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Standard model in the latticized bulk
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We construct the manifestly gauge invariant effective Lagrangian in 311 dimensions describing the stan-
dard model in 411 dimensions, following the transverse lattice technique. We incorporate split generation
fermions and we explore naturalness for two Higgs configurations: a universal Higgs vacuum expectation value
~VEV!, common to each transverse brane, and a local Higgs VEV centered on a single brane with discrete
exponential attenuation to other branes, emulating the split-generation model. Extra dimensions, with explicit
Higgs configurations, do not ameliorate the naturalness problem.
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I. INTRODUCTION

Recently we introduced the low energy effective Lagran
ian of an extra-dimensional Yang-Mills gauge theory
which gauge fields, fermions, and scalars propagate in
bulk @1,2#. The idea is to ask how an experimentalist wou
describe the first few Kaluza-Klein~KK ! modes of, e.g., the
gluon, seen in the detector in an effective Lagrangian in
11 dimensions. Hidden local symmetry implies a mu
larger gauge group than SU(3)QCD that is spontaneously bro
ken down to SU(3)QCD at low energies,@3#, but how should
such a model be wired together to emulate extra dimensio
We find that the solution to this problem is a generaliz
version of the transverse Wilson lattice of Bardeen, Pear
and Rabinovici@4#, where the key idea is to keep some d
mensions in the continuum and treat others on the latt
This leads to a local gauge invariant 311 effective Lagrang-
ian of the continuumd11 theory with a valid description o
it’s attendant KK modes in the infrared, all a consequence
universality. The theory is manifestly gauge invariant, ren
malizable, and can be viewed as a new class of mo
within 311 dimensions, with novel hidden internal symm
tries, dictated by the embedding constraints into extra dim
sions.

For example, QCD in the 411 bulk can be described b
a sequence of gauge groups with a common coupl
P i 50

N SU(3)i , with N chiral (3i ,3̄i 21) F i fields connecting
the groups sequentially@1#. This can be viewed as a Wilso
action for a transverse lattice inx5, and is shown explicitly to
match a compactified continuum 411 Lagrangian truncated
in p5 momentum space in the axial gauge. Power-law r
ning is driven by excitation of the KK modes with increasin
mass scale. The renormalization group is just that of a
11 theory with many thresholds and can be readily trea
with conventional threshold decoupling techniques@1#. We
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find that the transverse lattice is indistinguishable from
naive 411 running up to very large mass scales. We cal
this an ‘‘aliphatic’’ model, since it corresponds to a compa
tification between a pair of branes with the field streng
Gm5

a 50 on each brane.1 The aliphatic model is similar to the
orbifold construction and contains no undesirable ze
modes, such as massless Nambu-Goldstone bosons~NGB!
associated with zero modes ofA5

a components of the vecto
potential.

With periodic boundary conditions the spectrum
changed. The KK modes are doubled. However, in the p
odic case a zero mode corresponding to theA5

a vector poten-
tial component appears in the spectrum. As one elemen
the present paper, we will explicitly compare and contr
these two different choices of boundary conditions, howe
we will generally adopt the aliphatic structure throughout
avoid this spurious Nambu-Goldstone boson.

Our approach emphasizes that the transverse lattice
valid ‘‘completion’’ or renormalizable description of extr
dimensions within 311 dimensions. We argued that unive
sality allows us to write down any number of theories th
can do this, all yielding the same infrared behavior. T
transverse lattice is optimal, in our opinion, and can be
tended to any number of dimensions@1#. One can view the
transverse lattice as a Higgs boson~for links!, or gauged
chiral Lagrangian, and any of these descriptions will
equally valid@4#. Another example of a high energy compl
tion is the recent paper@2# which proposes a form of ‘‘tech-
nicolor’’ to engineer the effective description of 411 dimen-
sions. Note that by opening the closed moose diagram
Ref. @2# and removing one strong condensate, one obtains
aliphatic case, and removes the unwanted extra Nam
Goldstone boson.

Our approach can readily be extended to discuss a w
range of issues. One can readily construct a supersymm
transverse lattice, and one should be able to describe g
tational KK modes in this approach as well@5#. Topological

1The name follows the chemical nomenclature for hydrocarbo
aliphatic means ‘‘in a line.’’
©2001 The American Physical Society07-1
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and anomaly questions are also readily addressable, and
namical issues are also better under control, e.g., for
Nambu–Jona-Lasinio model in extra dimensions the pre
approach greatly simplifies and better defines that anal
@5#. This is relevant because extra dimensions are intri
cally strongly interacting theories at some high energy sc
Ms , ~this can be seen from perturbative unitarity constrai
in the 311 theory@1#! and this may play a fundamental ro
in electroweak symmetry breaking~EWSB! @6#. The present
paper is, in some regards, a warm-up exercise to return to
study of dynamical ~EWSB! in the transverse lattice
formalism.2

In the present paper we turn our attention to the full st
dard model. Our goal presently is not ambitious; rather th
constructing a new dynamics for EWSB, we wish to use
usual Higgs mechanism to describe the EWSB in the
standard model, and to understand the immediate rami
tions of extra dimensions from the point of view of the la
ticized effective Lagrangian.

