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Gravitational production of superheavy dark matter
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The dark matter in the universe can be in the form of a superheavy matter species~wimpzilla!. Several
mechanisms have been proposed for the production of wimpzilla particles during or immediately following the
inflationary epoch. Perhaps the most attractive mechanism is through gravitational particle production, where
particles are produced simply as a result of the expansion of the universe. In this paper we present a detailed
numerical calculation of wimpzilla gravitational production in hybrid-inflation models and natural-inflation
models. Generalizing these findings, we also explore the dependence of the gravitational production mecha-
nism on various models of inflation. We show that superheavy dark matter production seems to be robust, with
VXh2;(MX/1011 GeV)2(TRH/109 GeV), so long asMX,HI , whereMX is the wimpzilla mass,TRH is the
reheat temperature, andHI is the expansion rate of the universe during inflation.
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I. INTRODUCTION

The case for dark, nonbaryonic matter in the universe
today stronger than ever@1#. The observed large-scale stru
ture suggests that dark matter~DM! accounts for at least 30%
of the critical mass density of the universerC

53H0
2M Pl

2 /8p51.88310229 g cm23, where H0[100h
km sec21 Mpc21 is the present Hubble constant andM Pl is
the Planck mass.

Despite this compelling evidence, the nature of the DM
still unknown. Some fundamental physics beyond the st
dard model~SM! is certainly required to account for the co
and slowly moving particlesX composing the bulk of the
nonbaryonic dark matter.

The most familiar assumption is that dark matter is a th
mal relic; i.e., it was initially in chemical equilibrium in the
early universe. A particle speciesX tracks its equilibrium
abundance as long as reactions which keep the specie
chemical equilibrium can proceed on a time scale more ra
than the expansion rate of the universe,H. When the reaction
rate becomes smaller than the expansion rate, the par
species can no longer track its equilibrium value. When t
occurs the particle species is said to be ‘‘frozen out.’’ T
more strongly interacting the particle, the longer it stays
local thermal equilibrium and the smaller its eventual free

*Electronic mail: djchung@umich.edu
†Electronic mail: prcrotty@oddjob.uchicago.edu
‡Electronic mail: rocky@rigoletto.fnal.gov
§Electronic mail: antonio.riotto@pd.infn.it
0556-2821/2001/64~4!/043503~12!/$20.00 64 0435
is

s
n-

r-

in
id

cle
is

n
-

out abundance. Conversely, the more weakly interacting
particle, the larger its present abundance. If freeze out oc
when the particlesX are nonrelativistic, the freeze-out valu
of the particle number per comoving volumeY is related to
the mass of the particle and its annihilation cross sec
~here characterized bys0) by @2# Y}(1/MXM Pls0) where
MX is the mass of the particleX. Since the contribution to
VX5rX /rC is proportional toMXnX , which in turn is pro-
portional to MXY, the present contribution toVX from a
thermal relic roughly isindependentof its mass and depend
only upon the annihilation cross section. The cross sec
that results inVXh2;1 is of order 10237 cm2, which is of
the order the weak scale. Many theories beyond the SM,
supersymmetric theories, have stable particles with we
scale annihilation cross sections, and provide candid
weakly interacting massive particles~WIMPs!.

The simple assumption that dark matter is a thermal r
limits the maximum mass of the DM. The largest possib
annihilation cross section is roughlyMX

22 . This implies that
very massive WIMPs would have such a small annihilat
cross section that their present abundance would be too la
Thus, one expects a maximum mass for a thermal WIM
which turns out to be a few hundred TeV@3#.

One should note that the computation of the final ab
dance of the thermal relics assumes that the largest temp
ture of the universe was larger than the relic massMX . The
thermal history of the universe before the epoch of nucl
synthesis is unknown, and the maximum temperature in
radiation-dominated phase, dubbed the reheating tempera
(TRH), might have been smaller than the mass of the WIM
In such a case, the dependence of the present abundan
©2001 The American Physical Society03-1
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CHUNG, CROTTY, KOLB, AND RIOTTO PHYSICAL REVIEW D64 043503
the mass and the annihilation cross section differs from
miliar results because of the new parameterTRH @4#. This
drastically changes the cosmologically allowed parame
space of supersymmetric models and re-establishes SM
trinos as possible dark matter candidates@5#.

While a thermal origin for WIMPs is the most commo
assumption, it is not the simplest possibility. It has be
recently pointed out that DM particles might have never
perienced local chemical equilibrium during the evolution
the universe, and that their mass may be in the range 1012 to
1019 GeV, much larger than the mass of thermal WIM
@6–9#. Since these WIMPs would be much more mass
than thermal WIMPs, such superheavy DM particles ha
been called wimpzillas@9#.

Since wimpzillas are extremely massive, the challen
lies in creating very few of them. Several wimpzilla sc
narios have been developed involving production during
ferent stages of the evolution of the universe.

Wimpzillas may be created during bubble collisions
inflation is completed through a first-order phase transit
@10,11#, at the preheating stage after the end of inflation w
masses easily up to the grand unified scale of 1015 GeV @12#
or even up to the Planck scale@13#, or during the reheating
stage after inflation@8# with masses which may be as large
23103 times the reheat temperature.

