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Gauge unification in higher dimensions
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A complete 5-dimensionalSU(5) unified theory is constructed which, on compactification on the orbifold
with two differentZ2’s (Z2 andZ28), yields the minimal supersymmetric standard model. The orbifold accom-
plishes SU(5) gauge symmetry breaking, doublet-triplet splitting, and a vanishing of proton decay from
operators of dimension 5. Until 4D supersymmetry is broken, all proton decay from dimension 4 and dimen-
sion 5 operators is forced to vanish by an exactU(1)R symmetry. Quarks and leptons and their Yukawa
interactions are located at theZ2 orbifold fixed points, whereSU(5) is unbroken. A new mechanism for
introducingSU(5) breaking into the quark and lepton masses is introduced, which originates from theSU(5)
violation in the zero-mode structure of bulk multiplets. Even thoughSU(5) is absent at theZ28 orbifold fixed
point, the brane threshold corrections to gauge coupling unification are argued to be negligibly small, while the
logarithmic corrections are small and in a direction which improves the agreement with the experimental
measurements of the gauge couplings. Furthermore, theX gauge boson mass is lowered, so thatp→e1p0 is
expected with a rate within about one order of magnitude of the current limit. Supersymmetry breaking occurs
on theZ28 orbifold fixed point, and is felt directly by the gauge and Higgs sectors, while squarks and sleptons
acquire mass via gaugino mediation, solving the supersymmetric flavor problem.
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I. INTRODUCTION

The successful prediction of the weak mixing angle is
major achievement of particle theory of recent decades@1#. It
suggests that weak-scale supersymmetry with two li
Higgs doublets will soon be discovered at colliders, a
there should be no exotic states in an energy desert u
MU'1016 GeV. The physics immediately above this uni
cation scale has been viewed in three frameworks: 4 dim
sional grand unified field theories@2#, higher-dimensional
grand unified theories motivated by string theory@3#, and
string theory@4#. Grand unification in 4D provides a simpl
and elegant understanding of the quantum numbers of
quarks and leptons in a generation, but these successe
open to doubt because of several issues which require
siderable effort to overcome. Chief amongst these are:

How is the grand unified gauge symmetry to be broke
Why are the weak doublet Higgs bosons split in ma

from the colored triplet partners?
Why have we not already observed proton decay indu

by dimension 5 operators?
Why should the two Higgs doublets be light when t

standard model gauge symmetry allows a large mass te
In this paper we study higher-dimensional grand unifi

field theories aboveMU , without inputing suggestions from
string theory, for example on the number of extra dimensi
and the gauge group. We follow a ‘‘bottom-up’’ approac
seeking simple solutions for the above issues. Many of
methods we use, for example for gauge symmetry break
and doublet-triplet splitting, were introduced in the strin
motivated context@3#. Recently, Kawamura has shown ho
the first two issues above are simply and elegantly solve
the case of anSU(5) unified gauge symmetry@5# using the
orbifold S1/(Z23Z28) previously introduced for breaking
weak-scale supersymmetry@6#. Orbifolding along one axis
using a parity which is1 for the weak direction but2 for
0556-2821/2001/64~5!/055003~10!/$20.00 64 0550
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the strong direction, automatically breaksSU(5) to the stan-
dard model gauge group, and gives zero modes for the H
doublets but not for the triplet partners. There is no need
Higgs multiplets at the unified scale with a scalar poten
designed to give the correct unified symmetry breaking, a
there is no need to arrange couplings in such a way that o
the Higgs triplets acquire mass. An important recent obs
vation is that to proceed further with construction of su
theories it is necessary to consider how the quarks and
tons transform under theZ23Z28 symmetry@7#. However, the
brane interactions advocated explicitly break t
5-dimensionalSU(5) gauge symmetry. In this paper we r
quire that all interactions preserve this symmetry.

In this paper we construct completely realistic unifi
theories based on the orbifoldS1/(Z23Z28). We show that
the answer to the first question is that, from the 5D vie
point, the unified gauge symmetry is unbroken but take
restricted form, while from the 4D viewpoint there is n
unbroken Georgi-GlashowSU(5). We show that higher di-
mensional unified theories generically do not have pro
decay from dimension 5 operators. In particular the us
dimension 5 proton decay, resulting from the exchange of
colored triplet Higgs multiplet@8#, is absent because aU(1)R

symmetry forces a special form for the masses of th
states. Furthermore, thisU(1)R symmetry forbids the ap-
pearance of dimension 5 operators which violate bary
number in the superpotential. This also allows a fundame
distinction between Higgs and matter fields, and provides
understanding of why the Higgs doublet multiplets are lig
even though they are vectorial under the standard mo
they are protected from a mass term by the same bulkU(1)R
symmetry that forbids proton decay at dimension 5. Thus
see that the four issues of grand unification listed above
automatically solved in higher dimensional theories. T
framework for such 5 dimensional theories compactified o
©2001 The American Physical Society03-1
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LAWRENCE HALL AND YASUNORI NOMURA PHYSICAL REVIEW D 64 055003
S1/(Z23Z28) orbifold is given in Sec. II, together with a
elucidation of some of their general properties. A compl
theory is given with gauge groupSU(5) in Sec. III.

In addition to these accomplishments, the complete the
constructed in Sec. III illustrates several new results:

Unified quark and lepton multiplets, and Yukawa co
plings on orbifold fixed points, can be made consistent w
the orbifolding parity which restricts the unified symmetry

Even though the unified gauge symmetry is restricted
orbifold fixed points, the threshold corrections to the we
mixing angle, both at the classical and quantum level,
small, preserving the successful prediction for the weak m
ing angle.

The orbifold construction for the unified gauge symme
breaking provides a natural location for gaugino media
supersymmetry breaking@9#—all the ingredients needed fo
gaugino mediation are automatically present in the theor

Even though the theory possesses anSU(5) gauge sym-
metry which, from the higher dimensional viewpoint is u
broken, the Yukawa couplings, which respect this symme
need not have the usualSU(5) relations amongst the mas
less 4D states.

The first two points are crucial if these theories are
predict sin2uw and provide an understanding of the quark a
lepton gauge quantum numbers. The last two points allow
to construct completely realistic theories.