This is a transverse lattice description of a standard mo
in 411 dimensions in which the gauge fields and fermio
and Higgs bosons all live in the bulk@6,7,9#. One simple and
immediate result is that the KK-modesgn , Wn and Zn are
seen to have a fine structure in their spectrum which follo
the mass spectrum of the observed standard modelg, W and
Z.

For the description of matter fields, we exploit the fa
that chiral fermions can always be engineered with arbitra
massive vectorlike KK modes~using the method as in Re
@8#!, so we need keep only the chiral zero modes. Indee
is an advantage of the 311 formalism that we can do this; in
a sense the chiral generations are put in by hand, but they
be localized, or split, arbitrarily throughout the bulk.

Presently we will discuss ‘‘split’’ inter-generations@9,10#,
but not the more esoteric split intra-generations@9#. The lat-
ter very interesting case raises anomaly questions tha
have not yet explored, but which are under current study@5#.
In the present paper we will consider the two cases of~i! a
Higgs boson which develops a common vacuum expecta
value ~VEV! on all branes, and~ii ! the split-generation
model in which we have a localized VEV and generati
hierarchy is explained by the ‘‘distance’’ a given generati
appears from the localized VEV. This has an elegant form
lation in the present mode, and indeed we find in the pres
approach that the split-generation model is more general
an extra-dimensional scheme and may be viewed as a
of generalized standard models in 311 dimensions.

In both Higgs VEV configurations we discuss naturalne
These two cases are extreme limits on the range of poss
ties. Unfortunately, it appears that extra dimensions can
solve the naturalness problem of the electroweak hierar
with a fundamental Higgs boson.

2Our construction is not intended for nonpeturbative computati
~at least not in the far infrared!.
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II. STANDARD MODEL EFFECTIVE LAGRANGIAN

A. Incorporation of QCD; 4 ¿1 boundary conditions
versus the 3¿1 model structure

We wish to describe the low energy effective Lagrang
of the standard model in 411 dimensions using the trans
verse lattice. We begin with the QCD content. The spectr
of KK modes is sensitive to the structure of the effecti
Lagrangian in 311, which in turn depends upon the glob
boundary conditions of the underlying 411 theory. First we
examine the simplest case, thealiphatic modelcorrespond-
ing to a linear system with free boundary conditions@1#.
Then we examine theperiodic modelin which we link the
zeroth andNth fields together with one extra link-Higg
field. These are distinct global systems with characteristic
distinct spectra. Which one occurs depends upon the deta
compactification scheme of nature.

Consider the pure gauge Lagrangian in 311 dimensions

LQCD52
1

4 (
i 50

N

Gimn
a Gimna1(

i 51

N

DmF i
†DmF i ~2.1!

in which we haveN11 gauge groups SU(3)i and N link-
Higgs fields,F i forming (3i ,3̄i 21) representations. The co
variant derivative is defined asDm5]m1 i g̃3( i 50

N Aim
a Ti

a .

The termg̃3 is a dimensionless gauge coupling constant t
is common to all of the SU(3)i local gauge symmetries. Th
physical observed low energy QCD coupling will beg3

}g3̃/AN11. Ti
a are the generators of thei th SU(3)i gauge

symmetry, wherea is the color index. Thus,@Ti ,Tj #50 for
iÞ j ; Ti

a annihilates a field that is singlet under the SU(3)i ;
when the covariant derivative acts uponF i we have a com-
mutator of the gauge part withF i , Ti

a† acting on the left and
Ti 21

a acting on the right; thei th field strength isGmn
ai

}trTai@Dm ,Dn#, etc.
A common renormalizable potential can be construc

for each of the link-Higgs fields

V~F j !5(
j 51

N

$2M2 Tr~F j
†F j !1l1 Tr~F j

†F j !
2

1l2„Tr~F j
†F j !…

21M 8@eiu det~F j !1H.c.#%.

~2.2!

We can always arrange the parameters in the potential s
that the diagonal components of eachF j develop a vacuum
expectation valuev, and the Higgs boson and U~1! pseudo
NGB ~PNGB! are heavy. Hence, we can arrange that eachF i
becomes effectively a nonlinear-s model field

F i→v exp~ if i
aTi

a/v !. ~2.3!

Thus, theF i kinetic terms lead to a mass-squared matrix
the gauge fields

(
i 51

N
1

2
g̃3

2v2~A( i 21)m
a 2Aim

a !2. ~2.4!s
7-2
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STANDARD MODEL IN THE LATTICIZED BULK PHYSICAL REVIEW D 64 065007
This mass-squared matrix has the structure of a nea
neighbor coupled oscillator Hamiltonian. It can be written
an (N11)3(N11) matrix sandwiched between the colum
vector A5(A0m

a ,A1m
a , . . . ,ANm

a ), and its transpose, a
ATMA, where

M5 1
2 g̃3

2v2S 1 21 0 ••• 0

21 2 21 ••• 0

0 21 2 ••• 0

•••

0 0 ••• 21 1

D . ~2.5!