Wimpzillas may also be generated in the transition
tween an inflationary and a matter-dominated~or radiation-
dominated! universe due to the ‘‘nonadiabatic’’ expansion
the background spacetime acting on the vacuum quan
fluctuations. This mechanism was studied in details in R
@6,14# in the case of chaotic inflation. The distinguishin
feature of this mechanism is the capability of generating p
ticles with mass of the order of the inflaton mass~usually
much larger than the reheating temperature! even when the
particles only interact extremely weakly~or not at all! with
other particles, and do not couple to the inflaton.

While the results depend weakly on details such
whether the wimpzilla is a fermion or a boson, or whethe
is conformally or minimally coupled to gravity, for the mo
partVX;1 when the mass of the wimpzilla is approximate
the order of the inflaton mass. Since hybrid inflation mod
have~at least! two mass scales and more coupling consta
than chaotic inflation models, it is worthwhile to stud
wimpzilla production in hybrid models@15#.

In this paper we study the gravitational production
wimpzillas after the completion of a stage of hybrid inflatio
The hybrid scenario involves two scalar fields, the inflat
field f, and the symmetry-breaking fields. Models are pa-
rametrized by different mass scales and couplings for the
fields. During inflation the inflaton fieldf rolls down along
a flat potential while the fields is stuck at the origin, pro-
viding the vacuum energy density driving inflation. How
ever, whenf becomes smaller than a critical value,fc , both
fields roll down very quickly towards their present minim
completing the inflationary phase. It is exactly during th
phase the gravitational generation of wimpzillas may occ

If the wimpzillas are produced at the end of inflation, t
fraction of the total energy density of the universe in wimp
illas today is given by
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VXh2'VRh2S TRH

T0
D8p

3 S MX

M Pl
D nX~ te!

M PlHI
2

, ~1!

whereHI is the expansion rate of the universe at the end
inflation. Here,VRh2'4.3131025 is the fraction of critical
energy density in radiation today,T0 is the present tempera
ture of radiation, andnX(te) is the density ofX particles at
the time when they were produced. The present abunda
of the nonthermal wimpzillas is, as expected, independen
the cross section@6,7#, and one can easily verify that if ther
is some way to create wimpzillas in the correct abundanc
give VX;1, nonequilibrium during the evolution of the un
verse is automatic.

The paper is organized as follows. In Sec. II we pres
some details of the simplest hybrid inflation model and d
cuss the allowed range of the various parameters. In Sec
we present our analytical results for wimpzilla productio
making use of some general results presented in
Appendix. Section IV contains our numerical resul
Finally, in Sec. V we present our conclusions.

II. THE HYBRID INFLATION MODEL

For our computation of wimpzilla production, we take th
simplest hybrid inflation potential as suggested by Lin
@15#:1

V~f,s!5
1

4l
~ms

22ls2!21
1

2
mf

2 f21
1

2
g2f2s2. ~2!

This potential has a valley of minima ats50 for f.fc
[ms /g. Most of inflation occurs whilef is slowly rolling
down from its initial value tofc .

During inflations has a minimum ats50 and its kinetic
energy is quickly damped by the Hubble expansion. Hen
classically in this naive picture,s remains at 0 for a long
time before it falls due to some infinitesimal residual d
placement ofs and/orṡ about 0.2 However, this picture is
valid, strictly speaking, only when one neglects quant
fluctuations. Physically, what will occur is that the quantu
fluctuations will grow and the long wavelength modes w
condense such that different regions of spacetime will
have as if they had a classical scalar field value ofs5
6ms /Al with domain walls between the plus and min
regions.~In the case that the scalar field is complex, a cosm
string will form instead of a domain wall.! This phenomenon
is sometime called spinodal decomposition.

A relevant observation for gravitational particle produ
tion is that the effective stress caused by the field gradie
will increase the pressure of the universe such that

1For other hybrid inflation models, including those motivated
supersymmetry, see@16#.

2Becauses50 is an unstable point, the time length before fallin
is proportional to the logarithm of the inverse residual displa
ment.
3-2
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GRAVITATIONAL PRODUCTION OF SUPERHEAVY DARK . . . PHYSICAL REVIEW D64 043503
Hubble expansion will slow faster. One way to see this is
note that the energy conservation equation

d~ra3!52Pd~a3! ~3!

tells us that

r5r iFai

a G3

2
1

a3Eai

a

PdF a

ai
G3

, ~4!

which implies that a positive increase in the pressure w
lead to a faster decrease in the energy density, causi
faster decrease inH. Of course, even if the universe contai
inhomogeneities due to these field gradients, one can ave
over the fluctuation to account for an effective energy d
sity and pressure.

One way of accounting for quantum fluctuations has b
presented by Ref.@17#. There, the canonical formalism i
used to quantize the fluctuations about a time dependent
mode s̄(t): s5s̄(t)1ds(x,t). They argue that the long
wavelength modes ofds(x,t) condense such as to form a
effectively homogeneous scalar fieldds̄(t), whose energy
contribution to the stress energy tensor can dominate o
the stress energy of the background modes̄(t) such that the
expansion rateȧ/a is damped more quickly than one wou
naively expect from accounting for onlys̄(t). This effec-
tively homogeneous scalar fieldds̄(t) has an initial condi-
tion that is fixed bŷ ds2(x,t)& in the background ofs̄(t). It
is

^ds̄2~ t0!&1/2'
HI

2p
, ~5!

where the exact numerical factor depends on the boun
condition of the quantum fluctuations~which cannot be zero
due to canonical commutation relations!, and HI is the
Hubble expansion rate during inflation.