II. UNIFIED GAUGE SYMMETRY TRANSFORMATIONS
ON ORBIFOLD SPACETIME

In this section we introduce a class of higher dimensio
unified field theories, concentrating on the nature of
gauge symmetry transformation. We then discuss several
tures which are generic to this class. For simplicity we co
sider a single compact extra dimension,y(5x5), and assume
a fixed radius with size given by the unification scale. W
take the unified gauge interactions in 5 dimensions to h
gauge groupG. The Higgs doublets also propagate in 5 d
mensions as components of hypermultiplets. Using 4 dim
sional superfield notation, we write the vector multiplet
(V,S), where V is a 4D vector multiplet andS a chiral
adjoint, and the hypermultiplet as (H,Hc), whereH andHc

are chiral multiplets with opposite gauge transformations
The form of the gauge transformations underG can be

restricted by compactifying on the orbifoldS1/Z2 with a par-
ity, P, which acts on the vector representation ofG, making
some components positive and some components nega
P5(1,1, . . .2,2, . . . ). The orbifold symmetry on any
tensor fieldf is then defined byf(2y)5Pf(y), whereP
acts separately on all vector indices off, and an overall sign
choice for the parity of the multiplet may also be included
P. It is understood that there is a relative minus sign betw
the transformation ofHc(S) andH(V), as required by theP
invariance of the 5D gauge interactions. In certain casesP is
a discrete gauge transformation, but it need not be.

A non-supersymmetric theory withG5SU(5) and P5
(2,2,2,1,1) was considered by Kawamura@10#; here we
discuss a supersymmetric version. The Higgs bosons
taken to lie in a hypermultiplet (H,Hc)(x,y), with H andHc
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chiral multiplets transforming as5 and5̄ representations. The
orbifold projection accomplishes doublet-triplet splitting,
the sense thatH has a weak doublet zero mode but not
color triplet zero mode. However, the projections work o
positely for Hc which contains only a color triplet zero
mode. Similarly, while theX gauge bosons have negativeP
and therefore no zero mode, the exotic color triplet, we
doublet states in the chiral adjoint,SX , does have a zero
mode. Such exotic light states are generic to orbifolding w
a singleZ2 and lead to an incorrect prediction for the we
mixing angle. These exotic states can be removed by in
ducing two sets of different orbifold parities, giving add
tional structures to the spacetime which we study in the
of this paper.

We choose to view this spacetime as illustrated in Fig
There are two reflection symmetries,y→2y andy8→2y8,
each with its own orbifold parity,P and P8, acting on the
fields. Each reflection introduces special points,O and O8,
which are fixed points of the transformation. The physic
space can be taken to be 0<y<pR/2, and is the usua
S8/Z2 orbifold. Nevertheless, we find it convenient to lab
the pattern in Fig. 1 asS8/(Z23Z28). The components of the
vector multiplet can be assembled into four groups,VPP8 ,
according to their transformation properties. They ha
Kaluza-Klein ~KK ! mode expansions as given in Eqs.~5!–
~8!, with f→V. Before orbifolding the gauge transforma
tions are arbitrary functions of positionj5j(y) for each
generator~we suppress the dependence on the usual
dimensions!. However, the non-trivial orbifold quantum
numbers of the gauge particles imply that the most gen
set of gauge transformations are restricted to have the fo

U5exp@ i ~j11~y!T111j12~y!T12

1j21~y!T211j22~y!T22!#. ~1!

The generators of the gauge groupT are labeled by theP and
P8 quantum numbers of the corresponding gauge boson.
gauge functionsjPP8(y) also have the KK mode expansion
similar to those of Eqs.~5!–~8!, with f→j. At an arbitrary
point in the bulk all generators of the gauge group are
erative. However, at the fixed pointsO the gauge transfor-
mations generated byT2P8 vanish, becausej2P8(y
50,pR)50. Thus locally at these points the symmet

FIG. 1. S1/(Z23Z28) orbifold in the fifth dimension.
3-2
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GAUGE UNIFICATION IN HIGHER DIMENSIONS PHYSICAL REVIEW D64 055003
should be thought of as the subgroupH generated by the se
of generatorsT1P8 .1 Similarly for the pointsO8; hence

G→
O

H, G→
O8

H8. ~2!

Relative to the theory with arbitraryG gauge transformation
on a circle, one can view the orbifold procedure as leadin
a local explicit breaking of some of these gauge symmet
at the fixed points. In the model of the next section,H8 is the
standard model gauge group, so thatO8 is simply not af-
fected by the unified gauge transformations. From the
viewpoint, working on the orbifold spacetime, the gau
symmetry simply takes a restricted form—the theory do
not involve any gauge symmetry breaking.

Once a KK mode expansion is made, one finds that
5D gauge transformation corresponds to infinite towers
gauge transformations, which mix up KK modes of differe
levels, associated with the KK gauge boson modesAm

(n) . In
this 4D picture,]y acts like a symmetry breaking vacuu
expectation value and mixesAm

(n) with ]mA5
(n) , giving a mass

to then5” 0 modes. Without an orbifold procedure, the theo
possesses an infinite number of gauge transformations
rametrized by an integern for each generator. However, afte
the orbifolding, some of the gauge transformations are p
jected out due to the non-trivial orbifold quantum numbers
the gauge parameters, andn can no longer take arbitrar
values. Therefore, from a 4D viewpoint, the orbifold proc
dure corresponds to imposing only the restricted sets
gauge transformations on the theory. The unbroken ga
symmetry of the 4D theory is generated byT11 , and is the
intersection ofH andH8.

