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Signals for noncommutative interactions at linear colliders
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Recent theoretical results have demonstrated that noncommutative geometries naturally appear within the
context of string orM theory. One consequence of this possibility is that QED takes on a non-Abelian nature
due to the introduction of 3- and 4-point functions. In addition, each QED vertex acquires a momentum
dependent phase factor. We parametrize the effects of noncommutative space-time coordinates and show that
they lead to observable signatures in several 2→2 QED processes ine1e2 collisions. In particular, we
examine pair annihilation, Moller and Bhabha scattering, as well asgg→gg scattering and show that non-
commutative scales of order a TeV can be probed at high energy linear colliders.
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I. INTRODUCTION AND BACKGROUND

Although the full details of string orM theory have yet to
be unraveled, this theoretical effort has inspired a numbe
ideas over the years which have had significant impact on
phenomenology of particle physics. Two such examples
given by the string-inspiredE6 models of the late 1980s@1#
and the ongoing endeavor in building realistic and testa
models from theories which have additional space-time
mensions@2#. Most recently, a resurgence of interest in no
commutative quantum field theory~NCQFT! and its applica-
tions @3# has developed within the context of string theo
Of course noncommutative theories are also interesting
their own right. However, it has yet to be explored wheth
they have any connection with the physics of the stand
model ~SM! or whether their effects could be observable
laboratory experiments. It is the purpose of this paper
begin to address these questions.

An exhaustive introduction to NCQFT is beyond th
scope of the present treatment; hence we will simply out
some of the basics of the theory as well as some res
which are relevant to the phenomenological analysis that
lows. We will see that NCQFT results in modifications
QED which can be probed in 2→2 processes ine1e2 col-
lisions.

The essential idea of NCQFT is a generalization of
usuald-dimensional space,Rd, associated with commuting
space-time coordinates to one which is noncommuting,Ru

d .
In such a space, the conventional coordinates are represe
by operators which no longer commute, i.e.,

@X̂m ,X̂n#5 iumn[
i

LNC
2 cmn . ~1!

In the last equality we have parametrized the effect in te
of an overall scaleLNC , which characterizes the thresho
where noncommutative~NC! effects become relevant, and
real antisymmetric matrixcmn , whose dimensionless ele
ments are presumably of order unity. From our point of vi
the role of the NC scaleLNC can be compared to that of\ in
conventional quantum mechanics, which represents the l
of noncommutativity between coordinates and momentaA
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priori the scaleLNC can take any value, perhaps the mo

likely being of order the Planck scaleM̄ Pl . However, given
the possibility@2# of the onset of stringy effects at the Te
scale, and that values of the scale where gravity beco
strong in models with large extra dimensions can be of or
a TeV, it is feasible that NC effects could also set in at a T
Here, we adopt this spirit and consider the possibility th
LNC may not lie far above the TeV scale.

Note that the matrixcmn is not a tensor since its element
are identical in all reference frames. This leads immediat
to a violation of Lorentz invariance which is quite differe
from that discussed most often in the literature@4# since it
sets in only at energies of orderLNC . As we will see below,
this violation will take the form of dimension-8 operators f
the processes we consider and is thus highly suppresse
low energies. In addition, there exists a more than superfi
relation between the anti-symmetric matrixcmn and the Max-
well field strength tensorFmn as NCQFT arises in string
theory @5# through the quantization of strings, described
the low energy excitations of D-branes in the presence
background electromagnetic fields. The space-time com
nents,c0i , thus define the direction of a backgroundE field,
while the space-space components,ci j , describe the direc-
tion of a background magnetic or stringB field. Geometri-
cally, we can then think ofc0i andci j as two 3-vectors tha
point in a specific pair of preferred directions in the labo
tory frame. Theories withc0i(ci j )Þ0 are usually referred to
as space-time~space-space! noncommutative.

NCQFT can be phrased in terms of conventional comm
ing QFT through the application of the Weyl-Moyal corr
spondence@6#

Â~X̂!↔A~x!, ~2!

whereA represents a quantum field withX̂ being the set of
noncommuting coordinates andx corresponding to the com
muting set. However, in formulating NCQFT, one must
careful to preserve orderings in expressions such
Â(X̂)B̂(X̂). This is accomplished with the introduction of
©2001 The American Physical Society12-1
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star product,Â(X̂)B̂(X̂)5A(x)* B(x), where the effect of
the commutation relation is absorbed into the star. Mak
the Fourier transform pair

Â~X̂!5
1

~2p!d/2E daeiaX̂ a~a!

~3!

a~a!5
1

~2p!d/2E dxe2 iax A~x!,

with x anda being realn-dimensional variables, allows us t
write the product of two fields as

Â~X̂!B̂~X̂!5
1

~2p!dE dadbeiaX̂a~a!eibX̂b~b!

5
1

~2p!dE dadbei (a1b)X̂2~1/2!ambn[ X̂m ,X̂n]

3a~a!b~b!. ~4!

We thus have the correspondence

Â~X̂!B̂~X̂!↔A~x!* B~x!, ~5!

provided we identify

A~x!* B~x![@e~ i /2!umn]zm]hnA~x1z!B~z1h!#z5h50 .
~6!

Note that to leading order inu, the * product is given by

A~x!* B~x!5AB1
i

2
umn]mA]nB1O~u2!. ~7!

Hence the noncommutative version of an action for a qu
tum field theory can be obtained from the ordinary one
replacing the products of fields by star products. In doing
it is useful to define a generalized commutator, known as
Moyal bracket, for two quantitiesS,T as

@S,T#MB5S* T2T* S, ~8!

so that the Moyal bracket of any quantity with itself va
ishes. Note that the integration of a Moyal bracket of tw
quantities over all space-time vanishes, i.e.,

E d4x@S~x!,T~x!#MB50, ~9!

which means they commute inside the integral. This can
generalized to show that the integral of a* product of an
arbitrary number of quantities is invariant under cyclic p
mutations in a manner similar to the trace of ordinary ma
ces. We also note that the Moyal bracket of two coordina

@xm ,xn#MB5xm* xn2xn* xm , ~10!

mimics the operator commutation relation in Eq.~1!.
Once the products of fields are replaced by* products,

infinite numbers of derivatives of fields can now appear in
action, implying that all such theories are non-local. This
07501
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not surprising since, in analogy with ordinary quantum m
chanics, one now has a space-time uncertainty relation

DX̂mDX̂n>
1

2
uumnu. ~11!

