli= —s(1+ cos#)/2.]
p;-C-ky= 1[001(1+Ce)—(012— C02)SeCy Hence the resulting differential distributions for this process

appear exactly as in the SM except that the-channel in-
terference terms should be multiplied by dqge . Note

*(Cost C31)S4Sy] that all of the terms involving time-space noncommutativity
s have dropped oqt qf the expression Myyer - IN addition_,
py-C k= Z[_C°1(1+C")_(C12+C°2)S"C¢ as we take the limitAyc—, cosA—1 so that the SM is
recovered. In the limit of smalsk/Aﬁc, COSAyjgier CaN be
—(Co3— C31)S4S4] expanded where it is seen that the lowest order correction to
the SM occurs at dimension-8. This is similar to the case of
S graviton exchang¢23] in models with large extra dimen-
ps-c-ky,= Z[—cm(l—c(,)+(clz+c02)sgc¢ sions [24] or in the Randall-Sundrum model of localized
gravity [25] below threshold for graviton resonance produc-
+(Coz— C31)S4Sy]- tion [26]. Perhaps the most important thing to notice, as dis-

cussed above, is thaty 4., 70 induces ap dependence in

We remind the reader of the fact thatc-a=0 for all vec- 2—2 scattering processes since there now exists a preferred
torsa due to the antisymmetry of the matrix Note thatc,;  direction in the laboratory frame.
does not appear in any of the above expressions since we For simplicity in our numerical results presented below,
have defined the-axis to be along the direction of the initial we will only consider the case;,# 0. If insteadcg, is non-
beams and there is nB field associated noncommutative zero, the results will be similar except for the phase ofghe
asymmetry relative to this direction. dependence. When both terms are present, the situation is in

The Feynman diagrams which mediate IMp scattering  general somewhat more complex, yet will be qualitatively
are displayed in Fig. 2. In this case, the NC modificationscomparable to the case analyzed below. Since we only con-
correspond to the kinematic phase which appears in eacsider one non-vanishing value f; at a time, we set its
vertex. The question here is how to treat tidoson ex- magnitude to unity when obtaining our results.
change contribution. While NCQED is a well defined theory, The differential cross section for Mer scattering in the
it is not immediately clear how to extend it to the full SM in laboratory center of mass frame can be written as
a naive way even if we are only interested in tree-level fer-
mionic interactions. Without such guidelines we see that do a2

there exist three possibilitie§;) the simplest case is if th (&5 + fij) (P}"+ Pjj + 2P} cosA ygrer)

and photon have the same vertex structure as shown in Fig. dzdg  4s
1, (ii) the full theory and appropriat&ff kinematic phase 2 L U

— . . o +(eij—fij) _ZPij +_2Pij , (20
are more complex, ofiii) only yff vertices pick up kine S S
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T T FIG. 3. Binned cross section
-1.0 -0.5 0.0 0.5 1.0 (top) and polarized asymmetry
(bottom as a function of z
= cos@ for Moller scattering at a
500 GeV linear collider assuming
T T T T T T T T | T T T T T T T T an integrated Iuminosity of
L 4 300 fb 1. The histogram is the
0.08 — — SM expectation while the data
- " correspond to\ yc= v/s.

0.06 L ok L _

< 0.04 — =
0.02 = -
0'00 1 1 1 1 | 1 1 1 1 | 1 1 1 1 | 1 1 1 1
-1.0 -0.5 0.0 0.5 1.0
Z
wherez= cos#, a sum over the gauge boson indices is im- Ar(Z,4)=N(z,$)/D(z,¢), (22)

plied, ;= (viv;+aa;)? and f;; = (v;a;+av;)* are combi-
nations of the electron’s vector and axial vector couplingsyhere D(z, ) is the differential cross section expression
and above and\(z,¢) can be obtained fror®D(z,¢) by the re-
definition of the coupling combinatiores; andf;; as
2 2

(q—m{)(r—my) +ICmmy
[(q—m?)2+(Tim)2][(r —m§)?+(I;my)?]° &ij=Tij=(vivj+aa)) (viaj+ap)). (23

(21)

Piqu: SZ

Although we have expressed the cross section in an appar-
with m,(T';) being the mass$width) of thei" gauge boson, ently covariant form using Mandelstam variables, it is not
wherei =1(2) corresponds to the photaf. The expression actually invariant due to the presence &fyye, Which is
for the differential left-right polarization asymmetry, highly frame dependent.

