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Topological susceptibility on dynamical staggered fermion configurations

Anna Hasenfratz*
Physics Department, University of Colorado, Boulder, Colorado 80309

~Received 2 May 2001; published 5 September 2001!

Topological susceptibility is one of the few physical quantities that directly measures the properties of the
QCD vacuum. Chiral perturbation theory predicts that in the small quark mass limit the topological suscepti-
bility depends quadratically on the pion mass, approaching zero in the chiral limit. Lattice calculations have
difficulty reproducing this behavior. In this paper we study the topological susceptibility on dynamical stag-
gered fermion configurations. Our results indicate that the lattice spacing has to be small, arounda'0.1 fm,
for thin link staggered fermion actions to show the expected chiral behavior. Our preliminary result indicates
that fat link fermions, on the other hand, reproduce the theoretical expectations even on lattices witha
'0.17 fm. We argue that this is due to the improved flavor symmetry of fat link fermionic actions.

DOI: 10.1103/PhysRevD.64.074503 PACS number~s!: 11.15.Ha, 12.38.Aw, 12.38.Gc
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I. INTRODUCTION

Instantons play an important role in the QCD vacuu
from the breaking of the axialUA(1) symmetry to chiral
symmetry breaking and the low energy hadron spectrum@1#.
Lattice studies support many of the theoretical predictio
@2#. For example, the Witten-Veneziano formula relates
pure gauge topological susceptibility to the masses of
h,h8 and K mesons predictingx`

1/45180 MeV. The topo-
logical susceptibility on pure gauge lattices has been m
sured by several groups using different methods, obtain
consistent resultsx`

1/45205(5) MeV@3–5#.
Light fermions suppress the topological susceptibili

Chiral perturbation theory predicts@6#

x5
mq

nf
S1O~mq

2!5
f p

2 mp
2

2nf
1O~mp

4 !, ~1!

where mq is the quark mass,nf is the number of fermion
flavors, andS is the chiral condensate per fermionic flavo
In this normalizationf p592 MeV. Several recent lattice
studies measuredx on dynamical configurations. Calcula
tions with Wilson and clover fermions cover a fair range
lattice spacinga'0.08–0.20 fm, and pion massesmpr 0
'1.3–2.5 (r 0 is the Sommer parameter@7#! @8–12#. The
results appear controversial. UKQCD uses clover fermi
@8–10#. Their data on lattices witha'0.1 fm are basically
consistent with Eq.~1!. SESAM/TxL uses unimproved Wil-
son fermions. Their topological susceptibility at similar la
tice spacing does not decrease with the pion mass thoug
statistical errors are too large to claim inconsistency w
theoretical expectations@11#. CP-PACS published data usin
clover fermions and improved gauge action at lattice spac
a'0.17 fm @12#. Their conclusion is the same a
SESAM/TxL. The situation with staggered fermions is n
much better. Only the Pisa group measured the topolog
susceptibility with two and four flavors of staggered ferm
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ons at lattice spacinga'0.09–0.17 fm@13,14#. They do not
see the reduction of the topological susceptibility with d
creasing quark mass either.

Can we understand what is going on with the dynami
simulations? Equation~1! is valid only in the case ofnf light
chiral fermions creatingnf

221 light pions. Both Wilson and
staggered fermions violate this assumption. Wilson fermio
break chiral symmetry explicitly. The addition of the clov
term reduces the symmetry breaking and improves chiral
havior. Staggered fermions have only a residualU(1) chiral
symmetry and only one true Goldstone boson; the other
onlike states can be heavy. Fat link fermions considera
improve flavor symmetry and consequently chiral behav
Both fermionic formulations should show the expected ch
behavior in the continuum limit, with clover and fat lin
fermions sooner than the unimproved ones, but it is not c
when scaling in the topological susceptibility actually sets
In a recent paper@15# it was suggested that the reason t
topological susceptibility from available lattice data does n
follow the expected theoretical behavior is a combination
three effects: too large lattice spacing, too small volum
and too small Leutwyler-Smilga@6# parameter. While all
three conditions could indeed be important, we feel that
nonchiral behavior of the fermionic actions is the main cau
of the problem. Chiral symmetry violation of the fermion
action is a scaling violation effect and is covered by the fi
condition of @15#. However, it is not a universal quantity,
can strongly depend on the fermionic action.

