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Estimating stochastic gravitational wave backgrounds with the Sagnac calibration
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Armstronget al.have recently presented new ways of combining signals to precisely cancel laser frequency
noise in spaceborne interferometric gravitational wave detectors such as LISA. One of these combinations,
which we will call the ‘‘symmetrized Sagnac observable,’’ is much less sensitive to external signals at low
frequencies than other combinations, and thus can be used to determine the instrumental noise level. We note
here that this calibration of the instrumental noise permits smoothed versions of the power spectral density of
stochastic gravitational wave backgrounds to be determined with considerably higher accuracy than earlier
estimates, at frequencies where one type of noise strongly dominates and is not substantially correlated be-
tween the six main signals generated by the antenna. We illustrate this technique by analyzing simple estima-
tors of gravitational wave background power, and show that the instrumental sensitivity to broad-band back-
grounds at some frequencies can be improved by a significant factor of as much as (f t/2)1/2 in spectral density
hrms

2 over the standard method, wheref denotes frequency andt denotes integration time, comparable to that
which would be achieved by cross-correlating two separate antennas. The applications of this approach to
studies of astrophysical gravitational wave backgrounds generated after recombination and to searches for a
possible primordial background are discussed. With appropriate mission design, this technique allows an
estimate of the cosmological background from extragalactic white dwarf binaries and will enable LISA to reach
the astrophysical confusion noise of compact binaries from about 0.1 mHz to about 20 mHz. In a smaller-
baseline follow-on mission, the technique allows several orders of magnitude improvement in sensitivity to
primordial backgrounds up to about 1 Hz.

DOI: 10.1103/PhysRevD.64.062002 PACS number~s!: 04.80.Nn, 07.60.Ly, 95.55.Ym, 98.70.Vc
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I. INTRODUCTION

In ground-based interferometric gravitational wave det
tors such as the Laser Interferometric Gravitational Wa
Observatory~LIGO!, VIRGO, GEO-600 and TAMA, sto-
chastic backgrounds will be best detected by correlating
nals from more than one interferometer within a wavelen
of each other. If in-common noise sources can be elimina
the correlation allows a direct estimate of the ‘‘noise’’ com
ing from gravitational waves, separately from instrumen
sources of noise. In this way the detection of a broadb
background can take advantage of a broad detection b
width B, and sensitivity to rms strain in a broad band gro
with time like hrms}(Bt)21/4.

The problem is different for the Laser Interferomet
Space Antenna~LISA! , which consists of three spacecraft
a triangle configuration. Although two ‘‘independent’’ ob
servables can be measured with this arrangement, yiel
orthogonal polarization information for sources, the obse
able signals are not truly independent since they include
related instrumental noise. Separation of the instrume
noise from stochastic gravitational wave signals requires
alternative approach, as well as careful attention to corr
tions in the different types of noise affecting the signals.

A fundamental recent development has been the introd
tion by Armstronget al.of a new way of precisely cancellin
laser frequency noise in interferometric gravitational wa
detectors where the arm lengths are not exactly equal@1–3#.
It is shown in these papers that for a triangular geometry a
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used in LISA, the signals from detectors in the different s
ellites can be combined, if the hardware allows, to give va
ous observables that are free of the laser frequency nois
addition, several of these observables have considerably
duced sensitivities to gravitational wave signals at low f
quencies~below about 30 mHz, corresponding to the 3
second roundtrip light travel time on one arm of the triangl!.
The observablesa, b, and g defined in@1# correspond to
Sagnac observables: they correspond to taking the differe
in phase for laser beams that have gone around the triang
opposite directions, each starting from a different spacec

However, another of the observables defined in@1#, called
z, has even less sensitivity to gravitational waves at l
frequencies. We will refer to it as the ‘‘symmetrized Sagn
observable,’’ since the signals that are combined to formz
are the same as fora, b, andg, but they are evaluated a
very nearly the same time instead of at substantially differ
times. This observable allows a more complete ‘‘switchi
off’’ of the sky signal, and can be used to give a valuab
determination of the other sources of noise in the interfero
eter, as discussed in@1–3#.

More recently, Tintoet al. @4# have discussed the problem
of separating the confusion noise due to many unresolva
galactic and extragalactic binaries in each frequency
from instrumental noise. In particular, they consider the c
where the confusion noise level is comparable with or lar
than the instrumental noise level. They show that what
are calling the symmetrized Sagnac observable permits
©2001 The American Physical Society02-1
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confusion noise level to be established reliably.
What apparently has not been pointed out previously

that using the symmetrized Sagnac observable to calib
the instrumental noise potentially makes possible consi
ably higher sensitivity for determining smoothed values
the power spectral density for broad-band isotropic grav
tional wave backgrounds, such as binary confusion ba
grounds or primordial stochastic backgrounds. For each
quency bin, with a width roughly equal to the inverse of t
data record length, the noise power in the sky signal can
separated from the instrumental noise power by using e
mators which combine the symmetrized Sagnac observ
with the other observables~such as Michelson observable!
which are fully sensitive to gravitational waves. For isotrop
backgrounds with fairly smooth spectra, the precision can
improved substantially by integrating the estimated pow
spectral density over many spectral bins, after removing
fitting out recognizable binary sources. In this paper we d
cuss this idea and its impact on studies of backgrounds
servable by LISA and by a possible high-frequen
follow-on mission. Our main conclusion is that this capab
ity should be included in science optimization studies for
detailed mission design for LISA@5#.

