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Realization of the large mixing angle solar neutrino solution in anSO„10… supersymmetric grand
unified model
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An SO(10) supersymmetric grand unified model proposed earlier leading to the solar solution involving
‘‘just-so’’ vacuum oscillations is reexamined to study its ability to obtain the other possible solar solutions. It
is found that all four viable solar neutrino oscillation solutions can be achieved in the model simply by
modification of the right-handed Majorana neutrino mass matrixMR . Whereas the small mixing and vacuum
solutions are easily obtained with several texture zeros inMR , the currently favored large mixing angle
solution requires a nearly geometric hierarchical form forMR that leads by the seesaw formula to a light
neutrino mass matrix which has two or three texture zeros. The form of the matrix which provides the
‘‘fine-tuning’’ necessary to achieve the large mixing angle solution can be understood in terms of Froggatt-
Nielsen diagrams for the Dirac and right-handed Majorana neutrino mass matrices. The solution satisfies
several leptogenesis requirements which in turn can be responsible for the baryon asymmetry in the universe.
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I. INTRODUCTION

Recent results from the Super-Kamiokande Collabora
@1# involving atmospheric neutrinos have rather convincin
demonstrated the partial disappearance of muon-neutr
and favor the oscillation of muon-neutrinos into ta
neutrinos, rather than into sterile neutrinos at the 99% c
fidence level. With regard to solar neutrinos, the situation
somewhat more ambiguous. On the basis of the recently
nounced 1258 day sample results from Super-Kamioka
@2#, together with the flux data from the chlorine@3# and
gallium @4# experiments, the partial disappearance
electron-neutrinos through oscillations into the active flav
of muon- or tau-neutrinos is favored over oscillations in
purely sterile neutrinos, with the large mixing angle~LMA !
solution strongly preferred over the small mixing ang
~SMA!, the low probability, low mass~LOW!, and the qua-
sivacuum~QVO! solutions. Several recent analyses@5# based
on the smaller 1117 day sample are basically in agreem
with this conclusion by Super-Kamiokande but ass
slightly higher probabilities to the other three solutions th
does Ref.@2#.

Whereas the data at present prefer the LMA solution
the solar neutrino problem, from a model building point
view the LMA solution seems by far the most difficult sol
tion to obtain @6#. Many published models of neutrin
masses and mixings either cannot obtain the LMA soluti
or can only obtain it by fine tuning parameters. It is thus
importance to reexamine various approaches to see whe
they have sufficient flexibility to accommodate the LMA s
lution in a natural way.

*Electronic address: albright@fnal.gov
†Electronic address: smbarr@bartol.udel.edu
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One approach that is particularly flexible is the so-cal
‘‘lopsided mass matrix’’ approach. The idea here is that
large atmospheric neutrino mixing angle arises from the fo
of the charged leptonmass matrix. In other words, in thi
approachUm3 is more naturally thought of as a mixing ofm
andt rather than ofnm andnt . On the other hand, the sola
neutrino mixing can come from theneutrinomass matrix. In
this way the atmospheric neutrino problem and the solar n
trino problem can be decoupled from each other. This is
feature that allows the lopsided mass matrix models to
more flexible in dealing with the solar neutrino problem.
this paper we study an especially simple but very predict
example of a lopsided mass matrix model to see whethe
can accommodate the LMA solution in a natural way, that
without fine-tuning.

The model we shall discuss was developed in a serie
papers@7–9# by the present authors, together with Babu e
lier in the collaboration. The model is based on supersy
metricSO(10) grand unification. As is well known,SO(10)
symmetry typically relates the forms of the Dirac mass m
trices of the up quarks, down quarks, charged leptons
neutrinos~which we denote byU, D, L, andN, respectively!
very closely to each other. In this model, the lopsidednes
the charged lepton mass matrix,L, and of the down quark
mass matrix,D, allow an elegant explanation of many of th
features of the quark and lepton masses and mixings; in
ticular, the fact thatUm3 is large whereasVcb is small. An
interesting point is that in this model the largeness of
atmospheric mixing angleUm3 is forced upon one by the
structure ofL, which in turn is tied bySO(10) symmetry to
the forms of the other Dirac mass matrices. On the ot
hand, as is again typical ofSO(10) unification, the Majorana
mass matrix of the right-handed neutrinos,MR , is only in-
directly related to the Dirac matrices, and is therefore mu
©2001 The American Physical Society10-1
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less constrained. This allows various possibilities for so
neutrino mixing.

