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Analytic approximations for three neutrino oscillation parameters and probabilities in matter
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The corrections to neutrino mixing parameters in the presence of matter of constant density are calculated
systematically as series expansions in terms of the mass hierAm:ﬁyAmgl. The parameter mapping
obtained is then used to find simple, but nevertheless accurate formulas for oscillation probabilities in matter
including CP effects. Expressions with one to one correspondence to the vacuum case are derived, which are
valid for neutrino energies above the solar resonance energy. Two applications are given to show that these
results are a useful and powerful tool for analytical studies of neutrino beams passing through the Earth mantle
or core: First, the “disentanglement problem” of matter D& effects inCP asymmetry is discussed and
second, estimations of the statistical sensitivity to @ terms of the oscillation probabilities in neutrino
factory experiments are presented.
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I. INTRODUCTION which cannot easily be distinguished from intrin€id® ef-

. P - - .
With the development of long baseline neutrino beamsreCtS' Here, expressions (" in matter are given for high

. . “heutrino energiegmore precise: lowL/E,). The result is
passing through the mantle of the Earth, three flavor heutring. " \sed to igvestigate?/vhat can be Iear)ned from the energy

oscillation with a constant matter profile is presently drawing cp L . .
: “dependence oA™". The second application gives estimates
attention. Some effort has been spared on the exact solutio o o >
A of the statistical sensitivity to th€ P terms of the oscillation
of the connected cubic eigenvalue problgith However, the A . . i
robabilities in neutrino factory long baseline experiments.

obtained solutions are huge and were up to now only used i . ) -
computer based calculations. Also approximate solutions for tlo(;[ifare ptr(;sen}.ed, Wh'(ahbShOW the magnltéjd@tfgrfe;:ts hat
oscillation probabilities and mixing angles have been pro-a imerent baselines and beam energies. Lontrarily 1o wha
posed for several parameter regip@§ which are interesting present_ly can be found in th_e literature, the here obtained
and useful. The intention of this work is to first derive ana_rgsu!ts indicate strongly .that, in general, the low energy op-
lytic approximations for the mixing parameters in malter tion is not the best solut|o_n to measure e_ffec_ts fromatie
according to the standard parametrization, which then aIIothaseé' The reason el dlscrepancy IS dls_cussed. )
us to compute all desired quantities such as probabilities o Throughout this work two assumptions will be made:

i i 2 2
amplitudes from the known expressions in vacuum by sub!E'rSt’ that the mass hierarchy paramete=Ami,/Amg,,

stitution. The parameters in matter are calculated in a serig¥hich is used as expansion parameter, |§3smalzl. Consider, for
expansion in the small mass hierarchy parameter ©*@mPple, an atmospherism® of 3.2x10°~ eV* [3]. For

.=AmZ,/Am?,. The obtained results are discussed and theif0/ar mass differences of large mixing anglavVIA) scalé

: - 4] between 10° eV? and 10* eV?, a varies between
applied to the appearance channel probabiify.—v,). A o ’ -
simple solution, which is easy to use, but nevertheless a0019-‘0031 and 0.031. Second, it will be assumed that the mixing

rate over a wide parameter range is obtained. No new not:ffngle.a13 IS S”.‘a” as indicated by reactor, sqlar, .and atmo-
spheric experiments. The strongest bound is given by the

tion is introduced other than the abbreviations known from . . .
two neutrino oscillation in matter. Furthermore, the resultCHOOZ experimenf5] with sirf26,5<0.1. The smallness of

shows at first sight the convergence to the vacuum case a!is parameter will be useq o classify terms, which appear in
small baselines and thus is directly connected to the terms i € lexp;ressmgsa for hosclltljlagon Embab'f“t'es' t;}l’he_ ;nlxmlg
vacuum. The approximate solutions obtained with this""(r)]g 7325 12 @nd 3 shou e chosen from the nterva
method are a powerful tool for further analytical studies. Tol 0:7/2].

demonstrate this, two applications are given. First the de-

rived exprgssions are exploited to comp_ute the frquently II. THREE NEUTRINO OSCILLATION IN VACUUM

used quantity calle€ P asymmetryAP, which has consid- ) - . )
erable importance i€ P violation studies. The problem is In vacuum, the neutrino oscillation probabilities are given

that matter effects cause contributions @ asymmetry, by the well-known formula

*Email: martin.freund@physik.tu-muenchen.de 2The abbreviation “LMA" stands for Large Mixing Angle

loscillation in matter can be described by a mapping of the sixvikheyev-Smirnov-WolfensteifMSW) solution to the solar neu-
basic parameters,,, 63, 6,3, Am3,, Am3;, and§ similar to the  trino problem. The MSW solution assumes resonance enhanced os-
well-known two neutrino oscillation formulas in matter. cillation of neutrinos passing the core of the sun.
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P(ve—ve )= 8im—42>, ReJ"siA;; =23 ImJf"sin 24, (1)
m i>j i>]

with the abbreviations]!}“::U”U,’}Uﬁqiumj and &ij ::Amizj L/(4E). Here,U is the mixing matrix of the neutrino sector in
standard parametrization form

—is
C12C13 C13512 e

i5 i
U=| —S12Cp3—€'°C12813523  C12C23— €'7815813Sp3  C13S23 | . (2
i5 io
—€'%C1813Co31 S15523  —€'781819023— C12823  C13Co3

S13

Since in this work, the hierarchjpA mj,|<|Am3,| between ll. MIXING PARAMETERS IN MATTER
the two mass squargd dlﬁerencgs Is exploited, from now on In matter, the effective Hamiltonian in flavor basis is
all mass squared differences will always be related to the .