II. ESTIMATING STOCHASTIC BACKGROUNDS USING
THE SYMMETRIZED SAGNAC OBSERVABLE AND

A BROAD BANDWIDTH

For simplicity, we will consider only the 6 Doppler sig
nals yi j ( i , j 51,2,3) introduced by Armstronget al. in @1#,
rather than the more complete results including the ad
tional 6 signalszi j given by Estabrooket al. @3# to allow for
having two separate proof masses in each spacecraft.
corresponds to setting thezi j in @3# equal to zero. The two
lasers in each spacecraft are thus assumed to be perf
phase locked together, but to run independently of the la
in the other two spacecraft. On each spacecraft, the phas
the beat signals between the laser beams from the two di
spacecraft and the local lasers are measured as a functi
time and recorded. This gives the total of 6 signals that
considered. They are sent to a common spacecraft and
combined, with time delays equal to the travel times o
different sides of the triangle, to give various different o
servables that are free of the phase noise in the lasers.

The data combinations relevant for this discussion are
lustrated in Fig. 1. Although laser and optical bench no
exactly cancel in these combinations, they contain vari
mixtures of gravitational wave signals and instrumen
noise. The Sagnac observablesa, b, and g have a lower
sensitivity for gravitational waves at frequencies near 1 m
than do the Michelson observablesX,Y,Z discussed by Arm-
strong et al. Thus, we will base our strategy on using th
observablesX, Y, andZ to detect the gravitational waves, an
the symmetrized Sagnac observablez to calibrate the noise

The technique usually considered for estimating the s
chastic background is to use time variations in the obser
power during the year to model out noise sources with n
isotropic components such as confusion noise from gala
binaries.~Integration over a year will give a nearly isotrop
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response to incoming gravitational wave power@6–8#.!
However, the uncertainty in the instrumental noise level s
remains. The sensitivity is then limited to a factor of ord
unity times that obtainable in one frequency resolution e
ment,d f 't21, wheret is the length of the time series. Thi
factor is the fractional uncertainty in the level of the instr
mental noise. In effect this means that the sensitivity to s
chastic backgrounds does not increase with time. The te
nique we propose is to usez to calibrate the noise powe
levels differentially in each frequency bin, i.e., use Sagn
calibration, allowing a sum of sky signal from a broad ban
width, B' f /2. For broadband backgrounds, this approa
begins to ‘‘win’’ after an integration timet'2 f 21.

We now sketch in more detail a specific strategy for a
lyzing the data. This strategy allows an accurate calibrat
of the main sources of noise entering into theyi j , without
assuming that these either are the same or are knowna pri-
ori. We adopt the notation of@3#, and assume that the com
plex Fourier coefficientsXk , Yk , Zk , andzk for X, Y, Z, and
z have been derived from a long data set, such as perha
year of observations. We also definehk

2 as the mean of the

FIG. 1. Illustration of the signal combinations discussed in
text. The numbers labelling each pair of arrows correspond to
subscript labels of signals in the notation of Armstronget al.:
‘‘12,3’’ for example refers toy12,3, the signal traveling on the side
opposite spacecraft 1, received by spacecraft 2~from spacecraft 3!,
with a time delay corresponding to the light travel time along t
side opposite 3. Theb and g observables correspond to cycl
permutations of the indices fora. The symmetrized Sagnac obser
able z is very similar to the round-trip-difference observabl
a,b,g, except that forz all the signals are compared with almo
the same time delays, leading to a minimal sensitivity to lo
frequency gravitational waves. TheX observable is based on
Michelson interferometer using only two sides, but is the differen
in signals at two times separated by approximately the round
travel time on one arm. TheY andZ observables are equivalent toX
but based on the other spacecraft pairings.
2-2
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ESTIMATING STOCHASTIC GRAVITATIONAL WAVE . . . PHYSICAL REVIEW D 64 062002
squares of the absolute values ofXk , Yk , andZk .
Since the laser noiseCi j exactly cancels for these comb

nations, the main instrumental noise sources are due to
noninertial changes in the velocities of the proof massesvW i j

~the ‘‘proof mass noise’’yi j
proo f mass) and the combination o

noise from pointing errors, shot noise, and other optical p
effects ~the ‘‘optical path noise’’yi j

optical path). From Eqs.
~3.5! and ~3.6! in @3#, and from cyclic perturbations of Eqs
~3.1! and ~3.2!, with the zi j 50, the noise power spectra
densitiesSX( f ), SY( f ), SZ( f ), and Sz( f ), without gravita-
tional waves, can be obtained in terms of theyi j

proo f massand
yi j

optical path. We defineSave( f ) to be the average ofSX( f ),
SY( f ) andSZ( f ), and^Sy

proo f mass& and ^Sy
optical path& to be

the averages of the corresponding noise power spectral
sities for the 6 signalsyi j . Then we obtain the same resul
as for Eqs.~4.1! and~4.3! in @3#, except withSX( f ) replaced
by Save( f ) and with Sy

proo f mass and Sy
optical path replaced

with their average values:

Save~ f !5@16 sin2~2p f L !#$@2 cos2~2p f L !12#^Sy
proo f mass&

1^Sy
optical path&% ~1!