In the first papers describing this model@7#, it was found
that the SMA solution is very easily obtained if one assum
certain simple forms forMR , specifically ones which have
zeros in the 12, 13, 21 and 31 elements. Later it was real
that the QVO solution is also easily obtained@8# by assum-
ing certain other simple forms forMR . However, it was
found that the simplest looking forms forMR , namely those
with many texture zeros, cannot give the LMA solution@9#.
In light of the recent claim that the LMA solution is strong
favored, we re-examine this model to see whether the L
can be obtained in a natural way. In fact, we look at all fo
solar solutions.

In Sec. II we specify the conditions for each of the fo
solar solutions. The Dirac mass matrices and parameters
tained earlier for theSO(10) model in question are presente
in Sec. III, where we also numerically determine the str
tures of the right-handed Majorana matrix needed to rep
duce all four solutions. A survey of these numerical results
Sec. IV reveals thatMR for the LMA solution, in particular,
has a remarkably simple texture which can be easily rela
to the Dirac neutrino matrix. For this case, the sees
mechanism then leads to a light neutrino mass matrix wh
has two or three texture zeros. The implications of this so
tion for leptogenesis are briefly discussed.

II. PREFERRED REGIONS
IN THE NEUTRINO MIXING PLANE

Here we summarize the preferred points in the neutr
mixing plane for the atmospheric neutrino and the four
able solar neutrino oscillation solutions. We use this inform
tion to reconstruct the Maki-Nakagawa-Sakata~MNS! @10#
neutrino mixing matrix for each of the four solutions.
e,
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For the atmospheric neutrino oscillations, the best fit v
ues obtained are@1#

Dm32
2 53.231023 eV2,

sin22u2351.000, ~1!

in terms ofDmi j
2 [mi

22mj
2 with sin2uatm54uUm3u2uUt3u2 ex-

pressed in terms of the MNS leptonic mixing matrix el
ments. Note that to a high degree, the atmospheric neut
mixing is observed to be maximal. The best fit values for
four solar neutrino solutions according to an earlier analy
by Gonzalez-Garcia@11# are

SMA: Dm21
2 55.031026 eV2,

sin22u1250.0024, tan2u1250.0006,

LMA: Dm21
2 53.231025 eV2,

sin22u1250.75, tan2u1250.33,

LOW: Dm21
2 51.031027 eV2,

sin22u1250.96, tan2u1250.67,

QVO: Dm21
2 58.6310210 eV2,

sin22u1250.96, tan2u1251.5. ~2!

In general the MNS mixing matrix, analogous to the CK
quark mixing matrix, can be written as
UMNS5S c12c13 s12c13 s13e
2 id

2s12c232c12s23s13e
id c12c232s12s23s13e

id s23c13

s12s232c12c23s13e
id 2c12s232s12c23s13e

id c23c13

D ~3!
-
is
in terms ofc125cosu12, s125sinu12, etc. With the oscilla-
tion parameters relevant to the scenarios indicated abov
a very good approximationu1350° andu23545° whereby
Eq. ~3! becomes essentially real and of the form

UMNS5S c12 s12 0

2s12/A2 c12/A2 1/A2

s12/A2 2c12/A2 1/A2
D , ~4!

where the light neutrino mass eigenstates are given in te
of the flavor states by
to

s

n35
1

A2
~nm1nt!,

n25ne sinu121
1

A2
~nm2nt!cosu12,

n15ne cosu122
1

A2
~nm2nt!sinu12. ~5!

