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Quantum entropy of the Kerr black hole arising from gravitational perturbation
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The quantum entropy of the Kerr black hole arising from gravitational perturbation is investigated by using
the Null tetrad and 't Hooft's brick-wall model. It is shown that the effect of the graviton’s spin on the
subleading correction is dependent on the square of the spins and the angular momentum per unit mass of the
black hole, and the contribution of the logarithmic term to the entropy will be positive, zero, and negative for
different value ofa/r , .
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By comparing black hole physics with thermodynamics A straightforward way to get perturbation equations for
and from the discovery of black hole evaporation, Beken-gravitation is to insert the general metric just given into the
stein and Hawking 1,2] found that black hole entropy is Einstein field equations and then obtain linear equations for
proportional to the area of the event horizon, i%=Ay/4. the perturbation. But even in the simplest static and spheri-
This discovery is one of the most profound ones in blackcally symmetric case, to decouple the perturbation equations
hole physics. However, the issue of the exact statistical oriilnvolves considerable algebraic complexity. Therefore, in the
gin of the black hole entropy, i.e., what degrees of freedonfase where the background metric is stationary, the replace-

are counted by the entropy of black holes, has remained F€nt of spherical symmetry by axial symmetry means that to

challenging one. Recently, much effort has been concerd€couple the equations is no longer possible by this way.

, - Fortunately, there is an alternative approach to the problem,
trated on the problerf8—16]. 't Hooft [3] proposed a “brick- o ; .
wall” model (BWM) in which the black hole entropy is iden- Wh'.Ch IS prQV|d§d by the null tetrad formalism. In the foI-.
tified with the statistical-mechanical entropy arising from a'OV.V'”9= we first |r_1troduce the null tetrad to decouple gravi-
tational perturbation equations, then we seek the total num-

thermal bath of quantum fields propagating outside the horiz
zon. The BWM was used in the studies of the statistical ber of modes under proper gauge, and after that we calculate

. - . . ‘a free energy and the quantum entropy of the Kerr black
mechanical entropy arising from scalar fields for static blac 9y d Py

holes[3,6,12 and for stationary axisymmetric black holes 1 decouple gravitational perturbation equations in space-

[9]. The method also can be applied to calculate quanturgme of the Kerr black hole in the Boyer-Lindquist coordi-
entropy due to the electromagnetic field for the Reissnemgates ¢ r,0,¢), we introduce the null tetrad

Nordstran black hold 11] and for the general static spherical

isr;c\zjggtiblack hole§17]. Recently, by using the BWM, \/\[@8] _ 1A E(A, _s. 0, —aAsiro),
gated the effects of the spin of photons and Dirac par vTA

ticles on the entropies of the Kerr-Newman black hole.

It has been believed that a black hole can exist in thermal A ]
equilibrium with a heat bath possessing a characteristic tem- Nu= E(A* 3, 0, —aAsirfg),
perature distribution. The heat bath could cause the change
of the space-time geometry by back reaction. From the semi- -

classical Einstein equatior®,,—39,,R=(T,,), we know ml=— i[ia sing, 0, -3, —i(r?+a®sing],
that general metric can be approximately written ggs, V2

=g}, +9.,, whereg)), represents the classical background

space-time and;)ﬁ,, the disturbance. An interesting open —_ P P S
guestion is how the gravitational perturbation affects the en- M= \/5[ lasing, 0, =%, i(r*+a%sind],
tropy of the black holes. The purpose of this paper is to )

investigate the question by a concrete example, i.e., study the
quantum entropy of the Kerr black hdl&9] arising from the  here and hereafter the superscript “A” represents the unper-
gravitational disturbance by using the BWM. turbed values in the stationary space-timp=—(r
—iacosh)l, S=r2+a%cogh, A=(r—r,)(r—-r_), r.
=M=M?=2a? andr., M, anda represent the radius of
*Email address: jling@hunnu.edu.cn the event horizon, the mass, and the angular momentum per
"Email address: mlyan@ustc.edu.cn unit mass of the Kerr black hole, respectively. The nonvan-
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ishing unperturbed spin coefficients and components of thevhere\ , , and\ _, are separation constants, and
Weyl tensor of the Kerr black hole in the null tetréd) can

then be expressed §20,21] . J . i(r2+z';12)E—ma+2 r—Mm
_ "= ar A "
pA:_ i 1 BA:_L(M
r—iacosé 22 Di_ d i(r2+a2)E—ma+2 r—m
_ nor A A
. iap?sing iapp sing
v = =, =T = a m
V2 V2 EnE%-FaESina— —Sm0+ncot0,
— _
ppA pp(r—M)
ph= B et and
2 2
— Jd m
atr=mh—pA  yh=Mps. 3] L!=——aEsinf— —— +ncoté.
a6 siné