Theories withc0iÞ0 have an additional problematic featu
in that they generally do not have a unitaryS-matrix @7#, at
least in perturbation theory, since an infinite number of tim
derivatives are involved in* products. However, it has re
cently been shown@8# that it may be possible to unitarize th
space-time case by combining the spatial NC super Y
Mills limit with a Lorentz transformation with finite boos
velocity. On the other hand, theories with only space-sp
noncommutativity,ci j Þ0, are unitary.

There are a number of important results in NCQFT wh
we now state without proof, referring the interested reade
the original papers for detailed explanations.~i! It has been
demonstrated@9# that only theU(n) matrix Lie algebra is
closed under the Moyal bracket as presented here, howe
generalizations of the theory can be found@10# which can
extend the construction of noncommutative gauge theorie
SO(n), Sp(n), and SU(n) gauge groups.~ii ! Unbroken
U(n) gauge theories have been shown to remain both ga
invariant and renormalizable at the one-loop level@11# when
generalized to noncommutative space times~while f4 theo-
ries have been shown to be renormalizable to 2-loops! and
there are indications that this result may hold through
orders. For the case of spontaneously broken theories
though an explicit proof@12# only exists forU(1), it seems
likely that these too will remain renormalizable for allU(n).
~iii ! Noncommutative QED, based on the groupU(1), has
been studied by several groups@13,14#; due to the presence
of * products and Moyal brackets, the theory takes on
non-Abelian nature in that both 3-point and 4-point phot
couplings are generated. The photonic part of the actio
now

SNCQED5
21

4 E d4xFmn* Fmn5
21

4 E d4xFmnFmn,

~12!

where the second equality follows from the commutativity
Moyal brackets under integration, shown in Eq.~9!. This
action is gauge invariant under a local transformationU(x)
with Fmn defined as

Fmn5]mAn2]n Am2 i @Am ,An#MB . ~13!

The origin of the 3- and 4-point functions is now readi
transparent. Note that the photon’s 2-point function is ide
tical in commutative and NC spaces because quadratic fo
remain unchanged. When performing the Fourier transform
tion of these new interactions into momentum space, the
tices pick up additional phase factors which are depend
upon the momenta flowing through the vertices. We will s
below that these kinematic phases will play an important r
in the collider tests of NCQFT. (iv) When fermions are
added to the theory, covariant derivatives can only be c
structed for fields of charge 0,61. The structure of those
2-2
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SIGNALS FOR NONCOMMUTATIVE INTERACTIONS AT . . . PHYSICAL REVIEW D 64 075012
derivatives for theQ561 case is similar to that for funda
mental and anti-fundamental representations in non-Abe
theories. The covariant derivatives for neutral fields are e
er trivial @as in the case of Abelian commutativeU(1)
theory# or correspond to what would ordinarily be called t
adjoint representation in the case of a commutative n
Abelian theory. As before, the three-point function picks
an additional kinematic phase from the Fourier transform
tion of the interaction term into momentum space. This
shown explicitly in Fig. 1. The general form of the Feynm
rules for NCQED can be found in Ref.@15#; the ones of
relevance to the processes considered in this paper are
played in Fig. 1. (v) NCQED with fermions and space-spa
noncommutativity has been shown@16# to be CP violating
yet CPT conserving.

Having now presented the basic formalism of NCQ
and subsequent modifications to QED, in the following s
tions we examine the effects in several 2→2 processes in
e1e2 collisions, including pair annihilation, Mo¨ller and
Bhabha scattering, as well as ingg→gg scattering. We will
see that the lowest order correction to the SM results
these transitions is given by dimension-8 operators. In a
tion, we find that an oscillatory azimuthal dependence is
duced in these processes due to the preferred direction in
laboratory frame defined by the NC matrixcmn . In summary,
we will see that high energy linear colliders can probe n
commutative scales of order a TeV.

At this point one may be concerned that our analysis o
makes use of tree level considerations in obtaining the
lider sensitivity to NC space time and whether loop-ord
effects would drastically change our results. Since the the
is at least one-loop renormalizable, one could argue tha
some sense higher-order corrections to observables are u
control. However, there exist some novel infrared~IR! diver-
gences in the photonn-point functions in NC theories which
could lead to sizable distortions in the anticipated behav
of loop corrections in comparison to those from conventio
commutative theories. Although such IR divergences do
ist, we still expect allphysicalobservables to not be sensitiv
to such divergences; in fact, quantities such as theg22 of
the electron, the Lamb Shift and the production of pairs i
strong electric field have all been examined at the one-l

FIG. 1. Feynman rules of NCQED.
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level in NC theories@6,17# and have been found to be bo
IR finite and possess a smoothu→0 limit in which the usual
QED results are obtained. Of course it is not yet proven t
all IR divergences cancel in NC gauge theories, e.g., in
clusive 2→2 processes, as in ordinary QED or QCD.

In principle, there can be at most two new classes of
divergences encountered in such processes due to thei
properties: those involving either logs or inverse powers
momenta contracted withu, with the latter being the more
serious. However, the origin of NC theories within the stri
framework leads us to expect that supersymmetry mi
have an important role to play in constructing realistic N
models. In fact it has been shown that NC quadratic div
gences cancel in supersymmetric NC theories, even th
that are softly broken@18#, leaving divergences no wors
than logs as are present in QED or QCD and which may
handled in the usual manner. Of course, this gives rise
speculations about the full theory into which NCQED m
be imbedded. Attempts have been made recently in the
erature to address these infrared problems without the a
tion of extra matter into the theory. Perhaps the most pro
ising of such approaches is that found in@19#, in which the
Seiberg-Witten map~see the first reference in@5#! is used to
define NCQED as a power series inu. The infrared singu-
larities associated with vanishing external momenta seem
sent in this approach, and there are even the beginnings o
all-orders proof of renormalizability. We will proceed wit
our analysis assuming that one of these approaches
eventually mature enough to resolve these IR difficulti
Indeed, we feel that one of the strengths of examining tr
level processes, as we do here, is that they yield res
which are robust and independent of the nature of the
theory to high precision.

Before discussing our analysis for the specific proces
considered here, a few additional comments are in order
garding the observation of noncommutative effects. First
discussed above, the vectorsci

E5@c0i # and ci
B5@e i jkcjk#

point in fixed specific directions which are the same in
reference frames. In our analysis below we define thez-axis
as that corresponding to the direction of the incoming p
ticles in a fixed laboratory frame with the vectorsc having
arbitrary components in that frame. Now, imagine a seco
laboratory at a different point on the surface of the Ea
performing the same experiment. Clearly the coordinate s
tems of the two laboratories will be different, i.e., the bea
directions and hence thez-axis will not be the same in the
two locations. This implies that the experimentally det
mined values for the components of thec vectors will differ
at the two laboratory sites due to their locally chosen se
coordinates. Henceboth laboratories must convert their loca
coordinates to a common frame, e.g., with respect to the
frame of the 3 degree K blackbody radiation or some ot
slowly varying astronomical coordinate system, so that th
would measure equivalent directions and magnitudes foc.
This translation of coordinates to a common frame will
necessary if we are to compare the results of multiple exp
ments for signals of noncommutativity.