_ _ B 5 given by
atmospheric squared mass differendang;=:A, Amj,;
=aA, Ami,=(1—a)A, and A=AL/(4E). Series expan-

sion up to ordera? gives the following important terms in m 0 O A0 O
the oscillation probability P ~Pgy+PgnstP 1
P p y (Ve—> Vp.) 0 sin & coséS H=—| U 0 mg 0 UT+ 0 0 0
3 2E
0 0 mj 0 00
Po=Sirf3sinf20,3sirPA, (33 (4)
Pain 5= @ SiN 8 C0S013SiN 201, SiN 26,135iN 20,5 SIMA, . HereU = U ,5( 6,9 U1(613,8) U1 61,) is the mixing matrix,

which rotates from mass to flavor basis. The second term is
generated by matter effects wittA=2VE, and V
=\/2Ggn,, whereG is the Fermi coupling constant ang
is the electron density of the matter, which is crossed by the
neutrino beam.
5 ) N The matter term is invariant under rotations in the 23
P3= a® CoS 0,35in’2 01, SiPA. (3 subspace. Separating diagf,m?,m2) which, as global

) ) ) ) o phase, does not contribute to the probability, and using the
Expanding the oscillatory terms in means linearization of  51,6ve defined parameters, the Hamiltonian can be written in
the oscillation over the solar mass squared difference. Thlﬁ,]e form
gives valid results only foreA=<1. With todays knowledge
about neutrino masses this does not cause crucial errors for
neutrino energies above 1 GeV at baselines below approxi-

P coss= @ COSS €0SH13SiN 201,SiN 260,3SiN 20,3

X cosA sirfA, (30

mately 10000 km. The two ternidy, sandP. s, containing A 0 0 O
the CP phases, are both of ordex and hence suppressed by H=-—Uy| UpUpp| 0 a 0|ulul,
the mass hierarchy. This reflects the fact that CP-effects van- 2E 00 1

ish when the mass hierarchy becomes large. In addition to

the factor siRéd,3, the termPy is similar to the two neutrino

oscillation probability which in matter is expected to show

the resonant behavior called the MSW effggl. The term

P5 is the only term of order?, which is not suppressed by +
the small mixing angled;3. Hence, it is important to take

this term into account wheé# 5 is small. If 6,5 is not too far

away from the CHOOZ bound?; can safely be neglected.

All other terms of ordera?® are additionally suppressed by

one or more powers of3 and are not listed here. with

Uls, ©)

o o B>
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100 USU1o 012U 5=U15( 1), (7b)
Ugs=| 0 1 0], 6)
0 0 € Ul diaga,b,c)U s=diag a,b,c) (70
the relations
: are valid. Inserting the identity matribd,;U} at the appro-
UsU15(613,0)U s=U13(613,0), (78 priate places in Eq5) gives
|
0O 0 O A 0 0
A A
H:ﬁUmUﬁ U3(613,0)U,| 0 a 0 UT,U5(6,5,0)"+ 0 0 UsUL,.
00 1 ®
0 0
M
|
Diagonalization of the real matrix M by U  This gives
:=U pq(0p9) U14(012)U1o( 01,) together with the part which
was factored out gives the complete mixing mattx in 1 0 0 10 O
matter: u'=l0 e#* 0 0o |c| IS
' r 2 2 0 0 —-e9/\0o —|g |C
U’ =U23(023) UsU23(023) Us(013) U1 617).  (9) € IS Icl
~ T ~
Mixing angles in standard parametrization forifhe matrix XUp Usg01) Uy Usd012) Uy (13

U’ must still be brought to the standard form. The matrix

1 0 0
Ua( 629U sU 3829 = O C S (10
0o - ei 55* ei ﬁc*
with
C:=C0S623C0SH3— €' ? Sin B35iN Bas, (113
S:=C0S0,3SiN Ozt €2 SiN O23C0SOg
(11b)

can be made real by the phase rotatighs—argC, vy
:=argS, and &’ :=argC—argS:*

1 0 0
0 eiB 0 U 5 023) U 5 U o5 B29)
0 0 el
1 0 0 1 0 0
x{0 1 0 |=|lo |c| |9 (12
0 0 e—iﬁ/ 0 —|S| |C|

3Using|C| and|9| in Eq. (12) further restricts the parameter space

for 6,3. Sinced, is assumed to be close /4 and#,; in general

The phase rotations on the left and on the right can be ab-
sorbed in the field vectors, yielding thél in standard pa-
rametrization form:

U'=U(65g) Usx(013,8") U 61). (14
This finally means, that thestandargl mixing angless;; and

01, in matter are equal t(ﬁ)m and @12 which are obtained
from the matrix that diagonalizeldl. The matter correction

@23, however, mixes with th€ P phases:

015= B33, (153
012= 12, (15b)
S|r|2 9&3: C0§ 623Sin2,é23+ S|n2 023 COS7‘923
+2 COSS SiN 0,3C0S023SiN B3 COSHog,
(150
) . Sin26,5
sind’ =sind————. (15d)
Sin 2605,

