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Quantum noise in second generation, signal-recycled laser interferometric
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It has long been thought that the sensitivity of laser interferometric gravitational-wave detectors is limited by
the free-mass standard quantum limit, unless radical redesigns of the interferometers or modifications of their
input or output optics are introduced. Within a fully quantum-mechanical approach we show that in a second-
generation interferometer composed of arm cavities and a signal recycling cavity, e.g., the LIGO-II configu-
ration, (i) quantum shot noise and quantum radiation-pressure-fluctuation noise are dynamically cofiglated,
the noise curve exhibits two resonant difis) the standard quantum limit can be beaten by a factor of 2, over
a frequency ranga f/f~1, but at the price of increasing noise at lower frequencies.
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I. INTRODUCTION are not affected by the uncertainty principle by virtue of
commuting with themselves at different timg&4]—as for

Several laser interferometric gravitational-wa@w) de- ~ €xample in speed-meter interferometgs$ which measure
tectors[1] (interferometers for shortsensitive to the high- tgst—mass momenta instead of positions. Interferometer;;_ that
frequency band 10—20Hz, will become operative within circumvent the SQL are called quantum-nondemolition
about one year. In the first generation of these interferom(QND) interferometers. Since the early 1970s, it has been
eters the Laser Interferometer Gravitational Wave Observalought that to beat the SQL for GW interferometers the
tory (LIGO), TAMA and Virgo configurationsare character- edesign must be major. Examples are speed-meter de-
ized by kilometer-scale arm cavities with four mirror- SIgns[5] with their radically modified optical topologyii)
endowed test masses, suspended from seismic-isolatidR€ Proposal to inject squeezed vacuum into an interferom-
stacks. Laser interferometry is used to monitor the relativéter's dark por{6], and(iii) the proposal to introduce two
change in the positions of the mirrors induced by the gravikilometer-scale filter cavities into the interferometer’s output
tational waves. The Heisenberg uncertainty principle, applied©rt[7] so as to implement frequency-dependent homodyne
to the test masses of GW interferometers states that, if th@etection[8]. Both (i) and(iii) intend to take advantage of
relative positions are measured with high precision, then thé1e nonclassical correlations of the optical fields. These radi-
test-mass momenta will be perturbed. As time passes, tHed! redesigns require high laser power circulating in the arm
momentum perturbations will produce position uncertaintiescavities(=1 MW) and/or are strongly susceptible to optical
which might mask the tiny displacements produced by gravilosses which tend to destroy quantum correlations. In order
tational waves. If the momentum perturbations and measurd® tackle these two important issues, Braginsky, Khalil
ment errors are not correlated, a detailed analysis of th@nd colleagues have recently proposed the GW “optical bar”
above process gives rise to the standard quantum(s@L)  Scheme{9], where the test mass is effectively an oscillator,
for interferometers: a limitingsingle-sidedi noise spectral Whose restoring force is provided by in-cavity optical
density SEQL: 8#/(mQ2L2) for the dimensionless fields. For “optical bar” detectors the free—mass SQ.L IS no
gravitational-wave signah(t)=AL/L [2]. Here m is the =~ MOr€ relevant gnd one qan_beat the SQL using classical tech-
mass of each identical test maksis the length of the inter- idues of position monitoring. Moreover, this scheme has
ferometer’s armsAL is the time evolving difference in the tV_VO major _advantaggs: It requires much Iower_ laser power
arm lengths,Q is the GW angular frequency, antl is circulating in the cavitie$9], and is less susceptible to opti-

Planck’s constant. caIRIosses. h has also b ied out Usi ive ind
The concept of SQL's for high-precision measurements ~c>carch Nas aiso been carried out using SUCCessive inde-

was first formulated by Braginsky8]. He also demonstrated pendent .monitors of frge-mass positions. Yugn, C_aves and
that it is possible to circumvent SQL's by changing the de_Ozawa discussed and disputed about the applicability and the

; : e -_heating of the SQL within such mode]40]. Specifically,
signs of the instruments, so they measure quantities Whlceuen and Ozawa conceived ways to beat the SOL by taking

