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High-energy neutrino conversion and the lepton asymmetry in the universe
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We study the matter effects on oscillations of high-energy neutrinos in the Universe. A substantial effect can
be produced by scattering of the neutrinos from cosmological sources (z*1) on the relic neutrino background,
provided that the latter has largeCP asymmetry:h[(nn2nn̄)/ng*1, wherenn , nn̄ andng are the concen-
trations of neutrinos, antineutrinos, and photons. We consider in detail the dynamics of conversion in the
expanding neutrino background. Applications are given to the diffuse fluxes of neutrinos from gamma ray
bursters, active galactic nuclei, and the decay of superheavy relics. We find that the vacuum oscillation
probability can be modified by;10220 %, and in extreme cases allowed by present bounds onh the effect
can reach;100%. The signatures of matter effects would consist~i! for both active-active and active-sterile
conversion, in a deviation of the numbers of events produced in a detector by neutrinos of different flavors,Na

(a5e,m,t), and of their ratios from the values given by vacuum oscillations; such deviations can reach
;5215 %, and ~ii ! for active-sterile conversion, in a characteristic energy dependence of the ratios
Ne /Nm ,Ne /Nt ,Nm /Nt . Searches for these matter effects will probe largeCP and lepton asymmetries in the
Universe.

DOI: 10.1103/PhysRevD.64.073006 PACS number~s!: 14.60.Pq, 13.15.1g, 98.70.Sa, 98.70.Vc
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I. INTRODUCTION

The detection of high-energy cosmic neutrinos and
tailed studies of their properties are among the main c
lenges in astrophysics and cosmology. They will give uniq
information about the structure of the Universe, mechanis
of particle acceleration, sources of cosmic rays, and pro
ties of the galactic and intergalactic media. They will al
have important implications for neutrino properties~masses,
mixings, etc.! and for particle physics in general.

Intense fluxes of neutrinos, with energies up to;1021 eV,
are supposed to be produced by cosmological objects suc
gamma ray bursters~GRBs! and active galactic nucle
~AGN! @1#. It was suggested that neutrinos of energies
high as 102221024 eV could be produced by topological de
fects such as cosmic strings, necklaces, and domain w
@2#. Furthermore, neutrinos produced by the decay of su
heavy particles have been considered in connection to
problem of ultrahigh-energy cosmic rays exceeding
Greisen-Zatsepin-Kuz’min~GZK! cutoff @3#.

The detection of high-energy neutrinos from cosmologi
sources is challenging for neutrino telescopes. The exis
large water, ice, or air shower experiments@4# open up some
possibility of detection; however, a detailed study requi
larger detectors to be realized in the future.

The properties of high-energy neutrino fluxes can
modified by oscillations on the way from the source to t
Earth. In particular, it was remarked@5# that oscillations lead
to the appearance of tau neutrinos in the high-energy n
trino flux. Moreover, the study of oscillation effects opens
the possibility to probe neutrino mixings and distinguish b
tween different mass spectra@6#. In all these studies, only
0556-2821/2001/64~7!/073006~21!/$20.00 64 0730
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vacuum oscillations have been considered. In this conn
tion, we address here two questions:~i! Are matter effects
important for high-energy neutrinos propagating in the U
verse?~ii ! Which information on the properties of the inte
stellar and intergalactic medium can be obtained from
study of these effects?

During their travel from the production point to the dete
tor, the neutrinos cross large amounts of matter, which co
induce significant refraction and conversion. In Ref.@7#, we
considered the interaction of neutrinos with the matter of
source for neutrinos produced in GRBs and AGN. The
fects of matter on vacuum oscillations appeared to be sm
It was also found@7# that the neutrino-neutrino interaction i
the dark matter halos of galaxies does not affect the vacu
oscillations significantly. Conversely, strong matter effe
are not excluded for neutrinos crossing media of larger s
such as the halos of clusters of galaxies. Furthermore, n
trinos from cosmological sources travel for such large d
tances in the intergalactic space that the Universe itself, w
its particle content, can be considered as a medium prod
ing refraction effects. In@7#, we found that significant con
version can be realized for neutrinos crossing cosmolog
distances in the Universe with stronglyCP-asymmetric neu-
trino background.

In this paper, we analyze this possibility in detail. W
discuss the refraction and conversion effects of the ba
ground on high-energy neutrinos from cosmological sour
and on neutrinos of the background itself.

Let us describe the relic neutrino gas by the number d
sities of the various flavors,na (a5e,ē,m, etc.!, and by the
CP asymmetryhn defined as
©2001 The American Physical Society06-1
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C. LUNARDINI AND A. YU. SMIRNOV PHYSICAL REVIEW D 64 073006
hn[~na2nā!/ng , ~1!

whereng is the concentration of photons.
The big bang nucleosynthesis~BBN! and structure forma-

tion @8,9# admit largeCP asymmetries for muon and ta
neutrinos, while the asymmetry for the electron neutrino
strongly constrained:

uhm,tu&10, 20.01&he&0.3. ~2!

Large asymmetries have also important implications on
properties of the spectrum of the cosmic microwave ba
ground radiation~CMBR! @9#. The recent results on the se
ond acoustic peak of the CMBR from BOOMERANG an
MAXIMA-1 experiments @10# seem to favor a large lepto
asymmetry,hn;1 @11–13#. In particular, a satisfactory in
terpretation of the data requires@12#

uhe,m,tu&2.2, ~3!

thus providing a stronger restriction of the allowedhm and
ht values with respect to~2!. In our discussion, we will
consider asymmetrieshm and ht as large asuhm,tu;122,
according to the upper limit~3!; however, results will be
given also for larger values, allowed by the less string
bound~2!.

We want to underline here that the realization of largeCP
asymmetries in the individual lepton flavors is consist
with zero lepton asymmetry. This corresponds to

he1hm1ht50, ~4!

that is, to zero total lepton number. Large lepton asymme
in contrast, implies largeCP asymmetry.

The paper is organized as follows. In Sec. II, the prop
ties of the relic neutrino background are discussed. We s
that significant matter effects on high-energy neutrinos
quire largeCP asymmetry of the background, and we stu
the refraction and conversion effects in the background its
In Secs. III and IV, we study matter effects on high-ener
neutrinos produced at cosmological distances. Applicati
are given in Sec. V to the diffuse fluxes of neutrinos fro
AGN, GRBs, and from the decay of heavy relics. In Sec.
we discuss the experimental signatures of matter effe
Conclusions follow in Sec. VII.

II. ACROSS THE UNIVERSE

Let us consider the interactions of high-energy neutrin
propagating from cosmological sources to the Earth. Th
neutrinos cross layers of matter in the source itself, th
interact with particles in the interstellar and intergalactic m
dia, and finally interact in the matter of our cluster of gala
ies and of our galaxy.

In what follows, we will discuss interactions in the inte
galactic medium. The effects of the matter of the sources
be neglected@7#. As we will show later, for neutrino oscilla
tion parameters and energies relevant for this discussion
effects of the galactic halo and of the halo of the cluster
galaxies are also very small@7#.
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A. Minimum width condition

The necessary condition for significant matter effect is
minimum width condition@7#. We define the width of the
medium as the integrated concentration of the particle ba
ground of the Universe along the path traveled by the n
trino beam:

d[E
t

t0
n~ t8!dt8. ~5!

Here t is the epoch of production of the neutrinos andt0
;1018 s is the present epoch. Using the scaling of the c
centrationn(t)}t22, one finds

d~ t !5dUF t0

t
21G5dU@~11z!3/221#, ~6!

dU[t0n0 , ~7!

wheren0 is the present concentration of the background a
we have introduced the redshiftz[(t0 /t)2/321.

The minimum width condition can be written as@7#

r[
d

d0
>1, ~8!

whered0 is the refraction width of the medium:

d0[
p

2

n

V
, ~9!

with V being the effective matter potential in a given ne
trino conversion channel. The widthd0 corresponds to the
distance in matter at which the oscillation phase induced
matter equalsp/2. Notice that, sinceV}n, d0 does not de-
pend on the density of the medium and is determined by
properties of the interaction. The usual weak interact
givesd0;1/GF , whereGF is the Fermi constant.

Let us consider the fulfillment of the condition~8! for
different components of the intergalactic medium.

~i! Because of the very small concentration of nucleo
and electrons, the width of these components is extrem
small,dB /d0!1, even for neutrinos produced at cosmolog
cal distances. Indeed, the baryon concentration can be
mated asnB5nghB , wherehB51021021029 is the baryon
asymmetry of the Universe andng is the photon concentra
tion. At present,ng5ng

0.412 cm23. Taking, e.g., production
epochz.1, we find from Eqs.~6!–~9! that for baryonsr
[r B;10211.

~ii ! The scattering on the electromagnetic background
a negligible effect due to the smallness of the interacti
The neutrino-photon potential is of the second order in
Fermi constant and depends on the energy of the neut
beam and on the temperature and concentration of the ph
gas@14,15#. Using the results of Ref.@15# ~see also the dis-
cussion in@16#!, we find from Eqs.~6!–~9! r g&1028 for
neutrino energyE&1021 eV and production epochz.1.

~iii ! The effect of the scattering on the neutrino bac
ground can produce significant effect if the background
6-2
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HIGH-ENERGY NEUTRINO CONVERSION AND THE . . . PHYSICAL REVIEW D 64 073006
largeCP asymmetry.1 Indeed, for asymmetryhn;1 we get
dn;d0. Clearly, if the lepton asymmetry is of the order
the baryon one,hn.hB , the width is negligibly small:dn

;dB!d0.
Let us consider the minimum width condition for the ne

trino background in more detail. The effective potential d
to the scattering of neutrinos on the relic neutrino ba
ground can be written as

V5FhnA2GFng , ~10!

whereF is a constant of order 1 which depends on the s
cific conversion channel~see Secs. III A and IV A!. With the
potential~10!, Eqs.~6!, ~8!, and~9! give the condition

r ~z!51.631022uFuhn@~z11!3/221#>1. ~11!

For neutrinos produced in the present epoch,z.0, and val-
ues ofhn allowed by the bounds~2! and ~3!, the condition
~11! is not satisfied:r (z;0)!1. From Eq.~11!, we can de-
fine the epochzd which corresponds tor 51:

11zd5F11
1

1.631022uFuhn
G 2/3

, ~12!

so that for neutrinos produced atz>zd the minimum width
condition is fulfilled. Taking, for instance,hn51 andF52,
we get zd.9; by requiring r .0.3 ~which corresponds to
10% matter effect@7#!, we findzd.3.7.

The following remark is in order. The condition~8! is
necessary but not sufficient to have significant matter effe
In particular, for the case of oscillations in uniform mediu
and small mixing angles (sin 2u&0.3), we have found in
Ref. @7# that the widthdmin needed to have conversion pro
ability larger than 1/2 equals

dmin5
d0

tan2u
.d0 . ~13!

This quantity represents an absolute minimum. For me
with varying density, the required width is larger thandmin
@7#.