Equation(15d) was first found by Toshe{i7]. There, a dif-

is small, this problem is not relevant for the calculations presentederent parametrization is used, which—for oscillations—is

here.

equivalent to the standard parametrization. It is important to
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note that the results given up to here are exact results farf the matrixM leads to the oscillation parameters in matter.

three neutrino oscillation in matter and do not presume thaiNote thatM does not include the parametefs; and &,

the mass hierarchy parameter is small. which have been factored out. This will simplify the calcu-
Calculation of the eigenvalues and eigenvectbtereaf-  |ation of the eigenvalues and eigenvectorshbfconsider-

ter A will be used as abbreviation fgk/A. Diagonalization — ably:

2 A 2 2 2
SistA+acCisS],  aS1€1€13  S13Ci3— @S13C13S7)

M= aS1C1C13 aci, — @S1C15513 : (16)
S1EC1g— @S1C13S5)  — AS1C1813 Ciat as?,Sts
|
The invariants of the cubic eigenvalue problem are given by ¢ A (C+1-Acos 20,5)SirP ;.
A==(A+1-C)+« _ +0(a?),
|1=TI’(|\/|)=)\1+)\2+)\3 2 2C
(189
=A+1+a, 17
( a) )\2: o C052012+ O( CYZ), (18b)
1
12=5[Tr(M) = Tr(M?)INah o+ A kg Aok 1. . (E—1+Acos2;5)sir?0;, ,
A== (A+1+C)+a A +0(a?),
A A 2 2C
=ACog0,3+ a+ aA(sinff,3Sinf 65+ COS6,), (180
(17b .
with
I3=DetM)=N1\o\3 R =
&= V(A—cos 20,92+ SiN2 0,5 (19)
= Ct’A CO§013C0§012. (170)

Here, C is the same square root, which appears in the two

Solving this system of equations in a series expansioa of neutrino matter formulas.
gives the eigenvalues Calculating the eigenvectors M in order O(«) gives

Sin 26,5 a Asirt0,,sint26,,

V2G(A+C—cos 2y 2CV2E2(—A+C+cos 20,9
a (1+A_ é)sin 20123in 013

V1= . +0(a?), (208
(1+A+C)V2E(A+E—cos 2,5)
sin 26,5 a Asir?0,,sirf20,,
\/2@(—A+C+0032013) 2@\/2@2(A+é—0032013)
a C0Sh1,Sin 6,
Acosf;
Vo= 1 +0(a?), (20b)

a(1+A)cosb;,Sin 0;,sin b5

Acog 6,5
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sin 26,5 a Asir?0,,si26,5

+
V28(—A+C+cos2y)  26V2E%(A+E—cos 2y
a (1+A_ é)Sin 20123in 013

— — +0(a?). (200
(1+A+C)V2E(—A+C+cos 20,9

sin 20,5 a Asir?0,,si26,5

V2C(A+E—cos 2,9 2CV282(—A+C+cos 2,0)

There is one major problem concerning the calculation of the - [(vwows)T for A<cos28,s,
eigenvalues and eigenvectors, which has to be addressed. U= T ~ (21
Throughout the above series expansfowas assumed to be (vgvavy)’ fOr A>cos 26;5

different from zero. This is important as the results given

above do not hold foA=0 in which case a different series
expansion ine would be obtained. This is a general and

important fact. In principle, it is also possible to give results N i . . .

‘ Il val Al which, h Id fail for | an example, the case<0 will be considered in detail.

or small values ofA|, which, however, would fail for larger "y ya ' acuum anglé.,; was factored out from the be-
|A|. The reason for this is that there are two different resogmnmg[Eq (8)], the matter induced change of this mixing
nances occurring. One fok=a (solar resonangeand one  angle &, will be of order a. This can be also seen by look-
for A=cos 2,5 (atmospheric resonanceEach resonance ing at the (,3) element ofJ. Furthermore, by looking at the
produces a level crossing of the eigenvalues. To descrlb(qa 2)-element, one finds that al#, must be of order.

both level-crossings, the correct expression for the e'genvabonsmermg this with the replacemenﬂiz— aS(lz)' gzs
ues are necessary. Being interested in approximative solu- . (), ~(a) X
tions, one has to distinguish the two above-mentioned cases, @523 » and S15=5{3 + as{y), one obtains the following
In this work the focus is on the cab&|> a, which is appro- ~ Structure for0:
priate for neutrino beams above 1 GeV in matter densities of
2.8 glcnt (Earth mantlg or more. However, one must not C13 aciYs(y S13
expect that the expressions for the mixing parameters in matx ~(a) . 2(0)2(a) ~ o)A
_ > B A a 1 (0)a(@)

ter will show the correct convergence f8r—0. For Am3, v a(S12 +513523) *Ci3S23
~=107* eV? and 2.8 glcrh we find thatA> « is valid for —S13 —a(si9siP+s8) s
E,>0. V. This lower nd on the neutrino ener -

,>0.5 _Ge _sogbou d on the neutrino energy de +O(a?). 22
creases linearly witlAm3;.