Our class of theories includes many possibilities forG, P,
andP8. We require that the choice ofG andP is such thatH,
the group of local gauge transformations atO, is, or contains,
SU(5). To obtain an understanding of the quark and lep
quantum numbers we require that the three generations
described by brane fields atO in representations o
H: 3(T101F 5̄) for H5SU(5). Furthermore, Yukawa cou
plings of this matter to the bulk Higgs field will be placed
O. Notice that the standard model quarks, leptons, ga
fields and Higgs bosons are transforming under a uni
symmetry group, such asSU(5), which from the 5D view-
point, isunbroken. How can this be possible? The answer
that this is not the same 4DSU(5) symmetry that Georg
and Glashow introduced. While it acts in a standard fash
on the quarks and leptons, its action on the gauge and H
fields, which live in the bulk is non-standard. For examp
consider the gauge transformation induced by the gener
TX , which is in SU(5)/(SU(3)C3SU(2)L3U(1)Y), as-
suming thatP8 has been chosen such thatTX5TX12 . This
assignment guarantees that if the Higgs doublets
h211(y), as they should be to possess zero modes, then
color triplet partners will beh312(y), and will not have zero

1If interactions onO containS fields, there are additional con
straints on the form of the interactions coming from]yj2P8(y
50,pR)5” 0.
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modes. Making a KK mode expansion, one discovers that
TX transformation rotates the zero-modeh2

(0) into a combi-
nation of massive triplet KK modesh3

(n) , and, from the 4D
viewpoint, this gauge transformation is broken. It is beca
jX5jX12 has no zero-mode contribution that there is no
Georgi-GlashowSU(5) symmetry. A central thesis of thi
paper is that the grand unified symmetry is an inheren
extra-dimensional symmetry—it is not a 4D symmetry whi
must be spontaneously broken, and it does not contain
4D Georgi-GlashowSU(5) as a subgroup.

The construction of theories of the type outlined above
not guaranteed. There are certain consistency conditions
must be imposed. All interactions, both bulk and brane, m
be invariant under each parity, that is undery→2y and
f(2y)→Pf(y), and similarly forP8. For the bulk gauge
interactions this means that the group structure const

must obeyf âb̂ĉ5 f âbc50, wherea(â) runs over generators
even~odd! underP. Important constraints result because t
brane interactions atO, which include the Yukawa coupling
for the quarks and leptons, must be symmetrical under b
P8 and the gauge symmetryH. Constructing such interac
tions is non-trivial, and will be discussed in detail in th
explicit theory of Sec. III.

The parityP8 must be chosen so thath3 andVX are odd
and have no zero modes. This implies that the gauge s
metry H8 at the fixed pointsO8 does not containSU(5).
Hence brane interactions atO8 violate the Georgi-Glashow
SU(5) symmetry. This raises the crucial question as
whether the prediction for the weak mixing angle survives
these theories—is Georgi-GlashowSU(5) necessary for a
successful prediction of the weak mixing angle? We find t
it is not: the three standard model gauge interactions
unified into a single non-Abelian higher dimensional gau
symmetry, so that a zeroth order relation amongst the th
gauge couplings is preserved. Threshold corrections h
two origins: brane kinetic terms for gauge fields located
O8, andSU(5) splitting of the KK multiplets of the Higgs
and gauge towers, which are inherent to our class of theo
In the next section we show that these threshold correct
are under control and small. It is remarkable and non-triv
that, even if the brane gauge kinetic terms violate Geo
GlashowSU(5) strongly, the resulting tree-level correction
to the weak mixing angle are negligible.

Proton decay from color triplet Higgsino exchange va
ishes in our class of theories. These Higgsinos acquire m
via the KK mode expansion of operators of the formH]yH

c.
The Dirac mass couples the triplet Higgsino to a state inHc

which does not couple to quarks and leptons. It is w
known that the dimension 5 proton decay problem can
solved by the form of the triplet Higgsino mass matrix;
higher dimensional unification the structure of the theory
quires this dimension 5 proton decay to be absent. The f
of the mass matrix is guaranteed by aU(1)R symmetry of
the 5D gauge interactions. As shown in the next section,
can be trivially extended to the brane matter fields so tha
proton decay at dimension 5 is absent, andR parity automati-
cally results, giving proton stability also at dimension 4.
3-3
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LAWRENCE HALL AND YASUNORI NOMURA PHYSICAL REVIEW D 64 055003
Since matter resides atO, where the gauge transforma
tions include those ofSU(5), the Yukawa interactions are
necessarilySU(5) symmetric, leading to the unified fermio
mass relationms /md5mm /me , which conflicts with data by
an order of magnitude. Does this exclude our framework?
4D unified theories, acceptable mass relations follow fr
using higher dimensional operators involving factors
SU(5) symmetry breaking vacuum expectation valu
^SSU(5)&. Indeed the Yukawa matrices can be viewed as
pansions in̂ SSU(5)&/MPl @11#, allowing the construction of
predictive unified theories of fermion masses@12,13#. This
option is not available to us as there are noSU(5) breaking
vacuum expectation values. We find that our framew
leads to an alternative origin forSU(5) breaking Yukawa
interactions, and we are able to introduce a new, highly c
strained, class of predictive unified theories of fermi
masses. The only origin ofSU(5) breaking atO is through
the zero-mode structure of bulk fields with non-zero wa
functions atO. We therefore introduce a new class of bu
matter in a vector representation ofG as hypermultiplets
(B,Bc)1(B̄,B̄c). The symmetry quantum numbers of the
fields are assigned such that brane interactions atO give
mass terms and Yukawa interactions which involve both
brane matter and the bulk matter. For example, whenG is
SU(5), andB is taken to be a 5-plet, the brane interactions
O include the mass termsB(B̄1F 5̄) and the Yukawa inter-
actionsT10(B̄1F 5̄)H 5̄ . This leads to realistic masses, as d
cussed in the next section.

Below the compactification scale our theory is the mi
mal supersymmetric standard model. While there are a v
ety of possibilities for supersymmetry breaking, it is read
apparent that our class of theories provides a very nat
setting for gaugino mediation. Gaugino mediation@9# re-
quires the standard model gauge fields to propagate in a
which contains at least two branes. One brane has quarks
leptons localized to it, while the other is the location of s
persymmetry breaking. Clearly, in our class of theories
supersymmetry breaking should reside atO8.

III. AN SU„5… THEORY

A. Orbifold symmetry structure

In this section we construct a complete unifiedSU(5)
theory in 5 dimensions and discuss some of its phenome
logical aspects. We begin by reviewing the bulk structure
the model of Ref.@5#. The 5D spacetime is a direct produ
of 4D Minkowski spacetimeM4 and an extra dimension
compactified on theS1/(Z23Z28) orbifold, with coordi-
natesxm (m50,1,2,3) andy(5x5), respectively. TheS1/
(Z23Z28) orbifold can conveniently be viewed as a circle
radiusR divided by twoZ2 transformations;Z2 : y→2y and
Z28 : y8→2y8 where y85y2pR/2. The physical space i
then an intervaly:@0,pR/2# which has two branes at the tw
orbifold fixed points aty50 and pR/2. ~The branes at
y5pR and 2pR/2 are identified with those aty50 and
pR/2, respectively.!