We conclude, then, that the only component of the int
galactic medium which can produce a significant matter
fect is a stronglyCP-asymmetric neutrino background, wit
hn*1. Moreover, cosmological epochs of neutrino produ
tion are required:z*3.

B. Properties of the relic neutrino background

Neutrino mixing and oscillations modify the flavor com
position of the neutrino background, so that one expects
present values of theCP asymmetries in the various flavor

1For CP-symmetric background, significant effects can appea
large temperature,T*1 MeV, due to thermal effects@17#, or at
extremely high neutrino energies, due to neutrino-antineutrino s
tering in the resonantZ0 channel@7#.
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to be different from those at the epoch of BBN; the latter a
constrained by the bounds~2!.

In this section, we assume that largeCP asymmetries are
produced at some epoch before the BBN, i.e., at tempera
T*TBBN.1 MeV, and study how they evolve with time
The evolution of the flavor densitiesne , nm , and nt is a
nonlinear many-body problem, which, in general, require
numerical treatment@18,19#. In some specific cases, how
ever, an analytical description is possible@20# and conclu-
sions can be obtained on general grounds.

1. Three-neutrino system evolution

Let us first consider the case of mixing between th
active neutrinosne , nm , andnt . In Refs.@18,20#, it has been
shown that the evolution of the flavor densities has pecu
aspects for the ideal case of a monoenergetic gas of neut
~with no antineutrinos,nn̄50! initially produced in flavor
states. For this specific ensemble of neutrinos, the pote
due to neutrino-neutrino interaction cancels in the evolut
equation, so that the collective behavior of the system
described by vacuum oscillations. This result holds with
good approximation@18# also for realistic neutrino energ
spectra and in the presence of a small component
antineutrinos. For this reason, it can be applied to
case of interest, in which the background is strong
CP-asymmetric,nn@nn̄ , and neutrinos have a thermal spe
trum. In what follows, we approximate the neutrino energ
with the average thermal energy of the gas:E.^En&
5aTn , whereTn denotes the temperature of the neutri
gas. The numerical factora depends on theCP asymmetry
of the background: we havea.3.15 in the absence of asym
metry,h.0, anda.3.78 forh.1.

The length scale of flavor conversion is given by t
vacuum oscillation length:

l v5
4pE

Dm2

.
4pabT

Dm2

52.483105 cm abS T

1 MeVD S 1023 eV2

Dm2 D , ~14!

whereb is the ratio between the temperature of the neutr
background and the temperatureT of the electromagnetic
radiation: b[Tn /T. We have b51 before the electron-
positron recombination epoch,T*0.5 MeV, and b
5(4/11)1/3 after this epoch.

Besides oscillations, for temperaturesT*1 MeV, other
phenomena, and therefore other length scales, are relev

~i! Inelastic collisions. Let us consider a system of tw
mixed neutrinos,na ,nb(a,b5e,n,t). After its production as
a flavor state, e.g.,n5na , a neutrino oscillates in vacuum
until a collision occurs with a particleX of the background.
At the time of the collision, the quantum state of the neutri
is a coherent mixture of the two flavors:n5Ana1Bnb . The
effects of the collision depend on the specific reactions t

t

t-
6-3
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C. LUNARDINI AND A. YU. SMIRNOV PHYSICAL REVIEW D 64 073006
take place@21–23# ~see also the discussion in@16#!. If the
reaction is a scattering,nX→nX, and the interaction is
flavor-blind, i.e., it is the same for the two flavorsa and b,
after the collision the neutrino continues to propagate a
coherent superposition ofna and nb and the collision does
not affect oscillations. For scattering with flavor-sensitive
teraction or for absorption processes,2 nX→any, the effect
of the collision is to break the coherence betweenna andnb ,
so that after the collision the two flavors evolve indepe
dently, developing vacuum oscillations until the next co
sion happens.

As a result, one easily obtains that for a beam of neutri
propagating in a medium, oscillations are damped accord
to the expression

na~L !5
1

2
1S na

02
1

2DexpF2
L

l c
lnS 1

122Pc
D G , ~15!

wherena
0 and na(L) are the fractions ofna in the neutrino

beam at the production time and at distanceL from the pro-
duction point. Herel c is the coherence length, which repr
sents the distance between two collisions, andPc is the
vacuum oscillation probability between two collisions:Pc
. sin22u sin2(plc /lv). From Eq.~15! we see that, ifPc5” 0,
with the increase ofL ~i.e., of the number of collisions! the
interplay of oscillations and collisions leads to the equilib
tion of the flavor densities:na(L→`)5nb(L→`)51/2.
The convergence to this limit is determined by the equilib
tion length l eq[ l c / ln(1/u122Pcu). For small conversion
probability, Pc!1, the lengthl eq is much larger thanl c :
l eq. l c /(2Pc)@ l c . This is the case if the vacuum mixing
small and/or the collisions are much more efficient than
cillations, l c! l v , so that the vacuum oscillation phaseF
52p l c / l v is small. Thus, equilibration of the flavor densitie
can be obtained only after a large number of collisio
ncoll5L/ l c*1/(2Pc). Conversely, ifPc;1, equilibration is
achieved rapidly after few collisions:ncoll*L/ l c . This cir-
cumstance is realized ifl c* l v and the mixing is large,
sin22u;1.

Let us consider the coherence length,l c , in more detail.
According to Refs.@21,22#, l c can be written as

l c~a,b!215
1

2
@Gabs~a!1Gabs~b!1G f s~a,b!#, ~16!

whereGabs(x) is the rate of absorption processes for the n
trino of flavor x and G f s(a,b) is the contribution of the
flavor-sensitive scatteringsnX→nX. This quantity is deter-
mined by the square of the difference of thena-X andnb-X
scattering amplitudes@21,22#. In terms of the total scattering
ratesG(a) andG(b), one gets@21#

G fs~a,b!.G~a!1G~b!22AG~a!G~b!. ~17!

2In the situation we are considering, the neutrinos are in ther
dynamical equilibrium, so that their disappearance through a g
reaction is balanced by their production through the inverse proc
07300
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From Eqs.~16!–~17!, using the rates given in Ref.@24#, we
find

l c~a,b!5@k~a,b!GF
2a2b5T5#21, ~18!

where forT*0.5 MeV,

k~e,m!.6.531023$1610.5@r ~je!1r ~jm!#

15.3r ~2je!13.5r ~2jm!%, ~19!

k~m,t!.6.531023$0.5@r ~jm!1r ~jt!#

13.5@r ~2jm!1r ~2jt!#%. ~20!

Here r (j)[I (j)/I (0) and I (j)[*0
`x2dx/@11exp(x2j)#.

We definej[m/T with m the chemical potential of the neu
trino gas.3 At T.0.5 MeV, electrons and positrons annih
late, so that forT,0.5 MeV their contribution to the scatter
ing and absorption rates becomes negligibly small and
get

k~e,m!.6.531023$0.5@r ~je!1r ~jm!#

13@r ~2je!1r ~2jm!#%, ~21!

k~m,t!.6.531023$0.5@r ~jm!1r ~jt!#

13@r ~2jm!1r ~2jt!#%. ~22!

Numerically, Eq.~18! gives

l c~a,b!.1.4531011 cm
1

k~a,b!a2b5 S 1 MeV

T D 5

. ~23!

~ii ! The expansion of the Universe. Oscillations and c
lisions are ineffective if their scale lengths,l v and l c , are
larger than the inverse expansion rate of the Universe,l H . In
the radiation-dominating regime,l H is expressed as

l H.
M p

1.66AgT2
.1.4531011 cm

1

Ag
S 1 MeV

T D 2

, ~24!

whereM p is the Planck mass andg represents the number o
relativistic degrees of freedom. We haveg510.75 for 1
MeV&T&100 MeV andg53.36 forT!1 MeV.

Figure 1 shows the lengthsl v , l c , andl H as functions of
the temperatureT for hm.1, he.ht.0, and various values
of Dm2.

According to Fig. 1, forDm2.1027 eV2 we havel v; l c
; l H at T;2 MeV. Before this epochl c& l H& l v , so that
collisions are much more efficient than oscillations. The
equality l c! l v implies that the vacuum oscillation probabi

-
n
s.

3Let us recall the relation between the quantityj and theCP
asymmetryh: h5(j31p2j)b3/@12z(3)#. In Eqs. ~18!–~22!, we
considered the factora to have the same value for all the partic
species~neutrinos, electrons, positrons!. We checked that this is a
good approximation even for the large asymmetries we are con
ering.
6-4
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HIGH-ENERGY NEUTRINO CONVERSION AND THE . . . PHYSICAL REVIEW D 64 073006
ity, Pc , is suppressed by collisions, as we discussed in
section. As a consequence, for small mixings, sin22u!1, the
flavor composition of the background remains unchan
until T;2 MeV; a partial equilibration of the flavors can b
realized for large mixings: sin22u*0.5. ForT,2 MeV, col-
lisions are ineffective, sincel c* l H , and vacuum oscillations
develop.

With the decrease ofDm2, Dm2!1027 eV2, the oscilla-
tion length l v increases and, as a consequence, forT*2
MeV the suppression of oscillations due to collisions
stronger. Even for large mixings, the flavor densities are p
served until the neutrino decoupling,T;2 MeV. After this
epoch, oscillations are still suppressed by the expansion
of the Universe and become effective, thus changing the
vor composition of the background only when the oscillati
length is smaller than the horizon,l v& l H .

For Dm2*1027 eV2, the inequalityl v& l c& l H is realized
before the decoupling. In this circumstance, the convers
probability, Pc , is not suppressed, in contrast with the ca
Dm2*1027 eV2. Collisions are effective, thus leading to th
equilibration of the flavor densities even for small mixin
angles. Taking, for instance,Dm2.1023 eV2, we find that
equilibration can be achieved for sin22u *1023. Again, after
neutrino decoupling, the conversion is determined
vacuum oscillations.

For a different choice of the asymmetries at producti
e.g.,hm.ht.1 andhe.0, the results are similar to thos
in Fig. 1 and we come to analogous conclusions.

Let us now find the present flavor asymmetries,4 he
0 , hm

0 ,
ht

0 , for specific neutrino mixings and mass spectra motiva
by the oscillation interpretation of the solar and atmosphe
neutrino anomalies.

We consider the mixing matrix

U5S cu 2su 0

sucQ cucQ 2sQ

susQ cusQ cQ

D , ~25!

where cu[cosu and su[sinu and analogous definition
hold for sQ andcQ . The mass eigenstatesn1 , n2, andn3 are
related to the flavor ones by the rotation:na5( iUa,in i . The
mass-squared differencesDmji

2 [mj
22mi

2 are taken to be
Dm32

2 5Dmatm
2 ;1023 eV2 andDm21

2 5Dm(
2 &1025 eV2 ac-

cording to the currently favored solutions of the solar ne
trino problem. Let us first considerDm21

2 ,1027 eV2, as pre-
dicted by the lowDm2 ~LOW! and vacuum oscillation~VO!
solutions. This range ofDm21

2 is the most relevant to the
conversion of ultraenergetic neutrinos~see Sec. VI!.