Why are the topological properties of the vacuum imp
tant? Phenomenological instanton models predict that
low energy hadron spectrum is governed by the near-z
eigenvalue modes of the Dirac operator which, in turn,
related to instantons. If the fermion-instanton interaction
different from the continuum one either because of ch
symmetry breaking or other lattice artifacts, the Dirac sp
trum and consequently the low energy hadron spectrum
also be different. Recently, using chiral symmetric over
fermions on the lattice, we showed that with light quarks t
first few modes of the Dirac operator saturate the low lyi
hadron propagators on quencheda'0.12 lattices, just as the
phenomenological models predict@16,17#. In a subsequen
©2001 The American Physical Society03-1
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ANNA HASENFRATZ PHYSICAL REVIEW D 64 074503
publication a contradictory conclusion was reached us
Wilson fermions@18#. For us that implies that Wilson fermi
ons, at least at large to moderate lattice spacings, inte
differently with instantons than chirally symmetric fermion

In this paper we investigate the topological susceptibi
on bothnf52 andnf54 staggered dynamical fermion con
figurations. Thenf52 configurations are 16332 thin link
staggered fermion lattices created by the Columbia
MILC Collaborations and downloaded from the NERSC
chive @19#. The nf54 lattices are smaller; 8324 configura-
tions used in the study of fat link fermions are in Ref.@20#.
Two of the nf54 sets were generated with thin link sta
gered fermions and one with theN53 level APE blocked fat
link fermions@22,20#. The latter action has about an order
magnitude better flavor symmetry than thin link actions
similar parameter values. The thin link staggered ferm
results witha<0.1 fm are more or less consistent with E
~1!. The thin link a'0.17 fm data shows clear deviatio
where the topological susceptibility is consistent with t
quenched value, independent of the pion mass. On the o
hand, the fat link data at the same coarse lattice spacing
perfect agreement with Eq.~1!, suggesting that improved
flavor/chiral symmetry indeed has a strong effect on the
pology.

To determine the topological charge of the configuratio
we used a topological charge density operator constru
from hypercubic blocked~HYP! fat links @21#. Hypercubic
blocking was introduced in a recent paper as an alternativ
repeated APE smearing@22#. Hypercubic blocking mixes
links only from the hypercubes that attach to a given lin
thus the fat link is very compact yet the configuration is
smooth as after three levels of APE blocking. To avoid
distortion effect of extended operators, we consider only
to three levels of hypercubic blocked operators~HYP1,
HYP2, and HYP3!. We have calculated the additive and mu
tiplicative renormalization factors of the topological susce
tibility for these operators. After two to three levels of HY
blocking the renormalization factors turn out to be consist
with their tree level values and, after correction, all thr
HYP topological susceptibility measurements are consist

In Sec. II we describe the hypercubic topological opera
and illustrate the measurement of the renormalization fac
on pure gauge Wilson plaquette configurations. Section
contains our results for two- and four-flavor staggered fer
ons. Section IV is a short discussion on flavor symmetry a
the summary of our results.
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II. HYPERCUBIC TOPOLOGICAL CHARGE OPERATOR

Most large scale simulations use pure gauge observa
to measure the topological susceptibility with some d
cretized version of the continuumFF̃ as the lattice charge
density operatorqL(x). The relation between the continuum
and lattice topological susceptibilities contains both a mu
plicative and an additive renormalization factor. The latti
charge density operator is related to that of the continu
through a multiplicative renormalization factor

qL~x!5Za2q~x!. ~2!

In addition the correlator of two topological density oper
tors has an additive correction term as well due to the mix
of qL(x) with other lattice operators

qL~x!qL~0!5Z2a4q~x!q~0!1m~x!, ~3!

thus the topological susceptibility on the lattice is

xL5E q~x!q~0!d4x5Z2a4x1M , ~4!