- advantage of the so-called contractive stqfie. However,
1GEO’s optical configuration differs from that of LIGO/TAMA/ the class of interaction Hamiltonians given by Ozawa are not

Virgo—it does not have Fabry-Perot cavities in its two Michelsonlikely to be applicable to GW interferomete(for further

arms, and the analysis made in this paper does not directly apply tdetails see Ref.11]).

it. However, we note that GEO, already in its first implementation, Recently, we showe[dl2] that it is possible to circumvent

does use the “signal recycling” optical configuration with which the SQL for LIGO-II-type signal-recyclingSR) interferom-

this paper deals. eters[13,14). With their currently planned design, LIGO-II
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interferometers can beat the SQL by modest amountsy
roughly a factor two over a bandwidthf~f.2 It is quite ; . —_—
interesting to notice that the beating of the SQL in SR inter-! '
ferometers has a similar origin as in “optical bar” GW de-
tectors mentioned abo\@]. :
Braginsky and colleagugd. 6], building on earlier work i
of Braginsky and Khalil{4], have shown that for LIGO-type :
GW interferometers, the test-mass initial quantum state only mirror }
affects frequenciessl Hz, the dependence on the initial : .
guantum state can be removed filtering the output data at lowt R -
frequency. Therefore, the SQL in GW interferometers is en-: «@Q \
forced only by the light's quantum noiseot directly by the i | Laser | >
test mass. As we discussed in Rdf2], and we shall explic- l \ /
clvd e

/ arm cavity \

itly show below, we can decompose the optical noise of a SR
interferometer into shot noise and radiation-pressure noise [
using the fact that they transform differently under rescaling | &~~~ TTTTTTTTTTTTTTTTTTTTTYT
of the mirror massn and the light powet,. As long as there e s .

are no correlations between the light's shot noise and its signal recycling
radiation-pressure-fluctuation noise, the light firmly enforces | rmrror

the SQL. This is the case for conventional interferometers, a

i.e. for interferometers that have no SR mirror at the output

dark port and a simple homodyne detection is perforiee FIG. 1. Schematic view of a LIGO-II signal-recycling interfer-
type of interferometer used in LIGO-I/TAMA/Virgo How-  ometer. The interior of the dashed box refers to the conventional
ever, the SR mirrof13,14 (which is being planned for interferometerg; andd; are the input and output fields at the beam
LIGO-II as a tool to reshape the noise curvand thereby splitter's dark porta; andb; are the vacuum input and signal output
improve the sensitivity to specific GW sourcgk7]) pro- of the whole optical system. The laser light enters the bright port of
ducesdynamicalshot-noise—back-action-noise correlations,the beam splitter. The arrows close to arm cavities’ extremities in-
andthese correlations break the light's ability to enforce the dicate gravitational-wave-induced mirror displacements.

SQL These dynamical correlations come naturally from the

nontrivial coupling between the test mass and the signalthe SQL when dynamical correlations between shot noise
recycled optical fields, which makes the dynamical properang radiation-pressure noise are produced by the SR mirror.
ties of the entire optical-mechanical system rather differenf, gec. |11 B, making links to previous investigations, we

from the naive picture of a free mass buffeted by PoissoniataecOmpose our expression for the optical noise into shot

role is as a reminder of the regime where back-action noise i§neters characterizing the SR interferometer; in Sec. il C
comparable to the shot noise. The remainder of this paper {{e gpecialize to two cases, the extreme signal-recycling
devoted to explaining these claims in great detail. To faC|I|—( SR and extreme resonant-sideband-extracti®@RSE
tate the reading we have pyt our discussion of the dyn'amlc onfigurations, where dynamical correlations are absent and
system formed by_ the optical fields and the mirrors into &, gamiclassical approach can be app[ied, 14 In Sec. IV
separ\]rate, clpmpafm%r_] pap{dﬂ]._ oll we investigate the structure of resonances of the optical-
T. e outline of this paper is as follows. In Sec. I we hechanical system and discuss their link to the minima
derive the input-output Te'a“ons for the whole o_p'ug:al SystéMyresent in the noise curves. Finally, Sec. V deals with the
composed of arm cavities and a SR cavity, pointing out theye s of optical losses, while Sec. VI summarizes our main

existence of dynamical instabilities, and briefly commentingqqsjons. The Appendix discusses the validity of the two-
on the possibility and consequences of introducing a contr Poton formalism in our context

system to suppress them. In Sec. Ill we evaluate the spectr
density of the quantum noise. More specifically, in Sec. Il A

we discuss the general case, showing that LIGO-II can beat IL. SIGNAL-RECYCLING INTERFEROMETER: INPUT-