According to the results of this section, we identify th
following scenario. Suppose that before the neutrino dec
pling epoch, atT.2 MeV, a large asymmetry has been pr
duced in one flavor while the other asymmetries are initia

4In the following sections, we will consider relatively recent e
ochs (z&50) for which the flavor composition of the background
well approximated by the present one~see Secs. III and IV!.
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small, e.g.,hm52h andhe.ht.0, with h;1. As the Uni-
verse evolves down toT;2 MeV, the muon and tau asym
metries will be equilibrated by the combined effect of osc
lations and collisions. In the same epochs,ne oscillations are
still suppressed by collisions. Therefore, the electron n
trino asymmetry,he , remains unchanged and, atT.TBBN ,
we havehm.ht5h andhe.0. After this epoch, neutrinos
decouple from the thermal bath; collisions become ineff
tive and the system evolves according to vacuum osc
tions. During the evolution, decoherence occurs due to
spread of the wave packets. Therefore, at the present e
the background neutrinos are in mass eigenstates. With
mixing ~25!, we find the present asymmetriesh i

0 for these
states:

h1
0.h sin2u, h2

0.h cos2u, h3
0.h. ~26!

The corresponding flavor asymmetries equal

he
0.h

1

2
sin22u,

hm
0 .hS 12

1

2
sin22u cos2Q D ,

~27!

ht
0.hS 12

1

2
sin22u sin2Q D .

One can see that a large asymmetry is produced in the e
tron flavor provided that the mixing of the electron neutri

FIG. 1. The length scalesl v , l c , and l H as functions of the
temperatureT of the electromagnetic radiation in the Universe. T
three thick solid lines represent the vacuum oscillation lengthl v and
correspond, from the upper to the lower, toDm2510211, 1027, and
1023 eV2, respectively. The narrow solid line and the dashed l
represent the coherence length,l c , for the ne2nm and thenm2nt

channels, respectively. We have takenhm.1, he.ht.0. The dot-
ted line represents the inverse expansion rate of the Universe,l H .
6-5
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C. LUNARDINI AND A. YU. SMIRNOV PHYSICAL REVIEW D 64 073006
is large: sin22u;1. Thus, the electron neutrino asymmetry
the present epoch can be much larger than the upper b
~2!. Notice also thathm

0 .ht
0 for Q.p/4.

If equally large asymmetries are initially produced in t
muon and tau flavors,hm5ht5h;1 andhe.0, the equal-
ity hm5ht is preserved until the decoupling epoch,T;2
MeV, due to the combined effect of oscillations and co
sions. The evolution ofhe is blocked by collisions forT
*2 MeV. After the neutrino decoupling, vacuum oscillatio
take place; with the mixing matrix~25!, we get the same
results as in Eqs.~26! and ~27!.

For Dm21
2 .1026 eV2 and small mixing, sin22u.1024

21023, according to the small mixing angle~SMA! solution
of the solar neutrino problem, the equilibration lengthl eq is
very large. Therefore, the electron asymmetryhe is not
equilibrated with the muon and tau asymmetries. Again,
present asymmetries are determined by vacuum oscillat
which occur after the neutrino decoupling and lead to
result ~27!.

Conversely, for a large mixing angle, sin22u;1 and
Dm21

2 .102721025 eV2, as given by part of the LOW solu
tion and by the LMA solution regions, equilibration is ra
idly realized and one gets

he
0.hm

0 .ht
0.

2

3
h. ~28!

Notice, however, that the results~26!–~28! depend on the
epoch we considered for the production of the largeCP
. A

ll
io

na
in

s
s
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asymmetryh: the equilibration effect of collisions does no
take place if the neutrino asymmetries are generated at
ochs close to the neutrino decoupling epoch, atT;1 MeV.

2. Evolution in the presence of a sterile state

If a sterile state,ns , is mixed with the three active ones,
general description of the evolution of the neutrino gas
complicated and would deserve a detailed study.

We consider here the specific case in which the ste
neutrino is mixed mainly with one active state only, e.g.,ne ,
and the admixture ofns with nm andnt is negligible. In other
words, we consider the mass statesn0. cosune1sinuns and
the orthogonal combinationn1.2sinune1cosuns. Simi-
larly, we take n2. coswnm1sinwnt and n3.2sinwnm
1coswnt . This would correspond to ane2ns solution of the
solar neutrino problem and anm2nt solution of the atmo-
spheric neutrino anomaly.

Let us consider the evolution of thene2ns system. The
effective mixing angle in matter,um , can be written as

tan 2um5
sin 2u

cos 2u22EV/Dm2 , ~29!

whereV is given in Eq.~10! and E is the average therma
energy of the neutrinos:E.abT. Numerically, from Eqs.
~10! and ~29! we get
tan 2um5
sin 2u

cos 2u20.83104abFhn~T/1 MeV!4~1023 eV2/Dm2!
, ~30!
d

d-
ns

ng
sent

fore
where we used the expressionng(T)52z(3)T3/p2 for the
concentration of photons at the temperatureT, with the value
z(3).1.202 for the Riemann zeta function.

From Eq.~30!, it follows that, forhn*1, T*TBBN , and
Dm2&1 eV2, the mixing is strongly suppressed, tan 2um

!1, corresponding tou.p/2 (u.0) if Fhn.0 (Fhn,0).
Thus, no level crossing is realized before the BBN epoch
T*2 MeV, collisions are effective~see Fig. 1!; however,
they do not modifyhe significantly due to the very sma
value of the mixing and consequently of the convers
probability Pc @see Sec. II B 1, Eq.~15!#. Thus, we conclude
that no significant flavor conversion occurs and the origi
value ofhe is preserved at least until the BBN epoch, even
the case of large vacuum mixing angles.

As the temperature decreases,T,TBBN , the mixing angle
um approaches rapidly its vacuum value. Takinghn.1, F
52, and Dm2.1023 eV2, we get tan 2um2tan 2u&1022

for T&10 keV.
Considering that the propagation of the neutrino state

adiabatic~see Sec. IV B!, we find the present concentration
t

n

l

is

of ne andns in terms of the initial densityne :5

ns
05ne cos2u, ne

05ne sin2u if Fhn.0, ~31!

ns
05ne sin2u, ne

05ne cos2u if Fhn,0. ~32!

If ne@nē , the concentrations ofn̄e can be neglected an
relations analogous to Eqs.~31! and ~32! hold for theCP
asymmetrieshe

0 andhe .
The presentnm andnt asymmetries can be found accor

ing to the discussion in Sec. II B 1. The effect of collisio
leads to equilibration ofhm and ht at T.TBBN : hm.ht
5h. At later epochs, vacuum oscillations develop, leavi
this equality unchanged. Thus, we can summarize the pre
CP symmetries for the four flavors as follows:

5We assume that only active states are initially produced be
the BBN epoch, thusns50.
6-6
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hs
05he cos2u, he

05he sin2u if Fhn.0, ~33!

hs
05he sin2u, he

05he cos2u if Fhn,0, ~34!

hm
0 .ht

0.h. ~35!

Having neglected any mixing betweenne and the other~ac-
tive! flavors, we find that the present value of the electr
neutrino asymmetry is smaller than the one at the BBN
och,he

0<he , thus remaining within the bound given in~2!.

III. HIGH-ENERGY NEUTRINO CONVERSION:
THE ACTIVE-ACTIVE CASE

Let us consider three mixed active neutrinos—ne , nm ,
and nt—and find the potential for a beam of high ener
neutrinos~‘‘beam neutrinos’’! due to the interaction with the
at

-

l

-

m

07300
n
-

relic neutrino background~‘‘background neutrinos’’!. As dis-
cussed in Sec. II B, the flavor composition of the neutri
background changes with time due to the neutrino mixi
However, we will focus on neutrinos produced in relative
recent epochs,z&50, when the flavor content of the reli
neutrino gas has already settled down and does not ch
with time.

A. The refraction potential

According to Sec. II B, decoherence due to the spread
wave packets implies that the background neutrinos are
mass eigenstates. As a consequence, the matrix of poten
Vn , for the beam neutrinos propagating in this backgroun
not diagonal in the flavor basis (ne ,nm ,nt). It is possible to
check@25# thatVn becomes diagonal in the basis of the ma
eigenstates (n1 ,n2 ,n3), where it can be written as
Vn5A2GF@~n12n1̄!1~n22n2̄!1~n32n3̄!#

1A2GFS n1f ~2sZ
(1)!2n1̄f ~sZ

(1)! 0 0

0 n2 f ~2sZ
(2)!2n2̄ f ~sZ

(2)! 0

0 0 n3f ~2sZ
(3)!2n3̄f ~sZ

(3)!
D , ~36!
tion

. In
it,

ino

q.
s a
ists
In

of
or

of
where ni(nī ) denotes the concentration of the mass st
n i( n̄ i) in the background andf (sZ

( i )) is theZ-boson propaga-
tor function:

f ~sZ
( i )![

12sZ
( i )

~12sZ
( i )!21gZ

2
. ~37!

HeregZ andsZ
( i ) are the normalized width of theZ boson and

total energy squared in then i-n i center of mass for nonrela
tivistic background neutrinos:

sZ
( i ).

2Emi

MZ
2 .2.431022S E

1020 eV
D S mi

1 eVD , gZ[
GZ

MZ
,

~38!

with mi being the mass of the neutrinon i andE the energy of
the beam neutrino.

The terms in the first line of Eq.~36! are due to neutra
current n-n scattering in thet channel. The terms in the
second line of Eq.~36! represent the contributions ofn i-n i
scattering withZ-boson exchange in theu channel, and of
n i- n̄ i annihilation processes.

For E&1020 eV and mi&1 eV, the energy in then i-n i
center of mass is much below theZ-boson resonance:sZ
&0.03. In this case, the propagator function~37! reduces to
unity: f (sZ

( i )). f (2sZ
( i )).1, and the neutrino-neutrino poten

tial ~36! becomes energy-independent.
For extremely high energies,E.102121022 eV, and neu-

trino mass of order 1 eV, the propagator corrections beco
e

e

important. However, in this range of energies the absorp
effects of the neutrino background are strong@7,26#. There-
fore, the neutrino fluxes at Earth are largely suppressed
what follows, we will concentrate on the low-energy lim
sZ

( i )!1, which is mainly relevant for applications.
For a beam of antineutrinos propagating in a neutr

background, the potentialVn̄ is given by Eq.~36! with the
replacementni→nī and vice versa for all then i states.

The fact that the neutrino-neutrino potential matrix, E
~36!, is diagonal in the basis of mass eigenstates ha
straightforward consequence: the effect of refraction cons
in a modification of the neutrino effective masses only.
terms of the presentCP asymmetriesh i

0 for the mass states

n i of the background, we find~for sZ
( i )!1) the following

corrections:

Dm21
2

2E
→E21[

Dm21
2

2E
1A2GFng~h2

02h1
0!,

~39!
Dm32

2

2E
→E32[

Dm32
2

2E
1A2GFng~h3

02h2
0!.