We can diagonalize the matrix as follows. The gauge fie
Am

j can be expressed as real linear combinations of the m

eigenstatesÃm
n as

Am
j 5 (

n50

N

ajnÃm
n . ~2.6!

The ajn form a normalized eigenvector (aW n) associated with
the nth nÞ0 eigenvalue and has the following componen

ajn5A 2

N11
cosS 2 j 11

2
gnD , j 50,1, . . . ,N,

~2.7!

where gn5pn/(N11) and a051/AN11(1,1, . . . 1). The
mass terms take the form

Lmass5
1

2
g̃3

2v2(
j 51

N

~Aj 212Aj !
2 ~2.8!

52g̃3
2v2(

n50

N

sinS gn

2 D 2

~Ãn!2. ~2.9!

Hence the KK tower of masses is

Mn52g̃3v sinFgn

2 G , gn5
np

N11
, n50,1, . . . ,N.

~2.10!

Thus we see that for smalln this system has a geometric
KK tower of masses given by

Mn'
g̃3vpn

~N11!
, n!N ~2.11!

andn50 corresponds to the zero-mode gluon. To match
to the spectrum of the KK modes, we require

g̃3vp

~N11!
5

p

R
, ~2.12!

whereR is defined as the size of the fifth dimension comp
tified on the line segment with the boundary conditionGm5
50 ~equivalent to an orbifoldS1 /Z2). Hence, the aliphatic
06500
st
s

s
ss

:

n

-

system with SU(3)N11 andN F i provides a gauge invarian
description of the firstn KK modes by generating the sam
mass spectrum.

The zero mode theory is pure QCD with a massless glu
The zero-mode trilinear coupling constant isg3

5g̃3 /AN11 @1#. In a geometric picture, the aliphatic mod
corresponds to a ‘‘transverse lattice’’ description of a full
11 gauge theory@4#, where the 411 theory is compactified
between two parallel branes atx550 and x55R and the
boundary conditions on the branes areGm5

a 52G5m
a 50.

These boundary conditions insure that no vector gauge
variant field strength is ‘‘observable’’ on the branes. There
no A5

a zero mode~all of the N link-Higgs chiral fields have
been eaten to provide longitudinal components to the m
sive KK mode gluons!.

Of course, we can always make a periodic extension
the interval@0,R#. This leads to a Lagrangian in which w
haveN11 branes, henceN11 SU(3)i as before, but now,
N11 linking F i Higgs fields

L52
1

4 (
i 50

N

Gimn
a Gimna1(

i 50

N

DmF i
†DmF i . ~2.13!

We now have the additionalF0 which is a (3̄0,3N) represen-
tation linking the first SU(3)0 gauge group to the las
SU(3)N . The resulting gauge field mass-squared term
comes

(
i 51

N11
1

2
g̃3

2v2~A( i 21)m
a 2Aim

a !2, ~2.14!

where we identifyA(N11)m
a [A(0)m

a . Thus, the mass-square
matrix is now

M25
1

2
g̃3

2v2S 2 21 0 ••• 21

21 2 21 ••• 0

0 21 2 ••• 0

•••

21 0 ••• 21 2

D . ~2.15!

The diagonalization is now done with a complex represen
tion ~suppressing gauge and Lorentz indices; consideN
even!

Am
j 5 (

n52N/2

N/2

ajnÃm
n , ~2.16!

where now

ajn5
1

AN11
expS i2p

n j

N11D , j 50,1, . . . ,N.

~2.17!

Note with this definitionAj is periodic,A(N11)5A0. Reality
of Ai dictates thatÃn5Ã2n * . One thus obtains for the mas
matrix
7-3



t

le
in
-

n
ta
-

er

es

tic

th
il
n

d
m
v
th

e

er-
ur-

ng
al

im-

e

ed

m-

f

ds.
ire

CHENG, HILL, POKORSKI, AND WANG PHYSICAL REVIEW D64 065007
2g̃3
2v2 (

n52N/2

N/2

sin2S pn

N11D uÃnu2. ~2.18!

The spectrum is now

2g̃3v sinS pn

N11D , n50,1,2, . . . ,N/2. ~2.19!

We now require

g̃3v
~N11!

5
1

R
. ~2.20!

Hence, the periodic system with SU(3)N11 and N11 F i
provides a gauge invariant description of the firstn doubled
KK modes, generating the same mass spectrum as in
aliphatic case up to an overall scale factor of 2.@Note that if
N were odd the spectrum would include an additional sing
level with n5(N11)/2.] There remains the zero-mode
the spectrumn50, which is a singlet since the reality con
dition Ãn5Ã2n * implies that Ã0 is real. However, every
nonzeron corresponds to a degenerate doublet of levels.