In addition, even for a single experiment, the appar
directions of thec vectors will vary with time due to the
2-3
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HEWETT, PETRIELLO, AND RIZZO PHYSICAL REVIEW D64 075012
rotation of the Earth and its revolution about the Sun. Wh
the actualc vectors will always point to the same position o
the sky, the coordinates of this position will vary contin
ously in the laboratory frame due to the Earth’s motion.~The
effects of galactic motion should be small during the lif
span of any given experiment.! Collider experiments will
thus have to make use of astronometric techniques to
tinuously translate their laboratory coordinates to astrono
cal ones such that when events are recorded the relative
entation of the two frames would be accounted for. T
should be a rather straightforward procedure for any fut
collider experiment to implement given that many no
accelerator based experiments already make use of t
ideas.

Taking the Earth’s motion into account is particularly im
portant for experiments which measure observable quant
that are odd inc, including, for example, theg22 of the
muon @13#, the Lamb shift@17#, as well as other processe
which are linear@22# in the NC parameter. If only the labo
ratory coordinates were employed, at least some of the c
ponents ofc would average to zero over a sidereal day. In
cases we discuss below, the observables are even func
of c, and while we would not obtain a null effect, time ave
aging would result in a diminished sensitivity toLNC .

Numerous low-energy tests of Lorentz violation, some
which have taken sidereal time into account, have been
formed and, in principle, can constrain NCQED. A gene
formalism describing low-energy Lorentz~and CPT! viola-
tion, which is the one most commonly tested, is given
Kostelecky and collaborators@4,20#. To be specific, the
modified,U(1) gauge invariant, Dirac equation within th
framework is written as

@ igmDm2m2amgm2bmg5gm2 1
2 Hmnsmn1 icmngmDn

1 idmng5gmDn#c50, ~14!

where the four-component spinor fieldc describes a particle
of chargeq and massm, and iD m5 i ]m2qAm . Recalling
that NCQED is CPT invariant, we immediately see that
CPT violating parameters@20# am andbm vanish to all orders
in this case. Hence experiments that bound observa
which are simultaneously CPT and Lorentz violating can
be used to constrain NCQED. In addition, the free NCQ
field theory is identical to that of ordinary QED, hence all
the above parameters must vanish in this limit. The Lore
violation in NCQED arises in the interaction with new term
of the formgmAm which, however, do not contribute tocmn

~or dmn) at tree-level or at one-loop@6# since the fermion
self-energy is unchanged.~Recall thatcmn ,dmn are traceless
in the above formalism.! It is possible that contributions to
cmn or dmn will arise at two loops, and that constraints o
these parameters might be translated into bounds on the
scale superior to those obtained here. However, the statu
NCQED at two loops is completely unknown, and it is d
ficult to predict what form these corrections might take.
addition, many of these experiments measure propertie
composite structures, such as the proton, and the lack
noncommutative extension of the full Standard Model ma
the form of these corrections even more difficult to estima
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Clearly, more work is needed before experimental constra
placed on this framework can be translated into bounds
NCQED.

The one-loop corrections to the Coulombic potential ha
been examined@17# in NCQED and give rise to an electri
and magnetic dipole moment for the electron. The magn
dipole moment is of the form

mW 52
e

2mcS gSW 1
agE\

3ple
2uW D , ~15!

where le is the electron’s Compton wavelength. Accura
determinations of this quantity are performed in Penning t
experiments@21# which measure the energy transition b
tween thesz561/2 electron states in a magnetic field, kee
ing track of sidereal time. However, theuW •BW interaction in
the laboratory contributes equally to both thesz561/2
states and hence cancels in the measured energy differe
Thus bounds on NCQED are not obtained in these exp
ments. Likewise, an induced NCuW •B Zeeman effect also
cancels in frequency measurements@22#. In addition, it has
been shown@17# that possible NC contributions to the Sta
effect vanish at one-loop. Remaining low-energy tests
NCQED arise from contributions to the Lamb shift. In Re
@17#, it was shown that the NC Lamb shift depends on t
quantum numberj z , only occurs forlÞ0 states, and open
the possibility of a shift in a new channel, 2P1/2

11/2→2P1/2
21/2.

Hence the usual 2P1/2
1/2→2S1/2 shift line will be split in two

by a factor ofu from the j z521/2 contributions. Estimated
bounds from such a shift are of order a few TeV.

Since NCQED violates Lorentz invariance in a nov
manner, as discussed above, it is not clear that low-ene
experiments can provide a stringent test of such theories.
thus turn to our examination of collider sensitivities
NCQED, and stress that a robust testing of any new the
necessitates its examination in as many different experim
as possible.

II. MÖ LLER SCATTERING

For all of the scattering processes considered in this pa
except forgg→gg, we can define the momenta of the in
coming, represented byp1,2, and outgoing, corresponding t
k1,2, particles in terms of the coordinates fixed in the lab
ratory as

p1
m5

As

2
~1,21,0,0! p2

m5
As

2
~1,1,0,0!

k1
m5

As

2
~1,2cu ,2sucf ,2susf! ~16!

k2
m5

As

2
~1,cu ,sucf ,susf!.

Note that the ordering of the coordinates used in these d
nitions is given by (t,z,x,y), so that thez-axis is along the
beam direction as usual. Using these definitions, the bilin
2-4
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products of these momenta with the matrixcmn , which ap-
pear in the Feynman rules of Fig. 1 can be calculated to

p1•c•p25
s

2
c01

k1•c•k25
s

2
@c01cu1c02sucf1c03susf#

p1•c•k15
s

4
@c01~12cu!1~c122c02!sucf

2~c031c31!susf# ~17!

p1•c•k25
s

4
@c01~11cu!2~c122c02!sucf

1~c031c31!susf#

p2•c•k15
s

4
@2c01~11cu!2~c121c02!sucf

2~c032c31!susf#

p2•c•k25
s

4
@2c01~12cu!1~c121c02!sucf

1~c032c31!susf#.