Sz~ f !524 sin2~p f L !^Sy
proo f mass&16^Sy

optical path&. ~2!

These formulas do not assume that the noise contribution
the individualyi j are the same.

The quantitiesXk ,Yk , etc., can be divided into an instru
mental noise part and a gravitational wave backgrou
~GWB! part: i.e.,Xk5Xn,k1XGW,k , etc. We can then defin
an estimatorEk for the gravitational wave power,

Ek5hk
22D~ f !uzku2, ~3!

where

hk
2[~1/3!@ uXku21uYku21uZku2#. ~4!

The coefficientD( f ) is defined in such a way that the nois
component of the second term subtracts~on average! the
noise component of the first, leaving only contributions fro
the gravitational wave power of both terms; that is,^Ek& is a
known multiple of the GWB. In generalD( f ) will be com-
puted numerically based on a model of LISA and its no
sources. Here we estimate the bias in the estimate and
sensitivity level for a detection or upper limit based onEk ,
for two situations where we can identify analytical appro
mations toD( f ) based on the simple model described abo

We first define a high-frequency estimatorEk for the GW
background power, useful when the optical path noise do
nates~but whenf is not so high that the Sagnac combinati
becomes nearly fully sensitive to gravitational waves!:

Ek5hk
22@Save /Sz#estuzku2. ~5!

For frequencies high enough so that

R5^Sy
proo f mass&/^Sy

optical path& ~6!

is small,
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@Save /Sz#est5G1~ f !@~8/3!sin2~2p f L !#, ~7!

where

G1~ f !5
112@11cos2~2p f L !#Rest

114@sin2~p f L !#Rest

. ~8!

To first order in the actual value ofR minus the estimated
valueRest, the bias inEk is given by

~dEk!bias5@Save~ f !#@212 cos2~2p f L !

24 sin2~p f L !#@R2Rest#. ~9!

To the extent that the bias inEk can be neglected,̂Ek&
depends just on the GWB power:

^Ek&5SGW,ave2@~8/3!sin2~2p f L !#SGW,z ~10!

whereSGW,ave is defined as

SGW,ave5^hGW,k
2 & ~11!

and

SGW,z5^uzGW,ku2&5eSGW,ave . ~12!

At frequencies which are not too high, the Sagnac grav
tional wave sensitivity is low soe!1. The estimator is mos
useful at frequencies low enough so that^Ek& is comparable
with SGW,ave and thus can be used to estimate the GW ba
ground power efficiently. For LISA with triangle sides o
lengthL553106 km, or 16.67 seconds in units withc51,
this condition is satisfied iff < f crit'25 mHz.

The sensitivity to GWB is given by estimating the unce
tainty dEk in ^Ek& from the relation

dE25^Ek
2&2^Ek&

2. ~13!

This is done in the Appendix. The results are found to d
pend on the individual noise spectral densities for the
main LISA signals, rather than just their average value.
the case of all six noise spectral densities being equal,
results are

dE2'@~64/3!sin4~vL !#@914 cos~vL !2cos~2vL !#

3^Sy
optical path&2, ~14!

dE<@16 sin2~vL !#Sy
optical path. ~15!

If we let dE5l^hn,k
2 &, then the factorl characterizes the

noise level of the estimate relative to an ideal instrume
noise-limited measurement.

Similarly, for very low frequencies whereR@1 and the
proof mass noise dominates, the estimator becomes

Ek5hk
22G2~ f !@~16/3!cos2~p f L !#@11cos2~2p f L !#uzu2

~16!

where
2-3
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G2~ f !5
11Rest

21@212 cos2~2p f L !#21

11Rest
21@4 sin2~p f L !#21

. ~17!

In this case, for all six noise spectral densities equal,dEk can
be shown to be

dEk'@~2/3!1~4/3!cos~vL !

1~5/6!cos2~vL !#1/2^Sy
proo f mass&. ~18!

The interesting frequency range withR@1 is near 100 mi-
crohertz, and thusvL is very small, giving

l'~17/6!1/251.7. ~19!

It should be noted that, for frequenciesf &100 microhertz,
the combination@(Rest)

21#/4 sin2(vL/2) in the denominator
of Eq. ~17! is expected to be small for LISA even thoug
(vL) is very small. ThusG2( f ) will be very close to unity,
and the bias inEk,n is negligible.

The standard estimate of the amplitude signal-to-noise
tio S/N for detecting a gravitational wave background
given by

~S/N!k
25

SGW,X

^uXn,ku2&
. ~20!

As noted above, this sensitivity estimate implicitly assum
that the uncertainty in estimating the instrumental no
power level is about the same as the level itself. Howe
the error in estimating the instrumental noise level may w
be highly correlated over a bandwidth comparable with
frequency, so that averaging the results from many freque
bins gains little if anything.

With the symmetrized Sagnac calibration approach,
S/N contributions from individual frequency bins are give
by

~S/N!k
25$12@~8/3!sin2~vL !#e%

SGW,ave

l^hn,k
2 &

. ~21!