We will implement this result and simulate the conden
tion ds̄ and its fall by lettings have a nonzero initial con
dition at the end of inflation with a value of orderHI /2p and
letting it fall, instead of having the condensation compon
fall. To achieve this, we add a perturbation potential

VP~f,s!5BHI
3S s2

ms

Al
D exp@2C~f2fc!

2#. ~6!

Then, by adjustingB andC we can simulate the condensa
ds̄ by makings(t) roll to the new minimum instead. We
shall, however, not take into account the potential fords̄(t)
as is done in Ref.@17#. In detail, if the potential fors is as
given in Eq.~2!, the potential in whichds̄ falls would be
04350
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V~f,s!5
1

4l
~ms

22ls̄2!21
1

2
mf

2 f21
1

2
g2f2s̄2

1
1

2
~2ms

21g2f213ls̄2!ds̄21
3l

4
ds̄4,

~7!

wheres̄50 in our case. Comparing this expression with t
tree-level effective potential, one finds that the potential
s with a slight displacement froms50 achieves the sam
dynamics asds̄(t) if l is replaced with 3l. Hence, if we
only consider the case wheres50 forever without the quan-
tum fluctuations, our simulated treatment of spinodal deco
position will coincide with that of Ref.@17# with just the
reinterpretation ofl→3l. On the other hand, in reality
sinces will never precisely be at zero forever even in th
nonrealistic absence of quantum fluctuations, a better si
lated treatment of the spinodal decomposition requires
ther modifications of the potential along the lines of Eq.~7!

with s̄Þ0. Since we are primarily concerned with order
magnitude accuracy, and since this approximation negl
classical wave scattering effects taken into account in R
@18#, we will not account for this effective change in th
potential fors.

Let us be more precise about the order of magnitude oB
and C. To displace effectivelys by HI /2p at the end of
inflation, we must have

B'
107g2

l F ms

M Pl
G2 1

ln@11g/ACms#2
, ~8!

where we have used the Cosmic Background Explo
~COBE! determination of curvature perturbations, giving ri
to the relationship3

mf
2 '

g

l3/2

ms
5

3.531025M Pl
3

. ~9!

Note that the precise value ofB andC will not be important
to the determination of the Bogoliubov coefficient as long
the perturbation potential causess to fall. We have checked
this numerically as shown below in the case where we h
setms51023M Pl .

We would like to emphasize that while our treatment
spinodal decomposition is adequate for the purposes at h
it is far from complete. Since Ref.@18# argues that generi
cally hybrid inflation ends after one oscillation, we cann
realistically probe the parameter space in our model wh
more than one oscillation of the scalar fields is importan
we neglect the important pressure-related effects due to
densation and classical-wave scattering. Even for the

3To obtain this estimate forB, one integrates the equation of mo
tion for s due to the force from the potential Eq.~6! starting from
the time whenC(f2fc)

2 becomes order 1 andf obeying the
equation of motion for a slowly rolling scalar field.
3-3
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CHUNG, CROTTY, KOLB, AND RIOTTO PHYSICAL REVIEW D64 043503
oscillation approximation, the effect of neglecting the pre
sure due to condensation and classical-wave scattering
derestimates particle production due to the fact that the p
sure effects increase the nonadiabaticity of the expansio
spacetime. Hence, this issue certainly deserves more inv
gation. We note that other related references include R
@19–22# and references therein.

The parameters in the potential in Eq.~2! are constrained
by several considerations. Constraints on the amplitude
the tilt of the curvature perturbation spectrum generated d
ing inflation impose the following constraints onl and g
@16#:

g

l3/2

ms
5

mf
2 M Pl

3
'3.531025, ~10!

and

lmf
2 M Pl

2

pms
4

&0.25. ~11!

The requirement that the cosmological constant term do
nates during the inflationary regime abovefc imposes a
third constraint,

mf
2 !

g2ms
2

l
. ~12!

Note that the tilt of the curvature perturbation spectru
yields a constraint similar to the condition that thef field
evolution is slow roll; i.e.,

ms
2

mfM Pl
@A3l

2p
. ~13!

Also, note that the condition that the cosmological const
term dominates during the inflationary regime withf.fc
also implies the ‘‘waterfall’’ condition~the condition that the
scalar fields afterf reachesfc roll to the new minima
quickly compared to the expansion rate!.

With ms fixed, these constraints collectively determine
region of (g,l) parameter space, outside of which is forbi
den by the perturbation amplitude and tilt considerations.
there is one other constraint that we have not discussed
we have reviewed previously, our model does not desc
the evolution of the expansion rate of the universe accura
beyond one oscillation of the scalar fields after the end
inflation. As we will see in the next section, our relic dens
will depend upon an accurate modeling of the backgrou
equation for at least one Hubble time at the end of inflati
Hence, our model is valid only in the regime in which n
more than one oscillation takes place during one Hub
time. Let us see how this constrains our parameter spac

The time scale for the scalar field oscillation is set by
mass matrix@in the (s,f) basis#

m2~ t !5
1

2 S 2ms
21g2f213ls2 2g2fs

2g2fs mf
2 1g2s2D ~14!
04350
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which for two extreme values ofs, s5ms /Al and s50,
becomes

m2~s5ms /Al, f50!5
1

2 S 2ms
2 0

0 mf
2 1g2ms

2/l
D

~15!

and

m2~s50,f!5
1

2 S 2ms
21g2f2 0

0 mf
2 D . ~16!