As we discussed in Sec. II B, the present composition
the neutrino background is determined by the initial flav
asymmetries,he , hm , andht , and by the mixing matrixU
of the neutrino system. The expressions ofE21 and E32 in
terms of these quantities can be found from the results
Sec. II B 2. In particular, with the asymmetries~26!, Eq. ~39!
gives
6-7
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Ej i 5
Dmji

2

2E
1Vji , ~40!

Vji [F ji hA2GFng , ~41!

F215cos 2u, F325sin2u. ~42!

Here we denote ash the maximal flavor asymmetry,h
[max$hm ,ht ,he%, which is realized in the background a
the epoch of nucleosynthesis,T.TBBN ; thus h is con-
strained by the bounds~2!.

In Eqs.~40! and~41!, the information on the specific mix
ing matrix and initial composition of the background is e
coded in theF factors. The dependence ofF ji on the mixing
angle in Eq.~42! is a consequence of expressing the poten
~41! is terms of the flavor asymmetryh, while the back-
ground neutrinos are in mass eigenstates. For simplicity
what follows we will drop the indexesj ,i from the quantities
E, V, andF in the expressions~40!–~42!.

B. The conversion probability

From the fact that the potentialV modifies the effective-
mass eigenvalues, Eqs.~40!–~42!, it follows that the interac-
tion with the neutrino background does not change the m
ing matrix of the neutrino system, which remains the same
in vacuum. Conversely, the phase of oscillations is affec
by the medium, so that the dynamics of the neutrino pro
gation consists in oscillations with constant depth, given
the vacuum mixing angle, and varying oscillation length. T
probabilityP of conversion between two active neutrinosna
andnb with mixing angleu equals

P~ t,t i !5sin22u sin2S F

2 D , ~43!

and the oscillation phaseF is given by

F~ t,t i !5E
t i

t

E~t!dt. ~44!

We denote ast i ,t the initial and final time of the evolution o
the system;E is given in Eq.~40!. Using the scaling relations

E5E0~ t0 /t !2/35E0~11z!, V5V0~ t0 /t !25V0~11z!3,

~45!

where E0 and V0 are the energy and the potential at t
present epoch,z50, we get

F5Fvac1Fmatt, ~46!

with the following expressions for the vacuum oscillatio
phase,Fvac, and the matter contributionFmatt:

Fvac~x,xi !5
3

10

Dm2t0

E0
~x5/32xi

5/3!, ~47!
07300
l

in

-
s
d
-

y
e

Fmatt~x,xi !5V0t0S 1

xi
2

1

xD . ~48!

We definedx[t/t0 andxi[t i /t0.
The matter-induced phase,Fmatt, depends only on the

characteristics of the background and on the initial and fi
moments of time. In particular, for early production epoch
xi!1, one gets

Fmatt.V0t0

1

xi
, ~49!

which shows that the phaseFmatt is accumulated mainly a
the production time.

Being independent ofE0 /Dm2, the phaseFmatt becomes
comparable to or even larger than the vacuum oscillat
phase,Fvac, at very high energies,E0 /Dm2*1032 eV21.
Taking xi50.125, corresponding to production at redshiftz
.3, and x51, we haveFvac.0.23p for E0 /Dm2.1032

eV21. This is comparable to the matter phase,Fmatt
.0.29p given by Eqs.~48! and ~41! with Fh.10. As
E0 /Dm2 increases, the vacuum phaseFvac decreases and th
total oscillation phase is dominated by the matter contri
tion Fmatt. From Eqs.~43! and~48!, we find the asymptotic
value of the conversion probability:6

P~E0 /Dm2→`!5sin22u sin2F1

2
V0t0S 1

xi
2

1

xD G . ~50!

Notice that the expression~50! is insensitive to the change o
sign of the potentialV0 ~i.e., of the productFh): this implies
that in the limit of very high energies, a beam of neutrin
and one of antineutrinos will experience the same ma
effect.

In Fig. 2, we show the survival probability, 12P, as a
function of E0 /Dm2 for neutrinos produced atz53 and ar-
riving at Earth at the present epoch, with sin22u50.5 and
various values of the productFh. The figure was produced
by averaging the conversion probability, Eq.~43!, over the
intervalDE0.E0, keeping in mind the finite accuracy in th
reconstruction of the neutrino energy in the detector:

P~E0!5
1

DE0
E

E0/2

3E0/2

dE8P~E8!. ~51!

Let us comment on Fig. 2. In the absence of asymme
Fh50, the conversion is given by vacuum oscillatio

6Even though Eq.~50! gives a nonzero value for the conversio
probability in the limitDm2→0, the matter effect we are describin
requires massive nondegenerate neutrinos:Dm25” 0. This condition
is necessary for our starting point@Sec. III A, see Eq.~36!# that the
neutrinos in the background are in mass eigenstates~different from
the flavor ones!, produced from flavor states by the spread of t
wave packets during the evolution of the Universe. Thus, the
pression~50! should be intended as the high-energy limit of t
conversion probability for a given~nonzero! value ofDm2.
6-8
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(Fmatt50). For E0 /Dm2*1032 eV21, the vacuum oscilla-
tion phaseFvac is very small, thus the conversion probabili
approaches unity.

For strongly CP-asymmetric neutrino background, th
matter-induced phaseFmatt is sizeable. As a consequenc
the deviation of the survival probability 12P from the value
given by vacuum oscillations can be as large as;30%.
Clearly, as follows from Eq.~43!, a strong effect requires
large mixing angle: if sin22u!1, the effect of matter on the
oscillation phase will be unobservable due to the very sm
amplitude of oscillations. At extremely high energie
E0 /Dm2*1033 eV21, the deviation is constant and indepe
dent of the sign ofFh, according to Eq.~50!.

IV. HIGH-ENERGY NEUTRINO CONVERSION:
THE ACTIVE-STERILE CASE

Let us consider the case in which a sterile neutrinons is
mixed with the active flavors,na . We discuss here two
neutrino mixing; a generalization to a four-neutrino fram
work will be given in Sec. VI.

A. The refraction potential

In contrast to the active-active conversion studied in S
III, for an active-sterile neutrino system the matrix of th
refraction potentials is diagonal in the flavor basis (na ,ns):

Vn5S Va 0

0 0D . ~52!

In the low-energy limit,sZ!1, the potentialVa depends on
the flavor asymmetrieshe

0 , hm
0 , andht

0 as follows:

Va5A2GFngFha
01 (

b5e,m,t
hb

0 G . ~53!

The potential~53! can be written in the same general form
Eq. ~41!:

V5FhA2GFng , ~54!

FIG. 2. The survival probability 12P(na→nb) as a function of
the ratioE0 /Dm2 for various values ofFh. We have taken sin22u
50.5 and production epochz53.
07300
ll
,

-

c.

with the same definition ofh as the maximal flavor asym
metry in the background at the epoch of nucleosynthesish
[max$hm ,ht ,he%. The factor F depends on the specifi
conversion channel and the flavor content of the backgrou

F[
1

h Fha
01 (

b5e,m,t
hb

0 G for the na2ns channel.

~55!

Let us consider for instance the conversion ofne to ns . If the
ne-ns conversion in the background occurred in the reson
channel, the present electron neutrino asymmetry is given
Eq. ~33!. Using this result and Eq.~35! for hm

0 andht
0 we get

F52S 11
he

h
sin2u D , ~56!

where we consideredhm ,ht>he . If the ne2ns conversion
in the background proceeded in the nonresonant channehe

0

is given in Eq.~34!. With this expression one finds a form fo
the factor F analogous to Eq.~56! with the replacement
sin2u→cos2u.

For conversion of antineutrinos, then̄2n potential has
opposite sign:Vn̄52Vn . Thus the expression~54! holds
with the replacementF→2F.

B. The dynamics of neutrino conversion

Due to the expansion of the Universe, the cosmologi
neutrinos experience a potential which changes with time
contrast with the active-active case, the effect of medi
changes both the oscillation length and the mixing, Eq.~29!.
The dynamics of the flavor transition is determined by t
resonance and adiabaticity conditions.

Consider the resonance condition

2EV

Dm2

1

cos 2u
51. ~57!

Using Eq.~54! and the scaling relations~45!, from Eq. ~57!
we get the following relations.

The present energy of neutrinos which cross the re
nance at the epochz equals

E051020 eVS Dm2

10210 eV2D 104 cos 2u

Fh~11z!4
. ~58!

For a givenE0 and Dm2, the redshiftzR at which the
resonance condition was realized is given by

11zR510F cos 2u

Fh~10210 eV2/Dm2!~E0 /1020 eV!
G 1/4

.

~59!

Neutrinos produced at a distancez undergo resonance i
their present energy is in the interval
6-9
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E051020 eVS Dm2

10210 eV2D 104 cos 2u

Fh F 1

~11z!4,1G .
~60!

TakingFh510, cos 2u.1, Dm2510210eV2, andz53 from
Eq. ~60!, we findE0.43102021023 eV. With the same val-
ues of the parameters andE051020 eV, we get that the reso
nance condition~58! is satisfied atzR.4.6.

The adiabaticity condition involves the time variation
both the neutrino energy and the concentration of the n
trino background. It can be expressed in terms of the adia
ticity parameter at resonance,xR , as

xR@1,

~61!

xR[
~Dm2!2

4E
sin22uF d

dt
~EV!G21U

res

,

where the subscript ‘‘res’’ indicates that the various quan
ties are evaluated at resonance, i.e., when the condition~57!
is fulfilled. With the potential~54!, using the scalings~45!
and the resonance condition~57!, we find

xR.1022Fh tan22u~11zR!3/2. ~62!

For Fh&10, tan22u51, and zR&5, one findsxR&1.4.
Thus, for neutrinos produced at epochsz,5, we expect
breaking of the adiabaticity. Notice thatxR does not depend
explicitly on the neutrino energy and mass-squared dif
ence; it increases withh andzR .

From Eq. ~62!, we get the redshiftza corresponding to
xR52p@1:

11za[F 2p3102

Fh tan22uG2/3

. ~63!

If the resonance condition is fulfilled atz>za , the level
crossing~resonance! proceeds adiabatically. TakingFh510
and tan 2u51, we findza.15.

For h*1 and tan 2u<1, we haveza>zd . Thus, we can
define three epochs of neutrino production, correspondin
different characters of the evolution of the neutrino beam

~i! Earlier epoch:z.za , when both adiabaticity and th
minimum width conditions are satisfied. If also the resona
condition is satisfied atzR.za , the neutrinos will undergo
strong resonance conversion. Otherwise, if the resona
condition is not realized~e.g., due to a large value o
Dm2/E!, the matter effect can be small.

~ii ! Intermediate epoch:za.z.zd . The adiabaticity at
resonance is not satisfied~if za.zR.zd!. At the same time,
the matter width can be large enough to induce signific
matter effect.

