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Topological susceptibility on dynamical staggered fermion configurations
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Topological susceptibility is one of the few physical quantities that directly measures the properties of the
QCD vacuum. Chiral perturbation theory predicts that in the small quark mass limit the topological suscepti-
bility depends quadratically on the pion mass, approaching zero in the chiral limit. Lattice calculations have
difficulty reproducing this behavior. In this paper we study the topological susceptibility on dynamical stag-
gered fermion configurations. Our results indicate that the lattice spacing has to be small, @&dudd fm,
for thin link staggered fermion actions to show the expected chiral behavior. Our preliminary result indicates
that fat link fermions, on the other hand, reproduce the theoretical expectations even on lattices with
~0.17 fm. We argue that this is due to the improved flavor symmetry of fat link fermionic actions.
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I. INTRODUCTION ons at lattice spacing~0.09-0.17 fm13,14. They do not
see the reduction of the topological susceptibility with de-
Instantons play an important role in the QCD vacuumcreasing quark mass either.
from the breaking of the axial (1) symmetry to chiral Can we understand what is going on with the dynamical
symmetry breaking and the low energy hadron specfilim  simylations? Equatioft) is valid only in the case afy light

Lattice studies support many of the theoretical prediction%hiral fermions creating1f2—1 light pions. Both Wilson and

[2]. For example, thg Wltten-Vengglano formula relates thestaggered fermions violate this assumption. Wilson fermions
pure gauge topological susceptibility to the masses of th

f N i reak chiral symmetry explicitly. The addition of the clover
77 andK mesons predicting:. = 180 'MeV. The topo term reduces the symmetry breaking and improves chiral be-
logical susceptibility on pure gauge lattices has been meg: ior. Staggered fermions have only a residuél) chiral

sured by several groups using different methods, Obtainin%ymmetry and only one true Goldstone boson; the other pi-

; 1/4_
Corl?ésr:?r:‘;;?glrzxsupzporg(si) tl\r?:\/tgi)oi]).gical susceptibility..on”ke states can be heavy. Fat link fermions_considergbly
Chiral perturbation theory predicks] improve fl_avc_)r symmet_ry and consequently chiral behav_lor.
Both fermionic formulations should show the expected chiral
behavior in the continuum limit, with clover and fat link
mq 5 fmefT 4 fermions sooner than the unimproved ones, but it is not clear
X= n_fz +0(my) = on, +0(m7), (1) when scaling in the topological susceptibility actually sets in.
In a recent papelrl5] it was suggested that the reason the
topological susceptibility from available lattice data does not
wherem, is the quark massy; is the number of fermion follow the expected theoretical behavior is a combination of
flavors, and, is the chiral condensate per fermionic flavor. three effects: too large lattice spacing, too small volumes,
In this normalizationf ,=92 MeV. Several recent lattice and too small Leutwyler-Smilg@6] parameter. While all
studies measureg on dynamical configurations. Calcula- three conditions could indeed be important, we feel that the
tions with Wilson and clover fermions cover a fair range of nonchiral behavior of the fermionic actions is the main cause
lattice spacinga~0.08—0.20 fm, and pion masses,r,  of the problem. Chiral symmetry violation of the fermionic
~1.3-2.5 (, is the Sommer paramet¢7]) [8—12. The action is a scaling violation effect and is covered by the first
results appear controversial. UKQCD uses clover fermiongondition of[15]. However, it is not a universal quantity, it
[8—10]. Their data on lattices witla~0.1 fm are basically can strongly depend on the fermionic action.
consistent with Eq(1). SESAM/TyL uses unimproved Wil- Why are the topological properties of the vacuum impor-
son fermions. Their topological susceptibility at similar lat- tant? Phenomenological instanton models predict that the
tice spacing does not decrease with the pion mass though thew energy hadron spectrum is governed by the near-zero
statistical errors are too large to claim inconsistency witheigenvalue modes of the Dirac operator which, in turn, are
theoretical expectatiori41]. CP-PACS published data using related to instantons. If the fermion-instanton interaction is
clover fermions and improved gauge action at lattice spacinglifferent from the continuum one either because of chiral
a~0.17 fm [12]. Their conclusion is the same as symmetry breaking or other lattice artifacts, the Dirac spec-
SESAMIT xL. The situation with staggered fermions is not trum and consequently the low energy hadron spectrum can
much better. Only the Pisa group measured the topologicallso be different. Recently, using chiral symmetric overlap
susceptibility with two and four flavors of staggered fermi- fermions on the lattice, we showed that with light quarks the
first few modes of the Dirac operator saturate the low lying
hadron propagators on quencheed 0.12 lattices, just as the
*Email address: anna@eotvos.colorado.edu phenomenological models predic6,17. In a subsequent
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publication a contradictory conclusion was reached using L L
Wilson fermiong[18]. For us that implies that Wilson fermi- - X thin g
ons, at least at large to moderate lattice spacings, interact
differently with instantons than chirally symmetric fermions.