Thus there are two possible inefficiency factors, characer
by e andl. However, these are more than offset for dete
ing broad-band backgrounds, since the contributions fr
e
n-
ec
a
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individual frequency bins can now be averaged over a ba
width of roughly f /2 to give an improvement in (S/N)2 by a
factor of about (f t/2)1/2. SinceSGW,ave5SGW,X for an iso-
tropic background, the overall reduction in the rms bac
ground gravitational wave amplitude needed in order
achieveS/N51 can be as large as a factor

F5$12@~8/3!sin2~vL !#e%1/2F f t

2l2G1/4

, ~22!

relative to the standard estimated sensitivity. The symm
trized Sagnac calibration approach achieves about the s
gain in sensitivity as the cross-correlation approach e
ployed by ground-based experiments, and discussed by
garelli and Vecchio@9# for two separate LISA-type space
based antennas.

The discussion above has implicitly assumed that
dominant instrumental noise contributions to all of the s
recorded signalsyi j are not correlated in phase. This is ce
tainly true for the shot noise, but careful instrumental des
will be necessary to make it a useful approximation for oth
noise sources. For example, wobble of the pointing o
given spacecraft could give rise to correlated noise in
received signals at the other two spacecraft due to wavef
distortion. Also, correlated proof mass acceleration noise
two proof masses on the same spacecraft can occur if
effect of common temperature variations is significant.
quantitative discussion of such correlations will be requir
before the extent of realistically feasible improvements
stochastic background measurements can be determ
However, this is beyond the scope of our current knowled
of such effects. We therefore will assume that the six sign
may have different noise levels but are uncorrelated in ph
Our results thus are rough upper limits to the possible
provements with the symmetrized Sagnac calibrat
method.

III. SENSITIVITY LIMITS AND BINARY BACKGROUNDS

The approximate threshold sensitivity of the plann
LISA antenna with 53106 km arm lengths and for a signa
to-noise ratio S/N51 is shown in Fig. 2. The sensitivity us
ing the standard Michelson observable can be approxim
by a set of power law segments:
hrms51.0310220@ f /10 mHz#/AHz, 10 mHz, f

1.0310220/AHz, 2.8 mHz, f ,10 mHz

7.8310218@~0.1 mHz/f !2#/AHz, 0.1 mHz, f ,2.8 mHz

7.8310218@~0.1 mHz/f !2.5#/AHz, 0.01 mHz, f ,0.1 mHz ~23!
vels
xy,
all
where the sensitivity has been averaged over the sourc
rections. Below 100mHz there is no adopted mission se
sitivity requirement, but the listed sensitivity has been r
ommended as a goal for frequencies down to at le
di-

-
st

10 mHz, provided that the cost impact is not too high.
A number of authors have discussed the expected le

of gravitational wave signals due to binaries in our gala
and the essentially isotropic integrated background from
2-4
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FIG. 2. Instrument sensitivity in terms of rms strain perAHz, to broad band backgrounds, assuming a one year integration.
‘‘standard’’ S/N51 levels in one frequency resolution element, for LISA and for the shorter-baseline follow-on mission described in t
are shown as lighter lines. The sensitivity is shown for both the~standard! Michelson observableX and the symmetrized Sagnac observa
z. The levels theoretically attainable with Sagnac calibration and averaging over bandwidthf /2 are shown in bold lines. The Sagna
estimator loses its advantage at high frequencies wherez is no longer insensitive to gravitational waves; the analytic form for the estim
discussed here is also inefficient at frequencies where the proof mass noise and optical path noise are comparable. At low frequen
proof mass noise dominates, another analytic form yields a significant improvement in sensitivity, which allows the confusion bac
to be measured to lower frequencies. Estimated astrophysical backgrounds are shown for Galactic binaries, extragalactic wh
binaries, and extragalactic neutron star or black hole binaries.
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other galaxies out to large red shifts. The normalization
uncertain, since only a few binaries above 0.1 mHz in f
quency are known, since they were selected from highly
ased surveys, and since the evolutionary history for som
poorly constrained. We adopt most of the levels estimate
@10# for the total binary backgrounds, with estimates fro
@11# for the reduction of confusion noise at higher freque
cies by fitting out Galactic binaries. The estimate for heliu
cataclysmics discussed in@12# is not included.

For close white dwarf binaries~CWDBs!, a factor of 10
lower space density than the maximum yield estimated
lier from models of stellar populations~e.g., @13#! is as-
sumed. However, the resulting value is within a factor 2
the latest theoretical estimate of Webbink and Han@14#. The
factor 10 reduction factor is conventional, as discussed n
the end of@10#, and gives a signal level a factor 101/2 lower
than given in Table 7 of@10#. It should be noted that there i
about a factor of three uncertainty in the estimated total
lactic signal level, and the estimated extragalactic sig
level is even more uncertain. The ratio of extragalactic
galactic signal amplitudes is taken to be 0.2 for CWDBs a
0.3 for neutron star~NS! binaries.~A ratio of 0.3 was found
by Kosenko and Postnov@15# for CWDBs with an assumed
history of the star formation rate and for cosmological p
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rametersV tot51 andVL50.7. However, the value of 5.5
kpc that they used for the scale height of the distribut
perpendicular to the plane of the disk is more appropriate
neutron stars, and a reduction by a factor of about 1.5
needed for a CWDB scale height near 90 pc.!