That the results for the eigenvalues and eigenvectors ob-
tained from the series expansion are not good at the resd-hen, sm013 and sinf,; can be read off directly front g,
nanceA~1 is another point to mention. However, this doesUﬂs andU 5:
not have a crucial implication on the obtained results for the

The second point is to brind’ to a form which is consistent
with the standard parametrization. This is not trivial and has
to be carried out carefully for each of the different cases. As

parameter mapping and oscillation probabilities. This issue A Sin 2643
will be discussed later, at the appropriate places. Sin 3=
Construction of U It is now possible to construtt from 2C(—A+C+cos 26,5
the eigenvectors 1, v,, andvs. For this it is necessary to .
correctly identify the order and the signs of the eigenvectors. a Asin?f,sin"26;5 5
In order to avoid divergences in the expressions for the mix- +— . . . +0(a%), (23
ing angles, it is appropriate to change the order at the reso- 262E%(A+Ecos 2013)

nanceA=cos ¥,5:*
(1+A—C)sin 26,,5in 6,3
sin 023=a = N +(’)(a2)
4Another strategy would be to chose the order in such a way that 2(1-A+ C)CO§013 (24)
in the limit |A|—0, the correct mixing matrix in vacuum is ob-
tained. However, since the expressions for the eigenvectors and
eigenvalues are not good in this limit, this is not a feasible solution© find sind,, it is now useful to split offé,s. The restU

here. = U23( 6,9 U’ should now be brought to the form

053003-5
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&13 aeg3)§(1%) %13 . , 26 S|n 2012
~(a) 5 Sin20;,= a - — ,

—asy; 1 0 | +0(a®). (25 |A|cosfsV2E(F A+ G+ cos 2,5)

—Si3 —asiysly  cig (28D
L. ~ ~ Sin 20&323“'] 2023
The mixing angled;, can then be read off froy ; :
i 2A sin 26,,5in 6,5C0S 2055
A a Csin 20y, + a C0SH 1iC-A - .
sin61,= — - — +O(a?). + +AC0S Y3
A cost913\/2C( —A+C+cos 2;3) (280
(26)

For the mass squared differences one obtains
Parameter mappingConsidering the correct ordering of
. 3 (Aer Aer Am2/
the eigenvectordEq. (21)] and following the above de- 21,8 M31,AM33
scribed steps, one can determine the complete parameter
mapping for all regions of thé parameter space. Compris-
ing, one obtains the following expressions for the mixing

(Am3, Am3, Amd) for  A<cos s,

(—Am,—Am3,—Am3) for  A>cos s,

parameters in matter:

Sin 26,3

SiN 3= ————
\/20(1A+Cicos2ﬁl3)
O.’As|n20123|n22013

e : (279
ZCZ\/ZC(iA+CI COS 20,3

Csin26;,

sinf1,=«a

|A| cosal3\/26( FA+C+xcos 2,5
(27b)

A'sin 26,,sin 6;5C0S63
Sin @55=Ssin 3+ a C0SS — ,
+1+C+AcCos 2,

(270

coss 2Asin26,,sin6;5

(29
with

AmZ :==A(Ng—\yp)

1 ~ A
= §(1+A+ C)A

- CYA 0052012_

(—1+C+Acos 20;5)sirP6;,
2C ’
(309
Am3 :=A(A,—\y)

1 -
=5(-1-A+&)A

(1+C—Acos 2:913)sin2012>

+aA( C052012_ 2(,::

sind’=sind| 1—«a — .
tan 20,3 + 1+ CF A cos 25 (30b)
(279
Am3'=A(Nz=\y)
Here, in the expressions with choices for the sign, the upper . 2
sign holds forA<cos 2,5 and the lower sign holds fo :@A+QA(_1+AC°AS 2,3 012_ (300

>cos X,5. Higher orders tharO(«) are omitted. To take C

into account als®@,3 and §, which were factored out at the

beginning, the equationd5a—(15d) were applied. The ex- Looking at the expressions for the mixing angles in matter,
pansion of sins’ given here does not hold fdf,;—0. one obtains the following interesting statements.

From this parameter mapping it is possible to derive the sinf26;5. In leading order, one finds the well-known reso-
following quantities: nant behavior of);; familiar from two neutrino oscillation as
MSW resonance. The order correction to this leading re-
sult is suppressed by two powers @&f;, and hence, is neg-
ligibly small. A careful study of the correction indeed shows
that it is small and only important if precise results are to be
obtained. The expressions féi; do not show divergences

for |A|—~0 and the vacuum limit is correctly described.
Comparison with numerical results shows an excellent agree-

ment even fofA|< .

_sinf2615
—=

Sinf20;,

. 2A(— A+ cos 20;5)sin?6,,SiM2 6,5
a - ,
C4

(283
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sin 26,5. In leading order, the mixing angi¥ is equal to
the vacuum mixing angle sirdg;. The ordera correction is
double suppressed l¥;5 and by cos 2,5 (when 6,5 is close
to #r/4). Its proportionality to cog is caused by the mixing
of the CP-phase’ with the O(«a) correction of 655 [Eq.
(150)]. The expression fof;5 shows the correct behavior for

|A|—0 and numerical results are consistent also A .
sin 26;,. The quantity sin &, is of ordera. For a—0 it
does not reproduce the vacuum paraméigr But this is not
difficult to understand. Fot=0, the first term in the Hamil-
tonian[Eqg. (8)] is invariant under rotations in the 12 sub-
space. This reflects the fact that far=0 the solar mixing

PHYSICAL REVIEW D64 053003

the  Harrison-Scott  invariance J:pAm;,Am3,Am;,
=JcpAmAmgAmg, [8] can be verified.

