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Comparison of 3-dimensional and 1-dimensional schemes in the calculation
of atmospheric neutrinos
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A 3-dimensional calculation of atmospheric neutrino flux is presented, and the results are compared with
those of a 1-dimensional calculation. In this study, the interaction and propagation of particles is treated in a
3-dimensional way including the curvature of charged particles due to the geomagnetic field, which is assumed
to be a dipole field. The purpose of this paper is limited to the comparison of calculation schemes. The updated
flux value with a new interaction model and primary flux model will be reported in a separate paper. Except for
nearly horizontal directions, the flux is very similar to the result of 1-dimensional calculations. However, for
near-horizontal directions an enhancement of the neutrino flux is seen even at energies as high as 1 GeV. The
production height of neutrinos is lower than the prediction of the 1-dimensional calculation for near-horizontal
directions, and is a little higher for near-vertical directions. However, the difference is not evident except for
near-horizontal directions.
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I. INTRODUCTION

The conflict between the experimental data and theor
cal predictions of atmospheric neutrinos gives evidence
neutrino oscillations@1# ~see also@2–5#!. The data from
Super-Kamiokande, which dominate the statistics in the
mospheric neutrino data, are well explained bynt↔nm os-
cillation with Dm2.331023 eV2 and sin22u;1. We note
that the oscillation mode ofnt↔nm with Dm2;1
31022 eV2 was suggested@6–8# immediately after the dis-
covery of the atmospheric neutrino anomaly@9#, using the
atmospheric neutrino flux predicted in the 1-dimensional
proximation@10#. The theoretical study of atmospheric ne
trinos has also been improved since that time, but mos
them still employ the 1-dimensional approximation@11,12#.
For further study of neutrino oscillations, a better predicti
of the atmospheric neutrino flux calculated using
3-dimensional scheme may be needed.

The ‘‘3D effects’’ are not very large; the bending o
muons in the geomagnetic field is;0.1 rad (;5°) in the
average muon lifetime, and the transverse momentum
secondary particle in a hadronic interaction is typically 0
GeV/c. Both are small effects for neutrinos with an ener
of *1 GeV, and could be ignored for@1 GeV. Therefore
it is considered that a 1-dimensional calculation is suffici
for the confirmation of neutrino oscillation and their nonze
masses. The effects become important, however, for ne
nos with energies&1 GeV.

One of the difficult problems of the 3-dimensional calc
lation is the computation time. If we sample the cosmic r
uniformly over the surface of the Earth, roughly speakin
only ~detector size/Earth radius! 2 of the produced neutrino
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go through the detector. The 3-dimensional calculations
have been reported so far adopt some ideas that addres
computation problem. Tserkovnyaket al. assumed a huge
detector size@13#. However, they still suffered from sma
statistics. On the other hand, Battistoniet al. assumed a
spherical symmetry ignoring the geomagnetic field in the
@14#, and they found an enhancement of atmospheric n
trino fluxes in near-horizontal directions at low energie
This is a general feature in the 3-dimensional calculati
Lipari gives an explanation of it in terms of geometry@15#.
This feature is not seen in the 1-dimensional calculation.

In this study, we introduce a dipole geomagnetic field
both the geomagnetic cutoff test and the particle simulat
in air. With the axisymmetry of the dipole geomagnetic fie
we can integrate the results over longitudinal directions a
reduce the computation time to get sufficient statistics. T
dipole magnetic field may be an oversimplification for t
geomagnetism, but is useful to estimate the effect of
geomagnetic field in the air on atmospheric neutrinos. Thi
stressed by Lipari@16#.

In this paper, we concentrate on a comparison of
3-dimensional calculation, with and without the geomagne
field in the air, and the 1-dimensional one. The flux val
will be reported in a separate paper with an improved int
action model.

II. SIMULATION SETUP AND PROCEDURE

The atmospheric neutrino flux of&1 GeV, in which we
expect sizable differences between 1-dimensional
3-dimensional calculations, is mainly produced by the c
mic rays with energies below 100 GeV. The recently o
served proton cosmic ray flux in this energy region is low
©2001 The American Physical Society11-1
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than the Hidaka-Kajita-Kasahara-Midorikawa~HKKM ! @11#
flux model above 30 GeV, showing a maximum difference
30% at around 100 GeV~Fig. 1!. Variations of the observed
flux for ,10 GeV are also seen. However, this is main
due to modulation by solar activity, and the values agree w
each other when a proper correction is applied. Theref
we renew the primary proton flux model based on rec
observations, especially those of BESS@22# and AMS @23#.
Above 100 GeV, we construct two primary flux models f
proton cosmic rays: the new flux model I and new flux mo
II, shown in Fig. 1 with available data. They are consider
as the upper and lower bounds of plausible extrapola
from lower energies. The fraction of heavier chemical co
position in cosmic rays is small at,100 GeV, and we take
the values of the old HKKM flux model for them.