Below about 1 mHz there are so many galactic binar
that there will be many per frequency bin for one year
observations, and only a few of the closest ones can be
solved. Above roughly 3 mHz most Galactic binaries will b
a few frequency bins apart, and can be solved for des
sidebands due to the motion and orientation changes of
antenna. The effective spectral amplitude of the confus
noise from both galactic and extragalactic binaries remain
after the resolved binaries have been fitted out of the d
record~see e.g.,@11#! is shown in Fig. 2. Essentially none o
the extragalactic stellar-mass binaries can be resolved
LISA’s sensitivity @in contrast to intense signals from an e
pected small number involving massive black ho
~MBHs!#.

Except for the shot noise, it is difficult to know what th
instrumental noise level is to better than perhaps a facto
two by conventional methods. Tintoet al. @4# have empha-
sized the value of using the symmetrized Sagnac calibra
to determine the total gravitational wave signal for freque
2-5
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cies of roughly 200mHz to 3 mHz, where the expecte
level is above that of the optical path measurement no
Our main point is that, after using Sagnac calibration
properly selected frequency bands where either the op
path noise or the proof mass noise dominates strongly, a
aging over a bandwidth comparable with the frequency c
siderably reduces the instrument noise in measuremen
the smoothed spectral amplitude. This allows better sens
ity for measurement of stochastic backgrounds over a la
range of frequencies.

The possible improvement factor above 5 mHz is up
about (f t/2)1/4, which equals 20 at 10 mHz, but two types
limitations have to be considered also. One is due to
uncertainty inRest at 10 mHz and below. The other is due
the similar gravitational wave sensitivities ofh andz at fre-
quencies of 25 mHz and above. We estimate that the re
ing overall sensitivity improvement factor for LISA woul
be between 10 and 20 for frequencies of about 10 to 25 m

At frequencies below 200mHz, the improvement facto
is about (f t/6)1/4. At 100 mHz this is a factor of about 5, so
the sum of the galactic and extragalactic backgrounds co
be determined down to somewhat lower frequencies t
otherwise would be possible.

IV. SAGNAC CALIBRATION WITH ENHANCED HIGH-
FREQUENCY LISA FOLLOW-ON MISSION

If the LISA mission indeed finds several types of sourc
involving massive black holes, there will be strong scient
arguments for follow-on missions aimed at achieving cons
erably higher sensitivity at both lower and higher freque
cies. Some preliminary discussion of possible follow-on m
sions has been given by Folkner and Phinney@16# and
Ungarelli and Vecchio@9#. In order to give some indication
of the future background accuracy achievable by calibra
and smoothing, we consider an illustrative example of a h
frequency follow-on mission.

We assume the same basic triangular geometry and
ecliptic inclination as for LISA, but the arm lengths a
50 000 km instead of 53106 km. The noise level for the
gravitational sensors~i.e. free mass sensors! is a factor of ten
lower than for LISA, and the fractional uncertainty in me
suring changes in the distances between the test masses
times lower than for LISA. It should be remembered th
making the arm lengths much shorter also makes the req
ments on the laser beam pointing stability, and on the fr
tion of a fringe to which phase measurements have to
made, much tighter. The shorter antenna might have the r
of change of the distances between the test masses kept
stant to make the phase measurements on the signals e
provided that the required forces on the test masses ca
kept free enough of noise.

The extragalactic CWDB background would be go
above about 0.1 Hz, provided that merger-phase and r
down radiation from coalescences are not significant.
higher frequencies, the binary background is expected to
almost entirely due to extragalactic neutron star binaries
5 or 10 solar mass black hole binaries. We take the neu
star binary coalescence rate in our galaxy to be
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31025 yr21 , which is a factor of 10 lower than assumed
Table 7 of@10#. This estimate may still be somewhat on th
high side and has a high uncertainty@17#, but we regard it as
giving a plausible estimate of the total gravitational wa
background level, allowing for some additional contributio
from black hole binaries. We also increase the expec
gravitational wave amplitude by a factor 1.5 to allow ve
roughly for eccentricity of the neutron-star–neutron-s
~NS-NS! binaries @18#. With the ratio of 0.3 between the
extragalactic and galactic amplitudes from@15#, this gives an
extragalactic amplitude of hrms,XGNSB58
310225f 27/6 Hz21/2. The background sensitivity with the
Sagnac calibration gets within a factor of 4 of this extrag
lactic NS plus black hole~BH! binary background at 0.5 Hz
The follow-on antenna would give detailed measurement
the gravitational wave background spectrum up to about
mHz, as well as limits at higher frequencies and much i
proved measurements of coalescences of binaries at co
logical distances containing intermediate mass black hol

V. INFORMATION CONCERNING EXTRAGALACTIC
ASTROPHYSICAL BACKGROUNDS

For the LISA mission, the Sagnac calibration approa
will make possible measurements of the extragala
CWDB background~XGCWDB! at frequencies from about 5
to 25 mHz. This is important because it will give new info
mation on the star formation rate at early times. Kosenko
Postnov@15# have investigated the effect of a peak in the s
formation rate at redshifts of z5 2 or 3 on XGCWDB, with
emphasis on the observed frequency range from 1 to
mHz. However, going to somewhat higher frequency wo
improve the sensitivity to the star formation rate.