When the stationary Kerr black hole is gravitationally per-

turbed by the incidence of gravitational waves, the quantitiegquation(4) can be explicitly expressed as
which vanish in the stationary state will become quantities of

the first order of smallness and can be described gy, d2R, dR,
U3, s, k, o, \, andv. We know from Ref[20] that, in a A 5 +6(r—M)W+ 2s+4isrE
linear perturbation theoryy, and ¢, are gauge invariant dr

guantities whiley;; and /3 are not. Consequently, we may

Ki—2isKy(r—M
choose a gaugé.e., subject the tetrad basis to an infinitesi- ! il )

—)\g}RSZO (s=+2),

mal rotation) in which ¢, and; vanish without affecting, -
and ¢,. If we choose such a gauge and assume that
. d?Rg dRs _
Yo=R. (1O, ,(H)e ' (Et-me) A —2(r—=M)——+| +4isrE
dr? dr
. et K2—2isKy(r—M
= aR-al1) 8 o)e +— ISAl(r )—xi}Rfo (s=-2),
E andm are constanis 3
( ) @ d?0, dog ) 2E2 gip? m?
we find thatk, o, N, andv can be written a$20] de? +cot0d—0+ mag-a’Esime— Sinte
N2 3iasing 2smcosé
K="8sm"P Rio| Lom ——=—|0;, +2asEcosf+ ———
p Sirf e
1 p? 1 3 2 12 2 _ _
g:m_(aﬂ.A Di—=|R,,, —s—s“cot'd+N;|O=0 (s=+2),
p p
V2 1 3iasin0) d2e de 2
v=—o —R_,| L]-———|0_,, ®fcotd—— +| 2maE—aE2sir6—
6M p? p d6? do sirto
1 2® 3 +2aSECosA+ 2smcosé
AN=——=0_,| Dy—=|R_>, asEcosf+ ————
6M [, T ) sirt6
and decoupled equations are given|B
P a given(Bg] +5—s2cofO+A\2|@,=0 (s=-2), (5)
(AD;D]=BIENR 5(r) =\ ,R (1),
(AD11D0+6iEr)R,2(r)=)\,2R,2(r), wher_e Kl_:(r2+a2)E_—ma, We now adopt_the WKB ap-
proximation by writing the mode functions aRq(r)
(LT ,£,+6aECc0s0)0 . ,(0)=—\_,0_,(6), =Ry(r)e KslEmk(.rdlr @ (9)=04(6)e kD’  and

supposing that the amplitud@g,(r) and @S( 0) are slowly

(L_1L1-6aEC0S0)O _5(0)=—N_,0_5(60),  (4) varying functions, that is to say,
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1 dF 1 d?R
= dRS <|ks(E,m,ks(8),r,0)|,|=— 25 n(E)=>, ny(E)
R, dr R dr s
<|ks(E,m,ky(0),r,6)|%, =§ fdmf dks(e)fnS[EJrQOm,m,ks(a)], (8)
0 s 2@ s 5 where the functiom(E) presents the total number of modes
5 dr <lks(O|, |= 2 <[ks(0)|". with energy less thak. In order to carry out the calculation
s s for then(E) we recast Eqs6) into the forms
Thus, from Egs. (3) and (5), we know that both ks(E,m,kq(0),r,0)
k. »(E,mk,,(60),r,0) for g andk _,(E,m,k_»(8),r,0) for 2 )
¢, can be expressed as — 90 [(E—mQ)2+ gtt_%) {_ks( 9)
5 gtlg(p(p_gt2<p Gee Yoo
Ks(E,m,ks(8),r,6) +( m s\/g_wcose>2+s_2<1_ Goe )
24 2\E_ 2 . — 5
_[(r?+a®)E-ma] +£ omab- aE2 sir? g V0,0 QggSinPo 9oe Qg SINFO
A2 A S 112
X cotd— —(1—2aE cosh) (s=+*2),
2
_m —ks(0)%2+2saEcosé o
sitg  ° ©)
2smcosd where the functiof)=—g,,/g,, and its value on the event
T 4s-s? Colzg) horizon is equal td,; . Substituting Eq(9) into Eq.(8) and
S carrying out the integrations we find
_ _ 4E3 ﬁ 3 1 (99” 329”
(s=+2 for g and s=—2 for i,). (6) —_— PR f f -2
n(E) 37 \4m 6] V9oi9eo h or ar

