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Tensor to scalar ratio of phantom dark energy models
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We investigate the anisotropies in the cosmic microwave background in a class of models which possesses
a positive cosmic energy density but negative pressure, with a constant equation of statew5(p/r),21. We
calculate the temperature and polarization anisotropy spectra for both scalar and tensor perturbations by
modifying the publicly available codeCMBFAST. For a constant initial curvature perturbation or tensor normal-
ization, we have calculated the final anisotropy spectra as a function of the dark energy density and equation
of statew and of the scalar and tensor spectral indices. This allows us to calculate the dependence of the
tensor-to-scalar ratio onw in a model with phantom dark energy, which may be important for interpreting any
future detection of long-wavelength gravitational waves.
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I. INTRODUCTION

For many years@1#, arguments have been made in fav
of the cold dark matter model with a cosmological const
(LCDM! because of its desirable property of having spa
flatness while accommodating a low matter density, con
tions which seem to be favored by current astrophysical
servations. A few years ago, however, an old alternative@2#
resurfaced and has been receiving considerable attention@3#.
This alternative, which we will refer to as the CDM with
scalar field (FCDM!, borrows from the literature on infla
tion and postulates a slowly rolling scalar field whose ene
density has only recently become cosmologically releva
This slowly rolling scalar field provides a constituent of t
universe which is smooth below the horizon scale1 and
whose evolution can be made arbitrarily slow. This is usua
parametrized by the equation of state,w[p/r, with the
model becoming indistinguishable from the cosmologi
constant in the limitw→21. Generically 1.w.21 andw
is typically a function of time.

Of particular interest to us was a paper by Caldwell@4#
which introduced aFCDM model with w,21. This form
of dark energy, dubbedphantom energy, also has the remark
able property of satisfyingrf1pf,0, just as in the standar
FCDM case. It was shown that this model is consistent w
both recent observations and classical tests of cosmolog
some cases providing a better fit than the more familiar m
els with w.21.

There are several known ways to achievew,21, e.g.
Ref. @5#, but Caldwell’s model makes use of a non-canoni
kinetic term, a method introduced in@6#. There is no obvious
motivation from particle physics for considering such a ra
cal extension to the theory, and indeed the model has b
criticized on these grounds@5#. However we regard this as
useful toy model because it allows us to simply extend
equation of state parameter space continuously beloww

1The speed of sound for a scalar field is the speed of light.
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521 without the additional complications inherent in mod
fications of the gravitational sector of the theory.~We shall
discuss how our results depend on this detail later.! Observa-
tional constraints are often maximally likely at the valuew
521 and for the purposes of maximum likelihood analy
it is better not to have the region of maximum likelihoo
bumping against the edge of the parameter space. Thus
advantageous to extend the domain of the parameterw, even
if one is primarily interested, on theoretical grounds, in v
uesw>21.

One aspect which was not studied in@4# was the effect of
gravitational wave perturbations in the cosmic microwa
background~CMB!, and in particular the dependence of th
tensor-to-scalar ratio on the equation of statew. In this paper
we study the tensor anisotropy spectrum in the phan
model. We show that the normalization of the tensor per
bations in the CMB is only weakly dependent on the eq
tion of state. The behavior of the tensor-to-scalar ratio
therefore dominated by thew dependence of the scalar pe
turbations.

We are interested in the tensor contribution to the anis
ropy spectrum because it is, in principle, observable and
rectly connected to the energy scale of inflation@7#, a funda-
mental parameter of considerable importance. O
calibration of the relation between the amplitude of the a
isotropy in the CMB and this fundamental energy scale
clearly necessary to interpret any future observations of
signal.

II. THE MODEL

Phenomenologically, the property of negative press
and positive energy density can be achieved by conside
the ~unorthodox! Lagrangian density

L5
1

2
gmn]mf]nf2V~f! ~1!

for the phantom componentf. We are adopting the metric
conventiongmn5diag(2a2,a2,a2,a2) wherea(t) is the cos-
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mological scale factor. To lowest order the non-canoni
negative kinetic term in the Lagrangian produces the follo
ing expressions for the pressure and energy density of
dark energy:

rf52
1

2a2ḟ21V~f! ~2!

pf52
1

2a2ḟ22V~f! ~3!

where over-dots represent derivatives with respect to con
mal time h, and dt5adh. Negating the kinetic term also
alters the equation of motion of the field from that of a fie
with a canonical Lagrangian by switching the sign of t
]V/]f term,

f̈12
ȧ

a
ḟ2

1

a2

]V

]f
50. ~4!