A r(z,4), can be easily obtained from the above by forming Figure 3 displays the effect of a finite value dfyc
the ratio ={s on the shape of the conventional bin-integrated,
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500000 [ T T T T I T T T T I T T T T ]
o o & Rl R RN e g b=
300000 {— —
S5 200000 — —
o L 4
Z
[ > o o o o © ©O v T & < ]
100000 - 3
= gET T eHT T A M : FIG. 4. ¢ dependence of the Mer cross sec-
700000 2 4 6 tion (top) and left-right asymmetrybottom for
¢ the SM (straight line$ and for the case\ ¢
= /s (shown as dafeat a 500 GeV linear collider
0.075 —_— —_— — with a luminosity of 300 fot. From top to bot-
C ] tom in the top panel a cut of 0.90.7, 0.5 has
T T TTTTTTTTTTTTTTTTTTA been applied with the order reversed in the lower
0.070 [ N panel.
0065sFF T T 1 1 1 1 1T TS T T 1711 T T
] L1 L 1L 4 1 L1 L 1 1 1 i ]
< i ]
0.060 — —
T
0.050 i 1 1 1 1 I 1 1 1 1 I 1 1 1 & I ]
0 2 4 6

z-dependent event rate aAdy for a 500 GeV linear collider sensitive toA ¢, IS becoming more isolated. As can be seen
assuming an integrated luminosity of 300 fo In presenting  from the figures, this approach enhances ¢heependence
these results we have neglected initial state radiation anfbr the differential cross section. Though tiledependence
beamstrahlung effects, assumed both beams are 90% polaiso appears to be rather weak, it is again statistically signifi-
ized with 6P/P=0.003, and taken an overall luminosity er- cant at this large integrated luminosity. As in the case of the
ror of 1%. Angular cuts of9=10° have also been applied ¢-integratedA g, the zintegratedA g shows hardly any
but the entire range has been integrated over. As we carsensitivity to finite Ayc even when a strongg| cut is ap-
see from this figure, the influence dfyi#0 appears to plied.
cause a small downward shift in the abdistribution which In order to obtain a 95% C.L. lower bound dnc from
is most noticeable at large scattering angles away from thloller scattering, we perform a combined fit to the total
forward and backwardt andu-channel poles from the pho- cross section, the shape of the doubly differertial¢ an-
ton exchange graph. The effect of a finite valueAgfy e, is  gular distribution andA_r(z,¢). In the latter two cases we
thus seen to increase the amount of destructive interferend#n the NC results in a 2020 array ofz, ¢ values and em-
between theu- andt-channel graphs. Although the shift is ploy only statistical errors apart from the polarization uncer-
apparently small, it occurs over many bins and is statisticallytainty. In the case of the total rate we also include the lumi-
guite significant given the size of the errors at this integratediosity uncertainty in the error. For a fixed value of
luminosity. ForA  there is hardly any shift from the SM luminosity, we then compare the predictions of the SM with
values in this case. the case wheré\ ¢ is finite and repeat this procedure by
Figure 4 presents theintegrated,¢p dependent distribu- varying Ay until we obtain a 95% C.L. bound by using a
tion for both the rate and, . Note that as we perform more x? fit. From this procedure we obtain the search reach on
restrictive cuts onz|, the central region, which is the most Ayc as a function of the integrated luminosity as displayed

075012-7
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FIG. 5. 95% C.L. lower bound on ¢ at a
500 GeV linear collider as a function of the inte-
grated luminosity from Mber scattering via the
fit described in the text.
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in Fig. 5. As we can see from this figure, bounds/og. of
order (3—3.5)/s are obtained for reasonable luminosities.
We now examine how the Mier cross section behaves as
Js grows beyond\ \c. In the SM for larges we expect the
scaled cross section, i.e., the prodsiciry,), , to be roughly
constant after a cut oftosé| cut is performed. Ordinarily

1000

-1
b= 7[p1- 0-Ki—py- 0-Ks;]

-1
bs= 7[p1'9'pz_k1'9'k2]a (24

when new operators are introduced, the modified scaled

cross section is expected to grow rapidly near the appropriaighich implies that the interference term between the two
scale beyond which the contact interaction limit no longeramplitudes is sensitive to cdgy,,naWhich is given by
applies. However, in the present case, the theory above the

scaleA ¢ is a well-defined theory since it is not a low en-
ergy limit. We would thus anticipate that the agye, factor

leads to a modulation of the scaled cross section that aver-
ages out rapidly with a period that depends on the hardness

of the |cosé| cut as the value of/s increases. This effect is
displayed in Fig. 6 and behaves exactly as expected.