As a temporary choice, we use the new flux model I
this study. The differences in the primary flux model, inclu
ing that for heavier nuclei, do not result in large differenc
in the comparison of 1D and 3D calculation schemes. Ho
ever, the differences in neutrino flux between the new fl
models I, II and the old flux model are briefly addressed i
later section.

For the interaction model, we use the same interac
model as the HKKM calculation@11# in this study. We stress
however, that we are improving the interaction model, sin
the combination of the new flux model and the present in
action model does not explain the observed flux of second
cosmic rays at several altitudes. The updated interac
model as well as the primary flux model will be reported
a forthcoming paper with the resulting neutrino flux.

We assume that the surface of the Earth is a simple sp
with radius ofRe.6378 km, and use a geomagnetic co
dinate system such that the center of the Earth is the or
and the line from the center of the Earth to the magne

FIG. 1. Primary cosmic ray observation and our model cur
for protons at solar minimum. New flux model I is used in th
study. Crosses indicate data from Ref.@17#, open squares MASS
@18#, open upward triangles LEAP@19#, open downward triangles
IMAX @20#, open vertical diamonds CAPRICE@21#, open circles
BESS@22#, and open horizontal diamonds AMS@23#. Pluses indi-
cate data from Ref.@24#, closed squares Ref.@25#, closed vertical
diamonds JACEE@26#, closed upward triangles Ref.@27#, and
closed downward triangles Ref.@28#.
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north pole is thez axis. The geomagnetic field is approx
mated by a dipole magnetic field as

Bx5B03zxRe
3/r 5, By5B03zyRe

3/r 5, and

Bz5B0~3z22r 2!Re
3/r 5 ~2.1!

with B0520.30 G in this coordinate system. The positio
of the magnetic north pole is calculated to be at (71.4°
79.3°N) for the geomagnetic field in 1995, and the magne
latitudes for SK, Soudan-II, and SNO are 26.9°N, 58°N, a
54.0°N, respectively. The position of SK may be conside
as the mid magnetic latitudes~MML !, and that of Soudan-II
and SNO as the high magnetic latitudes~HML !.

In addition to the surface of the Earth, we consider th
more spheres. The first one is called the injection sphere w
radius of Re1100 km, the second one is the simulatio
boundary sphere with radius ofRe1300 km, and the third
one is the geomagnetic sphere with radius of 103Re . ~See
Fig. 2.! The simulation of cosmic rays starts at the injecti
sphere, and is carried out in the space between the surfa
the Earth and the simulation boundary sphere. Outside
geomagnetic sphere, we consider the cosmic rays to be
from the effects of the geomagnetic field.

First, the chemical composition and energy are samp
for a cosmic ray following the energy spectrum of ea
chemical composition. Then the injection position is samp
uniformly over the injection sphere and the arrival directio
are sampled so that the zenith angle distribution is prop
tional to @cosu(dcosu)#, whereu is the zenith angle at the
injection point. We record the sampled energy, the chem
composition, the position of the injection, and the directi
of the cosmic ray, irrespective of the result of the geom
netic cutoff test.

s

FIG. 2. Schematic view of the 3-dimensional calculation of
mospheric neutrinos. The curves in the figure show~a! the back-
tracking orbit for an allowed path,~b! same as~a! but for a forbid-
den path,~c! the orbit of a discarded particle, and~d! the track for
neutrinos.
1-2
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COMPARISON OF 3-DIMENSIONAL AND 1- . . . PHYSICAL REVIEW D 64 053011
For the geomagnetic cutoff test, we trace the backw
path of a particle with the same mass and energy as
cosmic ray but with the opposite charge. If the particle go
out of the geomagnetic sphere within 100 sec without go
into the injection sphere, we judge the cosmic ray has pas
the geomagnetic cutoff. The above geomagnetic cutoff
only picks up cosmic rays that arrive in the injection pla
for the first time. Note that the geomagnetic cutoff test wo
exactly the same way for two particles with the same rigid
(p/Z).

The cosmic rays that pass the geomagnetic cutoff test
fed into theCOSMOSsimulation code@29#. When a neutrino
is produced in the simulation, the production position and
direction are recorded. Other particles are traced until t
decay, leave the simulation sphere, or enter the Earth.

For the neutrinos, we calculate both the point of entra
into the Earth and the point of emergence from the Ea
neutrinos that do not enter the Earth are discarded. At e
point, the arrival zenith angle and he azimuth angles
calculated. We note that the arrival zenith angle is defined
the angle between the downward normal vector direction
the direction of the neutrino at each point. The azimuth an
is defined as the projection angle on the tangential plan
each point.