Clearly the evolution of the scalar field is coupled into t
evolution of the background Friedmann equations:

H 25S ȧ

a
D 2

5
8pG

3
a2(

i
r i . ~5!

Here H5aH5a(a21da/dt), taking into account that ou
derivatives are with respect to conformal timeh. The effect
of f on the evolution of the background cosmology can
implemented with only a slight modification to theCMBFAST

integration code@8# to include the new component’s pressu
and energy density.

Once the expressions forrf and pf are obtained, it is
simple to invert them to obtain the potentialV in terms of the
constantw and derivatives of the scalar field. In order
prevent tachyonic modes of the scalar field from developi
we address only models with constantw @4#:

V52
ḟ2

2a2 S 12w

11wD . ~6!

Following @4#, by treating the dark energy as a perfect flu
we can obtain an explicit expression forḟ:

ḟ5A2~11w!rcritVf a2(113w)/2 ~7!

wherercrit53H 2/8pGa2, andVf5rf /rcrit . Taking its de-
rivatives we observe

]V

]f
5~12w!

3Hḟ

2a2
~8!

]2V

]f25~12w!
3

2a2 F Ḣ2H 2S 5

2
2

3w

2 D G .
~9!

Thus V and its derivatives will be functions ofa and the
parametersw, Vf , andr0 only.
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To calculate the anisotropy in the CMB we must inclu
the perturbations off to first order~for an alternative treat-
ment, see@9#!. We work throughout in the synchronou
gauge. Since we are solving linearized equations it is us
to Fourier transform the perturbations so that we can so
the differential equations for eachk-mode independently
The equation of motion for a particulark-mode is

d f̈k12
ȧ

a
d ḟk1a2S k22

]2V

]f2D dfk52
1

2
ḣḟ ~10!

whereh is the trace of the metric perturbation in the synch
nous gauge. The scalar field perturbation, being of spin
does not depend on the other metric perturbation direc
Thedfk’s produce the fluctuations in the energy density a
pressure of thef field:

drf5S 2

12wD ]V

]f
dfk ~11!

dpf5S 2w

12wD ]V

]f
dfk . ~12!

These stress-energy perturbations must be included in
evolution of the metric perturbations for a self-consistent
lution. TheFCDM component contributes a source term
the right hand side of the Einstein equations. To make th
calculations, we have modifiedCMBFAST by including the
FCDM contribution to the evolution of the background co
mology in the Friedmann equations. We have also added
contribution of density and pressure perturbations of thef
field to the total curvature perturbation, using the results
rived above. Even though the background pressure is n
tive, we are certain that these perturbations are stable,
cause]2V/]f2 is a negative definite quantity in this cas
Examining Eq.~10! we see that the square of the effecti
mass will never become negative, and exponentially grow
tachyonic modes will not occur.

Note thatdf cannot source gravitational wave modes b
causef is a scalar field, while a source of gravitation
waves must have spin 2. Therefore, the only effect off on
the gravitational wave anisotropies is through the chang
the evolution of the scale factor@10#.

III. CMB ANISOTROPY SPECTRA

Figures 1 and 2 display the scalar and tensor compon
of the temperature anisotropy for several values of the eq
tion of state parameterw. In each case we assumed that t
cosmological parameters wereh5.67, Vm50.3512Vf ,
Vb50.04 and that the scalar spectral indexns51, and the
tensor spectral indexnt50. It is standard practice@11# to
write the temperature field on the sky as a sum of spher
harmonics with coefficientsalm . The multipole moments
Cl , are then defined asCl[ualmu2 and the power spectrum
l ( l 11)Cl /(2p), is approximately the power per logarithm
interval in l.