OUTPUT RELATIONS

21f all sources of thermal noise can also be pushed below the SQL. N Fig. 1 we sketch the SR configuration of LIGO-Il in-
The thermal noise is a tough problem and for current LIGO-II de-terferometers. The optical topology inside the dashed box is
Signs with 30 kg Sapphire mirrors’ estimates p|ace its dominantt’hat Of ConVent|0na| |nterfer0meters Such as LIGO'I/TAMA/

thermoelastic component slightly above the SIQ#]. Virgo, which are Michelson interferometers with Fabry-Perot
3The LIGO-II configuration will also use a power-recycling cavity (FP) arm cavities. The principal noise input and the signal
to increase the light power at the beamsplitter. The presence of thgnd noise output for the conventional topology er@ndd,
extra cavity will not affect the quantum noise in the dark-port out-in Fig. 1. In a recent paper, Kimble, Levin, Matsko, Thorne,
put. For this reason we do not take it into account. and WatchaninKLMTV ) [7] have derived the input-output

042006-2



QUANTUM NOISE IN SECOND GENERATION, SIGNAL- ... PHYSICAL REVIEW 34 042006

TABLE I. Summary of LIGO-II parameterg21].

Quantity Symbol & value for LIGO-II Quantity Symbol & value for LIGO-II
Light power at beam splitter lg Light power to reach SQL lsqi=1.0x 100 W
SQL for GW detection h&o=S0"=4x10 *¥Hz Arm-cavity half bandwidth y=Tcl4L=2mx100 sec?
Laser angular frequency wo=1.8x10"% sec’? GW angular frequency Q
End-mirror mass m=30 kg Arm-cavity length L=4 km
SR cavity length I~10 m Internal arm-cavity mirror transmissivity T=0.033(powep
SR mirror transmissivity 7 (amplitude SR cavity detuning ¢
Arm-cavity power loss €=0.01 SR power loss Asg=0.02
Photodetector loss App=0.1

(ci—d;) relations for a conventional interferometer at thetional wave with the optical system produces side-band fre-

output dark port, immediately after the beam splitter, withinquencieswo*Q in the electromagnetic field at the output

a full guantum mechanical approach. In this section we shallark port. For this reason, similarly to KLMTV7], we find

derive the input-outputa; —b;) relations for the whole op- it convenient to describe the quantum optics inside the inter-

tical system at the output port, i.e. immediately after the SRerometer using the two-photon formalism developed by

mirror, and shall evaluate the corresponding noise spectrd&laves and Schumakg22,23. In this formalism, instead of

density. using the usual annihilation and creation operators for pho-
As we shall see, a naive application of the Fourier-basedons at frequency, we expand the field operators in terms

formalism developed in Ref[7] gives ill-defined input- of quadrature operators which can simultaneously annihilate

output relations, due to the presence of optical-mechanical photon at frequency = wq+ Q) while creating a photon at

instabilities. These instabilities have an origin similar to thefrequencyw = wy—Q (or vice versa

dynamical instability of a detuned FP cavity induced by the More specifically, the quantized electromagnetic field in

radiation-pressure force acting on the mirrors, which hashe Heisenberg picture evaluated at some fixed point on the

long been investigated in the literatys8—20. To suppress optic axis, and restricted to the component propagating in

the growing modes and make the KLMTV's formalism valid one of the two directions along the axis is

for SR interferometers, an appropriate control system should

be introduced. The analysis of the resulting interferometer s [2mh [t Aot At riede

plus controller requires a detailed description of the dynam- E()= %fo Jola,e™'*'+aje ]Z'

ics of the whole system and for this we have found Bragin- (2.1

sky and Khalili's theory of linear quantum measuremight

\ésayar%?xeirrfluL\?n:c::notrlﬁg\;?\'yi\:lvg SQ&%edsggsvii:t?gspzfr}heHereA is the effective cross sectional area of the laser beam
ticular that the results derived in this section by Fourier tech—and ¢ is the speed of light. The annihilation and creation