The number of modes for each componeit with

rr
E, m, and k, takes the form ng(E,m,ks(8))=(1/ +§&i(ﬂnf— 2m (iag% iﬁg“"")
m) [dOfr ., ndrks(E,m,ky(6),r,6). Here, we introduced 't 200 or p\f\Ges T Gy OF
Hooft's brick-wall boundary conditions: the gravitational 20,0 9 [ Ot 2l L 25°E [ By
filed wave functions are cut off outside the horizon, i, T W(g_) Inﬁ + . (E)
=y,=0 at3, which stays at a small distan¢efrom the e
event horizonr , . There is also an infrared cutoffy= ¢, g cole L
=0 atr =L, where the infrared cutoft is chosen so that the X f do m( 1— i) In—.
guantum gas is inside the null cylinder, a surface where the Qg SINPO) Yoo ] h
co-rotation velocity reaches the velocity of light. ’ (10

Thermal equilibrium between a quantum gas and a sta-
tionary axisymmetric black hole at temperaturg i$ only where f=— g, (g~ gi,2/0,,)- With the aid of expression

possible when the gas is rigidly rotating with the angular(10)1 we can work out the free energy defined by Ef.

velocity equal to the velocity of the black hole horiz®,. ~ Then the relation between the entropy and the free energy,
Therefore, it is rational to assume that the gravitational fieldg_ B23F 18, shows that

is rotating with angular velocity,= (), near the event ho-

rizon. For such an equilibrium ensemble of states, the free A 1 2a™ 399" ginf
energy is S=—" | dg! Jg,.9 79  °09 /nt
2472 180 el g2 2 gr or
ﬂszdmf dkS(H)J'dnS(E,m,kS(6))In[1—e’B(E’QOm)] _2_”<i 9o 1 ﬂgw)_Zgw(i&)Z
BN\ Gas I Qg N f\arge,
ng E+Qom,m,ky(0)] >
:_ﬂj dmf dks(a)f dE s f ( 9ee ) cot'g A
BE_ +— [ dg 1-———— | — In—,
€ 1 6 9o69ee Qg0 SiNPO) Yoo , €
_ nE) T
—-5| e dE @ (1)
where §°=2€%/15 and A®=Le’h [6] (where &
with =" gdr=2 h/(ag™/ar),, is the proper distance
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from the horizon ta,,, € is the ultraviolet cutoff, and\ is coeff

the infrared cutoff22]), and Ay =fde[dO(V9ps9,,)r, IS 0.05

area of the event horizon. By inserting the metric of the Kerr
black hole into Eq.(11), we finally find that the quantum

entropy of the Kerr black hole due to the gravitational per-
turbation is given by -0.1

-0.05

, . -0.15

S Ay +{2+Sl ri+a tr{a ]IA 0 s

= — 4+ —[1— arcta) —| | { In—. -0.
24w (45 6 + + €

1 025

-0.3

Several remarks regarding the main resii) of the pa-
per are in order(l) The result is different from quantum
entropy of the Kerr black hole caused by the scalar field FIG. 1. The coefficient of the logarithm term runs from
which coincides with that of the Schwarzschild black hole0.044 444 4 t0-0.336 086 a=a/r , from O to 1, and is equal to
[16], i.e., Sscaiar, Ker™ An/48me®+ 7= In (Al€). The disagree- zero at pointx~0.319 366. It shows that the logarithmic term in-
ment exists even §=0 in Eq.(12) (by an overall 2 factor ~ creases the entropy in ranger,=[0,0.319 366); decreases the
The discrepancy is originated by summing over polarizaentropy fora/r, =(0.319 366,1; and does not affect the entropy
tions. (Il) Figure 1 shows that the logarithmic term will in- whena/r . ~0.319 366. The reason is that the termssbdecrease
crease the entropy in ranggr, =[0,0.319366); and de- the entropy except static cases0.
crease the entropy fa/r , =(0.319 366,1. The term does

> entropy in case of the interaction between the spins of the
not affect the entropy whea/r . ~0.319 366. The reason is by | ! ! W p!

hat th to8? d h X particles and the rotation of the black hole takes place. It
that the terms fos” decrease the entropy except stalic casegy, |4 he noted that since tige cannot be decoupled in the

a=0. (Ill) The subleading Iogarith_mic correction Of.the.Kerr-Newman space-timg20] the quantum entropy of the
quantum entropy depends on the spins of the graviton just i o Newman black hole is an interesting problem and is
quadratic terms®. We know from each component of the under consideration.

field that the number of modes for every component field
contains both terms of the and s?>. However, the linear
terms ofs are eliminated by each other when we sum over all
components to get the total number of modé&g¢) The con- This work was supported by the National Natural Science
tribution of the spins to the logarithmic term is related to theFoundation of China under Grant No. 19975018, the Theo-
rotation of the black hole. For the static case, iee=0, the retical Physics Special Foundation of China under Grant No.
terms fors? in the results12) vanishes. It is shown that the 19947004, and the National Foundation of China through
spins of the particles affect the logarithmic correction of theC.N. Yang.
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