The CWDBs@10–15,19–21# include He-He, He-CO and
CO-CO white dwarf binaries, as well as a few binaries co
taining the rarer O/Ne/Mg white dwarfs. Here He and C
stand for helium and carbon-oxygen white dwarfs resp
tively. Rough estimates of the comparative rms sig
strengths for the first three types as a function of freque
are given in Fig. 1 of@11#. It can be seen that the frequenc
cutoffs due to coalescence are different for the differ
types, ranging roughly from 15 mHz for the first type to 6
for the third. This is mainly because the He dwarfs are l
massive and larger than the CO dwarfs. In addition, the t
binary mass ranges for the three types, in units of the s
mass, are about 0.50–0.75, 0.75–1.45 and 1.45–2.4, w
means that there is a range of coalescence frequencie
each type.

The He-He binaries will contribute the most to determ
ing the star formation rate, since their coalescence frequ
cies at redshifts of 2 or 3 will shift down into the accurate
observable 10 to 25 mHz frequency range and thus
change the way in which the XGCWDB varies with fre
quency. Information on the distribution of chirp masses
the different types of CWDBs in our galaxy can be obtain
from the resolved signals above about 3 mHz. Howev
careful studies will be needed in order to determine the s
sitivity of the resulting star formation history to factors su
2-6



io

n
e
ry
rie
e
r

is
n

th
m

s-
h

e
s
a
ed
it
a

po
O
b

th
e

en
in
io
a

n
o
s

its
of
ch

o
o

per-

tiv-
os

gu-
the

-
mal
om
eral

on
ally
har-
rgy
es-

mic

uper-
tra

pli-
tical

a

g
ISA
ear-

of
ons
e-
in-

es-

c

ve
les,

avi-
-

ell

m
rent

r a
eep

ESTIMATING STOCHASTIC GRAVITATIONAL WAVE . . . PHYSICAL REVIEW D 64 062002
as possible differences in the CWDB chirp mass distribut
at earlier times.

The possible high-frequency LISA follow-on missio
with Sagnac calibration would give an upper limit to th
combined extragalactic NS-NS, NS-BH and BH-BH bina
backgrounds between 0.1 and 1 Hz. For the CO-CO bina
the highest frequency signals will come from the merg
phase of coalescence and from possible ringdown of the
sulting object, if two conditions are met: that the orbit
nearly circular before coalescence, and that a supernova
result. Even though all redshifts will be integrated over,
shape of the upper end of the CWDB background see
likely to still give new information on the binary mass di
tribution, the coalescence process and the star formation
tory.

Above 0.1 or 0.2 Hz but below the range of ground-bas
detectors, no other astrophysical backgrounds have been
gested except those due to extragalactic NS-NS, NS-BH
BH-BH binaries. Only a crude estimate for the combin
background level has been included in this paper, and
highly uncertain. As has been suggested by a number of
thors, the BH-BH binaries may be the dominant source~see
e.g., @22,17#!. Higher levels would permit LISA follow-on
observations up to somewhat higher frequencies, where
sible confusion with a high frequency tail from CO-C
white dwarf merger phase or post-merger ringdown would
reduced. Approximate information on the relative streng
of the NS and BH binary backgrounds probably will b
available from ground-based observations of the coalesc
rates, but probably with only the BH-BH coalescences go
out to substantial redshifts. Thus the main new informat
from LISA follow-on observations of these backgrounds m
be on the history of the NS binary formation rates.

VI. PRIMORDIAL BACKGROUNDS

We have been characterizing backgrounds byhrms
2 , the

spectral density of the gravitational wave strain~also some-
times denotedSh). For cosmology, we are interested in se
sitivity in terms of the broadband energy density of an is
tropic, unpolarized, stationary background, who
cosmological importance is characterized by

VGW~ f ![rc
21 drGW

d ln f
5

4p2

3H0
2 f 3hrms

2 ~ f ! ~24!

where we adopt units of the critical densityrc . The broad-
band energy density pere-folding of frequency,VGW( f ), is
thus related to the rms strain spectral density by@23#

h0
2VGW

1028
'S hrms~ f !

2.82310218 Hz21/2D 2S f

1 mHzD
3

, ~25!

whereh0 conventionally denotes Hubble’s constant in un
of 100 km s21Mpc21. In these units, the main sources
instrumental and astrophysical noise are summarized s
matically in Fig. 3.

Primordial backgrounds can be produced by a variety
classical mechanisms producing relativistic macroscopic
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mesoscopic energy flows atT>100 GeV, whose only ob-
servable relic is a gravitational wave background@23–25#.
Because the gravitational radiation processes are not
fectly efficient, the total energy density*dlnfVGW in gravi-
tational waves must be less than that in the thermal rela
istic relic particles~photons and three massless neutrin!
where the ‘‘waste heat’’ resides today,V relh0

254.17
31025T2.728

4 , whereh0 refers to the Hubble constant.~The
integrated density is already limited by nucleosynthesis ar
ments to less than about 0.1 of this value because of
effect on the expansion rate.! It is interesting to pursue sto
chastic backgrounds as far as possible below this maxi
level since most predicted effects, for example waves fr
even strongly first-order phase transitions, are at least sev
orders of magnitude weaker.