We refer to the calculation setup explained above as
3D calculation. We performed three other calculations w
different setups from the above. The first is a 1-dimensio
calculation such that the geomagnetic cutoff test is app
with the same dipole magnetic field as in the 3-dimensio
case, but all particles are treated byCOSMOS in a
1-dimensional fashion~1D calculation!, in which all second-
ary particles are produced in the direction of the prima
cosmic ray. The second is such that the geomagnetic cu
and the interaction are treated in the same way as in the
calculation but the effect of the geomagnetic field is igno
in the air ~3D-nomag calculation!. The third is another 1D
calculation such that most of the procedures are the sam
for the 1D, but the geomagnetic cutoff is applied with t
multipole expanded~8th order! geomagnetic field~1D-
multipole calculation!. This is almost the same as the HKKM
calculation @11# except for the flux model. The new flu
model I is used for all the above calculations. These ca
lations are perfomed both for the SK site and for No
America.

III. SIMULATION RESULTS

A. Direction averaged flux

In Fig. 3, we show the energy spectra averaged over
directions of atmospheric neutrinos predicted by several
ferent calculations for the MML and in Fig. 4 for HML. To
see the difference more clearly, we also calculated the ra
of the 1D, 3D, and 3D-nomag to the 1D-multipole fluxes f
MML and HML, and the ratio of 3D fluxes for HML to tha
for MML in Fig. 5.

The differences between 1D, 3D, 3D-nomag, and 1
multipole calculations using the same primary cosmic
flux model are small for the MML. The differences are le
than 5% for*0.2 GeV for all the calculation schemes, a
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for *0.1 GeV between 1D and 3D. On the other hand,
differences between different calculation schemes are la
in the HML than those in the MML.

The neutrino flux difference between the new flux mod
I and II is &2 –3 % at 1 GeV and it grows to;10% at 10
GeV. It is rather small in the energy region where the ‘‘3
effects’’ are important. However, the difference between
old flux model and the new flux model I is 8–12 % at 1 Ge
and grows to a maximum of;20% at 6–8 GeV, and then
decreases above these energies.

The flux of Battistoniet al. @14# is a little smaller than
ours for&3 GeV, and the difference is;15% at 1 GeV in
the MML. In the HML, their flux is again smaller than our
for 0.3 GeV&En&3 GeV (;15% at 1 GeV!, but below
0.3 GeV their flux is similar to or even larger than our
However, their flux is very similar to ours at energie
*3 GeV in both the MML and HML.

B. Zenith angle dependence

In the 1-dimensional approximation, and without the ge
magnetic cutoff, we expect a larger atmospheric neutrino fl

FIG. 3. Direction averaged atmospheric neutrino flux multipli
by En

2 for the MML. The squares are for 3D, triangles for 1D, an
circles for 3D-nomag calculations. The solid and dashed lines s
the neutrino fluxes of 1D-multipole calculation and Battistoniet al.
@14#, respectively.

FIG. 4. Direction averaged atmospheric neutrino flux multipli
by En

2 for the HML. The squares are for 3D, triangles for 1D, a
circles for 3D-nomag calculations. The solid and dashed lines s
the neutrino fluxes of 1D-multipole calculation and Battistoniet al.
@14#, respectively.
1-3
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FIG. 5. Flux ratios of 1D, 3D, and 3D-nomag to the 1D-multipole calculation in MML~left! and HML ~center!, and the ratio of 3D for
HML to 3D for MML ~right!. The squares are for 3D, triangles for 1D, and circles for 3D-nomag calculations.
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for the horizontal direction than for the vertical directio
Since the average first interaction point of cosmic rays
;100 g/cm2 in column density, the inclined cosmic ray
produce pions in a higher altitude than the vertical on
Whenp-m decays take place in the dense air, the result
neutrino flux is reduced, since the interaction probability
pions with the other air nuclei and the energy loss of
muons increase with increasing air density. Note, howe
that the muon energy loss is more important than the in
action probability of pions in the energy region in which w
are interested (&1 GeV).

The geomagnetic cutoff modifies the zenith angle dep
dence of the atmospheric neutrino flux at low energ
(&3 GeV). In the MML, even high rigidity particles
(*35 GV) do not pass the geomagnetic cutoff test in
near-horizontal easterly directions, while relatively low
gidity particles (;11 GV) pass the test in the near-vertic
directions. Thus the atmospheric neutrino flux for horizon
directions is lower than that for the neighboring direction
even after averaging over all azimuth angles. In the HM
we expect the downward going neutrino flux to be larg
than the upward going neutrino flux, since the averaged
off rigidity is lower for down going directions.

