PHYSICAL REVIEW D, VOLUME 64, 053001

Next-to-next-to-leading order =¥ 7~ production cross section close to threshold
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The threshold behavior of the cross sectiofe e — 7' 77) is analyzed, taking into account the known
higher-order corrections. At present, this observable can be determined to next-to-next-to-leading order in a
combined expansion in powers af and fermion velocities.
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I. INTRODUCTION Il. THE PERTURBATIVE CALCULATION UP TO  O(a?)
9 A NNLO analysis of a QED quantity, following perturba-

. . . 3 —
The Tau-Charm Factory, a high-luminosity (0** cm tion theory in the number of loops, implies that contributions

s+1)7e+e Co!l|der with a center-of-mass energy near theup to O(«*) should be taken into account. Let us review the
7'7  production threshold, has been propogé®] as &  (grms contributing to the total cross sectionoproduction
powerful tool to perform high-precision studies of théep-  ;, e*e~ annihilation up to this order.

ton, charm hadrons and the charmonium sys{&. In At lowest order in QED, ther leptons are produced by
recent years, this energy region has been only partially exone-photon exchange in treechannel, and the total cross
plored by the Chinese Beijing Electron Positron Collidersection formula reads

(BEPO machine 10° cm 2 s™1). The possibility to op-

erate the Cornell Electron Storage Rif@@ESR around the P 27a’ )

777 threshold[5] has revived again the interest in Tau- ol e —7 7 )=—7—v(3-v), @
Charm Factory physick6].

. . e :

A precise understanding of the'e — 77 production pere;, — \[1—4M?/sis the velocity of the finak leptons in
cross section near threshold is clearly required. The accuralfi, center-of-mass frame of teé e~ pair andM =m._ is the
experimental analysis of this observable could allow us to P

. h T of the = | 7 mass.v is an adequate expansion parameter for observ-
Improve the present :ne_asurgarm;é I} of the 7 lepton mass. o6 evaluated at energies close to the production threshold,
The cross sectiowr(e"e” — 7" 7 ) has already been ana-

T , X : since its value goes to zero as we approach this point. This
lyzed toO(a”) in Refs.[8-10), including a resummation of 5y eqq vanish in that limit, being the global facter in
the leading Coulomb corrections.

The recent development of nonrelativistic effective field Eq. () of kinematic origin. The quantum numbers of the
* 7~ pair are those of the photod®“=1"", which corre-
theories of QED(NRQED) and QCD (NRQCD) [11] has ..~ P b

L S sponds to allowed™ 7~ states®S; and 3D, in spectroscopic
allowed an extensive investigation of the threshold pmduc'nlca)tation 2s+1) | T ! 11nsp P

tion of heavy flavors ae”e™ colliders. The thresholdb Electromagnetic corrections 6(«) to oy arise from the
[12-14 and tt [15] production cross sections have beeninterference between the tree level result and the following
computed to the next-to-next-to-leading ordBiNLO) in a  1-loop amplitudes:

combined expansion in powers @f and the fermion veloci- (i) O(a) corrections to the*e™ y vertex,
ties. Making appropriate changes, those calculations can be (i) O(«) corrections to the* 7~y vertex,
easily applied to the study af" 7~ production. (iii ) vacuum polarization,
In this paper we will compile and analyze the known (iv) box diagramg2-photon production
higher-order corrections to the" 7~ production cross sec- The contributions fron(i) and (ii) are usually expressed

tion. Although someO(a*) contributions have not been in terms of the Dirac and Pauli form factors at one I¢tf].
computed yet, the dominant NNLO corrections can be al-The corrections to the photon propagator) are divided
ready incorporated to the numerical predictions. One cainto two pieces: the leptonic contributioh=fe, u, ), which

then achieve a theoretical precision better than 0.1%. can be calculated perturbatively in QED, and the hadronic
The perturbative?(«®) and O(«*) contributions are dis- contribution, where QCD corrections make a perturbative es-
cussed in Sec. Il. Section Il contains the relevant nontimate at low energies unreliable. The hadronic vacuum po-

relativistic corrections at low velocities, generating larization can be related to the total cross section of hadron
O(a"lv™) effects. The photon vacuum polarization and theproduction by means of a dispersion relation. Finally, the
initial state radiation contributions are accounted for in Secsinterference of the tree-level amplitude with box diagrams
IV and V, respectively. In Sec. VI, electroweak corrections(iv) does not contribute to the total cross section, by virtue of
are shown to be negligible. The numerical results for theFurry’s theorem.

e"e — 7 7~ cross section and our final conclusions are In addition to the above virtual radiative corrections, the
given in Sec. VII. Some technical details and detailed formu<ross section o®(a?) corresponding to the process of real
las are relegated to the Appendixes. photon emission,e*e”—7"7"y, must be added. The
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bremsstrahlung photon can be emitted by the initial or final -~
o(w)dw. (4)

S

fermion lines, but there is no contribution to the total cross o(s):f F(s,w)
section from the interference between both sets of diagrams,

again due to Furry’s theorem. We clearly see that there is no

overlap between initial and final state radiative correctionslhe radiation functior-(s,w) [17] describes initial state ra-
for the total cross section up t©®(a®). A compilation of diation, including virtual corrections, angs is the total en-
analytical expressions for all the terms mentioned above i€rgy in the center-of-mass frame. The integration emerges to
found in Ref.[9]. account for the effective energy loss due to photon emission

Let us consider nexO(a?) electromagnetic corrections from theee™ pair. As previously mentioned, E¢4) is an
to the Born cross section. They come from several sourcesgxact relation for the total cross section only up@¢a?),

(1) Interferences between the one-loop diagrams menbut it includes the largest corrections coming from the emis-
tioned previously. The total cross section contributions fromsion of an arbitrary number of initial photons, which can
interferences betwee(i, (ii) and i) with box diagrams are ~sizably suppress the total cross section. Tife:*) contribu-
again zero. The first term involving two-photerproduction ~ tions not included in this analysis are those coming from
comes from the square amplitude of the box diagrams. ~ two- and three-photon production diagrams, for which no