Under the Z23Z28 symmetry, a generic 5D bulk field
f(xm,y) has a definite transformation property
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f~xm,y!→f~xm,2y!5Pf~xm,y!, ~3!

f~xm,y8!→f~xm,2y8!5P8f~xm,y8!, ~4!

where the eigenvalues ofP and P8 must be61. Denoting
the field with (P,P8)5(61,61) by f66 , we obtain the
following mode expansions@6#:

f11~xm,y!5 (
n50

`
1

A2dn,0pR
f11

(2n)~xm!cos
2ny

R
, ~5!

f12~xm,y!5 (
n50

`
1

ApR
f12

(2n11)~xm!cos
~2n11!y

R
, ~6!

f21~xm,y!5 (
n50

`
1

ApR
f21

(2n11)~xm!sin
~2n11!y

R
, ~7!

f22~xm,y!5 (
n50

`
1

ApR
f22

(2n12)~xm!sin
~2n12!y

R
, ~8!

where 4D fieldsf11
(2n) , f12

(2n11) , f21
(2n11) , andf22

(2n12) ac-
quire masses 2n/R, (2n11)/R, (2n11)/R, and (2n
12)/R upon compactification. Zero modes are contain
only in f11 fields, so that the matter content of the massl
sector is smaller than that of the full 5D multiplet.

In the 5D bulk, we haveSU(5) gauge supermultiplets an
two Higgs hypermultiplets that transform as5 and5̄. The 5D
gauge supermultiplet contains a vector bosonAM (M
50,1,2,3,5), two gauginosl and l8, and a real scalars,
which is decomposed into a vector supermultipletV(Am ,l)
and a chiral multiplet in the adjoint representationS@(s
1 iA5)/A2,l8# underN51 supersymmetry in 4D. The hy
permultiplet, which consists of two complex scalarsf and
fc and two Weyl fermionsc and cc, forms two 4DN51
chiral multiplets F(f,c) and Fc(fc,cc) transforming as
conjugate representations with each other under the ga
group. HereF runs over the two Higgs hypermultiplets,H5

andH 5̄ . @H5
c andH 5̄

c transform as5̄ and5 under theSU(5).#
The 5DSU(5) gauge symmetry is ‘‘broken’’ by the orbi

fold compactification to a 4DSU(3)C3SU(2)L3U(1)Y
gauge symmetry by choosingP5(1,1,1,1,1) and P8
5(2,2,2,1,1) acting on the5. Each Z2 reflection is
taken to preserve the same 4DN51 supersymmetry. The

TABLE I. The (Z2 ,Z28) transformation properties for the bul
gauge and Higgs multiplets.

(P,P8) 4D N51 superfield Mass

(1,1) Va, HF , HF̄ 2n/R
(1,2) Vâ, HC , HC̄

(2n11)/R

(2,1) S â, HC
c , HC̄

c (2n11)/R

(2,2) Sa, HF
c , HF̄

c (2n12)/R
3-4
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GAUGE UNIFICATION IN HIGHER DIMENSIONS PHYSICAL REVIEW D64 055003
(Z2 ,Z28) charges for all components of the vector and Hig

multiplets are shown in Table I. Here, the indicesa and â
denote the unbroken and brokenSU(5) generators,Ta and

Tâ, respectively. TheC andF represent the color triplet an
weak doublet components of the Higgs multiplets, resp
tively: H5.$HC ,HF%, H 5̄.$HC̄ ,HF̄%, H5

c.$HC
c ,HF

c %, and

H 5̄
c
.$HC̄

c ,HF̄
c
%. Since only (1,1) fields have zero modes

the massless sector consists ofN51 SU(3)C3SU(2)L

3U(1)Y vector multipletsVa(0) with two Higgs doublet chi-
ral superfieldsHF

(0) andHF̄
(0) . Thus, the doublet-triplet split

ting problem is naturally solved in this framework@5#. The
higher modes for the vector multipletsVa(2n) (n.0) eat
Sa(2n) becoming massive vector multiplets, and similarly f

the Vâ(2n11) and S â(2n11) (n>0). An interesting point is
that the non-zero modes for the Higgs fields have mass te
of the form HF

(2n)HF
c(2n) , HF̄

(2n)
HF̄

c(2n) , HC
(2n11)HC

c(2n11) ,

and HC̄
(2n11)

HC̄
c(2n11) , which will become important when

we consider dimension 5 proton decay later.
How should quarks and leptons be incorporated into

theory? In this paper we concentrate on the case where
are localized on a brane.2 An important point is that when we
introduce brane-localized matter and/or interactions on so
orbifold fixed point O, they must preserve only the gaug
symmetry with non-vanishing gauge transformations at
point jO

a 5” 0. This corresponds to the symmetry which r
mains unbroken on this fixed point after compactificatio
Specifically, if we introduce the quark and lepton fields
the branes aty5(0,pR) their multiplet structures and inter
actions must preserveSU(5) symmetry andN51 supersym-
metry, while if they are located on they56pR/2 branes
they only have to preserveN51 supersymmetry and th
standard model gauge symmetry. For theSU(5) gauge sym-
metry to provide an understanding of the quark and lep
quantum numbers, they must reside on they5(0,pR)
branes. Therefore, we put three generations ofN51 chiral
superfields T10.$Q,U,E% and F 5̄.$D,L% on the y
5(0,pR) branes.