For the SMA solution,u1251.4°, while the three large mix
ing solar solutions differ from maximal in that the angle
0-2
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REALIZATION OF THE LARGE MIXING ANGLE SOLAR . . . PHYSICAL REVIEW D 64 073010
approximately 30° for the LMA, 39° for the LOW, and 51
for the QVO solutions. Numerically we find, for each cas

UMNS
(SMA)5S 0.9997 0.0241 0

20.0170 0.7069 0.7071

0.0170 20.7069 0.7071
D ,

UMNS
(LMA)5S 0.866 0.500 0

20.354 0.612 0.707

0.354 20.612 0.707
D ,

UMNS
(LOW)5S 0.774 0.633 0

20.448 0.547 0.707

0.448 20.547 0.707
D ,

UMNS
(QVO)5S 0.633 0.775 0

20.548 0.447 0.707

0.548 20.447 0.707
D . ~6!

III. MODEL MASS MATRICES AND NUMERICAL
DETERMINATIONS OF M R

The model we are studying here is anSO(10) grand uni-
fied model. For details of its field content, the flavor symm
try U(1)3Z23Z2, couplings, and so forth, the reader is r
ferred to the series of papers in which the model w
developed@7,9#. Here we will only mention a few of the
features of the model important for the present consid
ations.

This model arose from an attempt to construct a reali
SO(10) model with the simplest possible, or ‘‘minimal,
Higgs content@12#. This attempt led very naturally to th
following structures at the grand unified theory~GUT! scale
for the Dirac mass matrices of the up quarks, down qua
neutrinos, and charged leptons, labeledU, D, N, andL, re-
spectively:

U5S h 0 0

0 0 e/3

0 2e/3 1
D MU ,

D5S 0 d d8eif

d 0 s1e/3

d8eif 2e/3 1
D MD ,

N5S h 0 0

0 0 2e

0 e 1
D MU ,

L5S 0 d d8eif

d 0 2e

d8eif s1e 1
D MD . ~7!
07301
-

s

r-

ic

s,

A crucial point is that the four Dirac matrices are close
related to each other by the group theory ofSO(10) and that
their forms are definitely fixed in terms of a few paramete
As a result the model is very predictive, and in fact giv
excellent agreement with all the known facts about
Cabibbo-Kobayashi-Maskawa~CKM! mixings, the quark
masses, and the charged lepton masses. By fitting these
taking into account the renormalization effects from the GU
scale to low energies, the following values of the parame
were obtained:

MU.113 GeV, MD.1 GeV,

s51.78, e50.145,

d50.0086, d850.0079,

f554°, h5831026. ~8!

A critical feature of the model is that the parameters is of
order unity, and appears in an asymmetrical or ‘‘lopside
way in L andD. This fact plays many roles in the model an
is indeed the key to its economy and success in fitting
data. It explains~a! why mc /mt!ms /mb , since mc /mt
;e2, while ms /mb;es, ~b! why the Georgi-Jarlskog rela
tion ms /mb> 1

3 mm /mt holds, since without thes term a
factor of 1

9 rather than1
3 would result, and~c! why Vcb

!Um3. The reason for the last is thats appears in the 32
element ofL, where it causes a large mixing of left-hande
muon and tau leptons, i.e. largeUm3, whereas it appears in
the 23 element ofD, where it causes a large mixing of righ
handed quarks, which is not relevant toVcb . The mixingVcb
is instead controlled by the 32 element ofD, which is the
small parametere/3. The fact thats appears transposed be
tween D and L has to do with theSU(5) structure of the
fields involved.