We show the zenith angle variation calculated in the 1
3D, and 3D-nomag schemes in Figs. 6 and 7 for the MM
and HML, respectively, to compare the zenith angle dep
dence of the atmospheric neutrino flux among different c
culation schemes. The neutrino fluxes are integrated in
energy ranges of 0.1–0.3 GeV, 0.3–1 GeV, and 1–3.1 G
and averaged over all azimuth angles.

The zenith angle variations of the atmospheric neutr
fluxes calculated in the 1D and 1D-multipole schemes
well explained by the incident angle of the primary cosm
ray and the geomagnetic cutoff as above. In the 3D
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3D-nomag calculations, however, there is a large enhan
ment of neutrino fluxes in the near-horizontal direction
which is not seen in the 1D and 1D-multipole calculation
This horizontal enhancement is seen in both the MML a
HML. The horizontal enhancement of atmospheric neutr
flux was first reported by Battistoniet al. @14#, and Lipari
gave an explanation in terms of geometry@15#.

For comparison with the results of Battistoniet al. @14#,
we plotted their results alongside our 3D-nomag resu
since they considered the geomagnetic field outside the
mosphere to calculate the geomagnetic cutoff but they
not apply the geomagnetic field in the atmosphere. We fo
that the horizontal enhancement is;10% larger than ours
However, this is not considered to be the result of the diff
ence between the multipole and dipole geomagentic cu
schemes. The 1D calculation gives a larger flux than
1D-multipole calculation at near-horizontal directions in o
study. Therefore, we conclude that the larger horizontal
hancement in the results of Battistoniet al. can be explained
by the difference of their hadronic interaction model fro
ours, especially as regards the transverse momentum of
ondary pions.

C. East-west effect

We show the azimuth variation of the neutrino fluxes c
culated in 1D, 3D, and 3D-nomag schemes in Fig. 8 and F
9 for the MML and HML, respectively. The azimuth varia
tion calculated in the 1D-multipole scheme is also sho
with that in the 1D scheme as a histogram. The neutrino fl
is integrated over the energy ranges of 0.1–0.3 GeV, 0.3
GeV, and 1–3.1 GeV, and averaged over the zenith an
ucos(uZenith)u,0.5.

The azimuthal variation of the neutrino fluxes is dete
mined only by the geomagnetic cutoff in the 1-dimension
1-4
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FIG. 6. Zenith angle dependence of atmospheric neutrino flux calculated in the 1D~left!, 3D ~center!, and 3D-nomag~right! schemes for

the MML. Squares are fornm , asterisks forn̄m , vertical diamonds forne , and horizontal diamonds forn̄e . The solid line histograms in 1D

figures show then fluxes, and the dotted ones then̄ fluxes for the 1D-multipole calculation. The solid lines in 3D-nomag figures show

n fluxes, and the dotted lines then̄ fluxes from Ref.@14#. The neutrino fluxes are integrated in the energy ranges of 0.1–0.3 GeV, 0.3–1
and 1–3.1 GeV, and averaged over all the azimuth angles. Cos(zenith)51 is for the downward going neutrinos. The results of the

calculation are also plotted in the 3D figure as a solid line histogram forn and dotted line histogram forn̄ for comparison.
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approximation, and we expect only a small deviation fro
that in the 3-dimensional schemes.~For detailed discussions
see Lipariet al. @30#.! The difference between 1D, 3D, an
3D-nomag results is small since they use the same geom
netic cutoff scheme. The difference between the dipole
multipole geomagnetic cutoff schemes is also small. N
that there is an experimental study of the azimuth variat
of the atmospheric neutrino flux@31#, although the statistics
in this study is small.

In both the MML and HML, the atmospheric neutrin
fluxes are larger in the westerly directions (180°,azimuth
,360°) than the easterly directions (0°,azimuth,180°)
due to the lower cutoff rigidity for the westerly direction
However, the difference between the westerly direction a
the easterly direction is smaller in the HML than in th
MML. Since the corresponding energy to the cutoff rigidi
is near to or even lower than the pion production threshold
cosmic rays in the HML, the effect of the geomagnetic cut
is small.

We would like to note, however, that there is a featu
which is not explained by the geomagnetic cutoff only. T
azimuth variation ofn̄m and ne fluxes is larger than that o
nm and n̄e fluxes only in the 3D calculation, and this is n
seen in other calculation schemes. The differences betw
nm and n̄m and ne and n̄e are considered to result from th
05301
g-
d
e
n

d

f
f

en

curvature of muons in the geomagnetic field. This feature
seen in both the HML and MML.