We remind the reader of the fact thata•c•a50 for all vec-
torsa due to the antisymmetry of the matrixc. Note thatc23
does not appear in any of the above expressions since
have defined thez-axis to be along the direction of the initia
beams and there is noB field associated noncommutativ
asymmetry relative to this direction.

The Feynman diagrams which mediate Mo¨ller scattering
are displayed in Fig. 2. In this case, the NC modificatio
correspond to the kinematic phase which appears in e
vertex. The question here is how to treat theZ-boson ex-
change contribution. While NCQED is a well defined theo
it is not immediately clear how to extend it to the full SM
a naive way even if we are only interested in tree-level f
mionic interactions. Without such guidelines we see t
there exist three possibilities:~i! the simplest case is if theZ
and photon have the same vertex structure as shown in
1, ~ii ! the full theory and appropriateZ f f̄ kinematic phase
are more complex, or~iii ! only g f f̄ vertices pick up kine-

FIG. 2. Feynman graphs contributing to Mo¨ller scattering with
the exchanged particle corresponding to a photon andZ-boson.
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matic phases. Clearly, as far as signatures of noncomm
tivity are concerned, cases one and three will be qualitativ
similar. Hence, for simplicity, we assume that the first pos
bility is realized.

Following the Feynman rules of Fig. 1 and the momentu
labeling given in Fig. 2, we see that thet- and u-channel
exchange graphs now pick up kinematic phases given b

f t5
1

2
@p1•u•k11p2•u•k2#

~18!

fu5
1

2
@p1•u•k21p2•u•k1#.

Clearly, only the interference terms between thet- and
u-channel diagrams pick up a relative phase when the
amplitude is squared. We define this phase asDMöller and
find it to be given by

DMöller5fu2f t5
2Aut

LNC
2 @c12cf2c31sf#, ~19!

with the second equality following from Eq.~15!. @We define
the Mandelstam variables as usual:t,u52s(17 cosu)/2.#
Hence the resulting differential distributions for this proce
appear exactly as in the SM except that thet,u-channel in-
terference terms should be multiplied by cosDMöller . Note
that all of the terms involving time-space noncommutativ
have dropped out of the expression forDMöller . In addition,
as we take the limitLNC→`, cosD→1 so that the SM is
recovered. In the limit of smalls/LNC

2 , cosDMöller can be
expanded where it is seen that the lowest order correctio
the SM occurs at dimension-8. This is similar to the case
graviton exchange@23# in models with large extra dimen
sions @24# or in the Randall-Sundrum model of localize
gravity @25# below threshold for graviton resonance produ
tion @26#. Perhaps the most important thing to notice, as d
cussed above, is thatDMöllerÞ0 induces af dependence in
2→2 scattering processes since there now exists a prefe
direction in the laboratory frame.

For simplicity in our numerical results presented belo
we will only consider the casec12Þ0. If insteadc31 is non-
zero, the results will be similar except for the phase of thef
dependence. When both terms are present, the situation
general somewhat more complex, yet will be qualitative
comparable to the case analyzed below. Since we only c
sider one non-vanishing value ofci j at a time, we set its
magnitude to unity when obtaining our results.

The differential cross section for Mo¨ller scattering in the
laboratory center of mass frame can be written as

ds

dzdf
5

a2

4s F ~ei j 1 f i j !~Pi j
uu1Pi j

tt12Pi j
ut cosDMöller !

1~ei j 2 f i j !S t2

s2 Pi j
uu1

u2

s2 Pi j
tt D G , ~20!
2-5
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FIG. 3. Binned cross section
~top! and polarized asymmetry
~bottom! as a function of z
5 cosu for Möller scattering at a
500 GeV linear collider assuming
an integrated luminosity of
300 fb21. The histogram is the
SM expectation while the data
correspond toLNC5As.
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n

par-
ot

d,
wherez5 cosu, a sum over the gauge boson indices is i
plied, ei j 5(v iv j1aiaj )

2 and f i j 5(v iaj1aiv j )
2 are combi-

nations of the electron’s vector and axial vector couplin
and

Pi j
qr5s2

~q2mi
2!~r 2mj

2!1G iG jmimj

@~q2mi
2!21~G imi !

2#@~r 2mj
2!21~G jmj !

2#
,

~21!

with mi(G i) being the mass~width! of the i th gauge boson,
wherei 51(2) corresponds to the photon(Z). The expression
for the differential left-right polarization asymmetry
ALR(z,f), can be easily obtained from the above by formi
the ratio
07501
-

s

ALR~z,f!5N~z,f!/D~z,f!, ~22!

where D(z,f) is the differential cross section expressio
above andN(z,f) can be obtained fromD(z,f) by the re-
definition of the coupling combinationsei j and f i j as

ei j 5 f i j 5~v iv j1aiaj !~v iaj1aiv j !. ~23!

Although we have expressed the cross section in an ap
ently covariant form using Mandelstam variables, it is n
actually invariant due to the presence ofDMöller which is
highly frame dependent.

Figure 3 displays the effect of a finite value ofLNC

5As on the shape of the conventional bin-integrate
2-6
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FIG. 4. f dependence of the Mo¨ller cross sec-
tion ~top! and left-right asymmetry~bottom! for
the SM ~straight lines! and for the caseLNC

5As ~shown as data! at a 500 GeV linear collider
with a luminosity of 300 fb21. From top to bot-
tom in the top panel az cut of 0.9~0.7, 0.5! has
been applied with the order reversed in the low
panel.
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z-dependent event rate andALR for a 500 GeV linear collider
assuming an integrated luminosity of 300 fb21. In presenting
these results we have neglected initial state radiation
beamstrahlung effects, assumed both beams are 90% p
ized with dP/P50.003, and taken an overall luminosity e
ror of 1%. Angular cuts ofu510° have also been applie
but the entiref range has been integrated over. As we c
see from this figure, the influence ofLNC

21Þ0 appears to
cause a small downward shift in the cosu distribution which
is most noticeable at large scattering angles away from
forward and backwardt- andu-channel poles from the pho
ton exchange graph. The effect of a finite value ofDMöller is
thus seen to increase the amount of destructive interfere
between theu- and t-channel graphs. Although the shift
apparently small, it occurs over many bins and is statistic
quite significant given the size of the errors at this integra
luminosity. ForALR there is hardly any shift from the SM
values in this case.