FIG. 1. The topological charge of a smooth instanton as
function of its radiusr/a. The charge is measured with thin lin
operator~crosses!, HYP1 ~diamonds!, HYP2 ~bursts!, and HYP3
~octagons! fat link operators.
ed

ith
FIG. 2. The topological charge on 500 heat
84 Q50 configurations measured with:~a! HYP2
topological operator, and~b! HYP1 topological
operator. The configurations were heated w
10–50 heat bath steps usingb56.0 Wilson pure
gauge action.
3-2
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TOPOLOGICAL SUSCEPTIBILITY ON DYNAMICAL . . . PHYSICAL REVIEW D 64 074503
M5E m~x!d4x. ~5!

The renormalization factorsZ and M depend on the lattice
parametersb andmq . The renormalization constants in prin
ciple can be determined nonperturbatively using the hea
method proposed by the Pisa group@23#.

Because of lattice artifacts,~mainly dislocations!, on typi-
cal latticesZ>0.25 andM /xL>1 for thin link topological
density operators, which makes the direct determination ox
almost impossible. Local smearing or cooling removes m
of these lattice artifacts moving Z toward 1 andM toward 0.
Repeated smoothing givesZ>1 andM /x!1 leading toxL
>a4x. Since the nonperturbative calculation ofZ and M
introduces statistical and systematical errors, a topolog
density operator where the renormalization constants
small or can be neglected is desirable. However, repe
smearing and cooling methods have their drawbacks as w
While removing vacuum fluctuations and lattice artifac
both methods remove topological objects, mainly small
stantons and closeby pairs. In addition the size of the rem
ing objects changes as well, as can be demonstrated by m
toring individual instantons during the smearing process@3#.

In this paper we construct the topological charge den
operatorqL(x) using hypercubic blocked links and the im
proved thin link charge operator of Refs.@24# and @3#. Hy-
percubic blocking was introduced in Ref.@21# as a localized
alternative to repeated APE blocking. HYP fat links m
original links from the hypercubes that are attached to the
link only, yet they create configurations that are as smoot
the ones obtained after three levels of APE blocking.

Topological charge measurements are difficult becaus
the presence of dislocations: short distance vacuum fluc
tions that can be mistaken for small instantons. Smearing
links in the topological density operator reduces this probl
in part by sharpening the transition between the topologic
nontrivial Q5*d4xq(x)51 sector and the trivialQ50 sec-
tor. Figure 1 shows the topological charge of a smooth
stanton measured with the thin link, HYP1, HYP2, a
HYP3 fat link operators as the function of the instanton
dius. The charge measured with the HYP operators r
sharply at instanton radiusr/a'1.

Even though the HYP operators remove most dislo
tions, they still can have nontrivial renormalization facto
We have measured the renormalization factorsZ andM fol-
lowing the heating method of Ref.@23#. To measureM one
has to heat a trivialQ50 configuration. The configuration

TABLE I. Results for the renormalization factorsZ andM and
the lattice and continuum topological susceptibilities forb56.0
pure gauge Wilson action. The topological susceptibility was m
sured on 220 16332 configurations downloaded from the NERS
archive@25#.

Z M3105 xL3105 a4x3105 xr 0
4

APE1 0.795~4! 0.95~7! 5.4~5! 7.0~7! 0.058~6!

HYP1 0.935~4! 0.11~3! 6.3~4! 7.1~5! 0.059~6!

HYP2 1.000~4! 0.006~4! 7.0~4! 7.0~4! 0.058~6!
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thermalizes fast at short distances, and since the origin oM
is in local contact terms, short distance thermalization is s
ficient to measureM. Before heating creates nontrivial topo
logical objects the thermalization must be terminated a
restarted with a different random seed. It is important
make sure the measurement ofM is done onQ50 configu-
rations only. Fortunately with the HYP3 and frequently wi
the HYP2 operators, it is easy to separate the trivial confi
rations from the occasionalQÞ0 ones. Figure 2~a! shows
the topological charge on 500 heatedQ50 configurations
measured with the HYP2 operator. Ordered 84 configurations
were heated with 10–50 heat bath steps usingb56.0 pure
gauge Wilson action. Most configurations have very sm
topological charge, a few haveuQu;1, and only 2–3 con-
figurations have topological charge whose interpretation
not clear. I chose, based on Fig. 1 but somewhat arbitraril
cutQmax50.3 to separate theQ50 andQÞ0 configurations.
The final results are fairly insensitive to the precise choice
this cut. The topological charge measured with the HY
operator fluctuates more as is illustrated in Fig. 2~b!. Again,
a configuration is accepted asQ50 if its topological charge
is uQLu,0.3 as measured with the HYP2 operator. The m
tiplicative renormalization constantZ is calculated similarly
on Q51 configurations that contain a single smooth insta
ton of sizer/a53.0, 2.5, or 2.0.Z can be different on dif-
ferent instanton size backgrounds, although in any of
measurements we performed the difference was no m
than a few percent. We choseZ on the background where th
smooth instanton’s size was closest to the expected ave
instanton size of the Monte Carlo configurations,r/a
'0.3 fm/a.