The zero-mode theory of periodic boundary conditio
contains QCD with a massless gluon and a coupling cons
g35g̃3 /AN11. Now, however, there is an additional com
ponent: Since we added one extra link Higgs there is a z
mode chiral fieldf0

a which is not part of the normal low
energy spectrum of QCD. This field is a color-octet massl
Nambu-Goldstone boson~NGB! mode. It would bind with
qq̄ and with itself to produce exotic mesons. Most exo
would be a bound state of a gluon andfa. These exotic
states might be heavy, and could decay quickly to norm
hadrons, so it is unclear whether they are ruled out. In
case of the electroweak part of the standard model, sim
objects would also occur as light Nambu-Goldstone boso
and are likely problematic.

Since our present goal is to construct a low energy mo
that is the minimal standard model, we are therefore co
pelled to use the aliphatic boundary conditions to remo
these NGBs. Henceforth, throughout the remainder of
paper we will use the aliphatic constructions withN11
gauge fields andN link-Higgs fields.

B. Incorporating SU„2…LÃU„1…Y

We now consider the pure gauge Lagrangian in 311 di-
mensions

Lew52
1

4 (
i 50

N

Fimn
a Fimna2

1

4 (
i 50

N

FimnFimn

1(
i 51

N

DmF i8
†DmF i81(

i 51

N

Dmf i
†Dmf i . ~2.21!

Here we haveN11 copies of the SU(2)L3U(1)Y elec-
troweak standard model. Thus the gauge group
P i 50

N SU(2)iL3U(1)iY where Fimn
a (Fimn) is the

SU(2)iL „U(1)iY… field strength. TheN F i8 and f i are el-
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ementary scalars. TheF i8 carry SU(2) charges (1
2 i , 1

2 i 21
C ),

where C denotes charge conjugation, and thef i carry weak
hypercharges (Yi ,2Yi 21). These fields correspond to th
links of a transverse Wilson lattice in the fifth dimension,x5.

Note that we will ultimately specify thef charges to be
given by Yi5Y51/3 throughout. We must choosef i to
carry less than the smallest common unit of the weak hyp
charge of all components of the theory. This serves the p
pose of constructing the fermion links, as in mass-mixi
operators required for the CKM matrix, out of polynomi
operators involvingfp, not allowing fractional powers,p.
We cannot strictly use a product link,F̃5F8f, which is a
slight departure from the pure transverse lattice. In what
mediately follows we will writeY as a generic parameter.

We arrange potentials for theF i8 and f i so they each
acquire VEVs independent ofi. Hence, we can again arrang
that each field becomes effectively a nonlinear-s model

F i8→v2 exp~ if i
ata/2v2!, f i→

v1

A2
exp~ if i /v1!.

~2.22!

Thus, theF i8 and f i kinetic terms lead to a mass-squar
matrix for the SU(2) and U~1! gauge fields

(
i 51

N
1

2
g̃2

2v2
2~A( i 21)m

a 2Aim
a !21(

i 51

N
1

2
g̃1

2v1
2Y2~A( i 21)m2Aim!2.

~2.23!

The gauge fieldsAm
j can again be expressed as linear co

binations of the mass eigenstatesÃm
n as

Am
j 5 (

n50

N

ajnÃm
n ~2.24!

with ~in the aliphatic case!

ajn5A 2

N11
cosS 2 j 11

2
gnD , j 50,1, . . . ,N,

~2.25!

wheregn5pn/(N11). The mass eigenvalues are

Mn
(2)52g̃2v2sinFgn

2 G , Mn
(1)52g̃1v1Y sinFgn

2 G ,
gn5

np

N11
, n50,1, . . . ,N. ~2.26!

Thus we see that for smalln this system has a KK tower o
masses given by

Mn
(2)'

g̃2v2pn

~N11!
, Mn

(1)'
g̃1v1Ypn

~N11!
, n!N

~2.27!

andn50 again corresponds to the zero-mode gauge fiel
To match onto the spectrum of the KK modes, we requ
7-4
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g̃2v2

~N11!
5

g̃1v1Y

~N11!
5

1

R
. ~2.28!

The KK modes should have common values owing to geo
etry. Thus we require, for matching,

v2

v1
5

g̃1Y

g̃2

5Y tanuW . ~2.29!

This corresponds to an aliphatic system with SU(2)L
N11

3U(1)N11 and N F i8 and f i providing a gauge invarian
description of the firstn KK modes.

The zero modes of this pure gauge theory are descr
by the effective Lagrangian in 311 dimensions

Lgauge52
1

4
Fmn

a Fmna2
1

4
FmnFmn, ~2.30!

whereFmn
a (Fmn) is the SU(2)L „U(1)Y… field strength. The

physical SU(2)L (U(1)Y… gauge coupling constant isg2

[g̃2 /AN11, (g1[g̃1 /AN11) a consequence of using th
expansion of Eq.~2.24!. The fact that the physical couplin
constants are suppressed by;1/AN is just the classical vol-
ume suppression of the coupling in the (411)-dimensional
theory.