IIl. BHABHA SCATTERING

-1
Aghabha= Ps— ¢>t:A—2_[001t+ \/E(Cozcw‘ Co3Sy) |-

NC
(25)

Note that whereas Mier scattering was sensitive to space-
space noncommutativity, we see that Bhabha scattering is
instead sensitive to time-space noncommutativity. Here we
see that there are two distinct cases depending on whether or

The Feynman graphs which mediate Bhabha scattering inot Aghapna has a¢ dependence. Taking only omg; non-

NCQED are given in Fig. 7. In this case, theands-channel
kinematic phases are now given by

vanishing at a time, i€y, is non-zero then theé dependence
will be absent, whereas the two casgs,cy3# 0 are essen-

8 T I T T T |4| T T T T | 1

107° so (fb GeV?)

FIG. 6. Scaled dependence of the IMototal
cross section, subject to an angular fudbm top
to botton) of |z|=<0.9(0.7, 0.5) assuming the SM
(dashed curveor A =500 GeV(solid curves.
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with A r(z,¢) defined in a manner similar to that for Ner
scattering by forming the ratibl(z, ¢)/D(z, ¢).

We first consider the case whecg; is taken to be non-
zero. Figure 8 displays then this case trivial ¢ integrated
angular distribution andA g for the SM with Ayc= /s
=500 GeV. Here one sees that a finite value\Qf leads to
a slight increase in the cross section at large angles and a

FIG. 7. Feynman graphs contributing to Bhabha scattering withnoderate change iA r in the samez range. In the case

the exchanged particle corresponding to a photonzZhdson.

wherecg, is non-zero, Fig. 9 shows the corresponding dis-
tributions. Note that the shift in the cross section looks al-

tially identical except for the phase of tiledependence. We most identical in the two cases but the deviationAir is

thus only consider the caseg,;=1 or cg,=1.

more shallow in the latter case. Figure 10 shows ¢hde-

Using the notation above, the differential cross section irpendence of the-integrated distributions for the same three
the laboratory center of mass frame for Bhabha scatteringuts on co® discussed above in the case of IMo scatter-

can then be written as

u2

do- a2 SS tt st
(eij + flj)(P” + Plj +2PijCOSABhabha)§2'

dzdp 2s

2
+(e|J_f|J)(P|SJS§+P|t})} (26)

ing. As before, we see that the effect in the cross section is
most visible for stiffer cuts which isolate the central region.
In the case ofA g, the ¢ dependence is too small at these
integrated luminosities to be visible. In order to obtain a 95%
C.L. lower bound om\ ¢ from Bhabha scattering, we follow
the same procedure as that discussed above fdleMsxat-
tering and obtain the results presented in Fig. 11. Here we

107
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-
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FIG. 8. Same as Fig. 3 but now for Bhabha
scattering assuming thatg, is non-zero.
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see that the reach foYy ¢ via Bhabha scattering is not quite caution in calculating the cross section to ensure that the
as good as what we had found earlier for the case dfévlo Ward identities are satisfied and to guarantee that unphysical
scattering, given only by=2+/s, for both of the cases con- polarization states are not produced. Hence one must either
sidered. extend the polarization sum to incorporate transverse photon
Figures 12 and 13 show the scaled cross sections fgpolarization states or include the contribution from the pro-
Bhabha scattering after tlzecuts are employed for values of duction of a ghost-antighost pair to cancel the contribution of
Js>Ayc. Here we see that for both cases, the presence of #e unphysical gauge boson polarizations. This procedure is
finite value forAgpapnaleads to an increase in the construc- Similar in manner to that performed for the parton-level scat-
tive interference between the and t-channel exchanges tering ofqgq—gg in QCD. We find that the differential cross
with two very different periods. Again for values ¢ much  section in the laboratory center of mass frame for pair anni-
larger thanA yc we see that the oscillations average out tohilation in NCQED is then given by
approximately half of their original amplitude. ,
t

u t 2

4 +u
4
t u 32

do a?