Results forb56.0 pure gauge Wilson action are summ
rized in Table I whereZ, M, xL , xa45(xL2M )/Z2, and
xr 0

4 with Sommer parameterr 055.37(1) are given both for
the HYP1 and HYP2 operator, and, for comparison, o
level APE smeared operator with parametera50.75 as well.
The topological susceptibility was measured on 220 16332
b56.0 configurations from the NERSC archive@25#. The
results fora4x are consistent for all three operators, in phy
cal units x1/45196(5) MeV. The renormalization factors
on the other hand, are quite different. The background te
M is about 17% ofxL for the APE1 operator, 2% for the
HYP1 operator, and less than 0.1% for the HYP2 opera
The renormalization factors for the HYP2 operator are n
ligible, for all practical purposes we can useZ51 and M
50.

Results are similar atb55.7 although there one need
three levels of HYP blocking to reduceM to 0 andZ to 1 as

-

TABLE II. Results for the renormalization factorsZ andM and
the lattice and continuum topological susceptibilities for theb
55.7 pure gauge Wilson action. The topological susceptibility w
measured on 350 8324 configurations.

Z M3104 xL3104 a4x3104 xr 0
4

HYP1 0.85~4! 0.6~1! 7.2~6! 9.1~16! 0.066~12!

HYP2 0.95~1! 0.19~4! 8.8~8! 9.5~12! 0.069~9!

HYP3 0.98~1! 0.02~1! 9.2~8! 9.4~11! 0.068~8!
3-3
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TABLE III. Results for the topological susceptibility onnf52 configurations. All lattices are 16332
standard thin link staggered fermion configurations.

nconf r 0 /a a(fm) amp a4x3105 (r 0mp)2 xr 0
4

b55.7, amq50.01 83 6.29~8! 0.08 0.252~2! 2.6~3! 2.5~1! 0.041~6!

b55.7, amq50.015 46 6.02~8! 0.08 0.293~2! 3.5~6! 3.1~1! 0.046~10!

b55.7, amq50.025 33 5.8~1! 0.09 0.388~1! 5.8~9! 5.1~2! 0.065~15!

b55.415,amq50.025 201 2.96~3! 0.17 0.4454~2! 84~8! 1.74~1! 0.064~9!
ty
n

n

e

e
or
et

t o

te

io
ec
ve
la

d
ge

.
a
83
n
-
to

as
-
e

o

by
ors

d-

r
er
ata
-
ed
on
be
rep-

tem.
t of

etry
. In

over
n

ing
us-

rge,
is illustrated in Table II. Here the topological susceptibili
was measured on 350 8324 lattices and the renormalizatio
constants are obtained from 500 heated 84 lattices. The pre-
dictions for the continuum topological susceptibility are co
sistent from all three operators,x1/45205(5) MeV. Within
statistical errors it is also consistent, with the value obtain
on theb56.0 data set.