The spectrum of the background conveys information
early stages of cosmic history. Classical processes typic
produce backgrounds covering a broad band around a c
acteristic frequency determined by the scale of the ene
flows, fixed by the gravitational timescale. The band acc
sible to the proposed space interferometers, 1025 to 1 Hz,
corresponds to the redshifted Hubble frequency from cos
temperatures between about 100 GeV and 104 TeV—often
thought to include processes such as baryogenesis and s
symmetry breaking, and possibly also activity in new ex
dimensions@26,27#. We adopt the point of view that it is
interesting to explore new regions of frequency and am
tude for broad-band backgrounds, regardless of theore
justifications for a particular scale. We present in Fig. 4
summary of the likely accessible parameters~frequency and
amplitude! for primordial backgrounds, optimistically takin
account of the improvements suggested here, both for L
and the illustrative high-frequency successor considered
lier.

A much more ambitious goal often cited is detection
gravitational waves expected from the quantum fluctuati
of the graviton field during inflation. These occur at all fr
quencies up to the redshifted Hubble frequency from the
flationary epoch~which may exceed 1012 Hz), but are in
general much weaker than the classical sources; a naive
timate is thatVGW,in f lation'hin f lation

2 V rel where hin f lation

'(Hin f lation /M Planck) is the amplitude of tensor metri
quantum fluctuations on the Hubble scale, andHin f lation is
the Hubble constant during inflation. From the microwa
background anisotropy we estimate that on large sca
hin f lation'(dT/T) tensor<1025. Unless the spectrum is
‘‘tilted’’ in an unexpected direction~larger Hin f lation on
smaller scales, which inflate last!, this is an upper limit on
the quantum effects and is a rough estimate of where gr
tational wave data set limits on ‘‘generic’’ models of infla
tion. The correspondingh0

2VGW'10215 is about ten orders
of magnitude below the maximal classical level, and w
below the astrophysical binary noise.

The problem of separating primordial backgrounds fro
binary backgrounds depends to some extent on how diffe
the spectra are. From general scaling arguments@26#, classi-
cal phase transitions, where the radiation is emitted ove
short period of time, tend to generate spectra with a st
2-7
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FIG. 3. Noise levels are shown in terms of the equivalent energy density of an isotropic stochastic background. Units are th
density per factore of frequency, in units of the critical density, normalized for Hubble constanth051. Where applicable, a one-yea
integration is assumed. The sum UB1WUMa1GCWDB represents the estimated confused background from the sum of unevolved G
binaries, W Ursa Majoris binaries and white dwarf binaries. These estimates are uncertain by about a factor of 10 inV. The confusion noise
level drops abuptly above the frequency where almost all Galactic binaries can be fitted out. Extragalactic white-dwarf binaries ‘‘XG
create a stochastic confusion noise which cannot be eliminated. At still higher frequencies above about 0.1 Hz, the white dwarfs
leaving only the confusion background from extragalactic neutron star binaries and stellar-mass black hole binaries~XGNSB!. The LISA
instrument noise limit~S/N51! after one year is shown, both the traditional narrow-band sensitivity and the broad-band sensitivity a
by Sagnac calibration and discussed here. The shaded regions show the main areas for improvement possible from using Sagnac
The Sagnac technique allows a significantly improved measurement of a low resolution spectrum of the confusion background w
both at low frequencies'0.1 mHz and at higher frequencies to>20 mHz, including an accurate measurement with LISA of the extra
lactic white dwarf binary confusion background. The Sagnac sensitivity limit for the smaller-baseline follow-on mission is shown
parameters discussed in the text; in this case the Sagnac technique offers a more substantial overall improvement in sensitivity.
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low frequency limit, scaling likeVGW} f 7 to f 6. The high
frequency limit in some models~involving defects such as
light cosmic strings or Goldstone waves, or brane displa
ment modes! may be scale-invariant,VGW} constant; in
phase transitions it falls off at least as fast asVGW} f 21 and
can be even steeper. Even though these processes have
acteristic frequencies, the primordial spectrum is quite br
and is not expected to have sharp features that would s
out as diagnostics. At frequencies above 100 mHz, where
astrophysical confusion background is mainly from neut
star and black hole binaries~for which the main energy los
is gravitational radiation!, it obeys the scalingVGW} f 2/3. At
lower frequencies the dominant XGCWDB spectrum depa
from this due to redshift and various nongravitational effe
on the binary population, as discussed earlier; in the 10
100 mHz range the dominant XGCWDBs are predicted
closely mimic a scale-free spectrum. Depending on the s
ation, spectral features may or may not clearly distinguis
primordial component.

For the LISA mission with Sagnac calibration, the es
mated astrophysical background apparently can be dete
with S/N'10 from 10 to 25 mHz, but because of the unc
tainties in modeling XGCWDB, it is not clear whether
primordial contribution could be detected for a level mu
less thanh0

2VGW'10210. On the other hand, the range
frequencies over which the primordial background sea
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can be carried out at this level is substantial, especially if
include the possible LISA follow-on mission discussed e
lier ~see Fig. 4!. With the high-frequency antenna, the resu
with Sagnac calibration may reach a level belowh0

2VGW

'10211 at a frequency above 0.1 Hz where there is a drop
the astrophysical backgrounds.