For present purposes the most important fact is that
largeness of the atmospheric neutrino mixing angle com
from the parameters in the charged lepton mass matrixL.
The contribution of the neutrino mass matrix to this mixin
is formally of ordere, as can be seen from the form ofN, and
is therefore numerically small for generic choices ofMR . On
the other hand, one sees that the solar neutrino mixing a
receives only a small contribution from the charged lep
sector, since the 12 and 21 elements ofL are small. There-
fore, whether the solar angle is large or small is controlled
the neutrino mass matrixM n52NTMR

21N, or in other
words byMR , sinceN is fixed. The form ofMR is rather
independent of the forms of the Dirac matrices given in E
~7! because it comes from completely different operato
That is why in this model—and indeed in the general fram
work @6# of ‘‘lopsided mass matrix models’’ in which the
atmospheric angle arises from large lopsided entries inL—
there is great flexibility in how the solar neutrino problem
solved. Different solar oscillation solutions can be obtain
by changing the form ofMR without affecting in any way the
fits to the CKM parameters, the masses of the quarks
charged leptons, or the fact that the atmospheric neut
angle is large.
0-3
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CARL H. ALBRIGHT AND S. M. BARR PHYSICAL REVIEW D64 073010
In our first papers where this model was discussed, fo
of MR were assumed in which the SMA solar solution w
naturally obtained. Indeed, one sees immediately that ifMR
has vanishing 12, 21, 13, and 31 elements,M n does not
contribute to the solar neutrino angle, which then comes
tirely from L and is therefore small.

The QVO solution can also be very easily obtained. In@9#
the following simple form ofMR was constructed:

MR5S 0 Ae3 0

Ae3 0 0

0 0 1
D LR . ~9!

With this form the seesaw formula@13# gives the light neu-
trino mass matrix to be

M n5NTMR
21N5S 0 0 2h/~Ae2!

0 e2 e

2h/~Ae2! e 1
D MU

2 /LR .

~10!

With LR52.431014 GeV andA50.05, a fairly reasonable
fit to the quasi-vacuum solution then emerged with

m3554.3 meV, m2559.6 m eV, m1556.5 m eV,

M352.431014 GeV, M25M153.6631010 GeV,

Ue250.733, Ue350.047, Um3520.818,

dCP8 520.2°,

Dm32
2 53.031023 eV2, sin22uatm50.89,

Dm21
2 53.6310210 eV2, sin22usolar50.99,

Dm31
2 53.031023 eV2, sin22u reac50.009. ~11!

We now wish to search for right-handed Majorana m
matrix textures which fit more accurately each of the fo
07301
s

n-

s
r

solar neutrino solutions. We first note that the MNS mixi
matrix corresponds to the product of two unitary transform
tions,

UMNS5UL
†Un , ~12!

whereUL diagonalizes the Hermitian lepton matrixL†L, and
Un diagonalizes the light neutrino mass matrix which w
assume to be real and symmetric for simplicity:

Ldiag†Ldiag5UL
†L†LUL , M n

diag5Un
TM nUn . ~13!

It is easy to see that, given a specific pattern of neutr
masses and mixings, one can invert to find a form ofMR that
will give that pattern. To be given a pattern of neutrin
masses and mixings means that one is given the MNS m
ing matrixUMNS and the neutrino mass eigenvaluesm1 , m2,
and m3. On the other hand, the model itself specifies t
charged lepton matrix,L, and the neutrino Dirac mass ma
trix, N; cf. Eq.~7!. ThusMR can be inferred as follows. First
UL can be directly obtained from diagonalization ofL†L.
Then UL together with the givenUMNS determine Un

through Eq.~12!. AlthoughL and henceUL are complex, we
can obtain a realUn by making use of the freedom to pe
form a phase rotation onUMNS, so that

Un5ULdiag~1,1,e2 if!UMNS. ~14!

Then, defining

M n
diag5diag~m1 ,2m2 ,m3!, ~15!

with hierarchical masses chosen which are related to
Dmi j

2 ’s, one can use this and the matrixUn already found to
determineM n by using the second of Eq.~13!. Finally, one
can use theN known from the model andM n to find MR by
inverting the see-saw formula

MR5NMn
21NT. ~16!

