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Nonsymmetric unified field theory. III. Solution for a point charge
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The field equations of a proposed nonsymmetric unified theory of gravitation and electromagnetism are
solved for a static and spherically symmetric point charge. The generalized electric field is nonlinearly related
to the Reissner-Nordstro¨m, Coulomb, field. It turns out to be finite everywhere, going to zero at the origin and
to a Coulomb value at large distances. The modification of Coulomb’s law is analyzed.
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Recently@1,2# we developed a metric nonsymmetric un
fied theory of gravitation and electromagnetism. The the
provides a version of Einstein’s unified theory@3# by modi-
fiying the Bonnor@4# and Moffat-Boal@5# unified theories.
The formulation is based on a modification of the Einst
part @3# of the Bonnor Lagrangian@4#. It is done in such a
way that the antisymmetric partg[mn] of the metric tensor
describes a propagating spin-1 field obeying Maxwe
vacuum equations in the flat space linear approximation, s
porting its identification with a generalized electromagne
field strengthFmn to within a constant, as proposed in Re
@4#; g[mn]5pFmn, where p is a universal constant. Th
Einstein-Maxwell theory appears to lowest order abou
general relativity curved space. By having the Maxwelli
behavior satisfied, the theory is shown@1# to be free of nega-
tive energy radiative modes even when expanded abo
Riemannian background space. It is also free@2# of ghost-
negative energy particles, in the sense of elementary par
theory, and of propagating tachyons.

In this paper we solve the field equations for a static a
spherically symmetric point charge, and analyze the equa
of motion of a charged test particle in this field. The vacuu
field equations are@1#

Umn2K (mn)50, ~1!

K [mn],a1c.p.50, ~2!

where c.p. stands for the cyclic permutation of the indic
m,n, anda, and

~A2gg[mn] ! ,n50. ~3!

Here

Umn5G (mn),s
s 2G (ms),n

s 1G (mn)
s G (sr)

r 2G (mr)
s G (sn)

r ~4!

contains only the symmetric part of the connection, and

Kmn5
1

p2 S g[mn]1gmag[ab]gbn1
1

2
gmng[ab]g[ab] D ~5!
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is the term@4# responsible for the electromagnetic effec
gab is the inverse ofgab defined bygabgas5ds

b . We also
have the relation

G (mn)
s 5

1

2
g(sa)~sma,n1sna,m2smn,a!

1
1

4
~g(ls)smn2dm

l dn
s2dn

ldm
s !S ln

s

gD
,l

, ~6!

wheresmn , symmetric and with determinants, is the inverse
of g(mn), defined byg(mn)smb5db

n .
The static and spherically symmetric metric tensor in p

lar coordinates is of the form

g005g~r !, g1152a~r !,

g2252r 2, g3352r 2sin2u, ~7!

g015v~r !52g10,

and all other components are equal to zero. In this coordin
system, for the electric field we have the identificationE
5F015p21v. The nonzero elements of the inverse mat
are g005Aa, g1152Ag, g2252r 225g33sin2u, and g015
2Av52g10, with A5(ag2v2)21. The nonzero compo-
nents of Eq.~5! are K005p22gv2A, K1152(a/g)K00,
K225K33sin2u52p22r2v2A, and K [01]5p22v(11Aag)5
2K [10] . From these last relations, we see that Eq.~2! is
identically satisfied. From the previous relations Eq.~3! can
be integrated to givevr 2(ag2v2)21/25pQ, where the con-
stant of integration has been sent equal top times the charge
of the source particle, for a reason to be discussed be
Then

v25ag
p2Q2

p2Q21r 4
. ~8!

We have calculated theU part of Eq.~1! before@6#, in the
context of a nonsymmetric theory of gravitation~pure gravi-
tation with no identification ofg[mn] to the electromagnetic
field tensor!, in terms of a parameterF that has to be re-
placed here bypQ. From the combination (a/g)U001U11
50, which results from Eq.~1! together with the relation
©2001 The American Physical Society01-1
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(a/g)K001K1150 quoted just above Eq.~8!, we obtain
@ ln(ag)#812p2Q2(r51rp2Q2)2150. This can be integrated t
give

ag5
1

S 11
p2Q2

r 4 D 1/2, ~9!

where the constant of integration has been fixed in suc
way that the relation goes into the Reissner-Nordstro¨m ~RN!
result,ag equal to 1, whenp vanishes. Substituting Eq.~9!
into Eq. ~8!, one obtains an expression forv2, which gives,
with a proper sign,

v5
pQr

~r 41p2Q2!3/4
. ~10!

This means that the electric fieldE5F015p21v is

E5
Qr

~r 41p2Q2!3/4
, ~11!

with the sign ofv in Eq. ~10! chosen in such a way that th
Coulomb field of the RN solution results whenp vanishes.
This is also the reason for the choice of the constant of in
gration made in obtaining Eq.~8!.

With the relation written just above Eq.~9!, Eq. ~1! for
m5n52 can readily be integrated fora. Choosing the con-
stant of integration to yield the RN solution whenp vanishes,
one obtains

1

a
511

p2Q2

r 4
2S 2M

r
1

Q2

r
H~r ! D S 11

p2Q2

r 4 D 3/4

,

~12!

whereM is the mass of the charged particle and

H~r !5E rdr

~r 41p2Q2!3/4
, ~13!

which goes to2r 21 when p vanishes. From Eqs.~9! and
~12! we finally obtain

g5S 11
p2Q2

r 4 D 1/2

2S 2M

r
1

Q2

r
H~r ! D S 11

p2Q2

r 4 D 1/4

.

~14!
06750
a

-

From Eq.~11! we see that the generalized electric field
finite in all space, vanishing at the origin and going to t
RN ~Coulomb! value at large distances. As anticipated
Ref. @2# for the general Einstein-Maxwell field, it is her
related nonlinearly to the RN~Coulomb! field Ec5Q/r 2. In
fact, E5Ec(11p2Ec

2)23/4.
Let us now analyze the modification of Coulomb’s law

the theory. The equation of motion of a test chargee and
massm was derived in Ref.@2#, Eq. ~5.5!,

dua

dt
1Cbg

a ubug5
ep

2m
aabK [bg]u

g, ~15!

whereua5dXa/dt is the velocity of the particle,aab is the
inverse of g(as) as defined byaabg(sb)5db

a , and Cbg
a

5 1
2 aas(g(bs),g1g(gs),b2g(bg),s) is the Christoffel symbol

formed with the symmetric part of the metric, withg(ab)
referring to the background non-Riemannian field where
test particle moves. Neglecting velocities and considering
spherically symmetric field of our point chargeQ, the equa-
tion for x15r reduces to

d2r

dt2
1

g8

2a
5

eQ

mr2

Ag

a S 11
p2Q2

2r 4 D S 11
p2Q2

r 4 D 23/4

.

~16!

Here use has been made of the relationu05g21/2, for null
velocities, and of the value ofK [10] , with the help of Eqs.~8!
and ~9!. The second term on the left-hand side of Eq.~16!
contains the Newtonian force and corrections to it. To obt
the situation of Coulomb’s law we shall neglect this ter
and for the effective electrical force on the right-hand s
we shall neglect the curvature contributions due toM andQ,
keeping only thepQ terms in Eqs.~12! and~14!; that is, we
shall set

1

a
511

p2Q2

r 4
5g2. ~17!

Then one can see that the modified Coulomb equation
motion is

d2r

dt2
5

eQ

mr2 S 11
p2Q2

r 4 D 1/2S 11
p2Q2

2r 4 D . ~18!

This could probably be used to determinep to some degree
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