We see that although the main oscillation frequency scal
ms , sincef can be as large asfc[ms /g and since typi-
cally mf!ms , the actual frequency scale for the oscillatio
will be a weighted time average, whose value can be sign
cantly lower thanms . Let us call this weighted average fre
quency scalems f , where f ,1 is some constant~typically f
is of order 1023). As far as the Hubble expansion rate at t
end of inflation is concerned, in the model we study it
given by

HI[A2p

3l

ms
4

M Pl
2

51.831014S ms

1023M Pl
D 2S 1022

l D 1/2

GeV.

~17!

Then, the ratio

HI

f ms
5A2p

3l

ms

f M Pl
~18!

implies that unlessms is within a factor of fAl of M Pl ,
many oscillations will occur during the one Hubble tim
when particle production occurs. Hence, the constraint
our parameter space due to limitations of our backgrou
field model is thatms be as close to asM Pl as possible.
Since Planckian energy densities invalidate semi-class
gravitational physics, we will setms at the grand unified
theory ~GUT! scale,

ms51023M Pl , ~19!

assuming that there is some physics separating the G
scale and the quantum gravity scale. Hence, the follow
interesting set of parameters (g50.01, l51, ms

51027M Pl , mf'652 GeV! which satisfy all the constraints
and give a mass scale in the intermediate scale (1012 GeV)
and the electroweak scale, cannot be analyzed in our m
because in this case,HI /( f ms) is too small. In fact, even for
the single oscillation case, there may be some other dam
factor for ḟ andṡ which affects the magnitude ofḢ, which
of course is crucial for the particle production calculation~as
we will explain further in the next section!. Hence, we con-
sider even the numerical calculation results in this article
be only order of magnitude accurate.

Before we map out the parameter space for which
calculation explicitly is valid, we would like to show tha
having ms close to M Pl forces the scalar fields to hav
Planck scale VEVs. This is noteworthy. Because of the p
3-4
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GRAVITATIONAL PRODUCTION OF SUPERHEAVY DARK . . . PHYSICAL REVIEW D64 043503
sible sensitivity to unknown Planck-suppressed operat
scenarios in which the inflaton attains a Planck scale V
may be unattractive@25#.

We can model the dynamics off before reachingfc as
the evolution of a non-interacting inflaton in a de Sitter ba
ground:

f̈13Hḟ1mf
2 f50. ~20!

For the inflaton field to be slow rolling~overdamped! to the
critical valuefc from some initial value off(t50).fc ,
we must havemf /H!1. In that case, taking the lea
damped solution, we have

f5fcexpF1

3 S mf

HI
D 2

HI~ tc2t !G . ~21!

Note that sincefc5ms /g, having ms close to the Planck
scale means thatfc will be close to the Planck scale. We ca
be more quantitative by seeing what the constraintf(t50)
,cMPl with c of order unity implies. Sincea(t)/a(t50)
5exp(HIt), to have 60 e-folds, we must havef(t50)
.fcexp@60(mf /HI)

2/3#. This implies

mfM Pl

ms
2
A30l

p
,AlnS cgMPl

ms
D , ~22!

where we have takenfc5ms /g. There are instances whe
this constraint becomes independent of other constraints.
example, g51024, l51, ms51024M Pl , mf51.7
3109 GeV satisfies all other conditions but this one withc
51. We will neglect this ‘‘small field’’ constraint since thi
is not as fundamental as other constraints.

In summary, the parameter space that we will explore w
be

331025

Al
!g&331022Al. ~23!

The parameter space is shown explicitly in Fig. 1.

FIG. 1. Thel-g parameter space in hybrid inflation. The shad
region corresponds to values of the parameters allowed by
~10!–~12!. The lower limit on this region is dashed because it re
resents the ‘‘@ ’’ limit in Eq. ~23!.
04350
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III. ANALYTIC ESTIMATE OF PARTICLE PRODUCTION

In the Appendix we present a general method of estim
ing particle production from strong gravitational fields.
this section we apply the results from the Appendix to t
hybrid inflationary scenario.

We show in the Appendix that an estimate of partic
production requires an estimate of the background equa
solutions. To start off, let us examine the time variation
Ḣ/H. After inflation as the scalar fields oscillate about th
minima, Ḣ/H oscillates. For the envelope of the functio
describing the oscillations we have

Ḣ52
4p

M Pl
2 ~ḟ21ṡ2!'2

4p

M Pl
2

r ~24!

and the Friedmann equation,

H25
8p

3M Pl
2

r. ~25!

From these, we find the following general relationship af
the end of inflation:

Ḣuenvelope;H2. ~26!

In fact, after the first oscillation the scalar fields will underg
damped oscillation about their new minimum, and the sc
factor during that time varies in general as

a~ t !5aeS t

te
D a

~27!

where in the hybrid inflationary case,a'2/3 ~which is a
typical result of massive scalar field oscillation!. In reality,
this a will have corrections coming from the phase transiti
physics.

Before inflation ends, the scale factor will be taken
evolve as

a~ t !5aeexp@HI~ t2te!# ~28!

with HI given by Eq.~17!.
Let us now follow the procedure outlined in the Append

to calculatenX(te). First, consider the contribution to mode
that are nonrelativistic at the end of inflation,I a(k)1I b(k),
given in Eq. ~A8!. Assuming HI is a constant anda(t)
evolves as Eq.~28!, we find

I a~k!5
1

4

MX
2

k2
ae

2@e2HI (t22te)2e2HI (t12te)#, ~29!

where, from the Appendix,t1 and t2 are defined by

kphysical~ t1!5
k

ae

ae

a~ t1!
52HI

kphysical~ t2!5
k

ae

ae

a~ t2!
5MX . ~30!

s.
-

3-5
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Hence, we obtain forI a(k) the result

I a~k!5
1

4 F12S MX

2H D 2G . ~31!