Note added in proof.Recently Cornish and Larson@28#
and Cornish@29# have discussed further the use of cros
correlation of signals from two similar antennas to search
a primordial background. In particular, Cornish and Lars
suggest that such antennas with roughly 1 AU baselines
operating near 131026 Hz might be able to reach a sens
tivity for h0

2 VGW of about 10214. With the Sagnac calibra
tion, a low-frequency LISA follow-on mission could in prin
ciple reach a similar primordial background sensitivity wi
a single antenna, as well as provide additional valuable
formation on MBH-MBH binaries.
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FIG. 4. Regions of new parameter space f
primordial backgrounds opened up by propos
experimental setups and data analysis strateg
Scale on the top axis shows the cosmic tempe
ture for which classical waves generated at t
Hubble frequency and redshifted to the prese
yield the observed frequency on the bottom ax
Several characteristic energy densities are sho
Classical primordial gravitational wave back
ground limit ~PGWB! shows the sum of energie
of photons and massless neutrinos, the maxim
level expected for primordial background
‘‘SBBN’’ denotes the maximum level consisten
with standard big bang nucleosynthesis~both of
these for a background withD f 5 f ); and ‘‘infla-
tion’’ denotes a typical, untilted, scale-fre
inflation-generated spectrum, at the maximu
level consistent with the background radiation a
isotropy. Shaded regions lie above both instr
ment noise and binary confusion background
where primordial backgrounds can be detecte
The darker-shaded regions show the extra ben
~for primordial background measurements! of
Sagnac calibration with both missions.
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APPENDIX: dE FOR HIGH-FREQUENCY ESTIMATOR

The uncertaintydE in estimating^Ek& can be estimated
from the relation

dE25^Ek
2&2^Ek&

2. ~A1!

We will be dealing withEk , but drop the subscriptk for now.
Expanding Eq.~5! into noise and wave parts,

3E5$@ uXnu21uYnu21uZnu2#2@8 sin2~2p f L !#uznu2%1

1$@~Xn!~XGW!* 1~Yn!~YGW!* 1~Zn!~ZGW!* #

2@8 sin2~2p f L !~zn!~zGW!* #1c.c.%21$@ uXGWu2

1uYGWu21uZGWu2#2@8 sin2~2p f L !#uzGWu2%3 .

~A2!

For frequencies whereSGW,ave is small compared with
Sn,ave and whereuzGWu2 can be neglected,

E'~1/3!$%11~1/3!@ uXGWu21uYGWu21uZGWu2#; ~A3!

since the noise terms average to zero,
06200
,
-

e

^E&'SGW ~A4!

~as promised for the estimator, by design!, and since their
spectral density dominates the GW terms,

^E2&'~1/9!^@$%1#2&. ~A5!

We assume that the lengths of the three arms for LISA
nearly equal to their average valueL. From the definitions of
X, Y, Z, andz in Ref. @3#,

X5~y322y23!@e3ivL2eivL#1~y312y21!@e2ivL21#,
~A6!

Y5~y132y31!@e3ivL2eivL#1~y122y32!@e2ivL21#,
~A7!

Z5~y212y12!@e3ivL2eivL#1~y232y13!@e2ivL21#,
~A8!

z5@~y321y211y13!2~y231y311y12!#e
ivL. ~A9!

Then:

uXu254 sin2~vL !@ uy322y23u21uy312y21u2

1$~y322y23!~y31* 2y21* !eivL1c.c.%#, ~A10!

etc. From such expressions, it can be shown that
2-9



ain
ow-
fol-

ual,

CRAIG J. HOGAN AND PETER L. BENDER PHYSICAL REVIEW D64 062002
^E2&'~32/9!sin4~vL !$^J1&1@514 cos~vL !#^J2&

1@622 cos~2vL !#^J3&%, ~A11!

where

J15uy32u2uy23u21uy21u2uy12u21uy13u2uy31u21uy31u2uy21u2

1uy12u2uy32u21uy23u2uy13u2, ~A12!

J25uy23u2uy31u21uy31u2uy12u21uy12u2uy23u21uy32u2uy13u2

1uy13u2uy21u21uy21u2uy32u2, ~A13!

J35uy32u2uy31u21uy13u2uy12u21uy21u2uy23u2. ~A14!

It is clear from these expressions that the uncertaintydE
J

D

D

b

c.

-

06200
in E depends on the instrumental noise levels in the six m
signals, rather than just on their average. Assuming, h
ever, that they are all equal and uncorrelated gives the
lowing estimates:

^E2&5~64/3!sin4~vL !@914 cos~vL !

2cos~2vL !#^Sy
optical path&2, ~A15!

dE,16 sin2~vL !^Sy
optical path&. ~A16!

In general, even if the instrumental noise levels are uneq
it can be shown thatdE is less thanA9/8h2, so that l
&A9/8'1 for frequencies from 5 to 25 mHz.
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