III. INCORPORATING ELECTROWEAK HIGGS FIELDS

We now introduceN11 Higgs fields,Hi each transform-

ing as (12 i) under SU(2)i @and singlet under SU(2)j j Þ i ],
and with weak hyperchargesYi51 ~and Yj50 j Þ i ). The
Lagrangian for the Higgs fields is

LHiggs5(
i 50

N

~DmHi !
†~DmHi !2M0

2uHi 11

2~F i 118 f i 11
3 /v1

3v2!Hi u22V~Hi !, ~3.1!

where we identifyHN1150 in the aliphatic case. Here w
have chosenY51/3, and thus thef3 link appears. Note tha
the second term is a latticized covariant derivative in thex5

direction. Purely from the point of view of the 311 theory it
is advantageous to rewrite Eq.~3.1! as

LHiggs5(
i 50

N

@~DmHi !
†~DmHi !22M0

2uHi u2

1l8~Hi 11~F i 118 f i 11
3 !Hi

†1H.c.!2V~Hi !#

1M0
2uH0u21M0

2uHNu2. ~3.2!

The last terms take care of the difference betweenH0 , HN

and Hi in the aliphatic case. Note thatl85M0
2/v1

3v2. The
theory now appears as a conventional 311 multi-Higgs
model with a system of mass terms and higher dimens
interactions with the link Higgs 2 models.
06500
-

ed

n

First we ignore the Higgs potentials, and we gauge aw
the chiral field components, soF i85v2 andf i5v1. We thus
have in Eq.~3.1! the nearest neighbor mass terms

LHiggs52(
i 51

N

M0
2uHi 212Hi u2 ~3.3!

which leads to the spectroscopy

Mn
254M0

2 sin2Fgn

2 G , n50,1, . . . ,N. ~3.4!

Matching onto the spectrum of the KK modes requires

M0

~N11!
5

1

R
. ~3.5!

The eigenfields are given by

H j5 (
n50

N

ajnH̃n ~3.6!

with the ajn as in Eq.~2.7!.
We now incorporate the Higgs potentials. We consid

presently a universal Higgs potential common to each br
i ~we will consider a nonuniversal configuration in the su
sequent section!

V~Hi !52m̃2Hi
†Hi1

l̃

2
~Hi

†Hi !
2. ~3.7!

The presence of the Higgs potential adds a common m
term 2m̃2(Hi

†Hi to each of theHi in the Lagrangian. This
modifies the eigenvalues

Mn
254M0

2 sin2Fgn

2 G2m̃2, n50,1, . . . ,N. ~3.8!

We see that2m̃2 is the mass for the zero mode. Hence t
zero-mode Lagrangian corresponds to the standard m
with a tachyonic Higgs of negative mass-squared2m̃2.

Let us go to mass eigenbasis and truncate on the
mode. Hence the zero-mode Higgs potential is

V~H̃0!52m̃2H̃0
†H̃01

l̃

2~N11!
~H̃0

†H̃0!2. ~3.9!

Notice the large suppression factor of the quartic interact
term, a consequence of the normalization of the zero-m
component of the Higgs field. This may be interpreted as
volume suppression of the quartic coupling constant in
extra-dimensional theory. Thus, we define the low ene
physical quartic coupling asl5l̃/(N11). The VEV of the
zero-mode Higgs,̂H̃0&5(v0 ,0)T, thus becomesv0

25m̃2/l

5(N11)m̃2/l̃. Substituting the zero-mode Higgs field wit
VEV, the zero-mode Higgs boson kinetic term becomes
7-5
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LHiggs5(
j 50

N

~DmH j !
†~DmH j !

→ 1

~N11! (
j 50

N US i g̃2Aj ,m
a ta

2
1 i g̃1Aj ,m

Y

2 D S v0

0 D U2

,

~3.10!

where the 1/(N11) comes from the zero-mode normaliz
tion. We can absorb it into renormalized physical couplin
g1 andg2

LHiggs→(
j 50

N US ig2Aj ,m
a ta

2
1 ig1Aj ,m

Y

2 D S v0

0 D U2

.

~3.11!

These terms may be rewritten in term ofW, Z, andg fields
on each brane

LHiggs5(
j 50

N

MW
2 Wj m

1 Wj m 21
1

2
MZ

2Zj mZj m. ~3.12!

The Wi and Zi fields are combined with the Nambu
Goldstone bosonspa. The combined fields are defined as

Wj m
6 5~Aj ,m

1 6 iA j ,m
2 !/A2,

g j ,m5sinu Aj ,m
3 1cosu Aj ,m ,

Zj ,m5cosu Aj ,m
3 2sinu Aj ,m

5
~ g̃2Aj ,m

3 2g̃1Aj ,m!