Figure 4 presents thez-integrated,f dependent distribu-
tion for both the rate andALR . Note that as we perform mor
restrictive cuts onuzu, the central region, which is the mo
07501
d
lar-

n

e

ce

ly
d

sensitive toLNC , is becoming more isolated. As can be se
from the figures, this approach enhances thef dependence
for the differential cross section. Though thef dependence
also appears to be rather weak, it is again statistically sign
cant at this large integrated luminosity. As in the case of
f-integratedALR , the z-integratedALR shows hardly any
sensitivity to finiteLNC even when a stronguzu cut is ap-
plied.

In order to obtain a 95% C.L. lower bound onLNC from
Möller scattering, we perform a combined fit to the tot
cross section, the shape of the doubly differentialz2f an-
gular distribution andALR(z,f). In the latter two cases we
bin the NC results in a 20320 array ofz,f values and em-
ploy only statistical errors apart from the polarization unc
tainty. In the case of the total rate we also include the lum
nosity uncertainty in the error. For a fixed value
luminosity, we then compare the predictions of the SM w
the case whereLNC is finite and repeat this procedure b
varying LNC until we obtain a 95% C.L. bound by using
x2 fit. From this procedure we obtain the search reach
LNC as a function of the integrated luminosity as display
2-7
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FIG. 5. 95% C.L. lower bound onLNC at a
500 GeV linear collider as a function of the inte
grated luminosity from Mo¨ller scattering via the
fit described in the text.
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in Fig. 5. As we can see from this figure, bounds onLNC of
order (323.5)As are obtained for reasonable luminosities

We now examine how the Mo¨ller cross section behaves a
As grows beyondLNC . In the SM for larges we expect the
scaled cross section, i.e., the products•sMoll , to be roughly
constant after a cut onucosu u cut is performed. Ordinarily
when new operators are introduced, the modified sca
cross section is expected to grow rapidly near the approp
scale beyond which the contact interaction limit no long
applies. However, in the present case, the theory above
scaleLNC is a well-defined theory since it is not a low en
ergy limit. We would thus anticipate that the cosDMöller factor
leads to a modulation of the scaled cross section that a
ages out rapidly with a period that depends on the hardn
of the ucosu u cut as the value ofAs increases. This effect is
displayed in Fig. 6 and behaves exactly as expected.

III. BHABHA SCATTERING

The Feynman graphs which mediate Bhabha scatterin
NCQED are given in Fig. 7. In this case, thet- ands-channel
kinematic phases are now given by
07501
d
te
r
he

r-
ss

in

f t5
21

2
@p1•u•k12p2•u•k2#

fs5
21

2
@p1•u•p22k1•u•k2#, ~24!

which implies that the interference term between the t
amplitudes is sensitive to cosDBhabhawhich is given by

DBhabha5fs2f t5
21

LNC
2 @c01t1Aut~c02cf1c03sf!#.

~25!

Note that whereas Mo¨ller scattering was sensitive to spac
space noncommutativity, we see that Bhabha scatterin
instead sensitive to time-space noncommutativity. Here
see that there are two distinct cases depending on wheth
not DBhabha has af dependence. Taking only onec0i non-
vanishing at a time, ifc01 is non-zero then thef dependence
will be absent, whereas the two casesc02,c03Þ0 are essen-
FIG. 6. Scaled dependence of the Mo¨ller total
cross section, subject to an angular cut~from top
to bottom! of uzu<0.9(0.7, 0.5) assuming the SM
~dashed curves! or LNC5500 GeV~solid curves!.
2-8
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tially identical except for the phase of thef dependence. We
thus only consider the casesc0151 or c0251.

Using the notation above, the differential cross section
the laboratory center of mass frame for Bhabha scatte
can then be written as

ds

dzdf
5

a2

2s F ~ei j 1 f i j !~Pi j
ss1Pi j

tt12Pi j
stcosDBhabha!

u2

s2

1~ei j 2 f i j !S Pi j
ss t2

s2 1Pi j
tt D G , ~26!

FIG. 7. Feynman graphs contributing to Bhabha scattering w
the exchanged particle corresponding to a photon andZ-boson.
07501
n
g

with ALR(z,f) defined in a manner similar to that for Mo¨ller
scattering by forming the ratioN(z,f)/D(z,f).

We first consider the case wherec01 is taken to be non-
zero. Figure 8 displays the~in this case trivial! f integrated
angular distribution andALR for the SM with LNC5As
5500 GeV. Here one sees that a finite value ofLNC

21 leads to
a slight increase in the cross section at large angles an
moderate change inALR in the samez range. In the case
wherec02 is non-zero, Fig. 9 shows the corresponding d
tributions. Note that the shift in the cross section looks
most identical in the two cases but the deviation inALR is
more shallow in the latter case. Figure 10 shows thef de-
pendence of thez-integrated distributions for the same thre
cuts on cosu discussed above in the case of Mo¨ller scatter-
ing. As before, we see that the effect in the cross sectio
most visible for stiffer cuts which isolate the central regio
In the case ofALR , the f dependence is too small at the
integrated luminosities to be visible. In order to obtain a 95
C.L. lower bound onLNC from Bhabha scattering, we follow
the same procedure as that discussed above for Mo¨ller scat-
tering and obtain the results presented in Fig. 11. Here

h

a
FIG. 8. Same as Fig. 3 but now for Bhabh
scattering assuming thatc01 is non-zero.
2-9
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FIG. 9. Same as in Fig. 8 but now assumin
that c02 is non-zero.
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see that the reach forLNC via Bhabha scattering is not quit
as good as what we had found earlier for the case of Mo¨ller
scattering, given only by.2As, for both of the cases con
sidered.

Figures 12 and 13 show the scaled cross sections
Bhabha scattering after thez cuts are employed for values o
As.LNC . Here we see that for both cases, the presence
finite value forDBhabha leads to an increase in the constru
tive interference between thes- and t-channel exchange
with two very different periods. Again for values ofAs much
larger thanLNC we see that the oscillations average out
approximately half of their original amplitude.

IV. PAIR ANNIHILATION

The Feynman diagrams which contribute to pair annih
tion in NCQED are shown in Fig. 14. Note that in this cas
there is a novels-channel contribution in NC field theorie
from the 3g self-coupling, in addition to the kinematica
phase factor which appears at each vertex. Due to the p
ence of the non-Abelian–like coupling, one must exerc
07501
or

f a

-
,

s-
e

caution in calculating the cross section to ensure that
Ward identities are satisfied and to guarantee that unphys
polarization states are not produced. Hence one must e
extend the polarization sum to incorporate transverse pho
polarization states or include the contribution from the p
duction of a ghost-antighost pair to cancel the contribution
the unphysical gauge boson polarizations. This procedur
similar in manner to that performed for the parton-level sc
tering ofqq̄→gg in QCD. We find that the differential cros
section in the laboratory center of mass frame for pair an
hilation in NCQED is then given by

ds

dzdf
5

a2

4s Fu

t
1

t

u
24

t21u2

s2
sin2S 1

2
k1`k2D G , ~27!

where we have introduced the wedge product defined
p`k5pmknumn. Note that the sign of the modification du
to NCQED does not vary since it is an even function a
hence the effect does not wash out over time due to
rotation of the Earth.