Since we are working to linear order in perturbatio
theory both the scalar and tensor spectra have one free o
4-2
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all normalization~ignoring for a moment any constraints im
posed by, e.g., inflation!. In our calculations we fixed the
scalar normalization by requiring that the initial spatial cu
vature in the total matter gauge@12# z51. For the tensor
normalization2 we have chosenh51 initially. This choice
makes it easy to interpret the dependence onw, and also to
calculate the cosmology dependent fitting function presen
in Sec. IV. However with such a normalization the curves
very similar beyondl;100 for all values ofw so for plotting
purposes we have normalized the curves atl 510 in Figs. 1
and 2. In Fig. 3, the E-E and B-B~tensors only! polarization
spectra are presented withz51 or h51 normalization,
which illustrates clearly that the height of the features
uniform with w.

Consider first the anisotropy spectrum in Fig. 1. There
three features exhibitingw dependence: the height of the fir
peak, the height of the tail at low multipoles, and the locat
of the peaks. The change in the height of the first peak tra
back to our decision to re-normalize the spectra to fit
Cosmic Background Explorer~COBE! data. In fact the first
two effects are manifestations of the same physical prope
the suppression of the late integrated Sachs-Wolfe~ISW! ef-
fect for lower w. In models such asFCDM, a period of
accelerated expansion begins in the universe when the s
field f becomes the dominant form of energy density. Fo
fixed matter densityVm ~measured relative to the critica
density! the value of the parameterw determines how early
matter-f equality occurs, and therefore how long the u
verse has been experiencing the current period of accele
expansion. When an accelerated expansion is occurring
tential wells which had formed earlier as a result of gravi
tional collapse begin to decay. If the well is decaying, ph
tons which fall into the well gain more energy than they lo
climbing out, which generates an anisotropy. This is
dominant effect at lowl. For w,21 models, equality hap
pens even later than in the case of the cosmological cons
while for w.21, it happens earlier. For very negative va

2The tensor perturbation is gauge independent.

FIG. 1. The scalar CMB temperature anisotropy spectra,l ( l
11)Cl /2(p) vs l for several values ofw. The solid lines arew5
21.1, dashed arew523, dot-dashed arew5210, and dashed-
dashed arew520.4. The spectra have been normalized atC10 to fit
the COBE data.
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ues ofw, there has been almost no acceleration in the rec
history, so the potential wells have not decayed as dram
cally as they do inLCDM models. As a result, the lat
integrated Sachs-Wolfe~ISW! effect has been almost entirel
turned off @4#.

When normalized toz51, the effect on the spectrum is t
enhance the amplitude at low multipoles asw decreases. Re
normalizing to fit the COBE data atl 510, the enhanced low
l tail translates into a change in the peak height. For ene
density perturbations, the dependence of the spectrum
malization on the equation of state is principally due to t
lack of late ISW effect asw decreases.

FIG. 2. The tensor CMB temperature anisotropy spectra a
function ofw. As in Fig. 1, the solid lines arew521.1, dashed are
w523, dot-dashed arew5210, and dashed-dashed arew5
20.4. Notice that the curves are almost degenerate for the firs
multipoles. There appears to be negligible dependence of the te
normalization on the equation of statew.

FIG. 3. The polarization anisotropy spectra. For the sca
modes, the E-E polarization anisotropies are shown~top!, and for
the tensor modes the E-E and B-B polarization anisotropies
presented~middle and bottom!. The scale is arbitrary, depending o
our particular choice of normalization.
4-3
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The normalization of the tensor spectrum appears no
be affected byw in any significant way~Fig. 2!. This can be
seen by noting that the peaks are all roughly at the sa
height, and the spectra between 2, l ,10 agree closely
~compare with Fig. 1!. The smallw dependence that can b
seen occurs for the lowest multipoles, corresponding to la
est angular scales, and is again due to the ISW effect on
tensor spectrum at late times.

For all the anisotropy spectra~both temperature and po
larization anisotropies! there is a universal shift to the righ
for lower values ofw. The reason for the shift is the same
all cases. Thel position of any feature in a spectrum depen
upon the~comoving! angular diameter distance to the la
scattering surface. This distance depends onw as follows:

dlss5E
alss

1 da

a2H
~13!

where

H2~a!5V ra
241Vma231Vfa23(11w). ~14!

One notes that ifw is more negative, this integral is large
which implies that the last scattering surface is further aw
A feature of a given physical size thus subtends a sma
angle, shifting the anisotropy spectra to higher values ofl. In
the case of the polarization anisotropies, this is the only
pendence onw ~Fig. 3!.