It is important to notice that also in matter &P violat-
ing effects are proportional to the mass hierarahy In
vacuum, the suppression @&P effects through the mass
hierarchy is obtained from the smallness of the solar mass
splitting, which isaA. In matter, the mass hierarchy is lifted,
but the mass hierarchy suppression is retrieved in &i, 2
which is proportional tax, and thus, leads to a mass hierar-
chy suppression al:p.

Another interesting point to notice is the factorC1/
which leads to an MSW-like resonant enhancemerdigfin

angle does not influence the oscillation probabilities andnatter. It can thus be expected that B termsPg, ; and
could in principle be chosen arbitrarily. Interesting here isPcoss Will benefit from the MSW-resonance in the same way

that sin ;,, even for large values df\|, is proportional to
In leading order of #;3 one finds that sing,
=a sin 26,,/|A|. There appears a divergence figk| 0.
The result is unphysical fdv&|5a, which reflects the prob-

a.

as the leading two neutrino ter®, does.

V. THE v,—wv , APPEARANCE PROBABILITY

Having presented the parameter mapping in matter, it is

lem that the level crossing at the solar resonance is not cofiow possible to start from the ordinary vacuum expressions

rectly described. SincéN is proportional to the neutrino

[Eq. (1)] in order to derive the oscillation probabilities in

energyE,, sin 24;, is suppressed not only by the mass hier-matter. The]!}“' as series expansion i take the following

archy, but also by large neutrino energies.

CP-phases. The correction to th€ P phases in matter is
triple suppressed by the mass hierarchy 6,3, and
tan 126,5. For sirf26,,=1, theCP phased is not changed
(in ordera). The invariance of sidsin 26,5 under variations
of the matter density [Eq.(15d)] is an exact result, which is
independent from the approximations made.

IV. CP VIOLATION: Jcp IN MATTER

From the vacuum case it is known that the quaniity
= ImJ!}“ drives the strength ofCP violating effects. In
vacuum, it is given by

8Jcp=sin§c0sh;3Sin 20,,5INn 20,3SiN 20,3. (31

Application of the parameter mappihggs.(27)] givesJ¢p
in matter:

H ! H ! H ! H !
Sin 8’ cosf;5Sin 261, Sin 2015SiN 2654

o
= —————SiNn § c0S#,3Sin 264,Sin 20,3Sin 26
|A|C COS" 013 13 12 13 23
+0O(a?). (32
One thus finds the important and simple result
03
(33

\J, :?J .
CPIAIC coh,5

Compare this result with earlier results given in Ref3].
Applying this result to

JepAmpAMLAMS=JcpA3a+ O(a?), (34)

shape:
ReJ$s’ = —c0sd’sin @;,C0 0] 5SiN 0]3COSOh3SiN s
—Sir?;,C0 05+ O(a®), (359
ReJS4’ = —c0sd’ sin A7, COS 015SiN 015C0SO,5SIN O)g

—Sinf20}5sit 055+ O(a®), (35b

ReJ$4' =c0sé’sin 01,0 015Sin 015C0S055SiN O,

+0(a®), (350

€

ImJ3' =—1mJ% =ImJ%’

_ ! i ’ ’ : ' ’ . ’
= 0S4’ siN 01,C0S 0;5SiN §;3C0S055SIN O3

+0(a®). (350

Even though in general the calculations were performed only
up to ordera a closer look aw?-terms proves to be impor-
tant. Each second term of R&’ in Eq. (35) is of ordera?.
Since 1, is not suppressed b#, 3, these terms give a non-
negligible contribution to the overall oscillation probability.
This order a?sin’g,5 contribution, which will be identified
with the P; term in vacuuniEqgs.(3a)] is important for small
values off5. It is possible to show without explicit calcu-
lation of all ordera? terms of the parameter mapping that no
further terms of this kind exist. All othea? terms in the
oscillation probability will at least be suppressed by one
power of 0,3.

Inserting the expression for the mixing parameters in mat-
ter together with the abbreviatiah= A (L/4E) gives the fol-
lowing list of terms contributing to the oscillation probability
P(ve—v,):
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Sirf26 o
Po= sir?&BTls SirP(AC), (364
1 sindcosf13Sin 201,SiN 20,3SiN 26053 . . -
Psin T ~ 2 2 sin(CA)
ACcos#,
x{cogCA)—cog(1+A)A)}, (36b)
1 c0sdc0os613Sin201,S8IN 20135iN 20,3 . . .
Peoss=5 a ~= sin(CA)
2 ACcos#?,
x{sin((1+A)A)F sin(CA)}, (360
1—Acos 29 .
Pl:_aTlg S|n26125|n220135|r]2023A
. 2A(—A+cos 20,5
Xsin(2AC)+« =
C4
X Sir? 01, SiMP2 013 SiNP O8NP (AC), (360)
5 F1+C+Acos 2, b sin 20 5in 26
= —= €0S6,3Sin sin
? 2G2A co0,5 e
X sin 20,3 Si(AC), (369
) 2C coS 63526,
P3:CY = ~ ~
A2c0o€ 0,4 ¥ A+ C+cos 2,3
T
X sirf 5(1+AFC)A . (36f)