Lo oo . :
niques, notably the noise spectral density curves, are corre@PEratorsa,,, a,, in Eq. (2.1), which in the Heisenberg pic-
and rigorously justified. ture are fixed in time, satisfy the usual commutation relations

: . , . s~ oo rat at 1o ra a1
A. Naive extension of KLMTV's results to SR interferometers [a,.a,/]=0, [a,,a,]1=0, [a,.a,]=278w—0").

As in Ref.[7] we shall describe the interferometer’s light (2.2)

by the electric field evaluated on the optic axgenter of ) )
light beam and at specific, fixed locations along the optic Henceforth, to ease the_ r_10tat|on we shall omit the hats on
axis. Correspondingly, the electric fields that we write downduantum operators. Defining the new operatsee Sec. IV
will be functions of time only: all dependence on spatial ©f Ref.[22]")
position will be suppressed from our formulas.

The input field at the bright port of the beam splitter, \/wOTQ wo—Q
which is assumed to be infinitesimally thin, is a carrier field, ar=a,+0\ T a-Fa,,-0

. . wq wq

described by a coherent state with powgiand angular fre- 2.3
guencywgy. We assumé?] that the arm-cavity end mirrors
oscillate around an equilibrium position that is on resonance . . . '
with the carrier light. This means that there is no zeroth-2nd using the commutation relatio(®2), we find
order arm-cavity detunin¢see the paper of Pat al.[20] for
a critical discussion of this assumptjor©ur most used in-
terferometer parameters are given in Table | together with the“Our notations are not exactly the same as those of Caves and
values anticipated for LIGO-II. Schumakel22,23, the correspondence is the followirigurs —

We denote byf g =/27 the GW frequency, which lies Caves-Schumaker wy—Q, Q—e, a,:0—a:, a:—N.a:,
in the range 10—1000 Hz. Then the interaction of a gravitaa,; ,—«;,. We refer to Sec. IV B of Refl.22] for further details.
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times can be stored as independent bits of data in a classical
, storage medium without being affected by mutually induced
(2.4 noise, while it is not possible to do this fé&;(t) and E,(t)
' simultaneously. As BGKMTV[16] emphasizedfollowing
, earlier work by Braginsky and Khalili4]), this means that
we can regardE;(t) and E,(t) separately as classical
variables—though in each other’s presence they behave non-

Q
[a, ,ai,]=2w5(n—9')(1+w—

o]

[a_ ,aT,]=2775(Q—Q’)(1_w£

0o

[a,,a,]=0=[a_,a_], [al,al]=0=[a’,a’],

classically.
+ For GW interferometers the full input electric field at the
a..a/]=0=[a;.a ], (25 dark port isE(c;;t) wherec, and c, are the two input

quadratures, while the output field at the dark port is
E(d;;t), with d; andd, the two output quadraturdsee Fig.
1). Assuming that the classical laser-light input field at the

ional td)/ h di hall ai beam splitter's bright port is contained only in the first
term proportional td)/w,. (In the Appendix we shall give a quadrature, and evaluating the back-action force acting on

more complete justification of this by evaluating the effecty,o 4rm_cavity mirrors disregarding the motion of the mirrors

the term proportional t6}/ wo would have on the final noise - y,jng the light round-trip timéquasistatic approximatiofi
spectral density.We can then rewrite the electric field, Eq. KLMTV [7] derived the following input-output relations at

wherea.., stands foa.({)'). Because the carrier frequency
is wo=10'"° s7! and we are interested in frequenci@&r
in the range 10— T0Hz, we shall disregard in Eq2.5) the

(2.2), as side-band GW) angular frequency?:

27h wy . +oo . .
E(t)= \/—e—'wotf [a.(Q)e ' ¥+a_(Q)e'] _ . h .