Two remarks are in order.~i! The propagation can still be
adiabatic in the part of the interval@zd ,za# outside the reso-
nance, and in the whole of it if the resonance condition
never satisfied in this time interval.~ii ! In monotonously
varying density, the condition for strong matter effect r
duces to the adiabaticity condition@7#. Therefore, in spite of
07300
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the fulfillment of the minimum width condition, the matte
effect can be small for neutrinos produced in the largest p
of the interval@zd ,za#.

~iii ! Later epoch:z,zd . For neutrinos produced in thi
epoch, the matter effects are expected to be small.

Figure 3 shows the minimum width, resonance, and ad
baticity conditions in thez-Fh plane. The minimum width
condition~11! is satisfied in the shadowed region. The low
border of this area corresponds to the curvez5zd(Fh) @Eq.
~12!#. For values ofFh and of z in this region, one may
expect significant matter effect.

The dashed lines show the values ofz andFh for which
the resonance condition~57! is satisfied for neutrinos with a
given E0 /(Dm2 cos 2u) ~isocontours of resonance!.

The solid lines are isocontours of the adiabaticity para
eter: they are contours of constant ratioxR /tan22u @see Eq.
~62!#. The upper curve corresponds toxR /tan22u52p, that
is, to z5za for tan22u51. For values of neutrino productio
epochz andFh above this contour, one would expect res
nant adiabatic conversion to be the dominating mechan
of neutrino transformation. For a givenFh andz, the adia-
baticity isocontour gives the value ofxR /tan22u for neutri-
nos produced at the epochzi>z and having the resonance
z. In turn, the resonance atz and Fh can be satisfied for
certain values ofE0 /(Dm2 cos 2u). It is clear from the figure
that strong adiabatic conversion occurs for large produc
epochs (z*10), large asymmetry, (Fh*10), and large mix-
ing @ tan22u;O(1)#. For Fh;2, the minimal width condi-
tion is fulfilled for large production epochs,z*8, and some
effects of adiabatic conversion may be seen atz*15.

From the above considerations, it appears that for reali
parameters a flavor transition of neutrinos occurs either

FIG. 3. The minimum width, resonance, and adiabaticity con
tions in thez-Fh plane forna2ns conversion. The solid lines are
iso-contours of adiabaticity, i.e., of the quantityxR /tan22u ~num-
bers on the curves!. The dashed lines are iso-contours of resonan
i.e., of the ratioE0 /(Dm2 cos 2u); the values are given on th
curves in units of 1030 eV21. The minimum width condition is
satisfied in the shadowed region.
6-10
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to vacuum oscillations modified by matter effect or by
interplay of oscillations and nonadiabatic conversion.

C. The conversion probability

Let us consider neutrinos produced at a given epocz
with a certain flavorna and propagating in the expandin
Universe with a given constant asymmetryh.

We find thena2ns conversion probability by numerica
solution of the evolution equation for two neutrino spec
with the Hamiltonian in the flavor basis (na ,ns):

H5S 2
Dm2

2E~z!
cos 2u1V~z!

Dm2

4E~z!
sin 2u

Dm2

4E~z!
sin 2u 0

D , ~64!

whereE(z) andV(z) scale according to Eq.~45!.
As discussed in Sec. IV B~see Fig. 3!, the dynamics of

flavor transformation depends on the production epochz, the
resonance epoch,zR , which depends onE0 /Dm2, and on the
value of the adiabaticity parameter at resonance,xR . Figure
4 illustrates the real time evolution of the neutrino states
sin22u50.5 and differentz,zR ,xR , which represent differen
regimes of conversion.

The solid curve corresponds to production much bef
the resonance epoch:z.zR56.8 and weak adiabaticity
breaking in the resonance,xR.4.3. The dominating proces
is the adiabatic conversion which occurs in the resona
epoch, tR /t0.0.05. The averaged transition probability
close to what one would expect for the pure adiabatic ca
Pad512sin2u50.85. Weak adiabaticity violation leads t
the appearance of oscillations att.tR .

The dashed curve corresponds to production close to r
nance,z*zR54.2, and strong adiabaticity violation in th
resonance:xR.1.2. The dominating process is oscillatio
in matter with resonance density. At production the mixing
almost maximally enhanced, sin22um.1. The change of mat
ter density leads to a slight increase of the average con

FIG. 4. Thena2ns conversion probabilityP(t) as a function of
time. We have taken sin22u50.5 and three different choices o
E0 /Dm2 ~in units of 1030 eV21), production epochz, andFh. The
time t is given in units of the age of the Universe,t0.
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sion probability with respect to sin22um/2. The decrease o
density is fast: the typical scale of density change is sma
than the oscillation length, so that maximal depth oscillatio
do not have time to develop.

The dotted line shows the same type of regime with str
ger adiabaticity violation in resonance. The depthD of oscil-
lations is smaller, and the average conversion probabilit
close toD/2.

For further illustration, in Fig. 5 we show the evolution
the case of good adiabaticity. Different curves correspond
different production epochs:~i! before resonance,z.zR ; ~ii !
at resonance,z5zR ; ~iii ! after resonance,z,zR .

Figures 6 and 7 show similar sets of curves in the case
moderate and strong violation of adiabaticity.

Let us consider the properties of the conversion proba
ity P(na→ns) for neutrinos produced at epochz and arriv-
ing at Earth at the present epoch,z50. The probabilityP
depends onz, on the productFh, on the energy and mass
squared difference in the ratioE0 /Dm2, and on the mixing

FIG. 5. Thena2ns conversion probabilityP(t) as a function of
time in the regime of good adiabaticity~see Fig. 3!. We have taken
production epochsz earlier, simultaneous and later than the res
nance epochzR . Here sin22u50.5, Fh514, and E0 /Dm251.8
31028 eV21. The timet is given in units of the age of the Universe
t0.

FIG. 6. The same as Fig. 5 for the regime of moderate break
of adiabaticity. Here sin22u50.5, Fh510, and E0 /Dm251.73
31029 eV21.
6-11
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angle u: P5P(z,Fh,E0 /Dm2,u). As follows from Figs.
4–7, the probability is a rapidly oscillating function ofz, and
also ofE0 /Dm2. We averagedP over the energy resolution
interval DE0.E0 according to Eq.~51!. The interpretation
of the numerical results can be easily given using thez-Fh
diagram of Fig. 3.

In Fig. 8, we show the dependence of the convers
probability on the production epochz for different values of
Fh and fixedE0 /Dm2 and sin22u. The curves withFh.0
represent the resonance channel. Forz&1, both vacuum os-
cillations and matter conversion probabilities have oscil
ing behavior. Forz*2, oscillations are averaged out, so th
the vacuum oscillation probability converges to sin22u/2.7 A
substantial (;10%) deviation from the vacuum oscillatio
probability due to matter effect starts atz.1 for Fh.10
and atz.3 for Fh.2.

For Fh.6210 andz.425, neutrinos are produced a
densities much higher than the resonance density and
cross the resonance atz5222.5. The adiabaticity is broken
in the resonance, however above the resonance the prop
tion can be adiabatic. For higher asymmetry,Fh*10, the
adiabaticity starts to be broken near the resonance, so tha
original flavor statena.n2m will evolve to n2m

R .(na

1ns)/A2. Thus, we haveP. 1
2 . With the decrease ofz, the

initial state will deviate fromn2m and the conversion prob
ability becomes smaller. With the decrease ofFh, the adia-
baticity starts to be violated earlier~before resonance!, so
that the transition probability decreases.

For negative values ofFh ~or for antineutrinos!, the mat-
ter effect suppresses the mixing and, as a consequence
conversion effect. However, the suppression effect is wea
than the enhancement in the resonant channel.

Notice that forFh.10 andz.5 the matter effect can
change the vacuum oscillation probabilityPv by a factor of
2:

7Notice that partial averaging exists already at smallz due to our
integration overDE0. For this reasonP does not reach its maxima
possible valuePmax5sin22u.

FIG. 7. The same as Fig. 5 for the regime of strong breaking
adiabaticity. Here sin22u50.5, Fh56, and E0 /Dm254.631030

eV21.
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~P2Pv!/Pv.1. ~65!

For z.2 andFh.10, the deviation can reach;40% and it
equals;20% for Fh.2.

In Fig. 9, we show the dependence of the survival pro
ability, 12P, on E0 /Dm2 for production epochz53,
sin22u50.5, and various values ofFh. Oscillations are aver-
aged forE0 /Dm2&331030 eV21; the averaging disappear
at E0 /Dm2;1032 eV21, when the oscillation length ap
proaches the size of the horizon~see also Sec. III B and Fig
2!.

The matter effect increases withE0 /Dm2. For E0 /Dm2

&531030 eV21, the resonance epochzR @see Eq.~59!# is
earlier than the production epoch of the neutrinos. Thus
neutrinos do not cross the resonance and the matter effe
realized mainly in the epoch of neutrino production, wh
the potential~54! was larger~see Fig. 4!. The value of the
effect is determined by the mixing in matter at the product
time. With the increase ofE0 /Dm2, the resonance epochzR

FIG. 8. Thena-ns conversion probabilityP as a function of the
production epochz for various values ofFh. From the upper to the
lower curve: Fh520,10,6,2,0,22,26,210,220; the dotted line
represents the vacuum oscillations probability (Fh50). We have
taken sin22u50.5 andE0 /Dm251031 eV21.

FIG. 9. The survival probability 12P(na2ns) as a function of
the ratioE0 /Dm2 for various values ofFh. From the upper to the
lower curve: Fh5220,210,26,22,0,2,6,10,20; the dotted line
represents the effect of vacuum oscillations (Fh50). We have
taken sin22u50.5 and production epochz53.

f
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approaches the production epoch~see Fig. 3!. As a conse-
quence, the mixing at production, and therefore the ma
effect, increase. The maximal matter effect is achieved
energies for which the resonance condition is fulfilled at
production epoch or slightly later~notice that the adiabaticity
is strongly broken at resonance!. For z.3, this occurs in the
interval E0 /Dm2.103121032 eV21. For z.5, maximal
matter effect is realized atE0 /Dm2.(527)31030 eV21

~Fig. 10!.
In Fig. 11, we show the dependence of the matter eff

i.e., the differenceP2Pv , on the quantityFh for various
values of the mixing angle. For the parameters used in
plot the neutrinos are produced close to the resonance
the adiabaticity is strongly violated in the resonance. T
matter effect can be estimated as the deviation of the ju
probability from 1:

12PLZ.12exp~2pxR/2!. ~66!

In our casexR!1, so that the matter effect is proportional
Fh:

FIG. 10. The survival probability 12P(na2ns) as a function of
the ratioE0 /Dm2 for various values of the production epochz. We
have taken sin22u50.5 andFh56.

FIG. 11. The deviation with respect to the vacuum oscillat
probability, P(na2ns)2Pv as a function of the productFh for
various values of sin22u. We have taken production epochz53 and
E0 /Dm251031 eV21.
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2
xR}Fh tan22u, ~67!

according to Eq.~62!. This explains the linear increase of th
matter effect withh andF.