What are the transformation properties of the quark a
lepton superfields under theZ23Z28 symmetry? The parities

2An interesting alternative is to put quarks and leptons in the b
Then, if we only introduce hypermultiplets (T10 ,T10

c ) and (F 5̄ ,F 5̄
c)

in the bulk, the low-energy matter content is not that of the minim
supersymmetric standard model. However, if we further introd
(T108 ,T810

c ) and (F 5̄
8 ,F85̄

c) and assign oppositeP8 parities forT10

and T108 ~and for F 5̄ and F 5̄
8), it is possible to recover the correc

low-energy matter content. The Yukawa couplings are placed
eithery5(0,pR) or y56pR/2 branes. The resulting theory is no
‘‘grand unified theory’’ in the usual sense, sinceD and L (Q and
U,E) come from different~hyper!multiplets. The proton decay
from broken gauge boson exchange is absent, and there i
SU(5) relation among the Yukawa couplings. Nevertheless,
theory still keeps the desired features of the ‘‘grand unified theor
the quantization of hypercharges and the unification of the th
gauge couplings.
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P under Z2 must obviously be plus. Then, the paritiesP8
underZ28 are determined by the requirement that any ope
tors written on they5(0,pR) branes must transformSU(5)
covariantly underZ28 . This is because if various terms in a
SU(5)-invariant operator on they50 brane transform dif-
ferently under theZ28 , the corresponding terms on they
5pR brane are notSU(5) invariant, contradicting the ob
servation made in Eq.~1!. In particular, since the kinetic
terms for theT10 and F 5̄ fields must transform covariantly
under theZ28 , there are only four possibilities for the assig
ment of theP8 quantum numbers:~i! P8(Q,U,D,L,E)5
6(1,2,2,1,2) or ~ii ! P8(Q,U,D,L,E)56(2,1,2,
1,1).3 The case (2,1,2,1,1) follows from requiring
(2,2,2,1,1) on each5 index, and the other three poss
bilities result from overall sign changes onT10 and/orF 5̄ .

Once theP8 quantum numbers for the brane fields a
determined as above, we can work out the transforma
properties of the Yukawa coupling@T10T10H5#u2 and
@T10F 5̄H 5̄#u2 located on the brane. It turns out th
P8(T10T10H5)5P8(T10F 5̄H 5̄)52 in the case ~i!, and
P8(T10T10H5)52P8(T10F 5̄H 5̄)52 in the case~ii !. There-
fore, theZ23Z28 invariant Yukawa interactions are

L55E d2uF1

2
$d~y!2d~y2pR!%A2pR yuT10T10H5

1
1

2
$d~y!7d~y2pR!%A2pRydT10F 5̄H 5̄G1H.c.,

~9!

where7 takes2 and1 in the case of~i! and ~ii !, respec-
tively. ~We can easily check that the above express
is invariant under both Z2 :$y→2y, T10T10H5
→T10T10H5 , T10F 5̄H 5̄→T10F 5̄H 5̄% and Z28 :$y8→
2y8, T10T10H5→2T10T10H5 , T10F 5̄H 5̄→7T10F 5̄H 5̄%.!
After integrating out the extra dimensional coordinatey, we
get SU(5)-invariant Yukawa couplings in 4D,

L45 (
n50

` E d2uFA2yuS 1

A2dn,0
QUHF

(2n)1QQHC
(2n11)

1UEHC
(2n11)D 1A2ydS 1

A2dn,0
QDHF̄

(2n)

1
1

A2dn,0
LEHF̄

(2n)
1QLHC̄

(2n11)
1UDHC̄

(2n11)D G1H.c.,

~10!

where the interactions between the zero-mode Higgs d
blets and quarks and leptons are precisely those of the m
mal supersymmetricSU(5) model. @Note that theSU(5)
transformation caused by the broken generatorsTâ mixes
different levels of KK modes, due to non-trivial profiles o

.

l
e

n

no
e
’:
e

3This assignment is different from that adopted in Ref.@7#.
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the broken gauge transformation parametersj â(y) in the ex-
tra dimension.#

B. Gauge coupling unification

We now discuss some phenomenological issues of
model, beginning with gauge coupling unification. Since
heavy unified gauge boson masses are given by 1/R, it is
natural to identify 1/R5MU , the unification scale, and thi
is indeed correct to zeroth order approximation. Then,
corrections to this naive identification come from tw
sources.

First, since the brane interactions only have to prese
symmetries which remain unbroken locally at that fix
point, we can introduce brane kinetic terms for theSU(3)C ,
SU(2)L , andU(1)Y gauge fields aty56pR/2 with three
different gauge couplings.@The operators on they5
6pR/2 branes do not have to preserve the fullSU(5), since
the broken gauge transformation parametersj â vanish on
these branes.# However, we can expect that the effect
theseSU(5)-violating brane kinetic terms is small by ma
ing the following observation. Consider the 5D theory whe
the bulk and brane gauge couplings have almost eq
strength. Then, after integrating outy, the zero-mode gaug
couplings are dominated by the bulk contributions beca
of the spread of the wave function of the zero-mode ga
boson. Since the bulk gauge couplings are necessarilySU(5)
symmetric, we find that theSU(5)-violating effect coming
from brane ones is highly suppressed.

To illustrate the above point explicitly, we here consider
an extreme case where the 5D theory is truly stron
coupled at the cutoff scaleM* where the field theory is
presumably incorporated into some more fundame
theory. Then, the bulk and brane gauge couplingsg5 andg4i
defined by

L55E d2uF 1

g5
2
W aWa1

1

2 H dS y2
p

2
RD

1dS y1
p

2
RD J 1

g4i
2
W i

aWiaG1H.c., ~11!

are estimated to be 1/g5
2;M* /(24p3) and 1/g4i

2

;1/(16p2) using a strong coupling analysis in higher d
mensions@14#. Here,g5 andg4i are theSU(5)-invariant and
SU(5)-violating contributions. Note that the brane contrib
tions vanish forW X

a , which is odd underZ28 , but are non-
zero and different forW i

a , where i runs over SU(3)C ,
SU(2)L , andU(1)Y , so that the couplingsg4i differ from
each other by factors of order unity. On integrating overy,
we obtain zero-mode 4D gauge couplingsg0i at the unifica-
tion scale

1

g0i
2

5S 2pR

g5
2

1
1

g4i
2 D ;S M* R

12p2
1

1

16p2D . ~12!