(2) Interferences between the Born term and the followingvelocity enhancement is expected in the threshold region and
two-loop amplitudes: the electron and thevertex two-loop SO represent puré(a?) corrections~0.005%, and the in-
corrections, contained in the expressions of the electromagderferences between 2-photon Bremsstrahlung diagrams
netic form factors()(«) corrections to the vacuum polariza- overlapping initial and final state radiation. However, we
tion, and three-photon production diagrams, for which onlyshall argue in Sec. Il that bremsstrahlung contributions start
the real part is needed. at NNNLO in the combined expansion i andv, and so

(3) The O(a®*) bremsstrahlung cross section, comingthey are beyond the scope of our analysis.
from the interference between tree-level and one-loop dia-
grams with one radiated photon, and from tree-level dia- ). NON-RELATIVISTIC CORRECTIONS: NRQED

grams with two photons attached in any of the fermion lines, ] o
corresponding to the process'e —7" 7 yy. It is no We now focus on the behavior of the total cross section in

longer true, at this order, that initial and final state real rathe region just above the production threshold, where the
diation could not interfere. small velocity of the produceé leptons is another relevant

Recall that the spectral density Iig,(s) built from the ~ Parameter, in addition ta. The final-stater” 7~ interactions
electromagnetic current of the leptons collects all final- are encoded in the electromagnetic form factors. Written in

state interactions, including both virtual and real radiation,terms ofv, their expressions at one and two lo¢f8] show

1+ €I o W)

for Sing|e-ph0ton production, that is the existence OC(Q/U) and O(azlvz) pOWGr'“ke diver-
gences in the limiv —0. This is a general result for any
87202 number of loops: diagrams with uncrossed photons ex-

olete sy =7t = ImII(S), (20 changed between the produced leptons generate singular
terms proportional tod4/v)", known as Coulomb singulari-

where the tilde onr distinguishes it from the physical total tles_, W.h'Ch lead 1o a breakdowq of the QED per_turbatlve
series ina whenv— 0. Resummation of such terms is there-

cross section which includes all kind of corrections. Relationfore mandatory, and it was done a long time &), result-
(2) results from a direct application of the optical theorem, Y: 9 '

; ' . ing in the well-known Sommerfeld factor
and is more commonly written as the ratio

3s

Z}(e+e‘ay*ﬁl+l‘) |qfc,E(0)|2:$, (5)
Rem(s) = = =127 ImIInfs), (3) 1—exp(—amlv)
p

_ multiplying the Born cross sectiofil). This factor corre-

i.e., normalizingo to the point cross sectioanpt=4wa2/3s. sponds to the wave function at the origin, the solution of the
The ratioR., is well suited for studying the non-relativistic Schralinger equation, of two conjugate charged particles of
dynamics of ther” 7~ pair, as it fully contains the final-state massM interacting through a Coulomb potential for positive
interaction. Therefore, the threshold behavior of the totaknergiesE=Muv?. The appearance of this factor in the cross
cross section will be ruled by the expansionRy,, at low  section can be intuitively understood, since the Coulomb in-
velocities. The perturbative QED expressionRgyf,, is given  teraction modifies the scattered wave function of the lepton
in Appendix A up to NNLO in the combined expansion in pair. The 16 behavior of this factor makes the cross section
powers ofe andv. at threshold finite.

As long as we do not care about multiple photon produc- We clearly see that a NNLO calculation of the cross sec-
tion of 7 leptons, nor consider interference between initialtion in the kinematic region where~v has to account for
and final state radiation, it is possible to factorize the totakll terms proportional tw(a/v)"X[1;a;v;a?; av;v?] with
cross section as an integration over the product of separate=1,2, ... . Theleading divergence§i.e., (a/v)", n>1]
pieces, including initial, intermediate and final state correccan be treated by using well-known results from non-
tions: relativistic quantum mechanics, but a systematic way to cal-
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culate higher-order corrections in this regime, such as aws)
(alv)"X[v,v?,---], seems to be far from obvious, at least ~ Vc(r)=—
from the point of view of covariant perturbation theory in the

number of loops. An adequate description would come from a(us)\?
a simplified theory that keeps the relevant physics at the ( )
scaleMv~M «, characteristic of the Coulomb interaction,

“i’:))[zm In(ar)+ay]

1+

~ 772
35( 412 (ur)+ ?) +2(2B,2,

allowing for a clear and systematic identification of leading ~

contributions. +tB2)In(ur)+az |, ®)
NRQED[11] was designed precisely for this purpose. It is

an effective field theory of QED at low energies, applicable o g () 1

to fermions in non-relativistic regimes, i.e., with typical mo- vy (r)= s 5C)(r) + Y vet —r(rv)v

mentap/M~v<1. Interactions contained in the NRQED M? 2M?r r?

LagrangianEg. (B1)] have a definite velocity counting but ) )

propagators and loop integrations can also generate powers _alpg) | ST (ST 4—77(252—3)5(3)(0

of v. With appropriate counting rules at hand, one can prove oM2 |3 T 5 3

that all interactions between the non-relativistic pairr—

can be described up to NNLO in terms of time-independent 3a(us)

potentials[20], derived from the low-energy Lagrangian. It + W ' ©)

can also be shown that the contributions to the total cross
section from diagrams with real photolns emitted from the (10
produced heavy leptons begin at NNNLO. _AHIT 5 «3)
The key observable to study threshold effectsrinr Van(1) M2 $6%Un. (10
production is the 2-point functionll.(s) calculated at
NNLO. Its fully covariant expression is written as the time v4
ordered correlator of two electromagnetic QED currents of V(r)=—— (1)

_ 37
the 7 lepton j#=7y*7: 4M
Here a(us) denotes the electromagnetic coupling constant