Next, we calculate the nonrelativistic contribution in th
period after inflation,I b(k), also defined in Eq.~A8!. Since
t4i

and t3i 11
are close together, (t3i 11

2t4i
!1/H) for

MX /H!1, and since we are concerned with order of ma
nitudes, we can just integrate fromt31

to t4N
instead of sum-

ming over eachi. Since the nonadiabatic region begins
aroundte , we taket31

'te . The final integration time,t4N
, is

defined by the conditionuḢ/Hu.MX . In the period after
inflation we will takea(t)}ta as in Eq.~27!, soH5a/t and
Ḣ/H51/t. Hence, we have

I b~k!5
1

2Ete

t4N
H~ t !dt5

a

2
lnS t4N

te
D 5

a

2
lnS HI

MXa D . ~32!

The calculation of the production of modes relativistic
the end of inflation,Ja(k)1Jb(k) given in Eq.~A9!, is a bit
trickier. First of all, consider the contributionJa(k):
04350
-

t

t

Ja~k!5
1

2Et5

t6
dt

a2~ t !

q2
H~ t !, ~33!

where t5 is the time during inflation whenkphysical(t5)
52HI . During inflation a(t)5aeexp@HI(t2te)#, and
kphysical(t5)52HI gives

k

a~ t5!
5kaeexp@2HI~ t52te!#52HI . ~34!

The timet6 is the smallest of the times after inflation whe
kphysical(t6)52H or kphysical(t6)5MX . In the period after in-
flation, a(t)5(t/te)

a andH5a/t, so

t6

te
5minF S q/ae

2HI /MX
D 1/(a21)

,S q

ae
D 1/aG , ~35!

where the first term iskphysical(t6)52H and the second term
is kphysical(t6)5MX .

Since t6 will occur after inflation,Ja(k) divides into the
parts before and after inflation:
Ja~k!5
1

2

HI

q2Et5

te
dt a2~ t !1

1

2

1

q2Ete

t6
dt a2~ t !H~ t !

5
1

4 F12S MX

2HI
D 2GuF S 2HI

MX
D a

2
q

ae
G1

1

4 F ~2HI /MX!2a/(12a)

~q/ae!
2/(12a)

2S MX

2HI
D 2GuF q

ae
2S 2HI

MX
D aGuS 2HI

MX
2

q

ae
D , ~36!

whereu is a step function. The second theta function in the second term ensures thatt6 /te.1. Note thatJa matchesI a in the
limit q/ae→1.

To calculateJb , we follow the similar procedure as we did forI b , and integrate fromt71
5t6 to t8N

5t4N
. Note that this is

nonzero only whent71
<t8N

. Hence, we have

Jb5Fa2 lnS HI

MXa D2
1

2
lnS q

ae
D GuF S HI

aMX
D a

2
q

ae
GuF S 2HI

MX
D a

2
q

ae
G . ~37!

The first u comes fromt71
,t8N

and the secondu comes from usingt71
5t65te(q/ae)

1/a @see Eq.~35!#. Note that t

5te(q/ae)
1/a is the time at which the momentum becomes nonrelativistic, and it is precisely this regime during whichJb is

calculated. Ifq/ae.(2HI /MX)a, then the momentum becomes relativistic and there is no extra contribution toJb . From now
on we will assume thata>1/2, in which case the secondu function is irrelevant.

Writing

bq5~ I a1I b!u~12q/ae1e!1~Ja1Jb!u~q/ae21! ~38!

where thee indicates that we take the first term whenq/ae51, we can finally obtain the number densitynX(te) through

nX~ te!5
MX

3

2p2E dS q

ae
D S q

ae
D 2

ubqu2

5
HI

3z3

2p2 F 1

48S 12
z2

4 D 2

1
a2

12
ln2~az!1A11A21B1G , ~39!
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wherez[MX /HI anda52/3 in our case. The first two terms are the nonrelativistic contribution, and the relativistic c
butionsAi andB1 are

A15
~z224!2

768 F S 2

zD 3a

21G
5

0.08

z2
20.0620.02z210.001z4 ~ for a52/3!, ~40!

A25
1

768~9a221!
H 64z1@224~113a!~12a!z21~113a!~123a!z4248~123a!~12a!#S 2

zD 3aJ
5

0.03

z2
20.0410.03z20.005z2 ~ for a52/3!, ~41!

and

B15
1

54F S 1

azD
3a

21G1
a ln~z!

18
2

a2ln~a!ln~z!

6
2

a2ln2~z!

12
1

a ln~a!

18
2

a2ln2~a!

12

5
0.04

z2
20.0410.07 ln~z!20.04 ln2~z! ~ for a52/3!. ~42!

We have neglected cross terms as well since we have neglected any phase information~i.e., if bq5Ja1Jb , thenubqu2 was
taken to beJa

21Jb
2 , which should give a lower bound and the correct order of magnitude since bothJa andJb are positive!.

The important result is that for smallz, one can approximate

1

48S 12
z2

4 D 2

1
a2

12
ln2~az!1A11A21B1'

0.15

z2
. ~43!