In Fig. 12 we show the dependence ofP2Pv on the
mixing parameter sin22u for different values of the ratio
E0 /Dm2 and fixed production epochz53 andFh56. The
neutrinos are produced in the resonance epoch or afte
depending on their energy. For small mixing, the matter
fect is proportional to the mixing parameter sin22um at the
production time. This explains the linear increase of the
fect with sin22u (sin22um}sin22u) and with E0 /Dm2 ~for
E0 /Dm2;1031 eV21, the production epoch coincides wit
the resonance one!. For maximal mixing, sin22u51, the av-
erage probability takes the valueP5 1

2 independently of
adiabaticity violation@27#. Therefore, in this caseP2Pv
50. The maximum deviation from the vacuum oscillatio
effect is realized at sin22u.0.65.

V. CONVERSION EFFECTS ON DIFFUSE NEUTRINO
FLUXES

The results we have discussed in Secs. III B and IV
describe the conversion effect for a beam of neutrinos p
duced by a single source at a certain epochz. Presently, the
possibilities of detection of neutrinos from single sources
limited to objects with redshiftz!1. For these neutrinos, n
substantial effect is expected.8 There is a hope, however, t
detect the diffuse~integrated! neutrino flux which is pro-
duced by all the cosmological sources. For this flux, ma
effects can be observable.

In what follows, we will calculate the ratio
Fa(E0)/F0

a(E0), whereFa(E0) andF0
a(E0) are the presen

diffuse fluxes of neutrinos of given flavor,na , and a given

8Some effect can appear due to conversion in halos of gala
and of clusters of galaxies@28#.

FIG. 12. The deviation with respect to the vacuum oscillati
probability, P(na2ns)2Pv , as a function of sin22u, for various
values ofE0 /Dm2 ~in units of 1030 eV21). We have taken produc
tion epochz53 andFh56.
6-13
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energy,E0, with and without conversion. The ratio can b
written as

Fa~E0!

F0
a~E0!

512 P̄a~E0!, ~68!

whereP̄a is the averaged transition probability:

P̄a~E0![
1

F0
a~E0!

E
0

zmaxdF0
a~E0 ,z!

dz
Pa~E0 ,z!dz. ~69!

HerePa(E0 ,z) is the transition probability for neutrinos pro
duced in the epochz, which has been discussed in Secs. III
and IV C. The quantitydF0

a(E0 ,z) is the contribution of the
neutrinos na produced in the interval@z,z1dz# to the
present flux in the absence of oscillations.

We first derive the general expression for the differen
flux dF0

a(E0 ,z). Let f (E) be the flux of neutrinos generate
by a single source. Then the total number of neutrinos p
duced in the unit volume in the time interval@ t,t1dt# with
energy in the interval@E,E1dE# can be written as

f ~E!n~ t !dEdt, ~70!

wheren(t) is the concentration of sources in the epocht. The
contribution of these neutrinos to the present flux equals

dF0
a~E0 ,z!5

c

4p
f ~E!n~ t !~11z!23

dE

dE0
dt, ~71!

where c is the speed of light and the factor (11z)23 ac-
counts for the expanding volume of the Universe. Trans
ring from t to z variable, we get

dF0
a~E0 ,z!5

3ct0
8p

f ~E!n~z!~11z!211/2
dE

dE0
dz. ~72!

The relation between the energyE and the present neutrin
energyE0 includes, in general, effects of energy losses a
of redshift. Neglecting absorption, we havedE/dE05(1
1z). The density of sources,n(z), can be expressed in term
of the comoving densitync as n(z)5(11z)3nc(z). Notice
that nc5const if the number of sources in the Universe
constant in time. Thus, the evolution of sources is descri
by the dependence ofnc on the redshiftz.

In terms ofnc andE0, we get finally

dF0
a~E0 ,z!5

3ct0
8p

f „E0~11z!…nc~z!~11z!23/2dz.

~73!

InsertingdF0
a(E0 ,z) in Eq. ~69!, we find

P̄a~E0!5
1

F0
a~E0!

3ct0
8p E f „E0~11z!…nc~z!~11z!23/2

3Pa~E0 ,z!dz, ~74!

andF0
a(E0) is given by the same expression withPa51.
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In what follows, we will calculate the survival probabilit
12 P̄a for various possible sources of high-energy neutrin
assuming certain forms for the produced fluxf (E) and the
concentration of sourcesnc .

A. Conversion of neutrinos from AGN and GRBs

There is evidence that cosmological sources such
GRBs and AGN were more numerous in the past. In parti
lar, the density of GRBs evolved as@29#

nc~z!}H ~11z!3, z<zp

~11zp!3, zp,z<zmax

;0, z.zmax,

~75!

wherezp is estimated to bezp.122 @29#. The energy spec-
trum of neutrinos from GRBs scales as a power law@30#:

f ~E!}
1

E2
5

1

E0
2~11z!2

. ~76!

Combining Eqs.~75! and ~76! with Eq. ~74!, we find the
averaged probability,

P̄a~E0!5
1

Np
F E

0

zp
~11z!21/2Pa~E0 ,z!dz

1E
zp

zmax
~11z!27/2Pa~E0 ,z!dzG , ~77!

where the normalization factorNp is given by the expression
in square brackets withPa51. According to Eq.~77!, the
contribution of the recent epochs to the present flux is
hanced in spite of the larger number of sources in the p
This leads to suppression of the matter effects, which
more important at largez.

Figure 13 shows the averaged survival probability,

FIG. 13. The averaged survival probability forna-ns channel,

12 P̄a , as a function of the ratioE0 /Dm2 for the diffuse flux of
neutrinos from GRBs. The curves correspond to various value
Fh. From the upper to the lower curve:Fh5220,210,26,
22,0,2,6,10,20; the dotted line represents the effect of vacuum
cillations (Fh50). We have taken sin22u50.5.
6-14
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HIGH-ENERGY NEUTRINO CONVERSION AND THE . . . PHYSICAL REVIEW D 64 073006
2P̄a , for the na-ns conversion channel, as a function
E0 /Dm2 for different values ofFh. We have takenzp52
andzmax55. The averaged probability is rather close to t
nonaveraged one~see Fig. 8! for neutrinos produced atz
.zp52. Indeed, the contribution to the flux from the earli
epochs,z*zp , is strongly suppressed, according to Eq.~77!.
The integration overz leads to some smoothing of the osc
latory behavior of the probability. The deviation of the rat
Fa(E0)/F0

a(E0) from its vacuum oscillation value can reac
;25%. Maximal effect is realized forFh.20 in the reso-
nance intervalE0 /Dm2;(125)31031 eV21. For Fh.2,
the effect is about 3–4 %.

For conversion between active flavors, the results
shown in Fig. 14: the deviation of the survival probabili
from the value given by vacuum oscillations can be as la
as;10% for large asymmetry,Fh*10, and high energies
E0 /Dm2*1032 eV21, for which the matter-induced oscilla
tion phaseFmatt dominates over the vacuum oscillatio
phaseFvac.

The astrophysical data about AGN indicate that the dis
bution of these objects has a maximum atz;2 @31#, with a
rapid decrease of the concentration withz. The power law
f (E)}E22 is a good approximation for the most energe
part of the spectrum@32#. For these reasons, in the case
AGN the results are similar to those discussed here for n
trinos from GRBs.

B. Conversion of neutrinos from heavy particle decay

Very heavy particles, with mass of the order of the gra
unification scale, are supposed to be produced in the U
verse by topological defects, e.g., in monopole-antimonop
annihilation, cosmic strings evaporation, etc.@2#. These par-
ticles would then decay very quickly, with lifetimet!t0,
into leptons and hadrons. Neutrinos may be produced
rectly, as primary decay products, and/or as secondary p
ucts from decays of hadrons.

Let us calculate the contribution of the neutrinos produc
in the epochz to the present flux:dF0

a(E0 ,z)/dz. In assump-

FIG. 14. The averaged survival probability forna-nb oscilla-

tions, 12 P̄a , as a function of the ratioE0 /Dm2 for the diffuse flux
of neutrinos from GRBs. The curves correspond to various va
of Fh. We have taken sin22u50.5.
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tion of very fast decay of the heavy particle,X ~so that the
production epochs ofX and of the neutrinos coincide!, we
can write the total number of neutrinos produced in the u
volume in the time interval@ t,t1dt# with energy in the in-
terval @E,E1dE# as

dnX~ t !

dt

dNn

dE
dtdE, ~78!

wherednX(t) is the number ofX particles produced in the
interval @ t,t1dt# in the unit volume, anddNn is the number
of neutrinos in the energy interval@E,E1dE# produced by a
single particleX. The contribution of the neutrinos produce
in the epocht, Eq. ~78!, to the present neutrino flux is

dF0
a~E0 ,z!5

c

4p

dnX~ t !

dt

dNn

dE
~11z!23

dE

dE0
dt, ~79!

where we have taken into account the expansion of the U
verse. In terms of the redshiftz, we get

dF0
a~E0 ,z!5

3ct0
8p

dnX

dt
~z!

dNn

dE
~E0~11z!!~11z!29/2dz,

~80!

where we used also the relationE5E0(11z).
The production rate of theX particles can be written as

dnX~ t !

dt
}t241p}~11z!62(3/2)p, ~81!

where p51 for monopole-antimonopole annihilation an
cosmic strings@33# and p52 for a constant comoving pro
duction rate.

For the fragmentation function of neutrinos, we take
power law:

dNn

dE
}Ea5E0

a~11z!a. ~82!

If the neutrinos are produced mainly by hadronic decays,
fragmentation function has a polynomial form@34#. The
leading term of the polynome gives the expression~82! with
a52 3

2 .
Inserting the expressions from Eqs.~80!, ~81!, and ~82!

into Eq. ~69!, we get

P̄a~E0!5
1

Np
E ~11z!62(3/2)p1aPa~E0 ,z!dz, ~83!

and forp51 anda52 3
2 ,

P̄a~E0!5
1

Np
E ~11z!23/2Pa~E0 ,z!dz. ~84!

HereNp is a normalization factor.
We perform the integration~84! starting from the absorp

tion epochzabs. The contribution of the neutrino flux pro

s
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C. LUNARDINI AND A. YU. SMIRNOV PHYSICAL REVIEW D 64 073006
duced atz*zabs is very small due to absorption.9 The domi-
nant absorption processes aren-n and n- n̄ interaction with
the neutrino background. The absorption epoch is given

11zabs5Fdabs

dU
11G2/3

, ~85!

wheredU is given in Eq.~7! anddabsis the absorption width,
which depends on then2n energy squared in the center
mass,sZ @see Eq.~38!#. Taking, for instance,E&1022 eV and
mn&0.05 eV, we havesZ&0.1, and the corresponding ab
sorption width isdabs*1.531034 cm22 @26#. With this value
andh.10, Eq.~85! giveszabs.50.