A , renormalized in théV S scheme at the scajes= usqt;- The
Rem(q2)=—2|m[—if d*xe®(0[T(j*(x)j ,(0)")[0}|. latter is the renormalization scale set for td¥a) and
4 O(a?) corrections to the Coulomb potentié8), as deter-
®  mined in[23] and[24], respectively. Note that these correc-
tions involve ultraviolet divergent light fermion loopsn¢
Inserting the effective low-energy expression for the QED<M), which cannot be accurately described within NRQED.
current, Eq.(B2) into Eq. (6), one can arrive at the basic The scalew is equal tows, g€, With ye the Euler constant,
relation between the spectral density at NNLO and the nonand the rest of coefficients in E¢B) take the values
relativistic Green'’s functionf22]:

4

IBl:_gnl’ 32:_4n|! (12)

6 4E
Rem (a%) =5 Im| C1G(0.0.E) ~ 317:Ge(0.0E) |, 20 o
(7) a1=—§n|, a2=—(§—16§3)n|+

20 \?
3n|) . (13)

with C; a short distance coefficient to be determined byThe constantss, and 3 are the one- and two-loop coeffi-

matching full and effective theory results. The details of thiscients of the QED beta function in tiéS scheme defined as
derivation are found in Appendix B. 5
The Green’s functiorG obeys the Schidinger equation dina = i+ a 4
corresponding to a two-body system interacting through po- din w2 =Bla)=Bog Bl g
tentials derived fromLygroep at NNLO, that means sup-
pressed at most by?,a/M or 1M?, as dictated by the The number of active lepton flavons would be equal to two
counting rules. Such potentials have been calculated in theyr interacting 7’s. If quark loops are included we should
literature[23—25, and in configuration space they read substitute n|_>nfz(n,+NCZqQ§), Qq being the electro-
magnetic charge of the quadk(with mass lower thaM).
The Breit-Fermi potentiaMg: (see e.g[25]) has been

IThis result can be explicitly seen by going to the well-known Written in terms of the total spi and angular momentuin
expression forg-(e+e’_>|+|"y) at tree Ievel(see e_g[21]); the of the Iepton pair. At NNLO, the heavy Ieptons are only
leading term isx<av?, i.e., NNNLO compared to LO terms produced in tripleSwave states, so we just need to consider
~(alv)"~0O(1). the corresponding projection of thésg potential[i.e., make

(14
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S?=2 andL=0 in Eq.(9)]. Va, is @ NNLO piece derived recovered from the basic relatiof¥), if one reminds the
from the first contact term written ilCyroep, EQ. (B1), spectral representation of the Green’s function
which reproduces the QED tree lev&thannel diagram for

the process ™| ~—1*1~. In QCD this diagram connectsq . W (NWR(r') d*k P(NPE(r')
color-octet states, so this piece is not present in recent paperg(r'r ,E)=§n: E,—E—ie f (2m)® Ec—E-ie
devoted to threshold electromagnetic quark production, (17)
whereqq pairs can only be produced in color-singlet states.

Finally, the term(11) is the first relativistic correction to the with ¥ ,(r) the bound state’s wave function&/{<0), and

kinetic energy. W (r) corresponding to eigenfunctions dfl with Ej
The Green's function at NNLO will therefore satisfy the =k?/M>0. The LO spectral density is proportional to the
Schralinger equatioh imaginary part of the Coulomb Green’s function, and so,
from Eq.(17), proportional td ¥ £(0)|?, i.e. to the solution
vZ v4 ’ at the origin of the Schiinger equation with the LO Cou-
- V—m+Vc(r)+VBF(f)+VAn(f)—E G(r,r',E) lomb potential.
Finally, the short distance coefficie@; must be fixed.
=5 (r—r"). (15) The “direct matching proceduref27] allows a straightfor-

ward determination ofC; by comparing the NNLO non-
A solution of Eq.(15) must rely on numerical or perturbative relativistic expressiori7) with the result(Al) for Rey,, cal-
techniques. In the QED case, a significant difference betweegulated in full QED keeping terms up t8(a?) and NNLO
both approaches is not expected, beiagsuch a small in the velocity expansion. The short distance coefficiént
parametet.Consequently we will follow the perturbative ap- is then expressed as a perturbative series(inarq).
proach, using recent results by Hoang, Penin and others
[13,22,28, who calculated the NLO and NNLO corrections
to the Green's function analytically, via the Rayleigh- C1(M, ihard: Mrac) =1+
Schralinger time-independent perturbation theory around the
known LO Coulomb Green’s function:

a(Mhard)) (1)
C1
aa

" a’(ﬂhard)) 2
T

2
C(1 )(/-Lhard s Mtac)

G(X,Y;E)=Gc(x,y;E) + 6G(x,y; E), N

° (18)
oG(X,y,E)= —f d32G (X, ZE)(H—Hg)G(ZY,E) + - - - where we have anticipated theif) does not depend on any
scale. The renormalization poipt, 5.4, chosen forays in
4 the short distance coefficient, need not be equal to that gov-
= —f d?’ZGc(X,Z;E)( — —1tVe(2)+Van(2) erning the perturbative expansions of the correlatats;,
4M which only contains long-distance physftShe result of the
matching read$22]

V(@) +v<£><z>) Go(zY;E)+ -

cf=-4
= 8kigrG+ SanG + 8, °G+ 8,G
N 4 M2 1 M?
+ SNG4 (16) cP=x7 k= ——NfIN———ZIn——1, (19
6 2
™ Mhard Mtac
Here Ho=—V?/M+V.O(r) is the pure Coulomb Hamil- i
tonian. We refer the reader to Appendix C for complete ex it
pressions ofG. and the differentdG’s, as calculated in the
literature, and for a full discussion about the regularization 139 o 35 . 4 E—l
procedure. Let us just quote here that the Sommerfeld factor K 2\ 4 {3 3 n 18 9| ;2
(5), which appears in the LO cross section, can be easily
+ 1 (20
ng —|.
' 97?2