Ag̃1
21g̃2

2
, ~3.13!

whereg j ,m is a photon field, whileZj (Wj ,m) is a Z-boson
(W-boson! mode.

The massesMW and MZ are universal to all the SU(2
3U(1)’s, i.e., to all branes, and they are just the masse
the W andZ measured in the low energy theory

MW
2 5

g2
2v0

2

2
, ~3.14!

MZ
25

~g2
21g1

2!v0
2

2
, ~3.15!

whereg1 , g2, andv0 are measured at low energies.
Combining these expressions with the full KK mass fo

mula, we find that theW, Z, andg KK towers are given by

Mg
n 254M0

2 sin2
gn

2
, ~3.16!

MW
n25MW

2 14M0
2 sin2

gn

2
, ~3.17!

MZ
n25MZ

214M0
2 sin2

gn

2
. ~3.18!
06500
,

of

-

Each of the KK mode levels thus has a fine structure de
mined by the electroweak symmetry breaking.

IV. INCORPORATING FERMIONS

A. Chiral fermions

In 411 dimensions free fermions are vectorlike. Chir
fermion zero modes can be readily engineered. For exam
one can use domain wall kinks in a background field wh
couples to the fermion like a mass term. This can trap
chiral zero mode on the kink@8#. The magnitude of the kink
field away from the domain wall can be arbitrarily large,
the vectorlike fermion masses can be made arbitrarily la
and are not directly related to the compactification sca
This means that we need to be concerned at presentonly with
the chiral zero modes. That is, from the point of view of o
311 effective Lagrangian approach, if we are only inte
ested in the fermionic zero modes then we can simply inc
porate the chiral fermions by hand.

Consider one complete generation of left-handed qua
and leptons,l L , qL which are doublets under the specifi
SU(2)jL and carrying weak hyperchargesYl521, Yq52/3
under the U(1)jY ; the quarks carry color under SU(3)j ; the
fermions are sterile under all other gauge groupsiÞ j . Like-
wise, we have right-handed SU(2) singlets,l R , quR , and
qdR carrying weak hypercharges under the U(1)jY . Addi-
tional generations can be incorporated with additional fiel

The chiral fermions of a given generation can be placed
a unique brane, distinct from the others. One could go furt
and split members within a single generation. In a sense
latter approach would emulate the split-fermion construct
of Arkani-Hamed and Schmaltz@9#. It leads us into interest-
ing issues involving anomalies, and Wess-Zumino terms
the present formulation which we prefer to address e
where. We will emulate more closely the split family mod
@10#, as we will presently consider a complete anomaly fr
generation on any given brane.

Let us designate the branes which receive the generat
by j 5( j 1 , j 2 , j 3) thus the full fermionic Lagrangian become

Lfermion5(
j

~ l̄ j ,LD/ j l j ,L1q̄ j ,LD/ jqj ,L1 l̄ j ,RD/ j l j ,R

1q̄ j ,uRD/ jqj ,uR1q̄ j ,dRD/ jqj ,dR!, ~4.1!

where D/ j5gm(]m2 i g̃2Aj ,m
a ta/22 i g̃1Aj ,mY/2), and the

sum extends overj 5( j 1 , j 2 , j 3). The couplings to the zero–
mode gauge boson of e.g., the quarks, are therefore

L05(
j

~ q̄ j ,LD̃/ qj ,L1q̄ j ,uRD̃/ qj ,uR1q̄ j ,dRD̃/ qj ,dR!,

~4.2!

where D̃/ 5gm(]m2 ig2Ã0,m
a ta/22 ig1Ã0,mYc/2), in which

g1 andg2 are the physical gauge coupling constants.
In the preceding discussion we considered a unive

Higgs field in the bulk. This translated intoN11 Higgs

fields,Hi each transforming as (1
2 i) ~and singlet underj Þ i ,
7-6
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and with weak hyperchargesYi51 andYj50 j Þ i . This led
to the zero-mode gauge fields feeling a Higgs VEV of ord
mH

2 /l;(N11)mH
2 /l̃, which is the conventional standar

model result wherel is the physical~renormalized! low en-
ergy quartic coupling. Hence, one requires a tiny and unn
rally small Higgs boson mass,mH , to generate the elec
troweak symmetry breaking scale. The power law running
the couplingl̃ bringsl̃ at the fundamental high energy sca
(Ms) down to a low scalel5l̃/(N11). To match on to the
measured EW theory, one requires the mass squared in
Higgs potentialmH

2 &v0
2 which may be viewed as the prese

electroweak radiative bound, whencel&1. If one saturates
perturbative unitarity and assumesl̃;16p2 at Ms , then the
KK tower is bounded byN&16p2.

We would have expected that the natural scale for
Higgs mass is of order the fundamental scale of the the
Ms . Can we modify the approach to introducing the Higgs
such a way that the light Higgs boson becomes natural?
example, can we engineer a Higgs mass of orderMs

2/N by
judicious choice of the structure of the model?