In order to study the horizontal enhancement in more
tail, we have taken the flux ratio between the 3D and 3
nomag calculations and the 1D calculation for the MML. T
flux ratio is shown separately in Fig. 10 for easterly dire
tions~S-E-N 180° in azimuth angle!, and in Fig. 11 for west-
erly directions~N-W-S 180° in azimuth angle!. Note that the
units of the vertical axis are different in these ratio figure

First, the amplitude of the horizontal enhancement is d
ferent in easterly and westerly directions for both 3D a
3D-nomag calculations. In the near-horizontal easterly dir
tions, it is;200% for 0.1–0.3 GeV and;50% for 0.3–1.0
GeV, while in the westerly directions, it is;100% for 0.1–
0.3 GeV, and;30% for 0.3–1 GeV. The large amplitude o
the horizontal enhancement in the easterly direction
caused by the low neutrino flux in the 1D calculation
near-horizontal easterly directions due to the high cutoff
gidity (*35 GV). The ‘‘3D effects’’ work to smear out such
a quick variation, and the ratio of the 3D to the 1D flux
larger for the region with higher cutoff rigidity if the zenit
angle is the same.

In the energy range of 1.0–3.1 GeV, however, the ho
zontal enhancement becomes small and the difference
tween 3D and 3D-nomag calculations becomes apparen
1-5
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FIG. 7. Zenith angle dependence of atmospheric neutrino flux calculated in the 1D~left!, 3D ~center!, and 3D-nomag~right! schemes for

the HML. Squares are fornm , asterisks forn̄m , vertical diamonds forne , and horizontal diamonds forn̄e for 1D, 3D, and 3D-nomag

calculations. The solid line histograms in 1D figures show then fluxes, and the dotted ones then̄ fluxes for the 1D-multipole calculation. The

solid lines in 3D-nomag figures show then fluxes, and the dotted lines then̄ fluxes from Ref.@14#. The neutrino fluxes are integrated in th
energy ranges of 0.1–0.3 GeV, 0.3–1 GeV, and 1–3.1 GeV, and averaged over all the azimuth angles. Cos(zenith)51 is for the downward
going neutrinos. The results of the 1D calculation are also plotted in the 3D figure as the solid line histogram forn and dotted line histogram

for n̄ for comparison.
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the 3D calculation,nm and n̄e fluxes are enhanced whilen̄m

and ne fluxes are suppressed for the easterly horizontal

rection, andn̄m andne fluxes are enhanced whilenm and n̄e
fluxes are suppressed for the westerly horizontal direct
This feature is not seen in the 3D-nomag calculation. R
member the fact that both then̄m and ne are produced in a
m1 decay, while both thenm and n̄e are produced in am2

decay. This enhancement and suppression are related t
muon curvature in the geomagnetic field.

A muon is produced in a direction following thePt dis-
tribution of pions in the hadronic interaction of the pare
cosmic ray. The directions of the potential parent cosmic r
of a muon have an axisymmetric distribution around
muon direction at the muon production point, ignoring t
bending of pions in the geomagnetic field. For ne
horizontal muons, therefore, some of the potential par
cosmic rays are shaded by the Earth. Since a muon cha
its direction by;5° within its average lifetime in the geo
magnetic field, the shading of the cosmic ray by the Ea
works in different way depending on the direction and cha
of the muons. For easterlym1 and westerlym2, the shading
by the Earth works more effectively, and the neutrinos p
duced by these muons are suppressed. For easterlym2 and
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westerlym1, the shading by the Earth works less effective
and the neutrinos produced by these muons are enhan
Note that the shading by the Earth reduces the neutrino
near the horizontal directions, but is not seen in the resul
neutrino flux due to the large horizontal enhancement.

There is an additional effect related to the geomagn
cutoff. The geomagnetic cutoff applied to the parent cosm
ray is different between 3D and 3D-nomag calculations d
to the muon curvature. Generally speaking, a higher cu
rigidity is applied to am1 and a lower rigidity cutoff is
applied to am2, irrespective of direction. However, this e
fect is not evident except for the easterly and near-horizo
directions, where the cutoff rigidity rapidly increases towa
the horizontal direction.

The amplitudes of the enhancement or suppression in
geomagnetic field are;5% for thenm and ;10% for the
n̄m , 20–30 % forne and 10–20 % forn̄e , over a wide en-
ergy range in the near-horizontal westerly or easterly dir
tion. These amplitudes can be understood by the muon
vature effect explained above. Note that Lipari pointed o
the importance of the magnetic field after the geomagn
cutoff in Ref. @16#.