Note that the Green’s function built from the NNLO potentials

also resums higher order contributions, like those diagrams with thg-he factorization scalge,. is introduced to separate long

i”fsl”ri]o“ 0;: ?“mhe than O”EKNN#O pOte“,tia'lte”I“', tthe Seh and short distance contributions in the process of regulariza-
t ough ftor nheavy quar s the numerical solution of the Sehro téon (See Appendix C for detaﬂs

dinger equation has been shown to have more stable NLO an
NNLO corrections, we should note that higher-order terms not un-
der control are being resummed, some of which are cutoff depen-
dent[15]. “Differences are relevant when NNLO corrections are considered.
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IV. VACUUM POLARIZATION

We now turn over intermediate state corrections in for-

mula (4). For a complete NNLO description af(e*e”

—777), two-loop corrections to the photon propagator
should be included. Despite having calculated the final state

observableR,, in the modified minimal subtractionMS)
scheme, we can exploit the fact that the piee®[1

PHYSICAL REVIEW D 64 053001

21
—753

1

+3—2— Zln2+ Eln

h,= 1(3
24772

(26)

In the hadronic sector, a perturbative estimate of the
vacuum polarization in terms of free quarks is unreliable
since strong interactions at low energies become non-

+elen(s)] is a renormalization group invariant, and so perturbative. An alternative approach consists of relating the

evaluate these set of corrections in the-shell scheme,

hadronic vacuum polarization with the total cross section

where decoupling of heavy fermions is naturally imple- ;(e*e~— * —had), by using unitarity and the analyticity
mented. Theon-shell renormalized vacuum polarization of 11, _(s):

function is defined as

Mg (g%) =1len{q?) — e 0). (21)

The light lepton contributions to the vacuum polarization

are the standard 1- and 2-loop perturbative expres$sis

o o 2
ezHe,M(q2)=(;)H(l)(q2)+ ;) 1®(g?)+ O(a®),

(22
with
1[5 2\ em*> [m?
n®(g?)= Slz=In| - |+—+0|—|]|,
@ i;w E m?) g’ q*
(23
1[5 2
o)=Y =|2—4z—In| —
12 '2| @ +0 m (24)
f— _n —_—— [ s
q° m; q*

s ImTadt)
Hhacﬁs)_EngT t(t—s—ie)

L
1673a? ) am?

Usually, o(e*e” — y* —had) is conveniently parametrized
and the unknown parameters fitted to experimental measure-
ments or else related to phenomenological constants. In this
paper we will make use of a parameter-free formula for
o(ete”—y*—=had) in the low-energy region, where the
non-perturbative effects are more important, and the pertur-
bative result for the high energy part. Below 1 GeV, the
electromagnetic production of hadrons is dominated bythe
resonance J°°=1"") and its decay to two charged pions.
The photon mediatedr* 7~ production cross section at a
center-of-mass energys is written as

o(ete” —had)
t(t—s—ie)

(27)

e~ +7_77a214mi3’2[: 2 (28
oe'e —mm )= 7 < IF(s)]?, (28)

with F(s) being the pion electromagnetic form factor defined

where we have only retained the relevant terms in the limityg

mZ<g? (m, are the pole light-lepton masse&or ther con-
tribution in the threshold vicinitg?=4M?2, resummation of
singular terms in the limity—0 is mandatory. Under the
assumptiona~v, it is clear that we need to know NLO
contributions tall (g?), which means retaining uniqued,
and 8)-°G in Eq. (16) but performing the direct matching
not only for the imaginary part but also for the real pan
to O(a)]:

2ma
eIIM0(0%) =~ C1(Ge(0.0:E) + 8 °G(0,0.E))+ ahy
+a2h2- (25)

The one-loop coefficienC; was already obtained in Eq.

(19, and hy,h, are fixed by demanding equality between

Rl calculated in full QED and expressi@g5). We get

hlzﬂ’

<7T+ 7T_|JM|O>: F(S)(pﬂ'__ p7r+)'u'

In the isospin limit, only thd =1 part of the quark electro-

magnetic currenj*=Q uy*u+ Qudy*d survives. An ana-
lytic expression for the pion isovectorial form factor was
obtained in Ref[29] using resonance chiral theof$0] and
restrictions imposed by analyticity and unitarity. The so-
obtainedF(s), which provides an excellent description of
experimental data up to energies of the order of 1 GeV, reads

2

Mp
F(s)=— :
Mp—s—lMpr(s)

X exp| —— SReA(mMZ/s,m2/M?)
96m2f2

(29

wherel’ ,(s) is theoff-shellwidth of the p meson[31],
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I, (s)= M,s 6(s—4m?) o>
P 9672 me

=— M|m[A(m2/s m2/M?2)] (30)
96m2f mm e
and
2/s m2/M?) = In(m2/M?2 ;5 3 o.t1
A(mZ/s,m;, Mp)—n(mw Mp)+ s —§+0'77n o —1)"
(3D

o,=\1—4m?/s.

Formula(28) will be integrated in(27) up to an upper bound
s,~1 Ge\2. For the integration region abow, we use
the perturbative results of [y, q:

a o
eimllgos)= > NQjz|1+—|, (32
g=u,d,s 3 ™
for light quarks, in the zero mass limit, and
5 , 2m§
e2mll, p(s)= 2, O(s—4m>)N.Q>={ | 1+ —
’ e q a3 S
[ 4am’ o (3 mZ md
9, Sc |49, 19
xX\/1 S JquCF4+95+52
5 I m;
>< —_—
2 18n? ) (33)

for the b andc quarks® In both (32) and (33) the first QCD

PHYSICAL REVIEW D 64 053001

At the scaleM, we getAhada(Mg)x 10*=268, to be com-
pared with the valuesA,,q(M3)x10*=280+7 and
Apaqx(M2) X 10°=276.3+ 1.6, obtained if32] and[33], re-
spectively. Our simple estimate only deviates by 4% and
3%, respectively, from those analyses. Consideringlthaj
modifies o(e*e” — 7" 77) near threshold by roughly 1%,
our result has a global uncertainty smaller than 0.1% for the
total cross section.