III. THE TOPOLOGICAL SUSCEPTIBILITY ON
DYNAMICAL CONFIGURATIONS

A. Two flavors of staggered fermions

We have analyzed several two-flavor configuration s
using HYP1–HYP3 operators. The renormalization fact
have to be calculated independently at every param
value. The results for bothZ andM were very similar to the
quenched values at similar lattice spacing. We found tha
configurations with lattice spacinga'0.1 fm the renormal-
ization constants of the HYP2 operator could be neglec
while with configurations witha'0.17 fm the HYP2 opera-
tor had a few percent correction from the renormalizat
constants, and the HYP3 operator had none. Table III coll
our results. All four data sets are from the NERSC archi
the first three were generated by the Columbia group, the
one by MILC@26,27#. All lattices are 16232 and use standar
thin link staggered fermions with plaquette Wilson gau
action.amp was measured in the original studies,r 0 /a for
the MILC lattice is from Ref.@28#. For the Columbia lattices
we have measuredr 0 /a using HYP blocked Wilson loops
The HYP potential has greatly reduced statistical errors m
ing it possible to obtain reliable values even from 33–
configurations@21#. The lattice spacing in the fourth colum
was obtained usingr 050.5 fm and is listed for future refer
ence. Since the different HYP topological charge opera
give consistent results, only the continuum valuea4x is
07450
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listed. The topological susceptibility for the first data set h
been measured in Ref.@29# using 10–40 APE smeared op
erators. The values fora4x with APE smeared operators ar
consistent with the present result. In Fig. 3~a! xr 0

4 is plotted
as the function of (mpr 0)2. The filled octagons correspond t
the Columbia data sets witha<0.1 fm. The filled diamond
is the MILC lattice data witha'0.17 fm. The filled square
at the lowestmpr 0 value is also from MILC. It is on a 24364,
b55.6, amq50.01 configuration set and was measured
DeTar using 10–20 level APE blocked topological operat
@30#. The lattice spacing on these configurations isa
'0.1 fm, r 0 /a54.99. The dashed line in Fig. 3 is the lea
ing order theoretical prediction from Eq.~1! using f p

592 MeV. The three lowestmpr 0 data points on the fine
lattices with a<0.1 fm are consistent, though a bit high
than the leading order theoretical curve. However, the d
point with a'0.17 fm is very different. The topological sus
ceptibility on those lattices is consistent with the quench
result even though the pion mass is fairly small. Since
quenched configurations the topological susceptibility can
measured successfully even on coarse lattices, this disc
ancy is not likely to be the consequence of the gauge sys
Rather, it appears that the instantons do not feel the effec
light staggered fermions on coarse lattices. Flavor symm
violation of staggered fermions can explain these findings
Fig. 3~b! published Wilson/clover data are added to thea
<0.1 fm staggered data. Octagons correspond to the cl
fermion simulations of UKQCD, are diamonds to the Wilso
fermion simulations of SESAM/TxL. All Wilson/clover data
has lattice spacing ofa<0.1 fm. The data from UKQCD are
consistent with the staggered results and with the lead
order theoretical curve as well. However the topological s
ceptibility with unimproved Wilson fermions does not follow
the expected behavior at small pion mass. It remains la
he

t

ts;
:

s:
FIG. 3. xr 0
4 as the function of (mpr 0)2 with

nf52 staggered fermions. The dashed line is t
leading order theoretical prediction from Eq.~1!
using f p592 MeV. The dotted lines on the righ
indicate the quenched value ofxr 0

4. ~a! Staggered
fermions. Filled octagons: Columbia data se
filled diamond: MILC data set; filled square
MILC @30#. ~b! Same as~a! with Wilson/clover
data added. Octagons: UKQCD; diamond
SESAM/TxL.
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TABLE IV. Results for the topological susceptibility onnf54 configurations. All lattices are 8324. The
first two sets were generated with standard thin link staggered fermions, the third one withN53 APE
blocked fat link fermions.

nconf r 0 /a a(fm) amp a4x3104 (r 0mp)2 xr 0
4

b55.2,amq50.06, thin 188 2.85~2! 0.18 0.661~1! 8.5~9! 3.5~1! 0.056~8!

b55.25,amq50.06, thin 189 3.48~3! 0.14 0.664~1! 4.8~5! 5.3~1! 0.070~10!

b55.2,amq50.1, fat 140 2.97~3! 0.17 0.695~4! 3.5~4! 4.2~2! 0.026~4!
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consistent with the quenched result, the same behavior
saw with staggered fermions at lattice spacinga'0.17 fm.
It appears that Wilson fermions have a very different eff
on instantons even on finer,a'0.1 fm lattices than clover o
even unimproved staggered fermions. This is likely the c
sequence of chiral symmetry breaking of the Wilson acti