For the HML, the flux ratio is also calculated and show
separately in Fig. 12 for easterly directions~S-E-N 180° in
1-6



d

COMPARISON OF 3-DIMENSIONAL AND 1- . . . PHYSICAL REVIEW D 64 053011
FIG. 8. Azimuth dependence of atmospheric neutrino fluxes calculated in the 1D~left!, 3D ~center!, and 3D-nomag~right! schemes for

the MML. Squares are fornm , asterisks forn̄m , vertical diamonds forne , and horizontal diamonds forn̄e . The neutrino fluxes are integrate
over the energy ranges of 0.1–0.3 GeV, 0.3–1 GeV, and 1–3.1 GeV, and averaged over the zenith anglesucos(uZenith)u,0.5. The results of

the 1D-multipole calculation are plotted in the 1D figures; the solid lines show then fluxes, and the dotted line then̄ fluxes. Azimuth
50, 90, 180, 270 are the magnetic southerly, easterly, northerly, and westerly directions, respectively.
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azimuth angle!, and Fig. 13 for westerly directions~N-W-S
180° in azimuth angle!. Note that the units of the vertica
axis are different in these ratio figures.

The general features are the same as in the MML, but
horizontal enhancement is larger for lower neutrino energ
and the difference between 3D and 3D-nomag calculation
seen in the near-horizontal directions for*1 GeV. How-
ever, the difference between easterly and westerly direct
is smaller than that in the MML, since the effect of the
gidity cutoff is small even in the near-horizontal directions
is ;100% for 0.1–0.3 GeV, and;30% for 0.3–1 GeV for
both directions. The differences of the fluxes in 3D and 3
nomag calculation are also similar to those in the MML, b
a little smaller.

D. Neutrino production height

As we have already discussed in Sec. III B, the product
height of atmospheric neutrinos is mainly determined by
zenith angle of incoming cosmic rays in the 1D calculatio
The cutoff rigidity also gives an additional effect to the pr
duction height for low energy neutrinos. The producti
height of a fixed energy neutrino is lower for higher ener
parent cosmic rays, since the interaction-decay cascade
tends deeper into the atmosphere when it is initiated
higher energy cosmic rays. The production height is a
different for different kinds of neutrino. It is lower forne and
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n̄e than fornm and n̄m , because the former are mainly pro
duced only in the decay of muons and the latter are produ
in both the muon and pion decays, and the muons are ma
produced in the pion decay.

In order to study the difference in the production heig
between the 1D and 3D calculations, we integrate it fro
ground level to the top of the atmosphere for the 1D and
calculations. We show the accumulated probabilities of 20
50% ~median!, and 80% in Figs. 14 and 15.

We find that the production heights in the 3D and 1
calculations are almost identical for the near-vertical dir
tions. They also roughly agree with each other for the ne
horizontal directions at high energies (*1 GeV). However,
the production height in the 3D calculation is apparen
lower than that in the 1D calculation for near-horizontal d
rections and neutrino energies,1 GeV. Despite this differ-
ence, the essential discussions for the production heigh
the 1D calculation can be applied to the 3D calculation. T
production height for the near-vertical direction is lower th
that for the near-horizontal direction. The effect of the ge
magnetic cutoff on the production height can also be see
the comparison of the MML and HML, and in the compa
son of easterly and westerly near-horizontal directions.

From these figures, we find that the neutrino product
heights calculated in the 1D and 3D calculations agree w
each other for.0.3 GeV in the near-vertical direction, an
1-7
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FIG. 9. Azimuth dependence of atmospheric neutrino flux calculated in the 1D~left!, 3D ~center!, and 3D-nomag~right! procedures for

the HML. Squares are fornm , asterisks forn̄m , vertical diamonds forne , and horizontal diamonds forn̄e . The neutrino flux is integrated
over the energy ranges of 0.1–0.3 GeV, 0.3–1 GeV, and 1–3.1 GeV, and averaged over the zenith anglesucos(uZenith)u,0.5. The results of

the 1D-multipole calculation are plotted in the 1D figures; the solid lines show then fluxes, and the dotted line then̄ fluxes. Azimuth
50, 90, 180, 270 are the magnetic southerly, easterly, northerly, and westerly directions, respectively.
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duc-
for .1 GeV in near-horizontal direction. Note that at hig
energies (*2 GeV) our calculation also suffers from sma
statistics. However, in the near-horizontal direction and
,1 GeV, the production height is lower in the 3D calcul
tion than that in the 1D calculation. The difference of t
production heights between the decay products ofm2 (nm

and n̄e) and those ofm1 ( n̄m andne) is also seen in the 3D
05301
r

calculation at energies of*0.3 GeV. The production heigh

of nm or n̄e is higher than that ofn̄m or ne for the westerly

direction, and the production height ofnm or n̄e is lower than

that of n̄m or ne for the easterly direction. This can be unde
stood by the curvature of muons.