Let us just mention that the theoretical description of the
vector form factor of the pion has been improved in a recent
paper[34] using a model-independent parametrization that
can fairly reproduce experimental data coming freife™
— "7~ up to higher energiesy/s<1.2 GeV. With such
results, we would gain knowledge on the hadronic contribu-
tion to vacuum polarization, but its numerical effect on our
final estimate would not be relevant, considering the impor-
tant features of the hadronic spectrum we are leaving out by
using naive QCD perturbation theory frogis~1.2 GeV up-
wards.

V. INITIAL STATE RADIATION

In this section we collect the radiative corrections to
single-photon annihilation of the initisd*e~ pair. These
include both virtual and real photon radiation, all of which
are needed atd(«?) in a formal NNLO analysis of
o(ete”— 7" 77). However, for the emission of soft photons
(i.e. photons whose energy do not exceed an experimental
resolutionAE</s), it is a well-known feature that the ex-
pansion parameter is nat but (a/)log(s/m?)log(E/AE),
which may be quite large, making it necessary to retain all
terms of the expansion with respect to it. It is possible to
perform such resummation by using an approach based on
the structure functions formalisfd7]. In this technique, the
effect of initial state radiation is accounted for by convolut-
ing the cross section without initial radiative corrections with

loop correction to the quark vacuum polarization has beentructure functions for electrons and positrons, in analogy
added, withag the strong coupling constant. This simplified with a Drell-Yan process in QCD. In the leading logarithmic
description is good enough to achieve an accuracy betteapproximation[i.e. when only terms containing a factbr

than 0.1% for thee"e™— 77~ cross section.

EIog(s/rrﬁ) with each power ofx are retainefithis formal-

As a test of our method to calculate the hadronic vacuunism allows us to represent the cross section in the f@g¥m

polarization, we have computed its contribution to the run-

ning of a at the scaleys=M, and compared it with the
results of recent analyses devoted to this suljg2t33. In

the on-shell scheme the evolution of the electromagnetic

2

o(s'), (34

) J'ZAE/V‘Ed Foxs)
s)= XF(x,8)|————
o 0 1+eI1(s’)

coupling constant due to hadron polarization is commonlywith the “available” center-of-mass energy after bremsstrah-

defined as

_ o
R W ES)

with

Apagr(S) = —4maRg I odS) —lpad 0)].

SAt the energy scales of production theb quark has not been

considered in the particle content of the effective theory, but we will

include it when runningr to s:Mé. The contribution of the top

quark to Eq.(27) starts at/s=350 GeV, so it is highly suppressed

by thet? factor in the denominator.

lung loss defined as’ =s(1—x), and the radiation function

E — pyBP-1 1+E(W_2_1 +§
2(1 5 37) ( 1
—ﬂ §L+27T _Z - B 1—§X
1 2 42 ll
+§,8 4(2—x) ne
1+3(1—x)?

_Za
B="(L-1).
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The total cross section, at the kinetic energy above threshold VII. FINAL RESULTS FOR o(e*te™—7"7")
E=.s—2M, is evaluated by convoluting the photon-
mediated cross section of" 7~ production without initial
radiative corrections with a weight functioR describing
such radiation effects, from an ener§ydown to E'=E . : )
—AE. The functionF(x,s) becomes larger as—0, i.e., for pieces take the following values: ,

E’'<E, and it strongly decreases as theariable grows. (@ The 7 mass, extracted froni37], is m,=1777.03

Besides the leadingaf 7)"L" terms, expressio(85) also +0.30 MeV. ) . )
includes allO(«) terms exactly. The analysis of higher-order ~ (P) The two-loop running of the electromagnetic coupling
terms, not included ifF(x,s), is shown in[17] to go beyond constant, defined in th1S scheme, is needed to evaluate
0.1% accuracy for the interval of energies 0.2 GeVs a(msor) and a(uparg), Which show up in the non-
<10 GeV. We shall use Eq35) to evaluate initial state relativistic correlator and in the short-distance coefficient,
corrections to the total cross section. respectively. The 1- and 2-loop coefficients of Biéunction
were already given in Eq12). The reference value for the
QED running coupling has been chosen by the relation
ays(m?) = a, with = 1/137.036 the ordinary fine structure

The small corrections arising fromproduction through a constant.

Z boson can be easily incorporated in our basic fornig. (c) The first QCD perturbative correction to the vacuum
Electroweak production of heavy quarks, including thresholdpolarization of free quarks is proportional to the strong cou-
effects, has already been studied in previous pa@586.  pling constanta, [see Egs(32) and (33)]. At the energy
The trivial part comes from the vector couplings of the scale ofr production, it is appropriate to choose. as the
current, which just add a term proportional®y(s) to the  ormalization point forag: the corresponding value is
total cross section: ay(M?) =0.35+ 0.03[38].

(d) The dependence on the various renormalization scales
Msofts Mhard @nd wsac i very small. The most pronounced
one comes from variations on the scalg,; governing the
combined expansion i andv of the NRQED correlators.
The logarithms of this scale ovév, which show up in the
Rem(S), (36)  non-relativistic Green's functions, suggest taking,