dqus= 4s

(1
SII’12 Ekl/\kz i (27)
IV. PAIR ANNIHILATION

The Feynman diagrams which contribute to pair annihila-where we have introduced the wedge product defined as
tion in NCQED are shown in Fig. 14. Note that in this case,p/\k=p k,6*”. Note that the sign of the modification due
there is a novek-channel contribution in NC field theories to NCQED does not vary since it is an even function and
from the 3y self-coupling, in addition to the kinematical hence the effect does not wash out over time due to the
phase factor which appears at each vertex. Due to the presstation of the Earth.
ence of the non-Abelian—like coupling, one must exercise Evaluating the wedge product yields
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g ef .
= C i
5 - ] FIG. 12. The scaled cross section for Bhabha
%) i i scattering withcy; non-zero.
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so that

—S
A PA= E kl/\ k2= F[CO:LCG—i_ C0250C¢+ CO3S('}S¢] .
NC

(29 —S Lo
App=———[cosy cosx+sind sine cog ¢— )]
Note that this process is sensitive only to space-time non- NC
commutativity. We again stress that this is only true in the
C.M. frame; due to the violation of Lorentz invariance this ___3 coOFyc (30)
will not hold in all reference frames. As discussed above, it is 2A%c ’

important to remember that although we have expressed the
cross section in terms of the Lorentz invariant Mandelstam . . L
variabless,t,u, the phase\p, is not Lorentz invariant. For where fyc |s.the angle between tH_.ff'eld and the direction
this reaction, we parametrize they by introducing the of the outgoing photon denoted with momekta Note that

angles characterizing the backgrougdield of the theory: A simply define_:s the 0”9"? of_th@ axi;; we wil hereafte_r
set B=w/2. This parametrization provides a good physical

Co1=COSY interpretation of the NC effect§Note that thec,; are not
independent; in pulling out the overall scalg,c we can
Cop=Sina coB (299  always impose the constrainicy,|®+|cqy?+|Cog?=1.)
Here, we consider three physical cases:0, a= 7/2, and
Coz= Sina sing, a= /4, which correspond to the backgroukdields being

FIG. 13. Same as in the preceding figure but
now with ¢y, non-zero.

107° so (fb GeV?)
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I i N O at an anglex from the beam axis. The correction tedup
ewp) [ V& e™(p) V) then takes the following forms in each of these cases:

-s

APA(CYZO): 2 cosy
2 NC

et-p,)  Yk) et-p)  Yik) —s
A =7l2)= sing sin 31
o) Y pala=/2)= ———sing sine (3D

NC

S
Apa(a=mld) = ———[ cosh+sind sing].
pA( ) 5 2Aﬁc[ b ]

e*p,) Tk,

FIG. 14. The three tree level contributions éde™ — yy in . . . .
NCQED. As in the previous processes we considered, a striking fea-

ture of these correction terms are théidependence, arising
from a preferred direction which is not parallel to the beam

axis.
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In Figs. 15 and 16 we present the bin-integrated eventhe NC search reach from pair annihilation is approximately
rates, taking\ yc= /s for purposes of demonstration, which given by 1.5/s. This is inferior in comparison to that ob-
show the angular dependences of the NC deviations for thiained in the case of Mier and Bhabha scattering, due, in
two casesa=7/2 and a=0, taking Ayc=+/s=500 GeV part, to the large available statistics in the latter cases. The
and a luminosity of 500 fb*. For the case oi=0 we have scaled cross sections, after employing identicalits as in
also scaled the angular distribution by the facter|z| in  the previous two sections, are presented in Fig. 18. Here, we
order to emphasize the deviation from the Standard Model iisee again that the anticipated high energy behavior is real-
the peaking region. Note that the NC contributions lower thezed.
event rate from that expected in the SM in the central region.

As expected, thex=0 case shows n@ dependence since

T . . V. AT LINEAR COLLIDER
the preferred direction is parallel to the beam axis, while the Yy=vy co S

¢ distribution for «= /2 exhibits a strong oscillatory be- Future linear colliders have the option of running in a
havior. The caser= /4, as well as more general choices of photon-photon collision modg27], in which laser photons
a, simply extrapolates between these two extremes. are Compton back-scattered off the incoming fermion beams.