Since we know thatg0i;1, we must takeM* R;12p2 in
this strongly coupled case. This shows that t
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SU(5)-violating contribution from the brane kinetic term
on y56pR/2 ~the second term in the above equations! is
suppressed by an amount equivalent to a loop fac
1/(16p2) relative to the dominantSU(5)-preserving contri-
bution ~the first term!. Of course, this is a tree-level correc
tion, and the brane contribution is small relative to the bu
term because of the large volume factor 2pRM* . Note that
in the realistic case the theory is not necessarily stron
coupled at the cutoff scale (M* R&12p2) as we will see
later. Even then, however, it is true that the brane piece
generically suppressed compared with the bulk piece, a
integrating outy, due to the volume factor 2pRM* . For
comparable values of the dimensionless couplingsg5

2M* and
g4i

2 , this corresponds, even in the case ofM* R54, to much
less than a 1% correction to the prediction of the weak m
ing angle.

The second correction to gauge unification origina
from the running of the gauge couplings above the comp
tification scale due to the KK modes not filling degenera
SU(5) multiplets.4 From the 4D point of view, the zero
mode gauge couplingsg0i at the compactification scal
Mc(51/R) is given by@15#

1

g0i
2 ~Mc!

.
1

g0
2~M* !

2
b

8p2
~M* R21!1

bi8

8p2
ln~M* R!,

~13!

whereb andbi8 are constants ofO(1). A crucial observation
is that the coefficientb is SU(5) symmetric, i.e.,b is the
same forSU(3)C , SU(2)L , andU(1)Y . This is because the
power-law contributions come from renormalizations of 5
kinetic terms, which must beSU(5) symmetric. Since the
sum of the first two terms must beO(1) to haveg0i(Mc)
;1, theSU(5)-violating contribution from the running~the
third term in the right-hand side of the above equation! is
suppressed by a loop factor because the running is only lo
rithmic. Furthermore, the differencesbi82bj8 are smaller than
the corresponding differences of the beta-function coe
cients at low energies@(b38 ,b28 ,b18)5(0,2,6)#, so that we ar-
rive at the following picture. As the three gauge couplin
are evolved from the weak scale to higher energies, t
approach each other with the usual logarithmic running, a
at the compactification scaleMc they take almost equal val
ues but are still slightly different. The further relative evol
tion aboveMc is slower, but finally the three couplings unif
at the cutoff scaleM* , where our 5D theory is incorporate
into some more fundamental theory. Note thatMc,MU
,M* , where MU is the usual zeroth order value of th
unification scale,MU.231016 GeV. We assume the phys
ics aboveM* to beSU(5) symmetric.

To estimate the threshold correction coming from this s
ond source, we consider the one-loop renormalization gr
equations for the three gauge couplings. Assuming that
couplings take a unified valueg* at M* , they take the fol-
lowing form:

4We thank D. Smith and N. Weiner for discussions on this iss
3-6
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a i
21~mZ!5a

*
21~M* !1

1

2p H a i ln
mSUSY

mZ
1b i ln

M*
mZ

1g i (
n50

Nl

ln
M*

~2n12!Mc
1d i (

n50

Nl

ln
M*

~2n11!Mc
J ,

~14!

where (a1 ,a2 ,a3)5(25/2,225/6,24), (b1 ,b2 ,b3)
5(33/5,1,23), (g1 ,g2 ,g3)5(6/5,22,26), and
(d1 ,d2 ,d3)5(246/5,26,22). Here, we have assumed
common massmSUSY for the superparticles for simplicity
and the sum onn includes all KK modes belowM* , so that
(2Nl12)Mc<M* .5 Contributions proportional tog i result
from the KK modes of the Higgs doublets and of the sta
dard model gauge bosons and theirN52 partners, while
terms proportional tod i result from the KK modes of the
Higgs triplets and from the vectors and chiral adjoints of
brokenSU(5) generators. In 4D unified theories one typ
cally only considers threshold corrections from a fe
SU(5)-split multiplets with mass close toMU . In the
present theory there areSU(5)-split KK multiplets right up
to M* .

Taking a linear combination of the three equations,
obtain

~5a1
2123a2

2122a3
21!~mZ!

5
1

2p H 8 ln
mSUSY

mZ
136 ln

~2Nl12!Mc

mZ

224(
n50

Nl

ln
~2n12!

~2n11!J , ~15!

where we have setM* 5(2Nl12)Mc . The corresponding
linear combination in the usual 4D minimal supersymme
SU(5) grand unified theory takes the form

~5a1
2123a2

2122a3
21!~mZ!5

1

2p H 8 ln
mSUSY

mZ
136 ln

MU

mZ
J ,

~16!

where MU5(MS
2 MV)1/3, and MS and MV are the adjoint

Higgs and the broken gauge boson masses, respectively@17#.
Therefore, we find the following correspondence betwe
the two theories:

ln
Mc

mZ
5 ln

MU

mZ
1

2

3 (
n50

Nl

ln
~2n12!

~2n11!
2 ln~2Nl12!, ~17!

from the gauge running point of view. Since the experimen
values of the gauge couplings restrictMU to the range
131016 GeV&MU&331016 GeV, we can find the range

5Terminating the sum of KK modes atM* may be justified in
more fundamental theory such as string theory@16#.
05500
-

e

e

c

n
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of Mc for a givenNl . For instance, if we takeNl54 (M*
510Mc), we find that the compactification scale must be
the range

331015 GeV&Mc&831015 GeV, ~18!

which is somewhat lower than the usual 4D unification sc
MU.231016 GeV.6 There is also an independent bound
Nl coming from another linear combination (5a1

21212a2
21

17a3
21)(mZ), but it is rather weak due to the experiment

uncertainty of the strong coupling constanta3(mZ).
The above estimate is not precise, since only the lead

logarithmic contributions are included. A detailed analysis
these corrections to gauge coupling unification will be giv
in Ref. @18#. Nevertheless, the number given in Eq.~18! is
very encouraging in that the dimension 6 proton decayp
→e1p0, induced by the exchange of anX gauge boson, may
be seen in the near future. The present experimental l
from Super-Kamiokande,tp→e1p0.1.631033 yr @19#, is
translated intoMc*531015 GeV, remembering that theX
gauge boson mass isMc and the coupling of theX gauge
boson to quarks isA2 times larger than that of the standa
model gauge boson. ThusNl>4, corresponding to a hierar
chy M* /Mc>10, could be excluded by an increase in t
experimental limit ontp→e1p0 by a factor of 6. In fact, if we
requireNl.1, so that there is some energy interval whe
the theory is described by higher dimensional field the
(M* /Mc>4), we obtain an upper bound on the compact
cation scaleMc,1.431016 GeV, which means that increas
ing the experimental limit by a factor of 60 covers the ent
parameter space of the model.