In Fig. 15, we show the averaged survival probability
2P̄a for na2ns conversion channel, as a function
E0 /Dm2 for different values ofFh. One can see that, in
contrast with the case of neutrinos from GRBs, the deviat
of the ratioFa(E0)/F0

a(E0) from the value given by vacuum
oscillation is significant~larger than;10%) in a wide range
of energies:E0 /Dm2.102621032 eV21.

For a given value ofE0 /Dm2, the matter effects are de
termined by the corresponding resonance epoch,zR , and
adiabaticity in resonance. ForE0 /Dm2&1029 eV21, the reso-
nance was realized atzR*10, when the adiabaticity condi
tion was fulfilled ~see Fig. 3!. Therefore, the matter effect
are dominated by resonant adiabatic conversion, which
curs for neutrinos produced atz.zR;10. As discussed in

9Clearly, the energy of the neutrinos at production cannot exc
the mass of the parent particle,X. This gives a further constraint o
the upper integration limit: 11zmax&mX /E0. Stronger bounds can
be found in some specific production mechanisms: taking, for
stance,X→p1p2 and subsequent production of neutrinos by pi
decay, one gets 11zmax&0.2134mX /E0 @35#. For E0&1022 eV and
mX;1016 GeV, this gives the constraintzmax&200, which is weaker
than the one given by absorption.

FIG. 15. The averaged survival probability forna2ns channel,

12 P̄a , as a function of the ratioE0 /Dm2 for neutrinos from the
decay of heavy relics. The curves correspond to various value
Fh. From the upper to the lower curve:Fh5220,210,26,
22,0,2,6,10,20; the dotted line represents the effect of vacuum
cillations (Fh50). We have taken sin22u50.5.
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Sec. IV C, these neutrinos undergo almost total convers
~see Fig. 4!, however their contribution toP̄a is suppressed
according to Eq.~84!.

For E0 /Dm2*1029 eV21, the resonance is realized atzR
&10, when the adiabaticity is broken~Fig. 3!, so that the
matter effect is mostly due to nonadiabatic conversion a
oscillations in the production epoch.

The maximal effect is realized in the intervalE0 /Dm2

.10292531031 eV21; the relative deviation of
Fa(E0)/F0

a(E0) with respect to the vacuum oscillation
value equals;10% for Fh52 and can be as large as 50%
for Fh520.

Figure 16 shows the average survival probability,
2P̄a , for active-active conversion. We see that, similarly
what was discussed for neutrinos from GRBs, a substan
(;15%) matter effect requires large asymmetry,Fh*10,
and very high energies,E0 /Dm2*1032 eV21, for which the
matter contribution to the oscillation phase is dominant.

VI. OBSERVABLE EFFECTS

Let us consider the experimental signatures of matter
fects on neutrino propagation. The observable effects dep
on the specific scheme of neutrino masses and mixings
on the initial flavor composition of the neutrino flux.

A. Conversion of cosmic neutrinos and neutrino mass scheme

As follows from the analysis of Secs. V A and V B,
significant matter effect on active-active oscillations of hig
energy neutrinos requires

E0

Dm2
*1032 eV21. ~86!

This is the condition for which the matter-induced oscillati
phase,Fmatt, dominates over the vacuum one,Fvac ~see Sec.
III B !. For conversion into a sterile neutrino, the matter eff
is substantial in the ranges

d

-

of

s-

FIG. 16. The averaged survival probability forna –nb oscilla-

tions, 12 P̄a , as a function of the ratioE0 /Dm2 for the diffuse flux
of neutrinos from the decay of heavy relics. The curves corresp
to various values ofFh. We have taken sin22u50.5.
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E0

Dm2
*H 1030 eV21 for AGN, GRBs

1028 eV21 for heavy relics decay.
~87!

For E0&1021 eV, the conditions~86! and ~87! imply

Dm2&H 10211 eV2 for na2nb

1027 eV2 for na2ns .
~88!

For both the active-active and active-sterile channels,
mixing angle should be large enough and, forna –ns , not
too close to maximal~see Fig. 12!:

0.1& sin22u&0.95. ~89!

In the three neutrino schemes which explain the solar
atmospheric neutrino data, the effect can be realized
ne-nt /nm mixing and the vacuum oscillation~VO! solution
of the solar neutrino problem. If the LMA, the SMA, or th
LOW solution are confirmed, the effect of the medium
vacuum oscillations of cosmic neutrinos can be neglecte

In the presence of a sterile neutrino, the conditions~87!–
~89! can be realized in a number of situations. Oscillations
electron neutrinos into a sterile state,ne–ns , with Dm2

&10211 eV2 and mixing close to maximal represent a po
sible solution of the solar neutrino problem@36#. Another
possibility is to consider, e.g., the hierarchical mass spect
with m3;ADmatm

2 , m2;ADm(
2 , m1&1024 eV, and m0

,m1 so thatDm10
2 .m1

2&1027 eV2. In the simplest case, th
sterile state is mixed only in the lightest mass eigenstaten1
and n0. The mixing angle is only weakly restricted by th
solar neutrino data.10

B. Flavor composition of detected fluxes

Let us consider the numbers of eventsNa andNa
0 induced

in a detector by neutrinos of different flavorsa with and
without conversion, respectively. These quantities are de
mined by the present fluxesFa andF0

a ~see Sec. V!; if the
detector provides total energy reconstruction and opti
event selection, the flavor composition of the numbers
detected events coincides with that of the fluxes.

In what follows, we consider two possible types of flav
composition for the numbers of events in absence of con
sion.

~i! CP-symmetric:Na
05Nā

0 (a5e,m,t). As far as flavor
content is concerned, we take the normalized number
events:

~Ne
0 ,Nm

0 ,Nt
0!5~1,2,0!,

~90!

~Nē
0 ,Nm̄

0 ,Nt̄
0
!5~1,2,0!.

10No restriction exists forDm10
2 !10211 eV2; bounds follow from

the solar neutrino data forDm10
2 *10211 eV2 ~in this case the sola

neutrino data should be treated in a three-neutrino context!.
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Such a flavor composition is expected for neutrinos produ
by the decays ofp1 andp2 mesons, which in turn appear i
the processX→p1p2 ~see Sec. V B!.

~ii ! CP-asymmetric:Na
05” Nā

0 . We consider

~Ne
0 ,Nm

0 ,Nt
0!5~1,1,0!,

~Nē
0 ,Nm̄

0 ,Nt̄
0
!5~0,1,0!. ~91!

This flavor composition is realized for neutrinos produced
the scattering of highly energetic protons on a photon ba
ground, where thep1 decay gives the dominant contribu
tion. Thep-g interaction is supposed to be the main mech
nism of neutrino production in GRBs@30#.

Neutrinos of different flavors produced in the same dec
reaction (X or p decay! share the energy of the parent pa
ticle equally with good approximation. Therefore, the pr
duced fluxes of neutrinos and antineutrinos of different fl
vors have the same energy dependence, and, in the abs
of conversion, the ratiosNe

0/Nm
0 ,Ne

0/Nt
0 ,Nm

0 /Nt
0 are expected

to be energy-independent.
In the presence of vacuum oscillations the ratios of nu

bers of events are approximately independent of energ
two intervals:~i! E0 /Dm2&531030 eV21 ~see Figs. 13–15!,
where oscillations are averaged out;~ii ! E0 /Dm2*531032

eV21, where the vacuum oscillation phase is very small
equivalently, the vacuum oscillation length exceeds the s
of the horizon. In this case, the conversion probability
negligibly small and the ratios of numbers of events a
proach their values in the absence of oscillations.

The effects of vacuum oscillations are modified by t
interaction with the neutrino background. According to t
results of Secs. V A and V B we find that~a! the energy
dependence of the ratios of numbers of events in the inte
~i! would be a signal of active-sterile conversion with mat
effects,11 and ~b! the deviation of the ratios of numbers o
events in the interval~ii ! from the values expected in th
absence of conversion would indicate matter-affected act
active oscillations. Two elements, however, will make t
identification of the effect difficult: its appearance at ve
high energies, close to the end of the predicted spectr
ultrahigh-energy neutrinos, and the uncertainties on the
vor composition of the neutrino fluxes at production.

We notice an interesting aspect: the interaction with
neutrino background produces strongly different effects
active-active and active-sterile oscillations. Thus the obs
vation of such effects would neatly distinguish between
two channels. In particular, the observation of the charac
istics described in~a! would give an indication of the exis
tence of a sterile neutrino.

11If some difference exists in the energy dependences of the o
nal fluxes of neutrinos of different flavors, this would appear in t
total number of eventsNtot

0 5(aNa
0 , in contrast with the effect of

neutrino conversion. Thus, the energy dependence of ratios of n
bers of events due to matter effects can be distinguished.
6-17
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C. Ratios of numbers of events: Active neutrino mixing

For three neutrino flavors,ne ,nm ,nt , the relation be-
tween the numbers of eventsNa andNa

0 can be expressed a

NW n5PNW n
0 , ~92!

where

NW n
05~Ne

0 ,Nm
0 ,Nt

0!,
~93!

NW n5~Ne ,Nm ,Nt!,

andP is the matrix of conversion probabilities:Pab[P(na
→nb), (a,b5e,m,t).

As an example, we consider the scenario introduced
Sec. II B 1, in which the solar neutrino problem is solved
ne2nm /nt vacuum oscillations withDm(

2 5Dm21
2 .10211

eV2 and the atmospheric neutrino anomaly is explained
nm2nt oscillations with Dmatm

2 5Dm32
2 .1023 eV2. The

mixing matrix is given by Eq.~25!.
Since the values ofDm32

2 and Dm31
2 (Dm31

2 .Dm32
2 ) are

out of the range of sensitivity to matter effects~see Sec.
VI A !, the oscillations due toDm31

2 andDm32
2 are described

by the average vacuum oscillation probability. The neutr
background influences then12n2 system only. In these spe
cific circumstances, matter effects show up in the convers
of ne5cosun11sinun2 into the orthogonal staten85
2sinun11cosun2. We denote byP the corresponding two
neutrino conversion probability. Taking the maximal mixin
Q5p/4 in the matrix~25!, we find the conversion matrix:

P5S 12P P/2 P/2

P/2 1/22P/4 1/22P/4

P/2 1/22P/4 1/22P/4
D , ~94!

and an analogous expression for the matrix of probabili
for antineutrinos with the replacementP→ P̄, whereP̄ rep-
resents then̄e→ n̄8 conversion probability.

Taking theCP-symmetric flavor composition~90!, from
Eqs.~94! and ~92! we find that the conversion probabilityP
cancels in the expression of the numbers of events,Na .
Equal numbers of events for the three flavors are predic
independently of matter effects:NW n5NW n̄5(1,1,1).

For theCP-asymmetric composition~91! we obtain

NW n5~12P/2,1/21P/4,1/21P/4!,
~95!

NW n̄5~ P̄/2,1/22 P̄/4,1/22 P̄/4!.

Since the present detectors do not distinguish neutrinos f
antineutrinos, we consider the sums of the events induce
n and n̄. From Eqs.~95!, we find

NW n1NW n̄5~12P/21 P̄/2,11P/42 P̄/4,11P/42 P̄/4!.