To obtain a 95% C.L. lower bound ohy, we perform  The lowest order SM contributions arise at the 1-loop level
a fit to the total cross section and the angular distributionsvith fermions andw bosons propagating in the loop. Since
employing the procedure discussed above. Our results atee exact SM calculation of this box diagram mediated pro-
presented in Fig. 17 for three values@fwhere we see that cess is rather tedio28], there exist various approximations
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in the literaturg[29] which are valid in the regime where the

center of mass energy is large compared to enass. M§97+

Since this process only occurs at loop-level in the SM, it has

been proposed as a useful test of new physics which contrib-

utes to the amplitude at the tree level in, for example, super-

symmetry[29] or quantum gravity models with large extra

dimensiong 30]. In the present case, NCQED also predicts

new contributions toyy— vy at tree-level, and hence we

examine how well this process can boufigc. MNC
We will consider only tree-level NC contributions since

the NC generalization of the full electroweak SM is un-

known and coupling constant suppressed. There are four dia-

grammatic contributions in this case: three from she and

u channels of photon exchange and one from the four-point

photon coupling. These are presented in Fig. 19. Denoting

the incoming photon momenta Ip; andp,, and the outgo-

ing photon momenta bk; and k, as before, we find six

non-vanishing NC helicity amplitudes:

075012-15
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FIG. 17. 95% C.L. bound o ¢ from pair
annihilation as a function of luminositifop) and
Js (bottom. In the top panel we set/s=500
GeV, while in the bottom panel we assume a lu-
minosity of 500 b 2.

t
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where we have made use of the relatisht+u=0 and o
the s denotes the parton-level center-of-mass frame. The R
other four amplitudes are related to these by
MY = MU MBS (ke ko) = MYS (kg ko)
=Mﬁc_+_(k2,k1)=MN$_+(k2,kl). The corresponding .
SM amplitudes can be found in Ref®9,30 and will be T(p)

given in the Appendix.

The kinematics of this process are more complicated thar
those of the previous cases. The backscattered photons ha
a broad energy distribution, and the collision no longer oc-
curs in the center of mass frame, i.e., the c.m. and laboraton
frames no longer coincide. As NC theories violate Lorentz

invariance,

the differential cross section is no longer invari-

ant under boosts along the z-axis and we are thus forced ti
consider this process in the laboratory frame. Lettipgnd

X, denote the fraction of the fermion energy carried by each
of the backscattered photons, the photon momenta become FIG. 19. The tree level contributions toy— yy in NCQED.
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FIG. 18. The scaled cross section for pair an-
nihilation for «=0,7r/2 corresponding to théop,
bottom panels, respectively.
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_xis do 1 E F(x)f(xy)
e e0 T ) | O
1+§<x1)§<x2>) .
X5 [IMy;
=25, 100 [
+(%)|M+|2 , (36)
k{f:El(l,Ce,Sva},SgSqﬁ) (33)

where E;,E, denote the outgoing photon energiééx) is

the photon number density function, ag¢x) the helicity
distribution function, which is presented in the Appendix.
The distribution functions depend upon the variable set
(Pe1,P11,Pe2,Py2), which represent the polarizations of the
initial fermion and laser beams. In this paper we |gef]
=0.9 and|P,|=1.0, leaving six independent combinations:

S S
kgz (X1+ X2)7 - El ,(Xl_ X2)7 - E]_C@,

—E1S4Cy, —E1S4Sy |,

o (+,+,+,+), (+,+,+,7), (+,+,—, =), (+,—,+,7),
whereE; is given by (-,+,+,-),and (+, —,—,—), where, for example, £,
—,+,—) meansP.,=0.9, P,;=-1.0, P,,=0.9, andP,,

XXo\[S =—1.0. We use the approximate SM amplitudes found in

E, (34  [29,30, valid for m\z,v/xp<1, wherex, represents any of the
photonic Mandelstam invariants. To validate this approxima-

) ) ) tion we employ the cuts
We define the observable amplitudes by summing over the

helicities of the outgoing photons:

T Xy X— (X —X,) COH

|cog 6)|=<0.8, 0.4<xX<Xpmax- (37)

|M++|2:Z |M++ij|2- . . . .
ij Xmax IS the maximum fraction of the fermion beam energy