C. U„1…R symmetry

Knowing that 1/R is somewhat smaller thanMU , one
may worry about too fast proton decay caused by an
change of the colored Higgs multiplet, since they couple
quarks and squarks through the interactions of Eq.~10!.
However, these dimension 5 proton decay operators are
generated in our theory. The mass terms for the colo
Higgs supermultiplets are

L45 (
n50

` E d2uS 1

R
HC

(2n11)HC
c(2n11)1

1

R
HC̄

(2n11)
HC̄

c(2n11)D
1H.c., ~19!

coupling H to Hc. The conjugate fields,HC
c(2n11) and

6If the fundamental scale of gravity isM* , the 4 dimensional
reduced Planck mass,Mpl.2.431018 GeV, can result if there are
additional dimensions in which only gravity propagates with a s
of the unification scale.

TABLE II. U(1)R charges for chiral superfields.

S H5 H 5̄ H5
c

H 5̄
c T10 F 5̄ N1

U(1)R 0 0 0 2 2 1 1 1
3-7
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LAWRENCE HALL AND YASUNORI NOMURA PHYSICAL REVIEW D 64 055003
HC̄
c(2n11) , do not couple directly to the quark and lepto

superfields because of theU(1)R symmetry shown in Table
II and discussed below. This symmetry is only broken
small supersymmetry breaking effects, so we predict t
there is no proton decay induced by dimension 5 operat

In order to be complete, however, we must also forbid
brane interactions

L55E d2uF1

2
$d~y!1d~y2pR!%H5H 5̄

1
1

2
$d~y!6d~y2pR!%T10T10T10F 5̄G1H.c., ~20!

where6 takes1 and2 in the case of~i! and ~ii !, respec-
tively. For this purpose, it is useful to notice that the 5D bu
Lagrangian possesses a continuousU(1)R symmetry. This
bulk U(1)R is a linear combination of theU(1) subgroup of
the SU(2)R automorphism group ofN52 supersymmetry
algebra and a vector-like non-RU(1) symmetry under which
the Higgs fields transform as H5(21),H 5̄(21),
H5

c(11),H 5̄
c(11). The point is that we can extend th

U(1)R to the full theory by assigning appropriate charges
the quark and lepton superfields. The fullU(1)R symmetry,
with charge assignments given in Table II, allows t
Yukawa couplings in Eq.~9!. Hence, imposing the matte
quantum numbers of Table II, all interactions of Eq.~20! are
forbidden by theU(1)R symmetry. This not only solves th
problem of dimension 5 proton decay completely@both from
tree-level brane operators in Eq.~20! and from colored
Higgsino exchanges#, but also naturally explains why th
weak Higgs doubletsHF and HF̄ are light. Note that this
U(1)R also forbids unwanted brane operators@F 5̄H5#u2 and
@T10F 5̄F 5̄#u2, since it contains the usualR-parity as a discrete
subgroup.7

D. Supersymmetry breaking

An important question is the origin of 4 dimensionalN
51 supersymmetry breaking. In 4D it is well known that t
supersymmetry breaking must be isolated to some de
from the particles and interactions of the minimal supersy
metric standard model. In fact, the argument of Dimopou
and Georgi shows that this isolation is only necessary for
matter fields@2#. It is therefore quite clear that the ide
location for supersymmetry breaking is the branes aty5
6pR/2. Remarkably, one immediately finds that this resu
in a supersymmetry breaking scheme which is precisely
of the gaugino mediation mechanism@9#. Since the gauginos

7The aboveU(1)R allows the brane operator@H5H 5̄#u2ū2 on the
y5(0,pR) branes. Thus, it is possible to produce am term ~a
supersymmetric mass term for the Higgs doublets! of the order of
the weak scale by the mechanism of Ref.@20# after the breakdown
of N51 supersymmetry, through a constant term in the superpo
tial needed to cancel a positive cosmological constant arising f
the supersymmetry breaking.@The superpotential constant ter
comes from an explicit or spontaneous breaking of theU(1)R .#
05500
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and Higgs fields are in the bulk they have direct couplings
the supersymmetry breaking fieldS, which we take to be a
gauge andU(1)R singlet, on they56pR/2 branes

L55
1

2
$d~y2pR/2!1d~y1pR/2!%F E d2uSW i

aWia

1E d4u~S†HFHF̄1S†SHFHF̄!1H.c.G , ~21!

where coefficients of order unity, in units ofM* , are omit-
ted. Note thatF-component expectation value for theS field
breaks theU(1)R symmetry to R parity. This generates
gaugino masses as well as them andmB parameters, while
the squarks and sleptons obtain masses through radiative
rections so that the supersymmetric flavor problem is na
rally solved. Superparticle phenomenology is more tigh
constrained than in a general theory of gaugino mediat
The distance between the supersymmetry breaking and
ter branes is known quite precisely, and, furthermore,
proton decay constraint does not allow very large values
M* /Mc , so that the ratio ofmB/m is not a significant prob-
lem. It is also remarkable that, even though we have a uni
gauge symmetry with precise gauge coupling unificati
there is no unification of the three gaugino masses. T
originate from the only location in the theory where th
gauge transformationsjX(y) are forced to vanish, so that th
coefficients of SW i

aWia in Eq. ~21! is different for the
SU(3)C , SU(2)L andU(1)Y terms.