~Mv~Ma=13 MeV to minimize the size of the NLO and
the NNLO corrections. In fact, in the range 10 MeV
wherev, anda, are the neutral-current couplings of charged <usos<< 100 MeV the sensitivity to changes in this scale is
leptons, reduced, and we have the smallest NLO and NNLO correc-
tions toR.,,, varying in the whole range by less than 0.15%
_1+4sii g and 0.08%, respectively. The residual dependences on the
W P
Vepr= 7o (37 other two scales are fuIIy.negI|g|bIe. . .
4 sinb\y cosbyy The need for performing resummations of the leading
non-relativistic terms ¢/v)"[v,va,v?, .. .] is evidenced in
-1 Figs. 1 and 2. The spectral densRy,,, calculated in both
(38)  QED and NRQED, is displayed in Fig. 1 as a function of the
7 velocity. The QED tree-level result vanisheswas:0 due
to the phase space velocity in formiB, which is cancelled
At the 7" 7~ threshold, electroweak corrections are at leasby the firstv ~* term appearing in thé&(«) correction, mak-
suppressed by terms 61(8m% M3)~3x 102 with respect  ing the cross section at threshold finite. More singular terms
to photon mediated production. Because of the further supaear thresholdy ~2,0 73, . .. arising in higher-order correc-
pression induced by the couplingg=wv ,~0.05, these elec- tions completely spoil the expected good convergence of the
troweak corrections represent a contribution below 0.0008%QED perturbative series in the limit—0. This breakdown
to the total cross section, and therefore they will not be conis clearly seen in the behavior of ti «?) correction to the
sidered for our purposes. QED spectral density in Fig. 1. This is no longer the case for

The non-trivial part of the electroweak corrections comeshe effective theory perturbative series, whose convergence
from the axial couplings of theZ boson with the non- improves as we approach the threshold point, as shown in
relativistic final state fermions. For such contributions oneFig. 2(a), and higher-order corrections reduce the perturba-
needs to expand the QCD axial-vector current in terms ofive uncertainty inherent to any series truncated at a finite
proper NRQED currents and then to construct the correerder. In the whole energy range displayed in Figp) 2the
sponding non-relativistic correlator, which is already adifferences between the NNLO, NLO and LO results are
NNLO contribution describing the* 7~ system in &P>-wave  below 0.8%, which indicates that the LO result, i.e. the Som-
triplet state [35,36. However, it is suppressed by merfeld factor, contains the relevant physics to describe the
(’)(l6mﬁ/M§), so fully negligible in our analysis. threshold region, although NLO and NNLO corrections

We now use formulas collected in previous sections to
analyze the behavior af(e*e”— 7" 77) at threshold ener-
gies. Some of the parameters appearing in the different

VI. ELECTROWEAK CORRECTIONS

s
s—M?

2vevT—l—

~ * S
e Zye(S) = Opt| 1—-2——
S—M;

X[v2+a2]v?

Aoy, =
ST 4 sinfy, COSHyy
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A\ g locities in both QED and NRQED.
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would be needed for more accurate descriptions of the totahe total cross section. We can verify that this reduction re-
cross section. mains at higher energies above threshold by examining Fig.
We can safely assume that the NNLO result for the spec4. A maximum energy for the soft photorAE=60 MeV,
tral density has a theoretical uncertainty below 0.1% for enhas been chosen to perform the integratid4).
ergies close enough to threshold. At larger energies, the sub- We should emphasize that NNLO corrections do not
leading contributions gain importance and the convergencenodify the predicted behavior of the LO and NLO cross
of the double series i andv is poorer, due to the higher section as calculated in previous woilg9], but are essen-
powers of the velocity which are not taken into account. Thigtial to improve the accuracy of experimental fits with higher
is the opposite behavior to that of the usual perturbativeprecision data and, even more important, to guarantee that
QED expansion, Fig.(®), where the series convergence im- the truncated perturbative series at NLO gets small correc-
proves as we move far away the threshold. tions from higher-order terms. In this way, we have shown
Adding the intermediate and initial state corrections wethat the theoretical uncertainty of our analysisafe*e™
have a complete description of the total cross section of+7"77) is lower than 0.1%, being the main sources of error
7~ production, as shown in Fig. 3. Coulomb interaction our estimates of the hadronic contribution to vacuum polar-
between the produceds, governed by the parameterv, ization and of the initial state radiation. The former could be
becomes essential right within a few MeV above the thresheasily improved using similar techniques to those applied to
old, and the effects have to be taken into account to all ordersstimatex (M), but at the energy poinfs=2m,, including
in this parameter, making the total cross section finite in thidits to o(e" e~ —hadrong data, and the latter, being detec-
region. Initial state radiation effectively reduces the availableor dependent, should be accurately monitored and their ef-
center-of-mass energy ferproduction, lowering in this way fects correctly implemented in data analyses. Nevertheless,

0.8 T T T T T T T T T
____________________ Born Oo(a) Ofo)
____________ T |RQED ~Rogp |/RQED %
et _ o(w o(a? ol
0.6 7 |RQED -Romp /R e %
041/
02 f + N T
) . |R nlo  _ R lo |/R lo L
E NRQED NROED'' ““NRQED 7
nnlo nlo nlo ]
|RNRQED_ RNRQED |/ RNRQED %
0 L L 1 L 1 L I L
0 5 10 15 20 10 15 20
(a) E(MeV) (b) E (MeV)

FIG. 2. Relative sizes of corrections Ry(s) as calculated ifa) NRQED and(b) QED.
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FIG. 3. The total cross sectian(e e — 77 at threshold: at FIG. 4. Initial radiation effects in the total cross section

t_ree level(solid line); p_Ius NNLO co_rrectlo_ns to fl_na_l state mte_rac- o(e*e —7r) up to energies around 100 MeV above threshold
tion, Eq.(2) (dashed ling and also including radiative corrections . ~ . .
(v=0.2); the dashed line represemtée™e” — 7" 77), which does

from the initiale™ e~ state and from vacuum polarization, E¢) tinclud diati i f initial stat defined in E
(dash-dotted curye ?20) include radiative corrections from initial state, as defined in Eq.