IV. DEPENDENCE OF TÕS ON w AND nS

For Vb5.04 and assuming a flat universe, we have
plicitly calculated the evolution of the normalization of th
spectrum from an initial curvature perturbationz51 and
from h51. The normalization at the tenth multipole is equ
to the value just after primordial inflation, multiplied by
cosmology dependent ‘‘transfer function,’’ which we wi
call f S and f T . Using the method described in@13# we have
numerically determined this function for the ranges22.5
,w,20.5, 0.6,Vf,0.8, and20.3,nT,0.3 and provide
fitting functions below. The tensor spectral indexnT is re-
lated to the scalar spectral indexnT5nS21 for power law
models of primordial inflation. We have deliberately left aw
term in the evolution of the tensor normalization to illustra
how insignificant it is compared to the terms proportional
the spectral index andVf . A fit is presented below, wher
a50.6156,b51.6, andc52.2. The scalar transfer functio
has a mean accuracy of 2% over the range indicated ab
and at worst is off by 10% near the edges of the param
domains. This would correspond to a worst case 5% erro
the temperature. Since the fit begins to go bad near the e
of the parameter space, we do not recommend extrapola
these functions further. The tensor function has a mean
curacy of .8%, with a worst case of 6% for a few points
the very edge of the fit:
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f S~w,nT ,Vf!521.34116.031Vanb~2w!c11.936Va

13.312nb14.584~2w!c25.148Vanb

29.375Va~2w!c21.946nb~2w!c

15.172V~2w!c22.692n~2w!c

2.072nbw2.211~n21!2 ~15!

f T~w,nT ,Vf!50.35810.001w10.822nT20.046Vf

10.337nT
210.029Vf

2 20.487ntVf .

~16!

The tensor to scalar ratio is given by

C10
T

C10
S

5
f T~w,nT ,Vf!

f S~w,nT ,Vf!

AT
2

AS
2 . ~17!

Figure 4 shows the dependence of both the scalar
tensor normalizations atC10 on the equation of statew for an
even broader domain than was used in the fitting formu
above. Observe that even over this huge range in the e
tion of state, the tensor normalization changes by less t
1%.

V. DISCUSSION

We have extended the work of@4# on theFCDM model
by calculating the tensor component of the CMB anisot
pies. We have shown that the normalization of the ten
component is essentially independent of the equation of s
w in this model. For a fixed value of the initial curvatur
perturbation after inflationz51 and a fixed initial gravity-
wave amplitude, we have quantified thew, Vf , andnT de-
pendence of both the tensor and scalar anisotropy norma
tions at C10 for a broad domain ofw. We displayed the

FIG. 4. The normalization of the tensor and scalar spectra at
10th multipole for an initial perturbationz51 andh51.
4-4
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anisotropy spectra for several values ofw and discussed the
features.

Most of the results we present forw,21 are only
weakly sensitive to the particular model chosen@4#. While
truly general statements are not possible, we can make
eral points about model dependence. The fact that our ac
eration is driven by a field of spin zero implies there is
source of gravitational waves asf begins to dominate. This
would remain true for other scalar~or vector! driven theories,
while more complicated assumptions~e.g., higher order
gravity theories! may have explicit source terms. Howeve
we would expect only the longest wavelength gravitatio
waves to differ due to this in any significant way. This
because the acceleration takes place very late in the his
of the universe forw,21, so only the longest modes a
affected. The longest wavelength modes contribute prima
to the very low-l moments of the spectrum. A similar argu
ment can be made for the scalar modes, where the ov
growth rate should be independent of the detailed model,
the longest wavelength modes will depend on any fluct
,
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tions in the ‘‘phantom’’ component through their impact o
the evolution of the metric perturbations. Finally, the angu
shift with w of features in the spectrum is robust.

We have quantified the dependence of the tensor to sc
ratio C10

T /C10
S on w, Vf , andnT . For the model of Ref.@4#,

Eq. ~17! allows us to relate the~potentially! observable
C10

T /C10
S to the energy scale of inflation, in the event tha

gravitational wave signal is actually observed from t
CMB.
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