Evaluating the wedge product yields
2-10
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FIG. 10. Same as Fig. 4 but now for Bhabh
scattering withc02 taken to be non-zero. The or
der for the cuts onucosuu is reversed in the lower
plot.

FIG. 11. 95% C.L. bounds onLNC as a func-
tion of luminosity from Bhabha scattering assum
ing eitherc01 ~solid! or c02 ~dashed! is non-zero.
075012-11
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FIG. 12. The scaled cross section for Bhab
scattering withc01 non-zero.
o
h
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al
DPA[
1

2
k1`k25

2s

2LNC
2 @c01cu1c02sucf1c03susf#.

~28!

Note that this process is sensitive only to space-time n
commutativity. We again stress that this is only true in t
C.M. frame; due to the violation of Lorentz invariance th
will not hold in all reference frames. As discussed above, i
important to remember that although we have expressed
cross section in terms of the Lorentz invariant Mandelst
variables,s,t,u, the phaseDPA is not Lorentz invariant. For
this reaction, we parametrize thec0i by introducing the
angles characterizing the backgroundE field of the theory:

c015cosa

c025sina cosb ~29!

c035sina sinb,
07501
n-
e

s
he

so that

DPA5
2s

2LNC
2 @cosu cosa1sinu sina cos~f2b!#

5
2s

2LNC
2

cosuNC , ~30!

whereuNC is the angle between theE field and the direction
of the outgoing photon denoted with momentak1. Note that
b simply defines the origin of thef axis; we will hereafter
set b5p/2. This parametrization provides a good physic
interpretation of the NC effects.~Note that thec0i are not
independent; in pulling out the overall scaleLNC we can
always impose the constraintuc01u21uc02u21uc03u251.!
Here, we consider three physical cases:a50, a5p/2, and
a5p/4, which correspond to the backgroundE fields being
ut
FIG. 13. Same as in the preceding figure b
now with c02 non-zero.
2-12
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FIG. 14. The three tree level contributions toe1e2→gg in
NCQED.
m

07501
at an anglea from the beam axis. The correction termDPA
then takes the following forms in each of these cases:

DPA~a50!5
2s

2LNC
2

cosu

DPA~a5p/2!5
2s

2LNC
2

sinu sinf ~31!

DPA~a5p/4!5
2s

2A2LNC
2 @cosu1sinu sinf#.

As in the previous processes we considered, a striking
ture of these correction terms are theirf dependence, arising
from a preferred direction which is not parallel to the bea
axis.
.
ta-
D

FIG. 15. f dependence~top! and u depen-
dence~bottom! of the e1e2→gg cross section
for the casea5p/2. We takeLNC5As5500
GeV, and assume a luminosity of 500 fb21. In the
top panel a cut ofuzu,0.5 has been employed
The dashed line corresponds to the SM expec
tions and the ‘‘data’’ points represent the NCQE
results.
2-13
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FIG. 16. u dependence of thee1e2→gg
cross section for the casea50. We again use
LNC5As5500 GeV, and a luminosity of
500 fb21. In the bottom panel, note that the num
ber of events in each bin is scaled by 12uzu.
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In Figs. 15 and 16 we present the bin-integrated ev
rates, takingLNC5As for purposes of demonstration, whic
show the angular dependences of the NC deviations for
two casesa5p/2 and a50, taking LNC5As5500 GeV
and a luminosity of 500 fb21. For the case ofa50 we have
also scaled the angular distribution by the factor 12uzu in
order to emphasize the deviation from the Standard Mode
the peaking region. Note that the NC contributions lower
event rate from that expected in the SM in the central reg
As expected, thea50 case shows nof dependence sinc
the preferred direction is parallel to the beam axis, while
f distribution for a5p/2 exhibits a strong oscillatory be
havior. The casea5p/4, as well as more general choices
a, simply extrapolates between these two extremes.

To obtain a 95% C.L. lower bound onLNC , we perform
a fit to the total cross section and the angular distributi
employing the procedure discussed above. Our results
presented in Fig. 17 for three values ofa, where we see tha
07501
nt

e

in
e
n.

e

s
re

the NC search reach from pair annihilation is approximat
given by 1.5As. This is inferior in comparison to that ob
tained in the case of Mo¨ller and Bhabha scattering, due,
part, to the large available statistics in the latter cases.
scaled cross sections, after employing identicalz cuts as in
the previous two sections, are presented in Fig. 18. Here
see again that the anticipated high energy behavior is r
ized.

V. gg\gg AT LINEAR COLLIDERS

Future linear colliders have the option of running in
photon-photon collision mode@27#, in which laser photons
are Compton back-scattered off the incoming fermion bea
The lowest order SM contributions arise at the 1-loop le
with fermions andW bosons propagating in the loop. Sinc
the exact SM calculation of this box diagram mediated p
cess is rather tedious@28#, there exist various approximation
2-14
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FIG. 17. 95% C.L. bound onLNC from pair
annihilation as a function of luminosity~top! and
As ~bottom!. In the top panel we setAs5500
GeV, while in the bottom panel we assume a l
minosity of 500 fb21.
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in the literature@29# which are valid in the regime where th
center of mass energy is large compared to theW mass.
Since this process only occurs at loop-level in the SM, it h
been proposed as a useful test of new physics which con
utes to the amplitude at the tree level in, for example, sup
symmetry@29# or quantum gravity models with large extr
dimensions@30#. In the present case, NCQED also predi
new contributions togg→gg at tree-level, and hence w
examine how well this process can boundLNC .