In this paper we investigate the topological susceptibility
on bothn;=2 andn;=4 staggered dynamical fermion con-
figurations. Then;=2 configurations are £82 thin link
staggered fermion lattices created by the Columbia and
MILC Collaborations and downloaded from the NERSC ar-
chive [19]. The n;=4 lattices are smaller;*@4 configura-
tions used in the study of fat link fermions are in RX0].

Two of then;=4 sets were generated with thin link stag-
gered fermions and one with tiN= 3 level APE blocked fat
link fermions[22,20. The latter action has about an order of
magnitude better flavor symmetry than thin link actions at
similar parameter values. The thin link staggered fermion
results witha<0.1 fm are more or less consistent with Eq.
(1). The thin link a~0.17 fm data shows clear deviation,
where the topological susceptibility is consistent with the ) :
quenched value, independent of the pion mass. On the other FIG. 1'f The t(;)_p("‘;g":?'h‘:har:ge of a smooth ('jnSt?r:'tohr.' aﬁ It(he
hand, the fat link data at the same coarse lattice spacing is i nction of its radiuspfa. The charge Is measured with thin fin

. . ) operator(crossey HYP1 (diamond$, HYP2 (burstg, and HYP3
perfect agreement with Eq1), suggesting that improved (octagon fat link operators
flavor/chiral symmetry indeed has a strong effect on the to- '
pology. _ _ _ __Il. HYPERCUBIC TOPOLOGICAL CHARGE OPERATOR

To determine the topological charge of the configurations
we used a topological charge density operator constructed Most large scale simulations use pure gauge observables
from hypercubic blockedHYP) fat links [21]. Hypercubic to measure the topological susceptibility with some dis-

blocking was introduced in a recent paper as an alternative teretized version of the continuufE as the lattice charge
repeated APE smearin22]. Hypercubic blocking mixes density operator, (x). The relation between the continuum
links only from the hypercubes that attach to a given link,and lattice topological susceptibilities contains both a multi-
thus the fat link is very compact yet the configuration is asplicative and an additive renormalization factor. The lattice

smooth as after three levels of APE blocking. To avoid thecharge density operator is related to that of the continuum
distortion effect of extended operators, we consider only ong¢nrough a multiplicative renormalization factor

to three levels of hypercubic blocked operatdtd$YP1,
HYP2, and HYP3 We have calculated the additive and mul- qL(x)=2Za%q(x). (2)
tiplicative renormalization factors of the topological suscep-
tibility for these operators. After two to three levels of HYP In addition the correlator of two topological density opera-
blocking the renormalization factors turn out to be consistentors has an additive correction term as well due to the mixing
with their tree level values and, after correction, all threeof g, (x) with other lattice operators
HYP topological susceptibility measurements are consistent.

In Sec. Il we describe the hypercubic topological operator q.(x)q.(0)=2Z%a*q(x)q(0)+m(x), 3)
and illustrate the measurement of the renormalization factors
on pure gauge Wilson plaquette configurations. Section lIthus the topological susceptibility on the lattice is
contains our results for two- and four-flavor staggered fermi-

ons. Section 1V is a short discussion on flavor symmetry and
the summary of our results. g g X'-:f d()a(0)dx=2%a+M, @
A IR I IML A I R IR I I IR
L a) HYP2 1 L b) HYP1
1— o o ° — 1+ o —
° 4 °

FIG. 2. The topological charge on 500 heated
8% Q=0 configurations measured witta) HYP2
topological operator, an¢b) HYP1 topological
- L - operator. The configurations were heated with
¢ o 1 r ° 9] 10-50 heat bath steps usigg=6.0 Wilson pure
] I ] gauge action.