The probabiliwp(jeejﬂ) can be obtained from the prob-

ability P(ve—wv,) by flipping the sign of thePy, ; term. In
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Pgins and P..ss. The termP5 is important, since it is the
only term, which is not suppressed l#;. It was stated
before that in some cases the expressions for the eigenvalues

and eigenvectors are not good at the resonarce
=c0Ss %,3. This problem stems from the second order in
613. On the level of probabilities, this deficiency is small and
only visible in theP,ssterm for large values of3. It turns

out that neglecting the subleading terms, which are the
source of this problem, gives very accurate results also for

A=cos %,5. This modification can be applied to both the
Pcoss term and thePg;, s term:

Sin & c0S613SiN 2601,SiN 260,3SiN 20,3

Paino™ a ACcosb3,
x sinCAsinA sinAA, (373
C0S8 C0SH13SiN 2045,SiN 2013SIN 26,5
coso— ACcos#?,
x sinCAcosA sinAA. (37b

Neglecting all subleading terms th 3, the relevant terms
Po, Psins, Pcoss, and P take the following simple shapes:

all expressions with two possibilities for the sign, the upper

sign is valid forA<cos 2,5 and the lower sign is valid for

A>cos ;5. The A-dependent prefactors &, ,P,, andP;
expanded ind,; give

1—Acos 20,3

==+

cs (A—1)2

+0O( 63y,

2A(—A+cos 29 2A
( _ 13): - +O(053),
c* (A-1)3

F1+C+Acos 23
2C2A cog 6,5

=062y,

2C
coS6,5 FA+C*cos 2,5

=1+0(63y.

Thus, P, is quadratic in sirf;5 and P, even of third order in

Sirf26;5 . .
Po=sirf,;———— sif[(A—1)A], 38
0=SiP 0z 7 — 5 SIFLA-1)4] (383
Sind c0s6;3Sin 261,SiN 2013SiN 20,4
Psins= @ ~ ~
A(1—-A)
X sin(A)sin(AA)sin (1—A)A], (38b)
C0S4 €0Sh43SIN 2601,SiN 20,3SiN 20,5
coss— & ~ ~
A(1—-A)
X cog A)sin(AA)sin (1—A)A], (389
cOS 0,3SinP26 .
4= aZZQLT” SirA(AA). (380)

It is evident that in the limit of small baseline&.—0, these
expressions converge to the results in vacylgs. (3a)—
(3d)]. A numerical study shows that the precision loss of Egs.
(389—(38d compared to Eqs(36a3—(36f) is only relevant
for the largest allowed values of $#9;; near the CHOOZ
bound(0.1). The precision loss is mainly caused by the ap-
proximations made irP,. The termP5 contributes to the
overall probability only for smalld,3, and hence, does not
suffer an appreciable accuracy loss in the form given in Eq.
(36d). Figure 1 shows a comparison of the analytic results
obtained here with the results obtained from a numerical
study. Note that the combined contributions from E263),
Egs. (379, (37b, and Eq.(38d) are identical to the result
obtained by Cerverat al.[9] [Eq. (16)]. A similar approach
has been discussed in R¢L0]. However, Eq.(16) of Ref.
[10] does not cover the case of very sm@jk, since it does

0.3. Therefore,P; andP, are negligibly small compared to not include order;(xm%llAmgl)2 corrections.
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numerical FIG. 1. Analytical results

(dashed and dotted linescom-
pared to numerical resultsolid
line) for the oscillation probability
P(ve—v,) in matter (2.8 g/cri)

as function of the neutrino energy.
Negative energies correspond to
antineutrinos. The dashed line
uses the expressior{86g—(360),
(366. The dotted line was ob-
tained from Eqs(38a9—(38d). The
calculation was performed for the
baselineL=7000 km with =0,
bimaximal mixing and three val-
ues of sif26;5 (0.1, 0.01, 0.001
The squared mass differences are
Am3,=3.2x10"°% eV? andAmj,
=1x10"* eV2

107 |

analytical

sin?26;3=0.1

107 |

sin?20;3= 0.01

P’(ve = vy)

B} -
107 ¢ $in?26,3= 0.001

10* |

40 20 0 20 40
E, in GeV
VI. APPLICATIONS B. CP-asymmetry in matter at small L/E,,
A. Validity region of the low L/E, approximation in matter CP-violation studies frequently focus on the fundamental

o . uantity calledC P-asymmetryAcp:
Frequently, the lowL/E, limit is used to simplify com- y 4 Yice

plex calculations or derive power laws for neutrino rates. In P(ve—v,)— p(je_)ju)
vacuum, it is well known that this approximation is valid for Acp= —_. (47
P( Ve_’ V/_L) + P( Ve_> V,u,)
2
A=1 = E =40 Ge Ams, L n*) In vacuum, being proportional to sé Acp is a direct mea-
v 3.2.10°3 eV?)\ 1000 k sure for intrinsicC P violation. SinceA¢p is a ratio of prob-