~96!
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Two comments are in order. First, equal numbers of eve
induced by the muon and tau neutrinos are expected, with
dependence of ratios on matter effects: (Nm1Nm̄)/(Nt
1Nt̄)51. Conversely, matter effects are present in rat
involving the electron neutrino. Second, ifP5 P̄, the conver-
sion probability cancels in Eq.~96! and one getsNW n1NW n̄

5(1,1,1). This circumstance is realized in the absence
matter effects (Fh50) or in the extremely high-energ
limit, E0 /Dm2*1033 eV21, in which the asymptotic value
~50! for the conversion probability is realized~see also Fig.
2!. Therefore, the matter effect could be revealed by a de
tion from the equality of the numbers of events for the th
flavors in the narrow intervalE0 /Dm2.103221033 eV21 in
which P and P̄ are unequal and have significant deviati
from the vacuum oscillation probability.

Considering, for instance, the ratio ofe-like over non-
e-like events, we find

R[
Ne1Nē

Nm1Nm̄1Nt1Nt̄

5
12P/21 P̄/2

21P/22 P̄/2
. ~97!

The deviation ofR from its valueRp5 1
2 without oscilla-

tions is entirely due to matter effects and equals

R2Rp

Rp
.2

3

2
D, ~98!

whereD[(P2 P̄)/2. The relative deviation~98! amounts to
;15% for D.0.1. Similar conclusions are obtained fo
other ratios of numbers of events.

Results are different if the mixing angleQ in the matrix
~25! is not maximal. In the extreme caseQ50, the problem
reduces to two-neutrino conversion. In the limitE0 /Dm2

*1033 eV21, for both the compositions~90! and~91! we get

R2Rp

Rp
.

3

2
P, ~99!

where we consideredP. P̄. Taking P.0.1, the deviation
~99! equals;15%.

D. Extension to four neutrinos

An example of a four-neutrino scheme with sterile ne
trino, ns , was introduced in Sec. VI A: the sterile state
present in the two light mass eigenstates,n0 andn1, so that
in the basesnW a5(ns ,ne ,nm ,nt), nW i5(n0 ,n1 ,n2 ,n3) the
mixing matrix takes the form

U05S cf sf 0 0

2cusf cucf 2su 0

2susf /A2 sucf /A2 cu /A2 21/A2

2susf /A2 sucf /A2 cu /A2 1/A2

D ,

~100!

wherecf[cosf, sf[sinf, cu[cosu, su[sinu. The angle
f describes the mixing betweenns and the stateñ[cune
6-18



e
s
it

th
fe

is

HIGH-ENERGY NEUTRINO CONVERSION AND THE . . . PHYSICAL REVIEW D 64 073006
1sunm /A21sunt /A2. Analogously to the previous case, w
considerDm10

2 &1027 eV2 and all the other mass splitting
to be much larger than this value, so that the interaction w
the neutrino background affects the propagation of
n0–n1 system only. As a consequence, the matter ef
he

s
pa

os

by

07300
h
e
ct

modifies the anglef only; the changes ofu are negligibly
small. Again, the dynamics of the four-neutrino system
reduced to the evolution of the two statesns andñ. Introduc-
ing the conversion probabilityP[P(ns→ ñ), we find the
matrix of probabilities@see Eq.~92!#:
P5S 12P cu
2P su

2P/2 su
2P/2

cu
2P su

41cu
4~12P! su

2cu
2~12P/2! su

2cu
2~12P/2!

su
2P/2 su

2cu
2~12P/2! @11cu

41su
4~12P!#/4 @11cu

41su
4~12P!#/4

su
2P/2 su

2cu
2~12P/2! @11cu

41su
4~12P!#/4 @11cu

41su
4~12P!#/4

D . ~101!
.

the
cale

h-
the
ect
rge

ic
olar
es,
au
uili-
tic

n

the

ym-
tly

al-
pa-

ton

r-
r-
Taking theCP-symmetric composition~90! and assuming
that no sterile neutrinos are produced,Ns

050, from Eqs.
~101! and ~92! one gets the numbers of events:

NW n5~P,12cu
2P,12su

2P/2,12su
2P/2!,

~102!
NW n̄5~ P̄,12cu

2P̄,12su
2P̄/2,12su

2P̄/2!.

As in the three-neutrino case, we have (Nm1Nm̄)/(Nt
1Nt̄)51 independently of matter effects. Notice that in t
total numbers of eventsNW n1NW n̄ the conversion probabilities
appear in the combinationP1 P̄: since the matter effect
have opposite signs for neutrinos and antineutrinos, they
tially cancel in this quantity.

Introducing the deviation from the averaged vacuum
cillation probability,dP[P1 P̄22Pv , we compute the ratio

R[
Ne1Nē

Nm1Nm̄1Nt1Nt̄

5
12cu

2~Pv1dP/2!

22su
2~Pv1dP/2!

. ~103!

The relative deviation of this ratio from the value given
vacuum oscillations equals

R2Rv

Rv
.2

dP

2

cu
22su

2/2

~12su
2Pv/2!~12cu

2Pv!
. ~104!

TakingdP.0.1, su
2.cu

2.1/2, andPv.0.4, Eq.~104! gives a
deviation of;2%; the effect is larger,;10%, for smallu:
cu

2.1, su
2.0.

For theCP-asymmetric composition~91!, we get

NW n
05„P~cu

21su
2/2!,12su

2cu
22cu

2P~cu
21su

2/2!,

~11su
2cu

2!/22su
2P~cu

21su
2/2!/2,~11su

2cu
2!/2

2su
2P~cu

21su
2/2!/2…,

NW n̄
0
5„su

2P̄/2,su
2cu

2~12 P̄/2!,

@11cu
41su

4~12 P̄!#/4,@11cu
41su

4~12 P̄!#/4….
r-

-

For the ratio,R, of thee-like over non-e-like events, one gets

R2Rv

Rv
.2@d~12su

2/2!1 d̄su
2/2#F cu

22su
2/2

~12su
2Pv/2!~12cu

2Pv!G ,
~106!

whered[P2Pv and d̄[ P̄2Pv .
With the valuesd.0.1, d̄.20.05, Pv.0.4 and small

mixing, cu
2.1, andsu

2.0, the deviation~106! equals;15%,
similarly to the case ofCP-symmetric composition, Eq
~104!. The effect is smaller,;2%, for large mixing,su

2

.cu
2. 1

2 .
Our estimation, 10–15 % effect, gives some hope that

discussed phenomenon will be observed in future large-s
experiments with event rates;1000 events/year.

VII. CONCLUSIONS

We have studied matter effects on oscillations of hig
energy cosmic neutrinos. The only known component of
intergalactic medium which can contribute to such an eff
is the relic neutrino background, provided that it has la
CP ~lepton! asymmetry.

The mixing modifies the flavor composition of the rel
neutrino background. Considering atmospheric and s
neutrino-motivated mixings and mass-squared differenc
we find that, if large asymmetries in the muon and/or t
flavors are produced before the BBN epoch, they are eq
brated by the combined effect of oscillations and inelas
collisions, so thathm.ht . The asymmetry in the electro
flavor, he , can be equilibrated withhm and ht for Dm2

*1027 eV2. For Dm2&1027 eV2, ne-nm /nt oscillations are
suppressed by collisions and/or by the expansion rate of
Universe, thus leavinghe unchanged, at least until the BBN
epoch. At later epochs, oscillations develop and large as
metries in the muon and/or tau flavors can be efficien
converted intone asymmetry. Therefore, at present the v
ues of the asymmetries for the three flavors can be com
rable. This allows one to reconcile possible large lep
asymmetry in thene flavor at present,he;1, with strong
constraint onhe from nucleosynthesis. Active-sterile conve
sion is ineffective until the BBN or later, due the matte
6-19



th
re
ec
th

ve
co

b

rit

is

s
e
m
th
a

se
ca
th
e-
no
t

via-
—
e
nd
and

har-
iple
n-

cts
fer-
nce
nd

ino
of

nal

of
ew

gy

e-
ly,
ar-
olu-

C. LUNARDINI AND A. YU. SMIRNOV PHYSICAL REVIEW D 64 073006
induced suppression of thena –ns mixing.
The dynamics of high-energy neutrino conversion in

CP-asymmetric neutrino background has been conside
For conversion between active neutrinos, the matter eff
consist in a modification of the vacuum oscillation leng
The effect is significant for large mixing angle, sin22u*0.3,
and high energies,E0 /Dm2*531032 eV21, for which the
matter contribution to the oscillation phase dominates o
the vacuum oscillation one. In these circumstances, the
version probability can differ by;30% from the vacuum
oscillations value.

For active-sterile conversion, the matter effects can
important in the intervalE0 /Dm2*102821032 eV21, for
which the resonance condition is satisfied. For the majo
of realistic situations~with z&10, h&10), the adiabaticity
condition is broken. This implies that the matter effect
reduced to nonadiabatic level crossing or enhancement~sup-
pression! of mixing and therefore of the depth of oscillation
in the production epoch. The relative change of the conv
sion probability can be as large as 20–50 %. For extre
values of the asymmetry and large redshift of production,
adiabatic conversion can take place with almost maxim
conversion probability.

We calculated the effect of conversion on the diffu
fluxes of neutrinos produced by GRBs, AGN, and the de
of superheavy relics. For neutrinos from GRBs and AGN,
relative deviation of the flux due to matter effects with r
spect to vacuum oscillations can reach 20%. For neutri
from heavy particle decay, the effect can be larger, up
;40%.
et
B

d

d
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Possible signatures of matter effects consist in the de
tion of ratios of numbers of observed events
Ne /Nm ,Ne /Nt ,Nm /Nt—from the values predicted by pur
vacuum oscillations. Presumably, neutrino mixings a
masses will be measured in laboratory experiments
vacuum oscillation effects will be reliably predicted.

For conversion into a sterile state, one expects also a c
acteristic energy dependence of the ratios which in princ
will allow us to distinguish matter effects from the uncertai
ties in the flavor content of original neutrino fluxes.

For illustration purposes, we estimated observable effe
for two possible schemes of neutrino masses and two dif
ent flavor compositions of the detected fluxes in the abse
of conversion. In a scheme with three flavor states only a
parameters in the region of VO solution of the solar neutr
problem, we found that the deviation of ratios of numbers
events from their vacuum oscillation values can be;10%. A
similar conclusion is obtained for schemes with an additio
sterile neutrino.

Clearly, more work is needed to clarify the possibilities
observing the effect under consideration. In any case, n
large-scale detectors with relatively high statistics~;1000
events/year! are required.

The detection of matter effects on fluxes of high-ener
neutrinos would be evidence of largeCP ~lepton! asymme-
try in the Universe. As follows from our analysis, asymm
tries of orderh;1 can be probed in these studies. Clear
the observation of such a large asymmetry will have f
reaching consequences for our understanding of the ev
tion of the Universe.
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