the statistical uncertainty of the most recent experiments i§ne constantc has already been defined in EQO). The

still much larger than the theoretical one due to low Stat'Stlcsrenormahzanon oint in thaS scheme has been chosen
and we should wait for future machines to improve it. P
equal touparq, @andM denotes the pole mass.
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APPENDIX A d,e?
—EXD)+--- (= —— (4T ooox* ) (x o200)
The expression of the two-loop spectral density as calcu- 4M
lated in perturbative QED and up to NNLO in the velocity dse
expansion §=VE/M) reads[18] (t//T(sz Y(xT 021//)+ {((//T x*)
17 a(pp) | 37 i )2
Rlz\lllc\)“c;poQED: EU—1—603+O(U4)}+— 2 v X XT0'20'<_§D y|tH.e+ (B1)
2 772 3 The lepton and antilepton are described by the Pauli spinors
+ 7vz+ O(?) +012(,uh) +t3  and x, respectively. Antilepton bilinears and higher-order
operators have been omitted. The first line in Egl) is
1 432M2 related to the kinetic term of the QED Lagrangian, with the
v°M 5 - . .
X| —2+n¢| zIn——— _H bilinear ¢ terms coming from the expansion of the lepton
6 ,uﬁard 18 relativistic energy up ta®(1/M3). The second line terms
reproduce the electromagnetic couplings of the leptons with
49772+ 3 5 | M? Ina photons of energy lower thavl. Four fermion operators dis-
192 ' 2" Nt w2 nﬂﬁ g nv played in latter lines reproduce production and annihilation
& of anl ™I~ pair in anS-wave singlet @,) or triplet (d, and
d;) state. Additional interaction terms between photon fields
><U+0(02)] (A1)  should be introduced to simulate fermion loops. The short-
distance coefficients; ,d; must be determined following the
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matching procedure up to a certain orderdnin order to k kK

absorb infinities arising in calculations beyond tree level.
Which interactions are to be kept for a given precidion

a andv~p/M) is dictated by counting rules. The presence

of two dynamical scales in the theory, the fermions three-

momentum=Muv, and their kinetic energies: Mv?, makes

the NRQED counting rules more involved than in most ef'correlator diagrams: the lepton pairl ~ is created and annihilated

fective field theories. While the factors af in a specific by the coupling' oy in (B4), and all the intermediate diagrams of
diagram can be read off from vertex coefficients, powens of he |+|- non-relativistic NNLO interaction are resummed in the

are also generated by internal propagators and loop integrgreen's functionG(E).

tions. There has been a hard discussion during recent years

on how to organize calculations within NRQED/NRQCD in

a systematic expansion in[39], especially in the context of NNLO _4_ _

: . o r SOPEIC  Remo(g®)=—;Im| Ci[A;(E)] Cz[Az(E)]

dimensional regularization. The situation seems to be clari-

fied with the new formulation proposed in Ref40,41]. In a (B3)

cutoff scheme power counting rules for the velocity had been

previously derived by Labellg20] using time ordered per- Where

turbation theory together with the Coulomb gauge to sepa-

rate the “soft” photons(\zlwth energyE,=Mv) from the “ul- A1=—if d*xe™0|T(y oy xTow)|0), (BY)

trasoft” ones €,=Mv?). Although quite troublesome for

calculations beyond NNLO in the velocity expansion, these 2

rules give the order i of diagrams containing only soft _ 4., Aigx + Tl — D

photons by simple dimensional analysis. Following these A2= If d'xet <O|T[¢I TX X 0( ZD) v

rules one proves that the latter diagrams are all we need to

describe low-energy interaction between the pair of fermions +Hc

up to NNLO. Moreover, soft photons have an energy inde-

pendent propagator and therefore all interactions up to

NNLO can be described in terms of potentials, this being arhe short distance coefficients re@j=(b;)* and C,=

highly non-trivial result that cannot be derived in the contextThe correlatorsd; and.4, contain the non-relativistic mter-

of full QED covariant perturbation theofy. actions derived from the NRQED Lagrangian. Such interac-
The effectiveyr" 7~ coupling seen by the non-relativistic tions, at NNLO, are purely described by instantaneous po-

leptons is given by the expansion of the QED current intentials, similar to those used in familiar quantum mechanics.

terms of the operators of the low-energy theory: Therefore, once the lepton pair is created by the external
current with relative momenturk and until it is annihilated,

the four point function describing their evolution reduces to a
(x)+---.  Schralinger Green function for a two-body system with ki-
netic energyE=\/s—2M, see Fig. 5. The exact relation for
(B2) 4, reads

FIG. 5. Graphical representation of the NRQED vector-current

|0y (B5)

b, 2
i) =ba(Wla") 00~ 6|\/|2[¢'T k(_§D> X

We have only quoted the terms that are needed at NNLO. 3 a3k’

The first piece is a dimension-three current while the second Al(E)=Trf 3f ;0G(k K" E)o

has dimension-five and it is already of NNLO, as dictated by (2m)>J (2m)

counting rules20] due to the presence of theM? factor. —6[ lim G(r,r";E)], (B6)

Notice that both pieces have quantum numbi8g There is
another dimension-five current, describii®, =7~ pro-
duction which, however, would not contribute to the NNLO where we have used the identity &r{o) =3 Tr(l)=6. One
cross section because the correlator of the product ¥#$,a can check that EqB6) gives the right proportionality factor
current and a°D; one vanishes. The Wilson coefficients of between4,; andG just considering the free case. There is no
the NRQED 23S, current encode the effects of the hard extra factor coming from the different normalizations of the
modes that have been integrated out. The coefficnt relativistic and the non-relativistic quantities.

needs to be known at order, while b,=1 at NNLO. In- For the A, correlator we have

serting expansiofB2) into the correlation functioi6) leads
to the NRQED expression of the ratiRy,,, at NNLO:

r,r’'—0

_ d3k d3 , 2 12\ R ’.
AZ(E)_Trf (27T)3f(277)3(k +k'2)G(k,k':E)