Gaisser and Stanev stressed the importance of the pro
-
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FIG. 10. The ratios of the neu
trino fluxes in the 3D and 3D-
nomag calculations to that in th
1D calculation for the MML for
three energy bands: 0.1–0.3 Ge
~left!, 0.3–1 GeV ~center!, and
1–3.1 GeV~right! in the easterly
directions. Squares indicate 3D t
1D ratios and circles 3D-nomag t
1D ratios. The scales are differen
for each energy band.
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FIG. 11. The ratios of the neu
trino fluxes in the 3D and 3D-
nomag calculations to that in th
1D calculations for the MML for
three energy bands: 0.1–0.3 Ge
~left!, 0.3–1 GeV ~center!, and
1–3.1 GeV~right! in the westerly
directions. Squares indicate 3D t
1D ratios and circles 3D-nomag t
1D ratios. The scales are differen
for each energy band.

FIG. 12. The ratios of the neu
trino fluxes in the 3D and 3D-
nomag calculations to that in th
1D calculation for the HML for
three energy bands: 0.1–0.3 Ge
~left!, 0.3–1 GeV ~center!, and
1–3.1 GeV~right! in the easterly
directions. Squares indicate 3D t
1D ratios and circles 3D-nomag t
1D ratios. The scales are differen
for each energy band.

FIG. 13. The ratios of the neu
trino fluxes in the 3D and 3D-
nomag calculations to that in th
1D calculation for the HML for
three energy bands: 0.1–0.3 Ge
~left!, 0.3–1 GeV ~center!, and
1–3.1 GeV~right! in the westerly
directions. Squares indicate 3D t
1D ratios and circles 3D-nomag t
1D ratios. The scales are differen
for each energy band.
053011-9
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FIG. 14. Constant accumulation probability line for neutrino production height for near-vertical@ ucos(zenith)u.0.9# ~left!, near-
horizontal@ ucos(zenith)u,0.1# easterly~center!, and near-horizontal westerly~right! directions for the MML. Thick solid lines are fornm ,

thick dashed lines forn̄m , thick dash-dotted lines forne , and thick dash-double-dotted lines forn̄e by the 3D calculation. Thin solid lines

are fornm , thin dashed lines forn̄m , thin dash-dotted lines forne , and thin dash-double-dotted lines forn̄e by the 1D calculation.
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tion height and the path length in the study of neutrino
cillations @32#. We compare the path length calculated in t
1D and 3D calculations, converting the median product
height to the path length by a simple relation,

d5A~h212Reh!1~Re cosu!22Re cosu, ~3.1!

whereh is the height,Re is the radius of the Earth, andd is
the path length. We show the ratio of the two path leng
~3D/1D! as a function of cos~zenith! in Fig. 16. In this com-
parison, we integrated over all the azimuth angles.

At near-horizontal directions the production distance
0.3 GeV neutrinos is;10% smaller for the 3D calculation
than for the 1D at near-horizontal directions. However,
difference is small,&5%, for 1 GeV neutrinos, as is ex
05301
-

n

s

f

e

pected from comparison of the production height. There
almost no difference between the MML and HML in th
comparison.

IV. SUMMARY AND DISCUSSION

We have calculated the flux of atmospheric neutrinos i
3-dimensional scheme~3D!, with the geomagnetic field sim
plified by a dipole approximation. We have made two oth
calculations using the same geomagnetic cutoff scheme:
is a 1-dimensional scheme~1D! and the other a
3-dimensional calculation without the geomagnetic field
the air~3D-nomag!. Adding to the above three, we have pr
pared another 1-dimensional calculation using the geom
FIG. 15. Constant accumulation probability line for neutrino production height for near-vertical@ ucos(zenith)u.0.9# ~left!, near-
horizontal@ ucos(zenith)u,0.1# easterly~center!, and near-horizontal westerly~right! directions for the HML. Thick solid lines are fornm ,

thick dashed lines forn̄m , thick dash-dotted lines forne , and thick dash-double-dotted lines forn̄e by the 3D calculation. Thin solid lines

are fornm , thin dashed lines forn̄m , thin dash-dotted lines forne , and thin dash-double-dotted lines forn̄e by the 1D calculation.
1-10
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netic cutoff scheme due to a multipole expanded geom
netic field similar to the HKKM calculation@11# ~1D-
multipole!.

The most remarkable fact is the large enhancement of
low energy neutrino flux at near-horizontal directions fou
in both the 3D and 3D-nomag calculations in both mid a
high magnetic latitudes. This enhancement was already
ported in other 3-dimensional calculations@14,15#, and
Lipari showed that the enhancement can be explained by
geometry@15#.

We introduce an explanation that is a little different fro
that by Lipari. We simplify the 1D calculation, assuming th
the atmospheric neutrino is produced at a fixed heighth, or
on a sphere with the radius ofRe1h. We also ignore the
geomagnetic cutoff and the zenith angle dependence of
duction. As primary cosmic rays arrive uniformly on th
sphere, the neutrino is also produced uniformly at the sph
for the downward direction. The directional distribution
proportional to

~cosu!d~cosu!dS ~cosu.0!, ~4.1!

whereu is the zenith angle of the neutrino. Note that we ta
cosu.0 as the downward direction, and we integrate o
the azimuth angles.