We present the numerical results for each of the four so
solutions as follows:
MR
(SMA)5S 0.15631027 20.19031024 0.11631023

20.19031024 0.0105 20.123

0.11631023 20.123 1.000
D 35.231014 GeV,

with M153.73106, M252.331012, M355.331014 GeV,

MR
(LMA)5S 8.30310210 20.51131025 2.1331025

20.51131025 0.0244 20.155

2.1331025 20.155 1.000
D 33.031014 GeV,

with M154.23106, M256.731010, M353.131014 GeV,
0-4
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MR
(LOW)5S 5.15310210 21.4331025 5.4631025

21.4331025 0.0292 20.176

5.4631025 20.176 1.000
D 35.831014 GeV,

with M156.03106, M259.731011, M356.031014 GeV,

MR
(QVO)5S 26.98310210 21.3331025 4.7531025

21.3331025 0.0481 20.222

4.7531025 20.222 1.000
D 33.231015 GeV,

with M158.83106, M253.831012, M353.331015 GeV. ~17!
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Strictly speaking, the above results were obtained at the G
scale, but with the moderate value of tanb;5 preferred by
the model@9#, and for the hierarchical and sign choices giv
in Eq. ~15! above, the evolutions in masses and mixings fr
the GUT scale to the low scales are extremely small and
be neglected@14#.

That one can find forms forMR that reproduce the variou
solar neutrino solutions is in itself not very significant, for
we have just seen, this is guaranteed as long as the rele
matrices are invertible. The significant question is whet
the matrixMR that gives a certain solar solution is obtainab
in the model under discussion in a simple way without fin
tuning. The forms forMR

(SMA) andMR
(QVO) given in Eq.~17!

are complicated-looking. However, these are the forms
reproduce the presentbest-fitSMA and QVO solutions ac-
cording to@11#. One already knows from our previous wor
as has already been mentioned, that much simpler forms
MR , having several texture zeros, give perfectly satisfact
SMA and QVO solutions; moreover, those simpler forms
obtainable straightforwardly without fine-tuning. But th
same earlier work shows that forms forMR having several
texture zeros do not yield a satisfactory LMA solution in th
model. The question is then whether the formMR

(LMA) given
in Eq. ~17!, or something sufficiently close to it, can be o
s
er

t

th
e
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tained simply and naturally in the model. We now turn to th
question.

IV. SIMPLE ANALYTIC FORM FOR M R INVOLVING THE
LMA SOLUTION

At first glance the form ofMR
(LMA) in Eq. ~17! looks very

complicated. However, it has some significant features
suggest that it may be obtainable in a simple way. First of
one sees that (MR)235(MR)32.2e and (MR)22.e2, where
e is the parameter that appears in the Dirac matrix,N, of Eq.
~7!. To a good approximation we can therefore introduce
analytic form

MR
(LMA)5S c2h2 2beh ah

2beh e2 2e

ah 2e 1
D LR , ~18!

written in terms of parameters appearing in the Dirac n
trino matrix, wheree50.145 andh50.831025 as before,
cf. Eq. ~8!, andLR52.531014 GeV. It will turn out that the
new parametersa, b andc are all of order unity in order to
obtain the LMA solar solution. Making use of the seesa
formula, we then find
M n
(LMA);S 0 e/~a2b! 0

e/~a2b! 2e2~c22b2!/~a2b!2 2be/~a2b!

0 2be/~a2b! 1
D MU

2 /LR . ~19!
el
he

er-
oth
-

ar-
It is interesting, and we shall see, relevant to leptogene
that this form has some texture zeros. These texture z
follow directly from the form of the 23 block of Eq.~18!.
That this 23 block has rank 1 immediately suggests tha
can arise from diagrams of the Froggatt-Nielson type@15#.
Moreover, the fact that the same parametere appears in both
MR andN suggests the possibility that the hierarchies in
23 blocks of both matrices may have the same origin. Th
suggestions can be realized as we now show.
is,
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In Fig. 1 we repeat for clarity the diagrams in our mod
which contributed to the Dirac matrices in the 2-3 sector. T
dominant 33 elements arise from the10H Higgs electroweak
doublet contributions. For the 23 and/or 32 elements, high
order contributions arise from electroweak doublets in b
the10H and16H SO(10) representations, with additional sin
glet Higgs vacuum expectation values~VEV’s! and a45H