(35  that a backscattered photon can carry away; numerically,
Xmax~0.83. Evaluating the wedge products in the NC ampli-

|M+_|2:i2j |M+—ij|2: tudes in the lab frame yields
which also include the SM contributions. The lab frame dif- p/\py= ————— (38)
ferential cross section for this process is ZAﬁ,C
300 [ T T | T T T T | T T T T T T i
250 — —
200 — —

& :} } } {: FIG. 20. Angular dependence of they
B 150 = } } —] — v cross section for the casg,;=1. We take
“z L % } } } { } } } . Anc=15=500 GeV and a luminosity of

— } { { { % } — ] 500 fo~ %, and employ the cuts discussed in the
100:_ \\\\ //// _ text.
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—XoE1Vs[ —Coxq Vs

2A3c Ey

P2/ \ky= +Coi(1+cCyp)

+ 00239C¢+ Co3SHS¢_ C1259C¢+ 0318954,

EiVs
T[(XDL X2){C0284C 4+ Co3S¢S4+ CorCol
NC

kl/\ k2:

— (X1 = X2){Co1— C125¢C 4+ C3184Sp} |,

where, as before, we can interpret thg, in terms of the
directions of the backgroundl and B fields, with the z-axis
defined to be along the direction of the initial beams. Note
that in this case, however, we have defingdto be in the
positive z-direction. Two important properties of these ex-

200 T T T | T T T T | T T T T

150 —{ %; %

FIG. 21. co¥ (top) and ¢ dependencébot-
tom) of the yy— yvy cross section for the case
Cos=1. We again take\ yc=\/s=500 GeV, with
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pressions are that the presence of boghandc;; indicates  sign change in the amplitudes, which affects the interference
that yy— vy is sensitive tdooth space-time and space-space between the SM and NC amplitudes.

noncommutativity, unlike the previously examined pro- In Figs. 20, 21, and 22 we display the bin-integrated an-
cesses, and the disappearance gfindicates thaB fields  gular distributions assuming a 500 GeVe™ linear collider
parallel to the beam axis are unobservable as in the case wfith an integrated luminosity of 500 T and employing the
Moller scattering. We consider three different possibilities:cuts discussed above. We also takg.= /s for purposes of

(i) cor=1, with all others vanishing(ii) co3=1, with all ~ demonstration. As can be seen from the figures, the effects of
others vanishing; andii) c,,=—1, with all others vanish- NC space-time yield marked increases in both zhend ¢

ing. In terms of the angular parametrization, céigecorre-  distributions over the SM expectations, whereas this process
sponds to ark field parallel to the beam axi@enoted by is seen to be rather insensitive to space-space noncommuta-
a=0 in our discussion " e~ — yy), case(ii) to anE field tivity. The NC space-space corrections also do not strictly
perpendicular to the beam axia€ m/2 ine*e”—vyy),and increase the SM result, unlike the other two cases, due to an
case(iii) to a B field perpendicular to the beam axis. As interference effect between the SM and space-space NC con-
noted earlier foe™e™ — yy, co, andcyz are equivalent up to  tributions, and from the small magnitude of the NC effect in

a redefinition of¢, as arec;, andcg;. Note, however, that this case.

despite their apparent similarity, the space-time and space- Figure 23 displays the 95% C.L. search reach for the NC
space components an®t equivalent up to a redefinition of scaleA ¢ as a function of luminosity for the three cases with
¢. Redefiningg in an attempt to relategz andc,, inflicts a  the polarization state,—,+,—) as well as for the case),;
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with all polarization configurations. As expectegdy scatter-  these theories give rise to modifications to QED, resulting in
ing is relatively insensitive to space-space noncommutativitya non-Abelian—like nature with 3- and 4-point photon self-
yielding bounds that are essentially just belga: However,  couplings, as well as momentum dependent phase factors
in the case of space-time NC, we see that the potential limitappearing at each possible vertex in NCQED. We have seen
are comparable to that obtainable from pair annihilation andhat both Bhabha and Mer scattering are affected by the
are of order 1.§s. Two-photon scattering also nicely interference momentum dependent phase factors, whereas
complemente*e” — yy as one is sensitive toy; with the  pair annihilation also receives contributions from the 3-point

other depending ooy, andcgs. function. We have also examinegy— yvy, which is sensi-
tive to both the 3- and 4-photon self-couplings.
VI. CONCLUSIONS In all the processes considered in the text, the NC affects