In thez,1 limit, the largest contribution comes from theJa(k) andJb(k) terms. This corresponds to production of modes t
are relativistic at the end of inflation, with approximately equal contributions to the final value ofubu2 coming just before and
just after the end of inflation. We see how the exact behavior ofḢ/H after inflation is important.

Finally, putting everything together, in the limitz5MX /HI!1,

VXh2'VRh2S TRH

T0
D8p

3

znX~ te!

M Pl
2 HI

'S MX

1011 GeV
D 2S TRH

109 GeV
D ~general result!

'23104S TRH

109 GeV
D S ms

1023M Pl
D 4

z2

l
~hybrid inflation!, ~44!
n

-
o

n

that
ich
The
nge

ber
e.
nsi-
r

where the expression is valid only ifMX,HI
51.831014(ms/1023M Pl)

2(1022/l)1/2 GeV. As shown in
the next section, the numerical results corroborate this a
lytic estimate.

Note that with MX;1013 GeV andTRH;104 GeV, we
haveVXh2 of order 1021. Characteristic of gravitational pro
duction, it is possible to produce dark matter many orders
magnitude in excess ofTRH .

We have left thea dependence in most of the expressio
04350
a-

f

s

to indicate that the mass scaling is sensitive to the fact
the scalar fields enter a regime just after inflation in wh
the scale factor evolves as a matter-dominated universe.
physics of the spinodal decomposition is expected to cha
this effectivea, but one would generically expecta some-
where between 1/2 and 2/3, which means that the num
density of particles produced will roughly remain the sam
Hence, even though all of our calculations have some se
tivity to more than one oscillations~as can be seen in ou
3-7
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estimation procedure!, as long as the scale factor enters a
caling regime at the end of inflation, our results will give t
correct order of magnitude.

IV. NUMERICAL CALCULATION OF PARTICLE
PRODUCTION

In this section we describe the results of our numeri
analysis of gravitational particle production in the hybrid i
flation model. The basic hybrid potential was given in E
~2!. As discussed above, the end of inflation is triggered
some perturbation, which we model by adding to the ba
potential a ‘‘perturbed’’ potential given in Eq.~6!. The first
issue is whether our results are sensitive either to the na
of the end of inflation or the way we model it.

A straightforward exercise is to investigate the sensitiv
of particle production to the parametersB andC in the per-
turbed potential we use to trigger the end of inflation. In F
2 we show the time evolution of the Bogoliubov coefficie
for different choices ofB andC. As shown in the figure, ou
results are insensitive toB andC as long as they are chose
so as to makeVP negligible outside a very small regio

FIG. 3. An example of the evolution of the inflaton fieldf
~solid! and s ~dashed! as a function of time at the end of hybri
inflation. The parameters chosen wereg50.01 andl51.

FIG. 2. The absolute square of the Bogoliubov coefficient a
function of time for several different values ofB and C (B is di-
mensionless andC is in units of M Pl

2 !. We haveg50.01, l51,
MX50.1H0, andk50.1aiH0. The lines correspond to the deform
tion parameters (B,C) given by (1,109), (103,107), (105,103),
(105,105), (105,107), (105,109). The lines are hard to distinguis
on this scale and asymptotically approach within 10% of each ot
04350
-

l

.
y
ic

re

.

aroundf5fc . Note that we also setms51023M Pl for all
the numerical work.

The fact that the final results are insensitive to the ex
values ofB andC suggests~but of course does not guaran
tee! that gravitational particle production in hybrid inflatio
will be independent of the mechanism that triggers the end
inflation.

The evolution of the background fieldss and f deter-
mine the expansion rate and the change in the expansion
Figure 3 is an example of the evolution of the two fields
hybrid inflation. For the parameters of this model (g
50.01, l51), the critical value off is fc50.1M Pl . An
instability in the trigger fields ~driven by the ‘‘perturbed’’
potential! causess andf to evolve rapidly to their minima
(f50, usu5ms /Al51) oncef,fc .

To calculate the relic density of stable particles produc
gravitationally, we integrated the background and X-parti
mode equations for several different points within the
lowed regions of parameters shown in Fig. 1, as well as
l5g51, which is well outside it. Our results are summ
rized in Figs. 4 and 5.

a

r.

FIG. 4. The gravitational production of particles during hybr
inflation as a function ofl, with g set to 0.001. The curves corre
spond tol as follows: solid,l50.001; dots,l50.01; dashes,l
50.1; dash-dot,l51. The magnitude ofVXh2(TRH/109 GeV)21

scales roughly asl21.

FIG. 5. The gravitational production of particles during hybr
inflation as a function ofg, with l set to 1. The curves correspon
to g as follows: solid,g51 ~note that this is outside the allowe
region of g,l parameter space!; dots, g50.01; and dashes,g
50.001.
3-8
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All the curves look similar in form to the mass spectru
for chaotic inflation with a potentialV(f);mf

2 f2. The
value ofVXh2 increases withz5MX /HI for z,1, then de-
creases exponentially forz.1. The reason for this behavio
is discussed in this paper for the small-z region, and in@24#
in the large-z limit.

The numerical results are in qualitative agreement w
the result of Eq.~44!.

As another example of a single-field model, in Fig. 6, w
show the mass spectrum for natural inflation@23#. In natural
inflation the potential is usually chosen to be

V~f!5L4@12cos~f/A2 f f!#. ~45!