We will consider only tree-level NC contributions sinc
the NC generalization of the full electroweak SM is u
known and coupling constant suppressed. There are four
grammatic contributions in this case: three from thes, t, and
u channels of photon exchange and one from the four-p
photon coupling. These are presented in Fig. 19. Deno
the incoming photon momenta byp1 andp2, and the outgo-
ing photon momenta byk1 and k2 as before, we find six
non-vanishing NC helicity amplitudes:
07501
s
b-
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ia-

nt
g

M1221
NC 5232pa

t̂

ŝ
FsinS 1

2
p1`k1D sinS 1

2
p2`k2D

1
t̂

û
sinS 1

2
p1`k2D sinS 1

2
p2`k1D G

M1111
NC 532paF û2 t̂

ŝ
sinS 1

2
p1`p2D sinS 1

2
k1`k2D

1S û

t̂
2

2û

ŝ
D sinS 1

2
p1`k1D sinS 1

2
p2`k2D

1S t̂

û
2

2 t̂

ŝ
D sinS 1

2
p1`k2D sinS 1

2
p2`k1D G ,

~32!
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FIG. 18. The scaled cross section for pair a
nihilation for a50,p/2 corresponding to the~top,
bottom! panels, respectively.
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where we have made use of the relationŝ1 t̂1û50 and
the ŝ denotes the parton-level center-of-mass frame. T
other four amplitudes are related to these
M2222

NC 5M1111
NC ; M1221

NC (k1 ,k2)5M2112
NC (k1 ,k2)

5M1212
NC (k2 ,k1)5M2121

NC (k2 ,k1). The corresponding
SM amplitudes can be found in Refs.@29,30# and will be
given in the Appendix.

The kinematics of this process are more complicated t
those of the previous cases. The backscattered photons
a broad energy distribution, and the collision no longer
curs in the center of mass frame, i.e., the c.m. and labora
frames no longer coincide. As NC theories violate Lore
invariance, the differential cross section is no longer inva
ant under boosts along the z-axis and we are thus force
consider this process in the laboratory frame. Lettingx1 and
x2 denote the fraction of the fermion energy carried by ea
of the backscattered photons, the photon momenta beco
07501
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n
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-
ry
z
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h
e FIG. 19. The tree level contributions togg→gg in NCQED.
2-16



th

if

ix.
set
e

s:

in

a-

gy
ally,
li-

SIGNALS FOR NONCOMMUTATIVE INTERACTIONS AT . . . PHYSICAL REVIEW D 64 075012
p1
m5

x1As

2
~1,1,0,0!

p2
m5

x2As

2
~1,21,0,0!

k1
m5E1~1,cu ,sucf ,susf! ~33!

k2
m5S ~x11x2!

As

2
2E1 ,~x12x2!

As

2
2E1cu ,

2E1sucf ,2E1susfD ,

whereE1 is given by

E15
x1x2As

x11x22~x12x2! cosu
. ~34!

We define the observable amplitudes by summing over
helicities of the outgoing photons:

uM11u25(
i j

uM11 i j u2,

~35!

uM12u25(
i j

uM12 i j u2,

which also include the SM contributions. The lab frame d
ferential cross section for this process is
07501
e

-

ds

dV
5

1

128p2s
E E dx1dx2

E1

E2

f ~x1! f ~x2!

x1x2

3F S 11j~x1!j~x2!

2 D uM 11u2

1S 12j~x1!j~x2!

2 D uM 12u2G , ~36!

whereE1 ,E2 denote the outgoing photon energies,f (x) is
the photon number density function, andj(x) the helicity
distribution function, which is presented in the Append
The distribution functions depend upon the variable
(Pe1 ,Pl1 ,Pe2 ,Pl2), which represent the polarizations of th
initial fermion and laser beams. In this paper we setuPeu
50.9 anduPl u51.0, leaving six independent combination
(1,1,1,1), (1,1,1,2), (1,1,2,2), (1,2,1,2),
(2,1,1,2), and (1, 2,2,2), where, for example, (1,
2,1,2) meansPe150.9, Pl1521.0, Pe250.9, andPl2
521.0. We use the approximate SM amplitudes found
@29,30#, valid for mW

2 /xp,1, wherexp represents any of the
photonic Mandelstam invariants. To validate this approxim
tion we employ the cuts

ucos~u!u<0.8, A0.4,xi,xmax. ~37!

xmax is the maximum fraction of the fermion beam ener
that a backscattered photon can carry away; numeric
xmax'0.83. Evaluating the wedge products in the NC amp
tudes in the lab frame yields

p1`p25
2c01x1x2s

2LNC
2

~38!
e

FIG. 20. Angular dependence of thegg
→gg cross section for the casec0151. We take
LNC5As5500 GeV and a luminosity of
500 fb21, and employ the cuts discussed in th
text.
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p1`k15
2x1E1As

2LNC
2 @c01~12cu!2c02sucf2c03susf

2c12sucf1c31susf#

p2`k15
x2E1As

2LNC
2 @c01~11cu!1c02sucf1c03susf

2c12sucf1c31susf#

p1`k25
2x1E1As

2LNC
2 Fc01x2As

E1
2c01~12cu!1c02sucf

1c03susf1c12sucf2c31susfG
07501
p2`k25
2x2E1As

2LNC
2 F2c01x1As

E1
1c01~11cu!

1c02sucf1c03susf2c12sucf1c31susfG
k1`k25

2E1As

2LNC
2 @~x11x2!$c02sucf1c03susf1c01cu%

2~x12x2!$c012c12sucf1c31susf%#,

where, as before, we can interpret thecmn in terms of the
directions of the backgroundE andB fields, with the z-axis
defined to be along the direction of the initial beams. N
that in this case, however, we have definedp1 to be in the
positive z-direction. Two important properties of these e
e

FIG. 21. cosu ~top! and f dependence~bot-

tom! of the gg→gg cross section for the cas
c0351. We again takeLNC5As5500 GeV, with
a luminosity of 500 fb21.
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FIG. 22. Same as the preceding figure, on
for c12521.
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pressions are that the presence of bothc0i andci j indicates
thatgg→gg is sensitive tobothspace-time and space-spa
noncommutativity, unlike the previously examined pr
cesses, and the disappearance ofc23 indicates thatB fields
parallel to the beam axis are unobservable as in the cas
Möller scattering. We consider three different possibilitie
~i! c0151, with all others vanishing;~ii ! c0351, with all
others vanishing; and~iii ! c12521, with all others vanish-
ing. In terms of the angular parametrization, case~i! corre-
sponds to anE field parallel to the beam axis~denoted by
a50 in our discussion ofe1e2→gg), case~ii ! to anE field
perpendicular to the beam axis (a5p/2 in e1e2→gg), and
case~iii ! to a B field perpendicular to the beam axis. A
noted earlier fore1e2→gg, c02 andc03 are equivalent up to
a redefinition off, as arec12 andc31. Note, however, that
despite their apparent similarity, the space-time and sp
space components arenot equivalent up to a redefinition o
f. Redefiningf in an attempt to relatec03 andc12 inflicts a
07501
of
:

e-

sign change in the amplitudes, which affects the interfere
between the SM and NC amplitudes.