One possibility is to assume that the Higgs potentia
nonuniversal, i.e., takes different values of it’s parameters
different values ofj. The simplest idea is to assume that
single Higgs on thekth brane has a large negative mas
squared;2mH

2 and the Higgs gets a VEV on that bran
only. This helps considerably, but does not alleviate the n
ralness problem. If̂Hk&;v then we get a gauge mass ter
g̃2(Ak)

2v2 where k is unsummed. HoweverAk5A0 /AN
1 . . . so again the zero-mode mass term becom
g̃2(A0)2v2/N ; g2A0

2v2. This requires thatv5v0, which
implies that on thekth brane the Higgs mass is given b

v0
25mH

2 /l̃. Note that now there is no large (N11) prefactor.

Using perturbative unitarity forl̃&16p2, we have an uppe
limit on mH;1 TeV ~the Lee-Quigg Thacker bound@11#!.
Thus, this localization of the Higgs allows us to raise t
scale of the Higgs boson somewhat. However, given that
typically wantN@1 we requiremH!Ms , so again we have
an unnatural situation. These are the two extreme limits
zero-momentum VEV and a localized~all momentum! VEV.

Despite the fact that the fundamental Higgs field is u
natural in these schemes, it is interesting to examine a l
cized version of the split-generation model. Thus we c
sider a model in which there is a strongly localized Hig
VEV @10#. We assign the Higgs VEVv0 only to the 0th
brane, then the zero-mode gauge fields acquire masse
order g̃2v0

2/N;g2
2v0

2.
The Higgs VEV exponentially attenuates away from t

localization point and fermions that are at various distan
from the localized VEV will receive different values. W
assume the same structure as in Eq.~3.1! where now the
Higgs potentials have ani-dependent mass term:

V~Hi !5Mi
2Hi

†Hi1
l i

2
~Hi

†Hi !
2. ~4.3!

For concreteness as an explicit example we choose
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Mi 50
2 52kM2, MiÞ0

2 51M2, l iÞ050, ~4.4!

wherek is a phenomenological parameter. The full Higg
only potential can be written

VHiggs52M̃2H0
†H01

l

2
~H0

†H0!21(
i 51

N

L2Hi
†Hi

2(
i 50

N

~M0
2Hi 11

† Hi1H.c.!, ~4.5!

where we identifyHN1150 (HN115H0) in the aliphatic
~periodic! case and thus

M̃25kM22M0
2, L25M212M0

2. ~4.6!

The equation of motion of theHi is, thus,

L2Hi5M0
2Hi 111M0

2Hi 21 ~ i>1! ~4.7!

which has the solutionHi 115eHi where

e5
L22AL424M0

4

2M0
2

. ~4.8!

If we substitute the solution back into the action of Eq.~4.8!
we see that we obtain

VHiggs52M̃2H0
†H01

l

2
~H0

†H0!22M0
2H0

†H1 ~4.9!

and we can thus minimize the potential on the zeroth br
as

^H̃0&5S v0

0 D , ~4.10!

wherev0
25MH

2 /l, H15eH0, andMH
2 5kM22M0

21eM0
2 .

We can substitute the full dynamical Higgs field into th
expression

H̃n5S v0n1hn /A2

0
D ~4.11!

and we have

v0n5env0 , hn5enh0 . ~4.12!

Now, we substitute into the kinetic terms of Eq.~3.2! to
obtain the dynamical Higgs field kinetic term

(
n50

N

~DmHi !
†~DmHi !→

1

2 F11 (
n51

N

e2nG ~]h!2.

~4.13!

We see that the dynamical Higgs field has a wave-funct
renomalization constant
7-7
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Z5F11 (
n51

N

e2nG5
12e2N12

12e2
. ~4.14!

Thus, the physical mass of the Higgs field becomes

mH
2 52MH

2 /Z. ~4.15!

The Higgs is strongly localized in the limitM0
2/L2→0. In

this limit e→0 and the only Higgs field receiving the VEV i
effectively H0. Then the zero-mode gauge masses are gi
by }g̃2v0

2/(N11);g2v0
2 and we see thatv0 is indeed the

electroweak VEV. Sincev0
2;MH

2 /l we see thatMH&1 TeV,
by perturbative unitarity,l&16p2. We furthermore see tha
the physical Higgs is heavy, asmH

2 ;2MH
2 /Z; TeV. In this

case,e;M0
2/L2!1 implies thatM2@M0

2. The most natural
way to generate the EW scaleMH

2 is thus to tune a cancel
lation betweenkM2 and 2M0

2 and use smalle to account
for the hierarchy betweenM0

2 and the EW scale.
On the other hand, we can delocalize the Higgs withe

→12h and h!1. Then we see thatZ→(N11). Now the
zero-mode gauge masses are given by}g̃2v0

2;(N
11)g2v0

2 and we see thatAN11v0 is the electroweak VEV.
This recovers the universal Higgs configuration described
Sec. III.