] 100 200 300 400 500 0 100 200 300 400 500
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TABLE I. Results for the renormalization factorsandM and  thermalizes fast at short distances, and since the origM of
the lattice and continuum topological susceptibilites 6.0 s in local contact terms, short distance thermalization is suf-
pure gauge Wilson action. The topological susceptibility was meaficient to measurél. Before heating creates nontrivial topo-
sured on 220 1%82 configurations downloaded from the NERSC |ogical objects the thermalization must be terminated and
archive[25]. restarted with a different random seed. It is important to
. P make sure the measurementMfis done onQ=0 configu-

z MXx10°  y X10°  a'yx10° Xfo rations only. Fortunately with the HYP3 and frequently with
APE1  0.79%4) 0.957) 5.4(05) 7.07)  0.0586) the HYP2 operators, it is easy to separate the trivial configu-
HYP1 0.93%54) 0.113) 6.34) 7.1(5) 0.0596) rations from the occasion&@# 0 ones. Figure @) shows

HYP2 1.0004) 0.0064) 7.04) 7.0) 0.0586) the topologi(_:al charge on 500 heat€d=0 conf_igurat_ions
measured with the HYP2 operator. Orderdd8nfigurations

were heated with 10-50 heat bath steps ugng6.0 pure
gauge Wilson action. Most configurations have very small
M=f m(x)d*x. (5)  topological charge, a few haJy&|~1, and only 2—3 con-
figurations have topological charge whose interpretation is
The renormalization factorg and M depend on the lattice not clear. | chose, based on Fig. 1 but somewhat arbitrarily, a
parameterg andm, . The renormalization constants in prin- CutQma=0.3 to separate th@=0 andQ+ 0 configurations.
ciple can be determined nonperturbatively using the heatinghe final results are fairly insensitive to the precise choice of
method proposed by the Pisa graas]. this cut. The topological charge measured with the HYP1
Because of lattice artifactémainly dislocationy on typi-  operator fluctuates more as is illustrated in Fig)2Again,
cal latticesZ=0.25 andM/y, =1 for thin link topological ~ a configuration is accepted =0 if its topological charge
density operators, which makes the direct determination of is [Q|<0.3 as measured with the HYP2 operator. The mul-
almost impossible. Local smearing or cooling removes mostiplicative renormalization constai is calculated similarly
of these lattice artifacts moving Z toward 1 akdtoward 0.  on Q=1 configurations that contain a single smooth instan-
Repeated smoothing givgs=1 andM/y<1 leading toy, ton of sizep/a=3.0, 2.5, or 2.0Z can be different on dif-
=a’y. Since the nonperturbative calculation Afand M ferent instanton size backgrounds, although in any of the
introduces statistical and systematical errors, a topologicaneasurements we performed the difference was no more
density operator where the renormalization constants aréhan a few percent. We choZeon the background where the
small or can be neglected is desirable. However, repeate@mooth instanton’s size was closest to the expected average
smearing and cooling methods have their drawbacks as welhstanton size of the Monte Carlo configurations/a
While removing vacuum fluctuations and lattice artifacts,~0.3 fm/a.
both methods remove topological objects, mainly small in- Results for3=6.0 pure gauge Wilson action are summa-
stantons and closeby pairs. In addition the size of the remairtized in Table | wherez, M, x, , xa*=(x.—M)/Z?, and
ing objects changes as well, as can be demonstrated by momfg with Sommer parametar,=5.37(1) are given both for
toring individual instantons during the smearing prodéds the HYP1 and HYP2 operator, and, for comparison, one
In this paper we construct the topological charge densityevel APE smeared operator with parametet 0.75 as well.
operatorq, (x) using hypercubic blocked links and the im- The topological susceptibility was measured on 226326
proved thin link charge operator of Ref24] and[3]. Hy-  8=6.0 configurations from the NERSC archiy25]. The
percubic blocking was introduced in R¢21] as a localized results fora*y are consistent for all three operators, in physi-
alternative to repeated APE blocking. HYP fat links mix cal units y*=196(5) MeV. The renormalization factors,
original links from the hypercubes that are attached to the fapn the other hand, are quite different. The background term
link only, yet they create configurations that are as smooth agl is about 17% ofy, for the APE1 operator, 2% for the
the ones obtained after three levels of APE blocking. HYP1 operator, and less than 0.1% for the HYP2 operator.
Topological charge measurements are difficult because ofhe renormalization factors for the HYP2 operator are neg-
the presence of dislocations: short distance vacuum fluctuggible, for all practical purposes we can uge=1 and M
tions that can be mistaken for small instantons. Smearing the g,
links in the topological density operator reduces this problem Results are similar aB=5.7 although there one needs
in part by sharpening the transition between the topologicallthree levels of HYP blocking to redudé to 0 andZ to 1 as
nontrivial Q= [d*xq(x) =1 sector and the triviaD=0 sec- o
tor. Figure 1 shows the topological charge of a smooth in- TAB!_E Il Results_ for the renorm_allzatlon fac_to.E_SfandM and
stanton measured with the thin link, HYP1, HYP2, andthe lattice and conFlnuum tlopologlcal suscgptlbllltles f.or. 'tae
HYP3 fat link operators as the function of the instanton ra-~ >/ Pure gauge Wilson action. The topological susceptibility was
dius. The charge measured with the HYP operators rise@'a‘”‘s‘u'reoI on 35024 configurations.
sharply at instanton radiysa~1.
Even though the HYP operators remove most disloca-
tions, they still can have nontrivial renormalization factors.HYP1  0.8%4) 0.6(1) 7.2(6) 9.116)  0.06612
We have measured the renormalization factoendM fol-  Hyp2 0.951) 0.194) 8.88) 9.512  0.0699)
lowing the heating method of Reff23]. To measureM one  Hyp3  0.981) 0.021) 9.28) 9.411)  0.0688)
has to heat a triviaQ=0 configuration. The configuration