(39) abilities, it has the important advantage that, on the level of
_ o _ _ rates, systematic experimental uncertainties to a large degree
With the use of Eqs(388—(380), it is possible to extend this cancel out. However, matter effects also create fake
argument to the presence of matter. Note that in the oscillaasymmetry, which spoils measurements of the intritR
tory terms, which are linearized in the smallapproxima-  Violation induced bys. The problem to distinguish these two
tion, there now also appear the terAa . which must be different sources o€ P violatio_n is often calle_d the “di_sen-
small. In this product, the dependences on the enErggnd tanglement problem.” In a typlcal'long baseline neutrino ex-
the mass squared differendenz, cancel. Hence, in addition periment, the s;rer]gth of matter mduc@d’_eﬁects reaches
. . T o3l T ' the strength of intrinsi€€ P effects at baselines around 1000
to relation(39), a direct limit on the baseling, which only |
depends on the matter densiyis obtained: Using the above derived approximative solutions for the
1 appearance probability(v.— v,,), it is possible to calculate
AA=<1 = L=3700 kn'( L) i (400 the smallA limit of Acp. For bimaximal mixing ¢,5= 61,
2.8 glen? =ml4) Acp is given by

2A sin 26,3c0s60,5 @AA cosé—3a sind+2AAsing;y) 1 42
3(a2+ 2a COSGlgsin 2013+ Sir\22613) EV.

cp™

The approximation is valid in the regime given by EGB9)  from matter contribution of ordeA? by the energy depen-
and (40). This limit is helpful to describe the behavior of yance ofAcp. However, taking into account that itself is
Acp for higher neutrino energies at not too long baselines. Ihroportional toE, , it turns out that all terms in Eq42) have
is interesting to notice that in principle the leading contribu-the same energy dependenck 1/ To summarize: In leading
tion toAcp in A has its origin in the sidterm. At first sight,  order inA, the CP asymmetry in matter is proportional to
this would suggest to distinguish this intrinsic contribution 1/E,. The coefficient, which describes theElfenergy de-
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. 100
4 sin?26,3=0.1 7.5 sin®26,3=0.01 sin?26,3=0.001
5
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> = 25 =
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1 50
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FIG. 2. Dependence of the high energy limit of {6® asymmetry on th€ P phases for bimaximal mixing. On the ordinate is plotted
the value ofE ,Acp in GeV, which should be energy independent in the Lo\, approximation. The solar mass splitting was chosen at the
upper edge of the LMA-MSW solutiommﬁlzlx 104 eV? and the atmospheric mass splitting was varied in the Super-Kamiokande
allowed 90% confidence interval 310 3<Am3,<3.6x10 2 eV2. The calculation was performed for a baseline of 1000 km.

pendence ofqp for high energies is sensitive to both, mat- E 3 L “2|Pgn s+ Peossl
~ . L . S= \/5480 13 siné cosé
tgr effectsA anq |ntr|nS|c.CP effgcts fromé. At high ener- 20 GeVl |1000 k m :
gies, the quantitye,Acp is predicted to be constant in the 43)
energy spectrum and this characteristical quantity could give

direct access to the P phases. This is demonstrated in Fig.

2, which shows the value OEVACP?QaS function of the  rhe yaue ofS gives the number of standard deviations
CP-phases at different values of sfi26i3. SINC€E,Acp (v ;i) at which theCP signal is distinct from the “back-

does not vary with the energy, this simple analysis is to round.” Figure 3 show the contour linesrl 2¢, 3¢, and

900d approxm:?mon mdependent from the energy d|.str.|bu-40 of Sin the L-E,, parameter plane. The plots were pro-
tion of the neutrino beam. It is of course questionable if, in a It

real experiment, in the constant regimemBfAcp, there are duceq with a rqnning average matter dpnsity matched to the
enough neutrino events to measure. Also this method cann§@SelineL. It is interesting to note that in most of the E,,

replace a full and detailed statistical analysis of the complet@arameter space, there is no obvious decrease of the statisti-
neutrino energy spectrum. cal sensitivity toCP effects for increasing beam energy,

as often quoted in the literature. To study this point in more
detail, it is helpful to derive the low/E, [Eq. (39)] scaling
C. Strength of the CP terms Py, s and P.ys 5 laws for Sin the cases sifi=1 and co$=1:

The two subleading term@6b) and(36¢) currently raise
considerable interest as they contain information about the
CP-phaseé of the neutrino sector. Today, much effort is
spent on the study df P-violating effects in neutrino oscil-
lation experiment§11]. One can try a simple approach to
this problem by using the here obtained analytic results. It
would, for example, be interesting to know, how strong they,qeeq, for theP,,, ; term, the statistical sensitivity should

information oné inherent to the appearance oscillation prob—decrease as {E,. However, the validity region of the low
ability is. To quantify this, one can look at the relative mag- LR T .
L/E, approximation, according to EQq.(39), is E,

nitude of |Pgj, 5+ Peoss| compared to the statistical fluctua- _
. ——=no . . =(4,12,20) GeV forL=(1000,3000,5000) km. In the left
tions \Po+ Ps in the background signaprovided the errors plot of Fig. 3 it can be seen that roughly at these ener@es,

are Gaussign To obtain statistical meaningful numbers, the h lat h i imal value | hed. Th
estimation should be performed at the level of event rate§OWS a Pafea“ Wf ere IIIS max_|mahva uel|shr?§c fe - 1he
expected in a real experiment, e.g., a neutrino factory long'gument in favor of small energies thus only holds for very

baseline experiment. Typically, flux times cross sections of £Mall baselines around 1000 km and smaller. The sensitivity
neutrino factory bearfil2] scales a£%/L2 A neutrino fac- 10 the Peos; term increases agk,. Hence, in the case of
tory of 20 GeV muon energy and Zuseful muon decays large coss, high beam energies are favored to extract infor-
per year produces 54809, -events in a 10 kton detector at mation on theCP phaseé. In conclusion, the difference of
1000 km distancgassuming measurements in the appearlhe result presented here and statements being found in the

ance channgl As a statistical estimate the following ratio literature has two sources. First, usually only the explicitly
could be chosen: CP violating partPg, s of the oscillation probability is as-