Higgs GUT scale VEV pointing in theB-L direction. Due to
theSU(5) structure of the Higgs fields, the diagram appe
0-5
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CARL H. ALBRIGHT AND S. M. BARR PHYSICAL REVIEW D64 073010
FIG. 1. Diagrams that generate the 33, 23 and 32 elements in
quark and lepton Dirac mass matrices shown in Eqs.~7!. ~a! The 33
elements denoted ‘‘1.’’~b! Antisymmetric contributions denote
‘‘ e,’’ to the 23 and 32 elements where the VEV of the45H appears
in theB-L direction.~c! Asymmetric contributions to the 23 and 3
elements denoted ‘‘s ’’ appearing in the down quark and charge
lepton mass matrices arise from this diagram. They do not appe
the up quark and Dirac neutrino mass matrices due to theSU(5)
structure of the fields explicitly indicated in the diagram.
07301
ing in Fig. 1~c! contributes only to theD23 andL32 elements
of the down quark and charged lepton mass matrices. N
that the internal superheavy fermions appearing
16, 16̄, 101 and102 are integrated out.

In Fig. 2 we show the lower-order diagrams which c
contribute to the 2-3 sector of the right-handed Majora
mass matrix. Here a singlet Higgs GUT scale VEV,VM ,
couples two superheavy conjugate singlet fermions thus
ducing a breaking of lepton number. The VEV’s in the16̄H’s
also appear at the GUT scale. The16̄HÀ1H9 pair appearing in
insertion ‘‘A’’ of Fig. 2 serves to lower the heaviest righ
handed Majorana neutrino mass down toLR52.5
31014 GeV from the GUT scale value of 231016 GeV. By
making use of the techniques spelled out in detail in@9#, one
can readily show that the 23 elements ofN and MR are
scaled by the same factore relative to their 33 elements. Th
factor enters antisymmetrically inN for the 23 and 32 ele-
ments due to theB2L nature of the45H VEV and the pres-
ence of both left-handed neutrino and conjugate neutr
states, while it appears symmetrically inMR since both states
involve conjugate neutrinos. In the Majorana case, both
perheavy singlet and45 fermions must be integrated out. W
have checked that these diagrams can be achieved as
cated with proper assignment of theU(1)3Z23Z2 flavor
quantum numbers for the new heavy fermion fields int
duced.

We now turn to the small entries of the first row an
column of MR

(LMA) in Eq. ~18! with a, b, andc numbers of

he

in
e

e

FIG. 2. ~a!, ~b! and~c!, respectively, show the
diagrams leading to (MR)33, (MR)325(MR)23

and (MR)22. Note that these diagrams all com
from the same vertex (13

c13
c)VM and so lead to an

exact factorized or geometrical form wher
(MR)33(MR)225(MR)32(MR)23. The insertions
denoted ‘‘A’’ and ‘‘B’’ are defined in~d! and ~e!.
The ratioB/A is proportional tô 45H&/^19H& and
so is of order2e5N23/N33, as can be seen by
inspecting Figs. 1~a! and 1~b!.
0-6
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REALIZATION OF THE LARGE MIXING ANGLE SOLAR . . . PHYSICAL REVIEW D 64 073010
order unity. The fact that the whole matrix manifests a g
metrical hierarchy involving the same small parametere
andh that appear inN reinforces the idea thatMR may be
simply obtained by Froggatt-Nielsen-type diagrams invo
ing some of the same VEVs that generateN. If it were the
case thata5b5c exactly, then the whole matrix would hav
rank 1, and thus all its elements could be obtained from
single Yukawa vertex (13

c13
c)VM , in the same way that we

illustrated for the 23 block. However, that would, of cours
be unrealistic in that two neutrinos would then be massle
However, it is not necessary that the matrix be of rank 1
order that it arise from simple Froggatt-Nielson diagram
Thus we have the possibility thata, b, andc are not all equal.