Normalizing the parameters to produce the observed t
perature fluctuations, a reasonable choice of paramete
L51023M Pl and f f50.6M Pl . With these choices,HI
55.131027M Pl .

As in the hybrid inflation case, in the low-z limit VXh2

}MX
2 . Again, the numerical results are reasonably rep

sented byVXh2;(MX/1011 GeV)2(TRH/109 GeV).

V. CONCLUSIONS

The expansion rate of the universe during inflation,HI ,
may signal a new mass scale in physics. The particle s
trum of this new mass scale is completely unknown. Th
may be no particles with this new mass scale; an exampl
such a model isf4 chaotic inflation. There may be only on
particle with this mass scale; for example, the inflaton m
in f2 chaotic inflation. Nevertheless, it is very reasona
that one might expect a rich spectrum of particles of t
mass scale. If this is the case, there may be nearly st
particles of this mass scale@26#. Independently of the cou
pling of the stable particle, they will be produced as a res
of the expansion of the universe acting on vacuum quan
fluctuations. It was shown in Refs.@6,7,14# that such par-
ticles would be excellent candidates for dark matter. Si
the dark-matter particle would have a much larger mass t
usual thermal WIMPs, they have been named wimpzillas

The wimpzilla scenario for dark matter seems to be qu
robust. The wimpzilla may be minimally coupled or confo
mally coupled, it may be a boson or a fermion, it may cou

FIG. 6. The gravitational production of particles during natu
inflation, with L51023M Pl and f f50.6M Pl .
04350
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to the inflaton or may be uncoupled.
The sensitivity of wimpzilla production to the inflatio

model is one of the subjects of this paper. Previous calc
tions have employed a chaotic inflation model. Here, we
tend our studies on wimpzilla production to hybrid mode
and natural-inflation models. We have also developed a
lytic techniques that should provide reasonable estimates
wimpzilla production in the limit thatMX,HI .

The general picture for wimpzilla production no
emerges, and it seems to be relatively insensitive to the
flation model. The characteristic expansion rate during in
tion, HI , controls the maximum mass that efficiently can
produced. In all inflation models with continuousḢ, the pro-
duction of particles with mass larger thanHI is exponentially
suppressed. For particles of mass smaller thanHI , the con-
tribution to VXh2 is (MX/1011 GeV)2(TRH/109 GeV).

This last expression forVXh2 well illustrates that wimpz-
illa masses much in excess of the reheat temperature ma
dark matter. For instance, ifTRH5104 GeV, then MX
51013 GeV would giveVXh2 in the desirable range.

While interesting behavior after inflation like preheatin
or spinodal decomposition in the case of hybrid inflati
might change the results, we expect the order of magnit
estimate to be correct, and for it to be an underestimate
wimpzilla production.
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APPENDIX: ANALYTIC DETERMINATION
OF PARTICLE PRODUCTION

Consider a minimally coupled scalar field with massMX .
The equation of motion for the field is

Ẍ13HẊ2
1

a2
¹2X1MX

2X50, ~A1!

whereH is the expansion rate. The scalar field may be
pressed in terms of Fourier modesXk5hk /a (a is the scale
factor! as

X5E d3k

~2p!3/2a
@ake

ikW•xWhk~ t !1ak
†e2 ikW•xWhk* ~ t !#, ~A2!

with the usual normalization condition of the creation a
annihilation operators,@akW ,alW

†
#5d3(kW2 lW), the mode func-

tions hk satisfies the equation

ḧk1Hḣk1F2H22
ä

a
1S k

aD 2

1MX
2 Ghk50. ~A3!

In terms of Bogoliubov coefficientsak andbk , the mode
functions can be written as

l

3-9
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TABLE I. This table summarizes the different cases in the analytic calculation of gravitational produ
of particles.

Relativistic-nonrelativistic Subcase Oscillations b

Nonrelativistic MX,uḢ/Hu None *dtH(t)

Nonrelativistic MX.uḢ/Hu Many Damped

Relativistic kphysical,u2H1Ḣ/Hu None *dtH(t)@q/a(t)#22

Relativistic kphysical.u2H1Ḣ/Hu Many Damped
d

an

e

e

il

e

e

s:

r-

of

a-
ase

te-
i-

el

ve
ble I.
v-

er-

f

hk5
ak

A2vk

expS 2 i E vka
21~ t !dtD

1
bk

A2vk

expS 2 i E vka
21~ t !dtD , ~A4!

where vk
25k21MX

2a2. Solving for the mode functions is
equivalent to solving the system

ȧk5
v̇k

2vk
expS 2i E vka

21~ t !dtDbk

ḃk5
v̇k

2vk
expS 2i E vka

21~ t !dtDak . ~A5!

The gravitational production of particles can be expresse
terms of the Bogoliubov coefficientbk as

nX5
1

2p2a3E0

`

dk k2ubku25
MX

3

2p2a3E0

`

dq q2ubqu2,

~A6!

where q[k/MX5kphysicala/MX with k the comoving mo-
mentum andkphysical5k/a the physical momentum.

The Bogoliubov coefficient to leading adiabatic order c
be expressed as~see Ref.@24# and references therein!

bq~ t !'E
2`

t

dt8
1

2 F H~ t8!

11q2/a2~ t8!
G

3expS 22iM XE
2`

t8
dt9A11q2/a2~ t9! D . ~A7!

This formula breaks down whenubu is of order unity~which
may occur in our scenario!, but let us use it to estimate th
order of magnitude scales.