In the 3D calculation, the neutrino is produced in a lit
different direction from the primary cosmic ray directio
The directional distribution is calculated by a convolution
the production place, and is proportional to

E
cosu8.0

D~u,u8!~cosu8!d~cosu8!d~cosu!dS, ~4.2!

whereu andu8 are the zenith angles for the neutrino in t
case of 3D and 1D calculations, respectively, andD(u,u8) is
a dispersion function due to the ‘‘3D effects.’’ It is importa
that Eq. ~4.2! gives a nonzero value at cosu50, unless

FIG. 16. Ratio of the median path length in 3D calculation
that in 1D calculation for both MML~left! and HML ~right!. Solid
lines show the ratio for 1 GeV neutrinos, and dotted lines for
GeV neutrinos. cosu51 denotes the downward direction for neut
nos.
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D(u,u8) is ad-function. The ratioD(u,u8)cosu8/cosu has a
divergence at cosu50. The zenith angleu is almost the same
as the arrival direction at the ground; however, cosu can
never be 0 for neutrinos which are observed at ground le
The horizontal direction at the ground level actually cor
sponds to cos(u)5A12@Re /(Re1h)#2 at the production
sphere. We do not see a divergence but rather an enha
ment of the neutrino flux in the horizontal directions.

For neutrinos with energies.1 GeV, D(u,u8) is well
approximated by thed-function. However, as long a
D(u,u8) has a structure extended by more thanDu590°
2cos21$A12@RE /(RE1h)#2%;5°, a flux enhancement a
horizontal directions would be seen. Thus, although ‘‘3D
fects’’ are small, they are enhanced by the geometry.

When we compare the 1D and 3D calculations avera
over all directions~Fig. 5!, we find that the difference is
rather small, and the 3D calculation gives a result;5%
larger than the 1D even at 0.1 GeV for the MML~SK!. It is
also true that the difference between the calculation with
axisymmetric dipole geomagnetic cutoff~1D! and the multi-
pole geomagnetic cutoff~1D-multipole! is small; 1D gives a
;5% smaller flux than the 1D-multipole calculation. Co
sidering these facts, we can conclude that the 1-dimensi
calculation made in@11# is reasonably justified for the MML
~SK! as far as the average over all directions is concern
We note, however, that this is not a general statement; the
calculation for the HML~Soudan-II and SNO! gives ;5%
higher flux at 0.3 GeV and;10% higher flux at 0.1 GeV.
Thus, the ‘‘3D effects’’ work more effectively in the HML
than in the MML, or for the position with lower cutoff ri-
gidities.

The effect of the geomagnetic field is different for th
neutrinos produced bym1 ( n̄m and ne) and the neutrinos
produced bym2 (nm and n̄e), as is also predicted by Lipar
@16#. This effect is not as large as the geometric enhancem
for ,1GeV. However, it gives a 5–30 % effect depending
the kind of neutrinos for near-horizontal directions, and
almost independent of the neutrino energy and magnetic
tude. Since this is caused by the curvature of muons in
geomagnetic field, it will affect neutrino fluxes up to energi
of *10 GeV.

The comparison of the 3D and 3D-nomag calculations
the overall direction average is also interesting. The variat
of the cosmic ray shading by the muon curvature discus
in Sec. III B works in different ways in the easterly an
westerly directions. We expect that the difference betwen
and 3D-nomag calculations are small due to the compe
tion of the effects in the two directions. This is true in th
calculation in the HML; they agree with each other with
the statistical errors. In the MML, however, the neutrino fl
is 2–3 % smaller in the 3D calculation than in 3D-nomag
&0.3 GeV even in the all direction average~Fig. 5!. The
coupled effect of muon curvature and geomagnetic cu
may explain this fact, since the cutoff rigidity (*10 GV)
and the effect work more effectively at the MML.

The production heights of the atmospheric neutrino in
3D calculation are similar to those in the 1D calculation f

3
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.1 GeV. They are almost identical in the near-vertical
rections. In the near-horizontal directions, however, the p
duction height in the 3D calculation is lower than that in t
1D calculation, and there are apparent differences in the
duction heights betweennm and n̄m and betweenne and n̄e
due to curvature of muons in the geomagnetic field.

The path length of the atmospheric neutrino is also co
pared in the 1D and 3D calculations, integrating all azim
directions. The maximum difference is seen at a ne
horizontal direction, and is;10% for 0.3 GeV neutrinos and
;5% neutrinos. For higher energy neutrinos (@1 GeV!,
ys
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s

ev

-
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we expect very small differences between 1D and 3D ca
lations.
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