B. Localization and the split-generation model

Restoring the link-Higgs fields for gauge covariance,
nearest neighbor interactions generate a profile for the H

field of the formH j5P i 50
j (eF i8f i

83
/v2v1

3)H0, which is the

discretized version of the exponential attenuation inx5 away
from the sourceH(x5);exp(2Mux5u)H(0).

For diagonal masses we consider only the fermions pla
on a given brane. If there is a complete family of fermions
the j th brane, it is charged under SU(3)j3SU(2)j3U(1) j
only. We postulate a coupling to the Higgs fieldH j as

LYukawa5yl j l̄ j ,LH j
cl j ,uR1yu jq̄j ,LH jqj ,uR1yd jq̄j ,LH j

cqj ,dR

1H.c. ~4.16!

(Hc is the charge-conjugated Higgs field!. These fermions
thus acquire masses as^H j& becomes nonzero

→Lmass5yl j v0e j l̄ j l j1yu jv0e j ū juj1yd jv0e j d̄ jdj .
~4.17!

If we place the three fermion generations on different bra
j 1Þ j 2Þ j 3, the diagonal hierarchy between the families
generated through the suppression factorse j i @10#.

The off-diagonal terms in the mass matrix must be gen
ated to give a nontrivial CKM matrix. We specialize
quarks. This mixing now arises through higher dimensio
operators corresponding to the overlap of the wave functi
of the chiral zero-mode fermions localized on differe
branes
06500
n

in

e
gs
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n
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Lmixed5yu,i l q̄ j i ,LH j iS P l 5 j i11
j l

f̄ l
4

M f
4D qj l ,uR

1yd,i l q̄ j i ,LH j i

c S P l 5 j i11
j l

f l
2

M f
2D qj l ,dR . ~4.18!

We emphasize that the mass scaleM f is new, and is related
to the masses of the decoupled vectorlike fermions. T
above expression effectly mimics the overlapping of ferm
wave functions in the setup of split fermions@9,10#. The
suppressed off-diagonal mass terms are therefore

Lmixed5yu,i l v0~e8!4u j l2 j i ue j i ū j i ,Luj l ,R

1yd,i l v0~e8!2u j l2 j i ue j i d̄ j i ,Ldj l ,R1H.c.,

~4.19!

wheree85v/M f . In this manner a model of the CKM ma
trix can be generated.

We will not presently address the effective Lagrangi
and the phenomenology of the split generations in detai
present, in particular the problematic coupling to the K
modes. As a consequence of splitting, this is nonunive
and flavor-changing neutral current effects occur@12#. One
can live with these by raising the compactification ma
scale. Of course, at the end of the day we may view this a
(311)-dimensional model in which there are many mixin
interactions and higher dimension operators giving the h
archy. Perhaps we can discover new GIM symmetries to s
press such effects.

V. DISCUSSION AND CONCLUSION

In conclusion, we have given a description of the stand
model in the bulk as a pure (311)-dimensional effective
theory. One can in principle discard the notion of an ex
dimension and view this as an extension of the stand
model within 311 dimensions with extra discrete symm
tries. The connection to extra dimensions is made thro
the transverse lattice, and this may be viewed as a manife
gauge invariant low energy effective theory for an ext
dimensional standard model. Softening the link-Higgs fie
to dynamical Higgs fields leaves a renormalizable effect
Lagrangian~modulo certain higher dimension operators th
are involved in fermion mass and mixing angle physics!.

The larger gauge invariance needed to describe
modes in 311 may be viewed as a consequence of hidd
local symmetries required to make renormalizable theorie
spin-1 objects@3#. Alternatively, this is the expanding loca
gauge invariance in the bulk that appears as an extra dim
sion opens up.

In treating thef weak hypercharge link-Higgs fields w
have, strictly speaking, departed somewhat from the p
transverse lattice. In the chiral phase we could have u
fractional powers of af link with Y51 to propagate quarks
but we chose the present decomposition to maintain a p
nomial effective Lagrangian.

We do not, alas, gain insights into the problem of natur
7-8
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ness of the Higgs mass and electroweak hierarchy. M
issues remain, however, to be addressed in the context o
general transverse lattice approach to describing extra
mensions@5#. For example, how does a dynamical ele
troweak symmetry breaking scheme emerge in this desc
tion @6#? One thing we see immediately in this approach
the emergence of an embedding of QCD as in SU
→SU(3)3SU(3),etc. This is reminiscent of the structure
Topcolor @13#, and suggests that class of extra-dimensio
models in which the electroweak symmetry is broken d
namically @6#.

We view the transverse lattice approach as provid
powerful new insights into the construction of new exte
sions beyond the standard model within 311 model building.
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Many future applications to SUSY, gravity, topology, stron
dynamics, and grand unification are foreseeable.
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