L
Ssins™ \/? and  Sgpss~ \/E_,u (44)
N
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Psh15 P cosd Psin6 +Pcos§
10000 NEEnEES 10000 10000 |
8000 8000 8000
E 6000 _5 6000 E 6000
g .= k=
= 4000 — 4000 = 4000
2000 2000 2000
0 0 0
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FIG. 3. 1o, 20, 30, and 4 contour lines of the quantit$ [Eq. (43)] in the L-E,, parameter plane. Light shading indicates no signal
and dark shading indicates strong signal. The left plot studies onl?he term. The plot in the middle displays the strength of Bhg, s
term. The right plot, which combines both terms should give the best approximation to more complex studies. Note that no energy spectrum
was used in this crude model. The calculations were performedawithr/2 (left), §=0 (middle), 6= w/4 (right), bimaximal mixing, and
sinf26,5=0.01. The mass squared differences &re%,=3.2x10 % eV? andAm3,=1Xx10 * eV?.

sumed to give th&€P signal® Second, the high energy ap- simple solutions, which hold over a wide parameter range
proximation to the oscillation probabilities is often applied and are easy to compare with the results known from
without careful consideration of its validity region. vacuum oscillation. An answer, which in the author’s point
of view fulfills all these requirements is the following set of
VIl. CONCLUSIONS terms[Egs. (38)] contributing toP(ve—v,):

The purpose of this work was to find approximate analytic
expressions for the neutrino mixing parameters and oscilla- Po=SiM0,;—
tion probabilities in the presence of matter. It was stated that (A-1)2
being interested in approximate solutions it is difficult to
describe both the solar and the atmospheric resonance at the

Si2013 sirf[(A—1)A],

Sin & c0S613Sin 201,SiN 260,35iN 20,3

same time. Therefore, this work is restricted to energies Pons=a _ -
above the solar resonance according to A(1-A)
R Am2, (2.8 glend xsin(A)sin(AA)sin (1-A)A],
|A|l=|a| = E,=0.45 Ge X :
107 eV p
(45) C0S8 €0SH13SiN 26045,SiN 2013SiN 20,4
coss— &

For this regime, the complete parameter mappbags.(27)] A(1=A)
was given as series expansion in the small mass hierarchy
parameter= Am3,/Am3, . It was shown, that the change of
the CP phases in matter is triple suppressed by the mass
hierarchy, the mixing angl®,; and by 6,5 being close to a200§9235in2291z

x cog A)sin(AA)sin (1—A)AT,

maximal. Furthermore, it was shown that in order Ps= A2
Am3/AmZ,, the relevant contribution to the parameter map-
ping is the correction o8, in matter. The derived parameter . Y A 5 5
mapping was used to compute tRgv.—v,) appearance with A=AmgL/(4E,) and A=A/Am;=2VE,/Am3.
oscillation probability in matter. Effort was made to find 1S gives qualitatively good results for baselines at which
the oscillation over the smaltolap mass squared difference

can safely be linearize®:

Sir?(AA),

5Frequent|y, the need for explicit detection of an asymmetry be-
tween the twoC P-conjugated channels is stressed and matter ef- aA<1 = L=8000 krr{ E, )
fects are considered as background, which prevents such measure- GeV
ments. The attitude taken here is, however, different: The goal of
any experiment is the limitation of the allowed parameter space for
8, which does not necessarily presume the detection of exflieit
violation. Hence, theéP s contribution has the same status as the ®Of course, it is also possible to give results, which are not limited
Psin s term and matter effects have to be included in the theoreticaby this baseline restriction. However, this approximation is very
model, which is fitted to the experimental data. helpful to obtain simple results.

107% eV?

2
Ams,

. (46
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To obtain high precision results for large valuestgf, itis ~ CP terms inP(v.—v,) can be given. The here obtained
recommended not to neglect subleadihg effects. The cor- results do not favor low neutrino energies for the

responding terms t®(v.—wv,) are given by Eqs(36g—  CP-violation search. The reason for the discrepancy between
(360, (36f). Results for the antineutrino channel are alwaysthis result and statements, which can presently be found in
obtained by flipping the signs d, s andA. the literature, were discussed. These topics were discussed

Using the derived approximations to the oscillation prob-only briefly and mainly serve as demonstrations of the appli-
ability, it was shown that from relatio0) a stringent limit  cability of the derived formulas.
on the baseliné can be derived, up to which the smallE,
approximation in matter is valid. Then, using this approxi-

matiorj, an expression for théP-asymmetry_Acp in matter ACKNOWLEDGMENTS
was given, which demonstrates that, for high neutrino ener- _ .
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