For an especially interesting numerical example, supp
that

a51, b5c52, L52.531014 GeV. ~20!

This has a simple interpretation in that all elements of
MR matrix receive contributions from the Yukawa vertex i
volving VM , while only the 13 and 31 elements receive co
tributions from a secondDL52 violating Yukawa vertex
involving VM8 . This can be realized with the proper choice
flavor indices forVM8 . By the see-saw formula, one then h

M n
(LMA)5S 0 2e 0

2e 0 2e

0 2e 1
D MU

2 /LR ~21!

with three texture zeros from which we obtain

m3557.4 meV, m259.83 meV, m155.61 meV,

M352.531014 GeV, M25M152.83108 GeV,

Ue250.572, Ue3520.014, Um350.733, dCP8 53.6°,

Dm32
2 53.231023 eV2, sin22uatm50.994,

Dm21
2 56.531025 eV2, sin22usolar50.88,

Dm31
2 53.231023 eV2, sin22u reac50.0008. ~22!

These results fit both the atmospheric and the LMA so
mixing solutions extremely well and can be considered
success for the model. In fact, the best fit point for the LM
solar mixing solution as given by the Super-Kamiokan
Collaboration in their latest analysis of 1258 days of d
taking@2# is (sin22usol50.87,Dm21

2 5731025 eV2). We find
the whole newly allowed LMA region can be covered wi
a, b andc varying by factors ofO(1) from the values given
in Eq. ~20!. It is noteworthy that the solar neutrino mixing
near maximal, but not actually maximal as that is presen
excluded experimentally by the Super-Kamiokande result
more than the 95% confidence level.

How fine-tuned is the form ofMR that we have been
discussing? One feature that at least appears fine-tuned
fact that the 23 and 32 entries in Eq.~18! are not only of
ordere but actually equal to2e exactly. One has no right to
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expect this from the mere fact that the same VEVs come
the diagrams forN andMR , since as can be seen from Fig
1 and 2 different Yukawa couplings are involved in the
entries of the two matrices. One can test how fine-tuned
form in Eq. ~18! is by replacing the 23 and 32 elements
2de and the 22 element byd2e2. ~The fact that the samed
enters is due to the factorized structure of the diagrams
Fig. 2, and is therefore not a fine-tuning.! One naturally ex-
pects thatd is of order unity, but how close must it be to 1 t
give a realistic LMA solution? It turns out that the mo
severe constraint on the value ofd comes from the limit on
Ue3. To satisfy the condition thatuUe3u<0.15 @16#, one re-
quires that 0.85<d<1.15. Thus, the LMA solution does no
require an unnatural fine-tuning of parameters.

Finally we note that the upper bound on the lightest hea
Majorana neutrino massM1 should be less than or of orde
109 GeV to prevent overproduction of gravitinos from ove
closing the universe after inflation@17#. This bound is satis-
fied for all four solar solutions as determined in Eq.~17! and,
in particular, for the model illustrated above. A second co
dition for leptogenesis is that the 13 and 31 elements ofMR
be suppressed by a factor of at least 103 relative to the 33
element to inhibit mixing of the heaviest right-handed ne
trino with the lightest one in order to prevent its rapid dec
washing out the lepton asymmetry generated. This is sa
fied in our model.

V. SUMMARY

We have investigated how anSO(10) SUSY GUT model
proposed earlier can be modified in order to obtain so
neutrino solutions other than the vacuum solution. The st
revealed that only the right-handed Majorana neutrino m
matrix needed to be modified, with the Dirac matrices for t
neutrinos and charged leptons~as well as for the quarks! left
unchanged. In short, in this model the maximal atmosph
neutrino mixing is controlled primarily by the structure o
the charged lepton mass matrix, while the type of solar n
trino solution is largely determined by the form of the righ
handed Majorana mass matrix.