B. Four flavors of staggered fermions

Unfortunately we could not find any largenf54 stag-
gered data sets to use. In Ref.@20#, where we proposed a
dynamical fat link fermion update, we generated three 8324
nf54 data sets to study flavor symmetry breaking of th
and fat link actions. The first two sets were generated w
standard thin link staggered fermions, the third one withN
53 APE blocked fat link fermions. All three sets have latti
spacinga'0.17 fm as shown in Table IV. The pion ma
values in the table are also from Ref.@20# but we have re-
analyzed the potential data using HYP Wilson loops and
r 0 /a values listed in Table IV are more reliable and sligh
different from the ones used in Ref.@20# The difference in
the topological susceptibilities between the thin and fat l
actions is striking. There is no Wilson/clover fermion da
available atnf54 to compare the staggered result with.
Fig. 4 we plotxr 0

4 as the function of (mpr 0)2 for the three
data sets from Table IV. The dashed line is the leading or
theoretical prediction from Eq.~1! using the experimenta
value f p592 MeV. The fat link action data shows the e
pected behavior, while the thin link action topological su
ceptibility values are consistent with the quenched res
independent of the dynamical quark mass. For the thin
action this is the same behavior we saw with thenf52 data
at similar lattice spacing.

IV. DISCUSSION AND SUMMARY

The interaction between light quarks and instanto
changes the QCD vacuum substantially. One of the eas
way to get information about this effect is through the top
logical susceptibility that is expected to scale with the squ
of the pion mass in the small quark mass limit.

Our results indicate that thin link staggered fermions
lattice spacinga>0.17 fm do not have the expected co
tinuum effect on instantons, where a lattice spacinga
'0.1 fm is needed to recover the proper chiral behavior
contrast to that, fat link staggered fermions show the
pected behavior even on coarsera'0.17 fm lattices. Can
this be understood as the effect of flavor symmetry violatio
In Refs. @20,21# we studied flavor symmetry violation o
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quenched lattices both with the thin linkN53 APE blocked
and hypercubic blocked fat link fermions. The two fat lin
formulations have about the same level of flavor symme
violations as measured by the relative mass splittingDp

5(mp2mG)/mG between the Goldstone pionmG and the
other pionlike objectsmp . For thin link fermions at
(mpr 0)2'2.0 we foundDp'0.7 at a'0.17 fm, andDp

'0.2 ata'0.1 fm for the lightest non-Goldstone pions. Th
corresponding values for fat link fermions areDp'0.09 and
Dp'0.01, respectively. QCD with two~four! light flavors
should have 3~15! light pions. Apparently when there is onl
one light pion and the other pion-like objects are 70%
more heavier than the Goldstone pion, the vacuum does
look like a two-~four!-flavor QCD vacuum. The flavor sym
metry breaking has to be reduced below 20% to get acc
able results. Fat link fermions can do that easily even
coarse lattices.

Available lattice data for Wilson/cover fermions can b
understood similarly. The topological susceptibility with cl
ver fermions is consistent with the theoretical predictions
lattice spacinga'0.1 fm but the Wilson fermion data at th
same lattice spacing indicate that unimproved Wilson fer
ons, which have much larger chiral symmetry violations,

FIG. 4. xr 0
4 as the function of (mpr 0)2 with nf54 staggered

fermions. The filled diamonds are from thin link staggered config
rations; the filled octagon is from fat link dynamical configuration
The dashed line is the leading order theoretical prediction from
~1! using the experimental valuef p592 MeV. The dotted lines on
the right indicate the quenched value ofxr 0

4.
3-5
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not have the expected continuum-like interaction even aa
'0.1 fm. Results from CP-PACS at lattice spacinga
'0.17 fm indicate that at that lattice spacing not even clo
fermions can reproduce the continuum topological behav
Fat link clover fermions improve chiral symmetry and cou
provide a better alternative to thin link clover fermions.
would be interesting to find a parameter similar toDp that
correlates with the level of chiral symmetry breaking for t
Wilson-like fermions and compare it with the topologic
susceptibility.

One should be concerned about dynamical simulati
where the topological susceptibility is not reproduced c
rectly, since that indicates that the vacuum at those sim
tions is more like the quenched vacuum rather than the
pected dynamical one. Improving chiral symmetry can ha
sc

r

r

07450
r
r.

s
-
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a profound effect. This point is further underscored in
forthcoming publication about the finite temperature pha
diagram obtained with fat link fermions@31#.
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