The magnitude ofbq depends on the magnitude of th
argument of the exponential in Eq.~A7!. If the argument is
of order unity or greater, then the oscillatory behavior w
dampubqu. Thus, the final magnitude ofbq depends on the
size of q/a(t). This leads to a natural division of particl
production into the cases whereq/a(t)5kphysical/MX is
larger or smaller than unity. We will consider the two cas
in turn.
04350
in

l

s

First consider production of nonrelativistic particle
q/a(t)5kphysical/MX,1. This case further splits into two
subclasses.

MX,uḢ/Hu: In this case, the oscillations are not impo
tant, and one simply integratesH(t) to the point that it be-
comes negligible.

MX.uḢ/Hu: In this case, the oscillations cancel most
the contribution to the integrand.

Now consider production of relativistic particles:q/a(t)
5kphysical/MX.1. In this case, the frequency of the oscill
tions just becomes the physical momentum. Again, this c
divides into two subclasses.

kphysical,uȦ/Au, whereA(t)[H(t)/@11q2/a2(t)#: Since
q/a(t).1, this is equivalent tokphysical,u2H1Ḣ/Hu. In this
case the oscillations are not important, and one simply in
gratesH(t)/@q2/a2(t)# to the point that it becomes negl
gible.

kphysical.u2H1Ḣ/Hu: In this case the oscillations canc
most of the contribution to the integral.

We will neglect the marginal case ofq/a51, since this
will be roughly accounted for in the estimates of the abo
cases. The different cases and subcases are given in Ta

A key to developing analytic approximations is the beha
ior of H and uḢ/Hu. During inflation,H is roughly constant
~denoted asHI) andḢ/H!HI . After inflation,Ḣ/H is nega-
tive, and oscillates~with decreasing amplitude! between zero
and approximately2H. This behavior is illustrated in Fig. 7
in the simple chaotic inflation scenario. During the matt
dominated~MD! phase and the radiation-dominated~RD!

phase,Ḣ/H523H and Ḣ/H524H, respectively, sou2H

FIG. 7. The behavior ofḢ/H and the inflaton field at the end o
inflation in a simple chaotic inflation model (V;Mf

2 f2). Notice

the oscillatory behavior ofḢ/H after inflation.
3-10
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1Ḣ/Hu5@1 (MD) or 2 ~RD!#3H.
SinceḢ/H.0 during inflation, from Table I we see tha

production of nonrelativistic particles is suppressed dur
inflation and production of relativistic particles during infl
tion is suppressed ifkphysical@H.

Let us now turn to the estimate of the number density. T
particular inflation model, together with the behavior of t
expansion rate immediately after inflation, will determine t
efficiency of gravitational particle production. Here we w
give a recipe that can be adapted for several models.

We are mainly concerned with the case whenMX /HI
,1. ~Particle production is exponentially suppressed
MX /HI.1: this case was addressed in detail in Ref.@24#.!
The result will depend on whether the particle was relativ
tic or nonrelativistic at the end of inflation.

First, consider momentum modes where the particle w
nonrelativistic at the end of inflation,kphysical(te)<MX . The
calculation divides into production during inflation and po
inflation production. During inflation, the growth inubku is
only whenMX,kphysical,2HI . After inflation, the particle is
nonrelativistic, and growth occurs during periods whenMX

,Ḣ/H. Using the results summarized in Table I~recall that
kphysical5k/a5MXq/a),

bk@kphysical~ te!,MX#.
1

2Et1

t1,t2<te
dt

H~ t !

q2/a2~ t !

1(
i

1

2Et3i

t4i
dt H~ t !

[I a1I b . ~A8!

Here,I a is the growth during inflation in the interval$t1 ,t2%
where the times are defined such thatkphysical(t1)52HI and
I.

e,

04350
g

e

r

-

s

-

kphysical(t2)5MX . I b is the growth after inflation in the in-
tervals$t3i

,t4i
% whenMX<Ḣ/H.

Note that we have neglected any phase information
tween various contributions. These interference terms sho
be important in only some special cases and not generic
because in most cases only one term will dominate.

Now, consider momentum modes where the particle w
relativistic at the end of inflation,kphysical(te)>MX . Since
the mode was relativistic at the end of inflation, it must ha
been relativistic throughout inflation. From Table I we s
that during inflation, the growth in the amplitude ofbk only
occur when 2HI.kphysical. After inflation, the mode will re-
main relativistic so long askphysical.MX and it will continue
to grow so long as 2H.kphysical. After the mode becomes
nonrelativistic (kphysical,MX) it will grow only during peri-
ods whenMX,Ḣ/H. Using the results summarized in Tab
I ~recall thatkphysical5k/a5MXq/a),

bk@kphysical~ te!.MX#.
1

2Et5

t6
dt

H~ t !

q2/a2~ t !
1(

i

1

2Et7i

t8i
dt H~ t !

[Ja1Jb . ~A9!

Here,Ja is the growth during and~possibly! after inflation in
the interval $t5 ,t6% where the times are defined such th
kphysical(t5)52HI and t6 is the smallest of times after infla
tion when eitherkphysical(t6)52H or kphysical(t6)5MX . I b is
the growth after inflation in the intervals$t7i

,t8i
% when the

mode is nonrelativistic andMX<Ḣ/H.
Once again, we have neglected any phase information

tween various contributions for the reason discussed abo
To use these facts to estimate the relic density produ

one must first obtain a reasonable estimate ofa(t) from the
background equations.
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