Of particular interest was the finding that the large mixi
angle solar solution is readily obtained with a nearly ge
metrical hierarchy inMR , where the 2-3 subsector has
close relationship with that for the Dirac neutrino matrix,
seen by study of the Froggatt-Nielsen diagrams. It is p
cisely this structure which provides the ‘‘fine-tuning’’ nece
sary to achieve the LMA solar solution.

ACKNOWLEDGMENTS

The research of S.M.B. was supported in part by Dep
ment of Energy Grant Number DE FG02 91 ER 40626 A00
One of us~C.H.A.! thanks the Fermilab Theoretical Physi
Department for its kind hospitality where much of his wo
was carried out. Fermilab is operated by Universities R
search Association Inc. under contract with the Departm
of Energy.
0-7



v.
.

gy

fe

v.

the
A.

s.
a,

CARL H. ALBRIGHT AND S. M. BARR PHYSICAL REVIEW D64 073010
@1# Super-Kamiokande Collaboration, S. Fukudaet al., Phys. Rev.
Lett. 85, 3999~2000!.

@2# Super-Kamiokande Collaboration, S. Fukudaet al., Phys. Rev.
Lett. 86, 5651~2001!; 86, 5656~2001!.

@3# B. T. Clevelandet al., Astrophys. J.496, 505 ~1998!.
@4# GALLEX Collaboration, W. Hampelet al., Phys. Lett. B447,

127 ~1999!; SAGE Collaboration, J. N. Abdurashitovet al.,
Phys. Rev. C60, 055801~1999!.

@5# G. L. Fogli, E. Lisi, D. Montanino, and A. Palazzo, Phys. Re
D 62, 113003~2000!; M. C. Gonzalez-Garcia, M. Maltoni, C
Pena-Garay, and J. W. F. Valle,ibid. 63, 033005~2001!; J. N.
Bahcall, P. I. Krastev, and A. Yu. Smirnov, J. High Ener
Phys.05, 015 ~2001!.

@6# S. M. Barr and I. Dorsner, Nucl. Phys.B585, 79 ~2000!; S. M.
Barr, to appear in Proceedings of the PASCOS 2001 Con
ence.

@7# C. H. Albright and S. M. Barr, Phys. Rev. D58, 013002
~1998!; C. H. Albright, K. S. Babu, and S. M. Barr, Phys. Re
Lett. 81, 1167~1998!.

@8# C. H. Albright and S. M. Barr, Phys. Lett. B461, 218 ~1999!.
@9# C. H. Albright and S. M. Barr, Phys. Rev. Lett.85, 244~2000!;
07301
r-

Phys. Rev. D62, 093008~2000!.
@10# Z. Maki, M. Nakagawa, and S. Sakata, Prog. Theor. Phys.28,

870 ~1962!.
@11# M. C. Gonzalez-Garcia, Nucl. Phys. B~Proc. Suppl.! 95, 100

~2001!.
@12# S. M. Barr and S. Raby, Phys. Rev. Lett.79, 4748~1997!.
@13# M. Gell-Mann, P. Ramond, and R. Slansky, inSupergravity,

Proceedings of the Workshop Stony Brook, New York, 1979,
edited by D. Freedman and P. van Nieuwenhuizen~North-
Holland, Amsterdam, 1979!; T. Yanagida, inProceedings of
the Workshop on Unified Theory and Baryon Number of
Universe, Tsukuba, Japan, 1979, edited by O. Sawada and
Sugamoto~KEK Report No. 79-18, Tsukuba, 1979!.

@14# P. H. Chankowski, W. Krolikowski, and S. Pokorski, Phy
Lett. B 473, 109~2000!; J. A. Casas, J. R. Espinosa, A. Ibarr
and I. Navarro, Nucl. Phys.B573, 652 ~2000!.

@15# C. D. Froggatt and H. B. Nielsen, Nucl. Phys.B147, 277
~1979!.

@16# CHOOZ Collaboration, M. Apollonioet al., Phys. Lett. B466,
415 ~1999!.

@17# I. Affleck and M. Dine, Nucl. Phys.B249, 361 ~1985!.
0-8