®In terms of diagrams this statement means that only ladder dia- =—6(VZ+ Vrz,)Gc(r,r’;E)|r',,ﬂ0. (B7)
grams with Coulomb-like photons and contact interactions with ver-
tex factors up to NNLO contribute. Crossed ladder graphs vanists A, is already of NNLO, only the Green’s function for the
for soft photons. Coulomb potential shall be considered. RelatiBi@) can be
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further simplified by using the Schdinger equation(15),  the short distance limit,r'—0 the Coulomb Green’s func-
retaining just the LO piece of .(r). For the imaginary part, tion, and some of the’G, have ¥ and log() divergent

we have terms. Following the lines of previous pap¢?2,43 power-
like divergences are subtracted and ultraviolet logarithmic-
2 terms are regularized by introducing a cutpdf and hence
——"Im Go(r,r":E)= [E—Vto(r)]lm Ge(r,r";E) subtracting the energy-indepe_ndent_part. However, the imagi-
M nary part ofG. has no ultraviolet divergent terms, so they

would not contribute to the total cross section. This is not
Im Gy(r,r'";E). (B8) longer the case for the correctiodg; geG and 5,,G, and

their (imaginary part residual dependence on thg-scale

will be canceled with the scale dependence of the coefficient
In the limit r,r'—0, the terma/r IMG, represents an ultra- C,, which is determined using the “direct matching proce-
violet divergence which must be regularized. Following thedure” [27] described at the end of Sec. Ill. We quote the
direct matching procedur@7] to fix the value of the short result for 6 geG [CF—1,Tg—1 andC,—0 for the U1)
distance coefficien€, allows us to drop power-like diver- group| [22]:
gences, such ag/r ImG,|,_,,, which must cancel with simi-
lar ultraviolet divergences i€, in the final expression for
the total cross section. Therefore we can safely substitute

o
=(E+—
r

. a(udM?[ 5 ¥
Im A, by 1Z2EMG(r,r";E)|,, o in (B3) to get the com- 6, 5G(0,0;E) = 2 ig —2v?In| —i
plete relation between the spectral density at NNLO and the m alps) Mtac
non-relativistic Green’s functions: (0)
+yrw| 1
4E 2
RNNLO(qZ)— Im C,G(0,0;E)— =—G.(0,0;E) |, 11 ()
Te( )v\p’( d
(B9) Ms U
where we have expanded the relatigf (2M + E)? to first N 4_77 a(Ms) GI(0.0E)2. (C2)
order inE/2M, which is already a NNLO contribution. 3 ¢
APPENDIX C The integration for theV,, potential is trivial, and the

] ) resulting(renormalizedl correctiond,,G reads
The well-known Coulomb Green'’s functigA2], solution

of the LO Hamiltonian, at the origin reads € VE/M)

( Mo
In| —i
Mtac
The O(«) correction to the Coulomb potential{*)(r),
] must be iterated twice because it is a NLO contribution. The

a(ps)m™
2 MZ

S5anG(0,0E)=— GL(0,0E)2. (C3)

+y

M2 (| _
GE(O,O;E):E[iv_a(Ms)

—|—\II( (ljs)

(€D corresponding correctiong)-°G and sYN-°G have been

calculated in13] and[26], respectively. The details of their
where WV (z)=(d/dz)logl'(z) andI'(z) is the Eulerl’ func-  calculation can be found therein. Their final expressions
tion. The superscript “r” stands for “renormalized,” since in read:

2v

o m-—1
5TLOG(O,0;E)=(QE‘/:)) M? 2 F2(m)(m+ 1{C3+[L(v) +¥(m+2)]Ch -2 3 F(m) (n) c1
+22O F(M){C+[L(v)—2y—¥(m+1)]Ci}+L(v)Co+ —yL(v)-f—%L(v)z)Cl], (C4)

and

053001-11



P. RUIZ-FEMENA AND A. PICH

PHYSICAL REVIEW D 64 053001

2 2 *
SNNLOG(0,0,E) = (ax:) (4“;) M S HAm)(me+ 1){Ch+[W(m+2) + L(v)ICH?
—2% 50 CH{ H2(m)H(n)| C3+| ¥(m+2)+L( )—E ! Ci
m=1 n=0 M— ! ot Y 2m-n/ 7t
+H(m)HZ(n) cl+(qf(n+2)+L( )———n+1
0 Y72 (m=n)(m+1)
r2cp?| 2 2 2 H(mH(MH() n)(m 5 mE: Z Z HMHMH® ==y
o n—1 m-1
(1+1)(m+1)
£2, 2 & HmAmADE +1><n—|><n—m)) (©9
with
-1
F(m)= 5 —a(MS)(erl—i a(z‘:S)) (c)
~Mv
L(v)=—ln(—2l—), (C7)
Ms
and finally
H(m)=|{ m+1—i (Z'L:S))
The constant€}, C7 are defined in terms g8, (14):
Co=a;+2B17,
Ci=28;. (CY

The iteration of theD(a?) piece,V)(r), was also computed ifL3]:

:

a(us)M 2
41

a(ums)
4T

5ZG(O,O;E)=(

o m-1

+|(m)cz}+22 E F(m)F(n)(——[Cz+2L(v)C2]+J(m n)Ca

+[L%(v)+K(m)]Ca—[2y+ P (m+1)][CZ+2L(v)C5]}+L(v)Ci+

{ 2 F2(m){(m+1)[C3+L(v)CZ+L2(k)C3]+ (m+1)¥(m+2)[CI+2L(v)C3]

o

+2 E F(m){C2+L(v)C?

- 7L(v)+%L2(v) Ci+ N(v)C%} ,

(C9

with the functionsl (m),J(m,n),K(m),N(v) defined as

2
L(m)=(m+1)| W2(m+2)— ¥’ (m+2)+ %
—mz —2(‘If(m+ 1)+’y),
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J(m,n)zz—(
m—n

m+1
m—n

+2

1
Wa(m—n)— = +2y |+

X[P(Mm—n+1)—¥(m+1)],

K(m)=2[¥(m+1)+ y]2+ ¥’ (m+1)—¥3(m+1)
+297,
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2

2_ 2
vt %) L(v)—yL2(0)+ %Ls(v), CimAprEpa) Oy

N(v)=

C3=4p3.
and the constants
None of the above mentioned CoulondiG corrections
have energy-dependent ultraviolet terms on their imaginary
part, so no matching is necessary for them.

2
T
——i—4)/2

Co=|3 + B+ 2(Bo+ 2B1an) v+ ag,
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