z MX10"  y. X10* a*yx10* X'
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TABLE lll. Results for the topological susceptibility on;=2 configurations. All lattices are $82
standard thin link staggered fermion configurations.

Neont  fola  a(fm) am, a*yx10°  (rom,)? Xrg
B=5.7,am;=0.01 83 6.28) 0.08 0.2522) 2.63) 2.51) 0.0416)
B=5.7,am;=0.015 46 6.08) 0.08 0.2982) 3.56) 3.1(1) 0.04610)
B=5.7,am;=0.025 33 5.81) 0.09 0.3881) 5.809) 5.1(2) 0.06515)
B=5.415,am,=0.025 201 2.9@) 0.17 0.44542) 84(8) 1.741) 0.0649)

is illustrated in Table Il. Here the topological susceptibility listed. The topological susceptibility for the first data set has
was measured on 35034 lattices and the renormalization been measured in Ref29] using 10—40 APE smeared op-
constants are obtained from 500 heatédagtices. The pre- erators. The values fa*y with APE smeared operators are
dictions for the continuum topological susceptibility are con-consistent with the present result. In Figf;a)GXré is plotted
sistent from all three operatorg,"=205(5) MeV. Within 4 the function ofif1,r )2 The filled octagons correspond to
statistical errors it is also consistent, with the value obtaineghe columbia data sets witi<0.1 fm. The filled diamond
on the=6.0 data set. is the MILC lattice data witta~0.17 fm. The filled square
at the lowesm_r value is also from MILC. It is on a 244,
B=5.6, amy;=0.01 configuration set and was measured by
DeTar using 10-20 level APE blocked topological operators
[30]. The lattice spacing on these configurations as

We have analyzed several two-flavor configuration setsﬁwo'1 fm, ro/a=4.99. The dashed line in Fig. 3 is the lead-

using HYP1—HYP3 operators. The renormalization factord"d_order theoretical prediction from Edl) using f,

have to be calculated independently at every parameter 92 MeV. The three lowesn,ro data points on the finer