arise at lowest order from dimension-8 operators. In addi-
In summary, we have examined the testable nature of nortion, they generate an azimuthal dependence, which is not
commutative quantum field theory by analyzing variouspresent in the SM, due to the NC preferred direction in
2—2 processes at high energy e linear colliders. We space-time. These effects are not Lorentz invariant, and cau-
have parametrized the noncommutative relationship in termgon must be exercised in evaluating them, both theoretically
of an overall NC scaleAyc, and an anti-symmetric matrix and experimentally.
C,., Which is related to the direction of the background elec- The above four processes are complementary in terms of
tromagnetic field present in these theories. We have seen thptobing the NC parameter space. Pair annihilation and
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TABLE I. Summary of the 95% C.L. search limits on the NC |ated work[31] appeared. There is some overlap between the
scaleAc from the various processes considered above at a S0Brocesses considered in this paper and what is contained
GeV e"e” linear collider with an integrated luminosity of 500 there, however we disagree completely with their results. We

fot. also note that crossing symmetry can be maintained in
NCQFT as long as one exercises care to also switch the
Process Structure probed Bound &Rc appropriate momenta in the wedge products.

efe —yy Space-time 740840 GeV
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for space-time noncommutativity, whereas IMo scattering

is sensitive to 2 of the parameters in the case of space-space APPENDIX

NC. Two-photon scattering simultaneously probes space-

space and space-time NC, but is found to be rather insensi- In this appendix we present the SM amplitudes and pho-

tive numerically to the space-space case. In all of these trarten distribution functions relevant for the procegg— yvy.

sitions, the effects oB fields parallel to the beam axis are For a more detailed discussion the reader is referré¢@%e

unobservable. We summarize our results for the 95% C.L30].

search reach for the NC scale in Table I. We see that NCQED As discussed in the text, the one-loop contributions to

can be probed to scales of order a TeV, which is where ongy— yy arise fromW boson and fermion loops. At high

would expect NCQFT to become important, if stringy effectsenergies, which we are considering, there is only one non-

or if the fundamental Planck scale are also at the TeV scaleegligible independent helicity amplitude. The approximate
Note addedWhile this paper was being completed, a re-amplitude for thew contribution is

MW (s,t,u) u—t —u—ie —t—ie 3tu —u—ie —t—ie||?
%%12442 ) In —|—1In 5 +16({ 1— —|{|In >—|—In 5 + 7
) 1 —s—ie —t—ie 1 —Ss—ie —u—ie 1 —t—ie —u—ie
+16s°| —In > In > +—In > In > +—1In > In > ,
St myy myy Su my my tu my miy

(A1)

wherea~1/137,my, represents the mass of téboson and where Q; is the fermion charge in units of the positron
e is a small positive quantity defining the branch cut pre-charge, andn; is the mass of the fermion in the loop. The
scription. The fermion contribution gives rise to the approxi-other amplitudes are related to these by

mate amplitude

Mo (stu)=M,__(sut)=M, . (ut,s).

A3
Mg—f)-%—++(svt!u) ( )
a?Qf . .
We now present the expressions for the photon distribu-
u—t —u—ie —t—ie tions. We define the auxiliary functions
~—8-8 ) In > —In >
S m; m;
1
2+ 02 —u-ie ~t—ig| |7 COO=7——+(1-x)—4r(1-r)=PcPrz(2r-1)(2-x),
—4| — In — | = In| —; 1-x
s m? m? (Ad)
+ 172] , (A2)  wherer=x/[z(1-x)], and

075012-21



HEWETT, PETRIELLO, AND RIZZO PHYSICAL REVIEW D64 075012

2. a2 4 8 1 1 quire. We sez=2(1+ /2) in our analysis, which maximizes
o= > 1—2— —|In(z+1)+ §+E_—2 Xmax- IN terms of these functions the photon number and
MeZ z 2(z+1) helicity distribution functions take the form
+PcP 2ma” 1+2 In(z+1)— ot — 2ma?
e\ “mez 7| INE+t D=5+ 07 f(x,Pq,P, ;z)=< ——|C(x)
mgzo
- (A5)
- : 1 X
2(z+1)° §(x,Pe,P|;Z):W(Peﬁ“(zr_l)z}

Herezis a variable describing the laser photon energy; vary- 1
ing z affects the value ok,,,x, the maximum value of the P(2r—1 (1_ n ) A
fermion beam energy that the backscattered photons can ac- (er=1 Xt - (A9
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