E. Quark and lepton masses

The SU(5) invariance of Eq.~9! guarantees the succes
ful mb /mt mass relation@21#, but is not realistic, since it
yields ms /md5mm /me . As discussed at the end of the pr
vious section, if the unified symmetry is broken by an or
fold compactification, there is a new, constrained mechan
for obtaining SU(5) breaking in fermion mass relations
Here we give a simple specific realization of this mechani
which is sufficient to allow realistic fermion masses. We a
bulk hypermultiplets which transform as515̄: (B,Bc)
1(B̄,B̄c). We assume that they have no bulk mass term,
simplicity. We assign bothB and B̄ a U(1)R quantum num-
ber of11, so that these hypermultiplets should be though
as matter fields rather than Higgs fields. TheZ23Z28 quan-
tum numbers of these hypermultiplets can be chosen s
that the zero modes are either weak doublets or color tripl
both possibilities lead to realistic theories. TheSU(5) invari-
ant brane interactions aty50 relevant for down-type quark
and charged lepton mass matrices are

L55E d2ud~y!„B~B̄1F 5̄!1T10~B̄1F 5̄!H 5̄…, ~22!

where coupling parameters are omitted. Corresponding in
actions are placed aty5pR to maintain theZ23Z28 invari-
ance of the theory. The lepton doublets and right-han
down quarks are found to lie partly inB̄ and partly inF 5̄ ,
but in different combinations. Hence in general theSU(5)
relations between the down and charged lepton masses
removed. The analysis is very simple when the mass term

n-
m
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GAUGE UNIFICATION IN HIGHER DIMENSIONS PHYSICAL REVIEW D64 055003
Eq. ~22! are smaller thanMc . Suppose that the zero mode
of B are weak doublets. In this case the lepton doublet
partly in B̄ and partly in F 5̄ , while the down quark lies
completely inF 5̄ . HenceT10F 5̄H 5̄ contributes to both down
and lepton masses, whileT10B̄H 5̄ contributes only to the
lepton masses. One can imagine that, for some flavor s
metry reason, these mixing terms are only important for
2-2 entry of the Yukawa matrices, so that the Georgi-Jarls
mass matrices follow@12#.

Note that the above mechanism could, in principle, int
duce supersymmetric flavor problem, sinceB and B̄ fields
have supersymmetry breaking masses by coupling toS on
the y56pR/2 branes and give non-universal squark a
slepton masses through the mixing withF 5̄ . However, the
amount of induced flavor violation strongly depends on
structure of the Yukawa couplings. Suppose the Yukawa c
pling of the B̄ field, @T10B̄H 5̄#u2, is of order one. Then, the
mixing betweenB̄ and the second generationF 5̄ with angle
of O(0.01) will be sufficient to break unwantedSU(5) rela-
tions on fermion masses. In this case, the flavor violat
squark and slepton masses are suppressed compared wi
gaugino masses, and the induced flavor violating process
low energy would be sufficiently small.

Neutrino masses can easily be incorporated into
theory. Introducing three right-handed neutrino superfie
N1’s, with U(1)R charge of11, on they5(0,pR) branes,
we can write neutrino Yukawa couplings@F 5̄N1H5#u2 and
Majorana mass terms forN1’s on the branes, accommodatin
the conventional see-saw mechanism@22# to explain the
smallness of the neutrino masses. Alternatively, we co
introduce N1’s on the y56pR/2 branes and forbid thei
mass terms by imposing some symmetry such asU(1)B2L .
Then, with appropriate couplings to heavy bulk fields
masses;M* , exponentially suppressed Yukawa coupling
exp(2pRM* /2)@F 5̄N1H5#u2, are generated via exchanges
these heavy bulk fields. This provides a mechanism of n
rally producing small Dirac neutrino masses in the pres
framework.

IV. CONCLUSIONS

It is well known that compactifying a higher-dimension
gauge field theory on a compact manifold leads to ga
symmetry breaking. For example, compactification on
circle leads to a mass for all gauge bosons correspondin
non-trivial gauge transformations on the circle. The on
gauge bosons which remain massless correspond to z
mode gauge transformations. Compactifying on an orbifo
with an orbifold symmetry which acts non-trivially on th
gauge bosons, constrains the form of the gauge transfo
tions, and reduces the number of their zero modes. This
moval of zero-mode gauge transformations therefore
creases the gauge symmetry of the resulting 4D theory. S
a reduction can also be seen because the orbifold symm
removes some of the zero-mode states that would be ne
sary to realize the 4D gauge symmetry. Kawamura@5# has
shown that a 5D theory withSU(5) gauge symmetry com
pactified on the orbifoldS1/(Z23Z28) elegantly reduces the
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4D gauge symmetry toSU(3)C3SU(2)L3U(1)Y , and that
this is accompanied by a reduction in the zero-mode Hi
states to only those that are weak doublets.

We have constructed a complete 5-dimensionalSU(5)
unified field theory compactified on the orbifoldS1/
(Z23Z28). The theory possesses the following features:

Quarks and leptons are introduced at orbifold fixed poi
which preserveSU(5) invariance, thereby yielding an unde
standing of their gauge quantum numbers.

Quark and lepton masses arise fromSU(5) invariant
Yukawa couplings at these fixed points, which can theref
display SU(5) fermion mass relations such asmb5mt .
Mixing between heavy bulk matter and brane matter can l
to non-SU(5) symmetric mass relations, as the zero-mo
structure of the bulk matter isSU(5) violating.

The mass matrix for the color triplet Higgs particles
determined by compactification, and results in the comp
absence of dimension 5 proton decay from the exchang
these states.

Until 4D supersymmetry is broken, the theory posses
an exactU(1)R symmetry. This forbids all proton deca
from dimension 4 and dimension 5 operators.

The orbifold has fixed points whereSU(5) is broken.
This leads to corrections to gauge coupling unification a
ing from non-SU(5) symmetric brane gauge kinetic term
and from KK modes of gauge and Higgs multiplets which
not fill degenerateSU(5) multiplets. We have argued tha
the former are negligibly small. The latter yield small co
rections to the weak mixing angle prediction, in a directi
which improves the agreement between supersymmetric
fication and experiment.

TheX gauge boson, which inducesp→e1p0, has a mass
equal to the compactification scale, 1/R, which is smaller
than the usual 4D unification scale of 231016 GeV by a
factor between 1.4 and 4. We predict thatp→e1p0 will be
discovered by further running of the Super-Kamiokande
periment, or at a next generation megaton proton decay
tector.

Supersymmetry breaking occurs on a brane distant fr
the matter brane, resulting in the generation of gaug
masses and them/mB parameters. This breaking is comm
nicated to matter by gaugino mediation, so that there is
supersymmetric flavor problem. While supersymme
breaking breaksU(1)R , it preservesR parity. Since the full
SU(5) gauge transformations do not act on the supersym
try breaking brane, the gaugino mass parameters do
unify.

See-saw neutrino masses arise on the matter brane.
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