value. The results for botd andM were very similar to the  lattices witha<0.1 fm are consistent, though a bit higher
quenched values at similar lattice spacing. We found that of@n the leading order theoretical curve. However, the data
configurations with lattice spacing~0.1 fm the renormal- Point witha~0.17 fm is very different. The topological sus-
ization constants of the HYP2 operator could be neglected:eptibility on those lattices is consistent with the quenched
while with configurations witla~0.17 fm the HYP2 opera- result even though the pion mass is fairly small. Since on
tor had a few percent correction from the renormalizationquenched configurations the topological susceptibility can be
constants, and the HYP3 operator had none. Table Il collectgreasured successfully even on coarse lattices, this discrep-
our results. All four data sets are from the NERSC archiveancy is not likely to be the consequence of the gauge system.
the first three were generated by the Columbia group, the lafather, it appears that the instantons do not feel the effect of
one by MILC[26,27. All lattices are 1632 and use standard light staggered fermions on coarse lattices. Flavor symmetry
thin link staggered fermions with plaquette Wilson gaugeviolation of staggered fermions can explain these findings. In
action.am, was measured in the original studieg/a for ~ Fig. 3(b) published Wilson/clover data are added to the
the MILC lattice is from Ref[28]. For the Columbia lattices =<0.1 fm staggered data. Octagons correspond to the clover
we have measurer,/a using HYP blocked Wilson loops. fermion simulations of UKQCD, are diamonds to the Wilson
The HYP potential has greatly reduced statistical errors makfermion simulations of SESANMIyL. All Wilson/clover data

ing it possible to obtain reliable values even from 33—83has lattice spacing ai<0.1 fm. The data from UKQCD are
configurationg21]. The lattice spacing in the fourth column consistent with the staggered results and with the leading
was obtained using,=0.5 fm and is listed for future refer- order theoretical curve as well. However the topological sus-
ence. Since the different HYP topological charge operatorseptibility with unimproved Wilson fermions does not follow
give consistent results, only the continuum vala®y is  the expected behavior at small pion mass. It remains large,

Ill. THE TOPOLOGICAL SUSCEPTIBILITY ON
DYNAMICAL CONFIGURATIONS

A. Two flavors of staggered fermions

.08

0.08....|....|....|..

0.06 — { —

FIG. 3. xrg as the function of if1,ro)? with

u ny=2 staggered fermions. The dashed line is the
leading order theoretical prediction from EQ)
P usingf =92 MeV. The dotted lines on the right
indicate the quenched value pfé. (a) Staggered
fermions. Filled octagons: Columbia data sets;
filed diamond: MILC data set; filled square:
MILC [30]. (b) Same aga) with Wilson/clover
data added. Octagons: UKQCD; diamonds:
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TABLE IV. Results for the topological susceptibility an=4 configurations. All lattices are®@4. The
first two sets were generated with standard thin link staggered fermions, the third oné&lwBhAPE
blocked fat link fermions.

Neont  To/a  a(fm) am, a*yx10*  (rom,)? Xre

B=5.2am,=0.06, thin 188 2.8®) 0.18 0.6611)  8.59) 3.51)  0.0548)
B=5.25am,=0.06, thin 189 3.4@) 0.4 0.6641)  4.85) 531  0.07010)
B=5.2am,=0.1, fat 140 29®B) 017 0.69%4)  3.54) 4220  0.0264)

consistent with the quenched result, the same behavior wguenched lattices both with the thin lifk=3 APE blocked
saw with staggered fermions at lattice spacaig0.17 fm.  and hypercubic blocked fat link fermions. The two fat link
It appears that Wilson fermions have a very different effectformulations have about the same level of flavor symmetry
on instantons even on finer=0.1 fm lattices than clover or violations as measured by the relative mass splitiing
even unimproved staggered fermions. This is likely the con=(m,—mg)/mg between the Goldstone piamg and the
sequence of chiral symmetry breaking of the Wilson action.other pionlike objectsm,.. For thin link fermions at
(m,rg)?~2.0 we foundA,~0.7 ata~0.17 fm, andA .

B. Four flavors of staggered fermions ~0.2 ata=~0.1 fm for the lightest non-Goldstone pions. The
corresponding values for fat link fermions ake~0.09 and
A ~0.01, respectively. QCD with twiour) light flavors
) . : should have @5) light pions. Apparently when there is only
dynamical fat link fermion update, we generated thré248 one light pion and the other pion-like objects are 70% or

ni=4 d?‘a set§ to study flavor symmetry breaking of th!nmore heavier than the Goldstone pion, the vacuum does not
and fat link actions. The first two sets were generated Wltnook like a two- (four)-flavor QCD vacuum. The flavor sym-

standard thin link staggered fermions, the third one wWth breaking h be reduced below 20%
=3 APE blocked fat link fermions. All three sets have lattice metry breaking as to be reduced be'ow 0% to_ get accept-
: able results. Fat link fermions can do that easily even on

spacinga=~0.17 fm as shown in Table IV. The pion mass coarse lattices.