In Figs. 20, 21, and 22 we display the bin-integrated a
gular distributions assuming a 500 GeVe1e2 linear collider
with an integrated luminosity of 500 fb21 and employing the
cuts discussed above. We also takeLNC5As for purposes of
demonstration. As can be seen from the figures, the effec
NC space-time yield marked increases in both thez and f
distributions over the SM expectations, whereas this proc
is seen to be rather insensitive to space-space noncomm
tivity. The NC space-space corrections also do not stric
increase the SM result, unlike the other two cases, due to
interference effect between the SM and space-space NC
tributions, and from the small magnitude of the NC effect
this case.

Figure 23 displays the 95% C.L. search reach for the
scaleLNC as a function of luminosity for the three cases w
the polarization state (1,2,1,2) as well as for the casec01
2-19
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FIG. 23. 95% C.L. bound onLNC from gg
→gg as a function of luminosity forAs5500
GeV. Top panel: the three cases ofcmn discussed
in the text with the polarization state (1,2,1,
2), and bottom panel: all polarization states wi
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with all polarization configurations. As expected,gg scatter-
ing is relatively insensitive to space-space noncommutati
yielding bounds that are essentially just belowAs. However,
in the case of space-time NC, we see that the potential lim
are comparable to that obtainable from pair annihilation a
are of order 1.5As. Two-photon scattering also nicel
complementse1e2→gg as one is sensitive toc01 with the
other depending onc02 andc03.

VI. CONCLUSIONS

In summary, we have examined the testable nature of n
commutative quantum field theory by analyzing vario
2→2 processes at high energye1e2 linear colliders. We
have parametrized the noncommutative relationship in te
of an overall NC scale,LNC , and an anti-symmetric matrix
cmn which is related to the direction of the background ele
tromagnetic field present in these theories. We have seen
07501
y

ts
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n-

s

-
hat

these theories give rise to modifications to QED, resulting
a non-Abelian–like nature with 3- and 4-point photon se
couplings, as well as momentum dependent phase fac
appearing at each possible vertex in NCQED. We have s
that both Bhabha and Mo¨ller scattering are affected by th
interference momentum dependent phase factors, whe
pair annihilation also receives contributions from the 3-po
function. We have also examinedgg→gg, which is sensi-
tive to both the 3- and 4-photon self-couplings.

In all the processes considered in the text, the NC affe
arise at lowest order from dimension-8 operators. In ad
tion, they generate an azimuthal dependence, which is
present in the SM, due to the NC preferred direction
space-time. These effects are not Lorentz invariant, and
tion must be exercised in evaluating them, both theoretic
and experimentally.

The above four processes are complementary in term
probing the NC parameter space. Pair annihilation a
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Bhabha scattering, together, explore the full parameter sp
for space-time noncommutativity, whereas Mo¨ller scattering
is sensitive to 2 of the parameters in the case of space-s
NC. Two-photon scattering simultaneously probes spa
space and space-time NC, but is found to be rather inse
tive numerically to the space-space case. In all of these t
sitions, the effects ofB fields parallel to the beam axis ar
unobservable. We summarize our results for the 95% C
search reach for the NC scale in Table I. We see that NCQ
can be probed to scales of order a TeV, which is where
would expect NCQFT to become important, if stringy effec
or if the fundamental Planck scale are also at the TeV sc

Note added.While this paper was being completed, a r

TABLE I. Summary of the 95% C.L. search limits on the N
scaleLNC from the various processes considered above at a
GeV e1e2 linear collider with an integrated luminosity of 50
fb21.

Process Structure probed Bound onLNC

e1e2→gg Space-time 7402840 GeV
Möller scattering Space-space 1700 GeV
Bhabha scattering Space-time 1050 GeV
gg→gg Space-time 7002800 GeV

Space-space 500 GeV
re
xi

07501
ce

ce
e-
si-
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D
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le.
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lated work@31# appeared. There is some overlap between
processes considered in this paper and what is conta
there, however we disagree completely with their results.
also note that crossing symmetry can be maintained
NCQFT as long as one exercises care to also switch
appropriate momenta in the wedge products.
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APPENDIX

In this appendix we present the SM amplitudes and p
ton distribution functions relevant for the processgg→gg.
For a more detailed discussion the reader is referred to@27–
30#.

As discussed in the text, the one-loop contributions
gg→gg arise fromW boson and fermion loops. At high
energies, which we are considering, there is only one n
negligible independent helicity amplitude. The approxima
amplitude for theW contribution is

0

M1111
(W) ~s,t,u!

a2
'12112S u2t

s D F lnS 2u2 i«

mW
2 D 2 lnS 2t2 i«

mW
2 D G116S 12

3tu

4s2D H F lnS 2u2 i«

mW
2 D 2 lnS 2t2 i«

mW
2 D G 2

1p2J
116s2F 1

st
lnS 2s2 i«

mW
2 D lnS 2t2 i«

mW
2 D 1

1

su
lnS 2s2 i«

mW
2 D lnS 2u2 i«

mW
2 D 1

1

tu
lnS 2t2 i«

mW
2 D lnS 2u2 i«

mW
2 D G ,

~A1!
n
e

bu-
wherea'1/137,mW represents the mass of theW boson and
« is a small positive quantity defining the branch cut p
scription. The fermion contribution gives rise to the appro
mate amplitude

M1111
( f ) ~s,t,u!

a2Qf
4

'2828S u2t

s D F lnS 2u2 i«

mf
2 D 2 lnS 2t2 i«

mf
2 D G

24S t21u2

s2 D H F lnS 2u2 i«

mf
2 D 2 lnS 2t2 i«

mf
2 D G 2

1p2J , ~A2!
-
-

where Qf is the fermion charge in units of the positro
charge, andmf is the mass of the fermion in the loop. Th
other amplitudes are related to these by

M1212~s,t,u!5M1221~s,u,t !5M1111~u,t,s!.
~A3!

We now present the expressions for the photon distri
tions. We define the auxiliary functions

C~x![
1

12x
1~12x!24r ~12r !2PePlrz~2r 21!~22x!,

~A4!

wherer 5x/@z(12x)#, and
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Herez is a variable describing the laser photon energy; va
ing z affects the value ofxmax, the maximum value of the
fermion beam energy that the backscattered photons can
, N
B

s
.

-
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s.
J.

.

nt
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F
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quire. We setz52(11A2) in our analysis, which maximize
xmax. In terms of these functions the photon number a
helicity distribution functions take the form

f ~x,Pe ,Pl ;z!5S 2pa2
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