\;ﬁgjleie'g :Eee tz?éit?aile dzltsaouf;(i)nm ﬁ%ow;to\;]v?oza\s/ea:g th Available lattice data for Wilson/cover fermions can be
y P 9 P nderstood similarly. The topological susceptibility with clo-

:j?f/fzrgﬁiufisrgsttﬁg g‘ng‘;‘b&i;\é ﬁ}reRggB]e {_iléazli?f;r;ﬂi'?gtly ver fermions is consistent with the theoretical predictions at
lattice spacinga~0.1 fm but the Wilson fermion data at the

the' topo'loglcgl.susceptlblllltles betyveen the thin anq fat IIr'ksame lattice spacing indicate that unimproved Wilson fermi-
actions is striking. There is no Wilson/clover fermion data

) . ns, which have much larger chiral symmetry violation
available atn;=4 to compare the staggered result with. In0 S ch have much larger chiral symmetry violations, do

Fig. 4 we plot)(rf)1 as the function of if1,r)? for the three
data sets from Table IV. The dashed line is the leading order
theoretical prediction from Eq(l) using the experimental
value f ;=92 MeV. The fat link action data shows the ex-
pected behavior, while the thin link action topological sus- 0.06
ceptibility values are consistent with the quenched result,
independent of the dynamical quark mass. For the thin link

action this is the same behavior we saw with the-2 data *g

at similar lattice spacing. 5 0.04

Unfortunately we could not find any large;=4 stag-
gered data sets to use. In RE20], where we proposed a

0.08

IV. DISCUSSION AND SUMMARY

The interaction between light quarks and instantons 0.02
changes the QCD vacuum substantially. One of the easiest
way to get information about this effect is through the topo-
logical susceptibility that is expected to scale with the square
of the pion mass in the small quark mass limit.

Our results indicate that thin link staggered fermions at
lattice spacinga=0.17 fm do not have the expected con-
tinuum effect on instantons, where a lattice spacimg FIG. 4. xr§ as the function of ifi,r,)? with n;=4 staggered
~0.1 fm is needed to recover the proper chiral behavior. Ifermions. The filled diamonds are from thin link staggered configu-
contrast to that, fat link staggered fermions show the exrations; the filled octagon is from fat link dynamical configurations.
pected behavior even on coarser0.17 fm lattices. Can  The dashed line is the leading order theoretical prediction from Eq.
this be understood as the effect of flavor symmetry violation?1) using the experimental valuie,=92 MeV. The dotted lines on
In Refs.[20,21] we studied flavor symmetry violation on the right indicate the quenched value af?.

O.OOv""Tlllll|||||||||..

=)
fay)
i
[2)
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not have the expected continuum-like interaction evea at a profound effect. This point is further underscored in a
~0.1 fm. Results from CP-PACS at lattice spaciag forthcoming publication about the finite temperature phase
~0.17 fm indicate that at that lattice spacing not even clovediagram obtained with fat link fermio{81].

fermions can reproduce the continuum topological behavior.

Fat I_ink clover fermions improve qhirgl symmetry anql could ACKNOWLEDGMENTS
provide a better alternative to thin link clover fermions. It
would be interesting to find a parameter similarAq that This work was largely inspired by collaboration with F.

correlates with the level of chiral symmetry breaking for theKnechtli on fat link fermions and hypercubic blocking. G.
Wilson-like fermions and compare it with the topological Bali convinced me that in order to compare the topological
susceptibility. susceptibilities from different simulations one needs to use a

One should be concerned about dynamical simulationseliable scale, such ag. That prompted the potential mea-
where the topological susceptibility is not reproduced cor-surements with hypercubic blocked links. S. Gottlieb helped
rectly, since that indicates that the vacuum at those simulane out with some of the MILC staggered fermion data. The
tions is more like the quenched vacuum rather than the exaumerical calculations of this work were performed on the
pected dynamical one. Improving chiral symmetry can haveColorado-HEP« cluster.
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