Ac o dy=c,e?h,  d,=(c,—Kcy)e?P+ 2K e’
sQL
dQ (2.11
X——+H.c., (2.6)
2

where 28=2 arctan()/y is the net phase gained by the side-
where “H.c.” means Hermitian conjugate. Following the band frequency) while in the arm-cavity,y=Tc/4L is the
Caves-Schumaker two-photon formalig@®,23, we intro-  half bandwidth of the arm-cavityT{ is the power transmis-
duce the amplitudes of the two-photon modes as sivity of the arm-cavity input mirrors antd is the length of
the arm cavity, h is the Fourier transform of the

_ayt a’ _as— a’ ] gravitational-wave field, anllsg, is the SQL for GW detec-
= 2 A= 2i (2.7) tion, explicitly given by
a, anda, are called quadrature fields and they satisfy the 8h
commutation relations hsou(Q)=\S%= R (2.12
m

[a;.a),]=—[a;.a], ]=2mi 5(Q—Q'),
wherem is the mass of each arm-cavity mirror. The quantity
[al,al,]=0=[a1,a1,], [az,a;,]=O=[a2,a2,]. K in Eqg. (2.1 is the effective coupling constant, which
(2.8  relates the motion of the test mass to the output signal,

Expressing the electric fiel@.6) in terms of the quadratures

4
we finally get = 2(1o/1sqU ¥ _ 2.13
. Q(y*+0?)
E(aj;t)=cogwot)Eq(ay;t) +sin(wet) Ex(az;t),
2.9
29 Finally, 1, is the input light power, andsq, is the light
with power needed by a conventional interferometer to reach the
SQL at a side band frequen€y= v, that is
[Amhwg [+ , . dQ
(A, t)— At TaiQty "7 -
Ej(a;t) e fo (aje +aje )277, j=1,2.
(2.10 ®For the KLMTV optical configuration and for ours, only a neg-

o ligible fraction of the quantum noise entering the bright port
Note [as is discussed at length by BGKMTNL6] and was  gmerges from the dark port.

previewed by KLMTV (footnote 1 of Ref[7])], that, Ey(t) ®The description of a SR interferometer beyond the quasistatic
andE,(t) commute with themselves at any two timteand  4pproximatior 20,19 introduces nontrivial corrections to the back-
t',i.e.[Ej(t),Ej(t")]=0, while[E4(t),Ex(t")]~i6(t—t").  action force, proportional to the power transmissiviitgf the input
Hence, the quadrature fiel@(t) with j=1,2 are quantum-  arm-cavity mirrors. Sincd@=0.033(see Table)lwe expect a small
nondemolition quantities which can be measured with indefimodification of our results, but an explicit calculation is strongly
nite accuracy over time, i.e. measurements made at differemgéquired to quantify these effects.
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Before giving the solution of the above equations, let us
notice that the equations we derived so far for the quantum
EM fields in the Heisenberg picture are exactly the same as

(See in Table I the values of the interferometer parameter§0se of classical EM fields. To deduced them it is sufficient

tentatively planned for LIGO-I[21].) We shall now derive
thenewinput-output &; —b;) relations including the SR cav-
ity. We indicate byl the length of the SR cavity and we
introduce two dimensionless variable$=[ wol/Clmodzs
the phase gained by the carrier frequengywhile traveling
one way in the SR cavity, an®=[Ql/C] 042, the addi-
tional phase gained by the sideband with GW frequeficy

(see Fig. 1 Note that we are assuming that the distance
from the beam splitter to the two arm-cavity input mirrors
are identical, equal to an integer multiple of the carrier light's

wavelength, and are negligible compared.to
Propagating the output electric fiel{d; ;t) up to the SR
mirror, and introducing the operatoes and f; which de-

scribe the fields that are immediately inside the SR mirror

(see Fig. 1, we get the condition

which, together with Eq(2.9), provides the following equa-
tions:

f,=(d, cos¢p—d,sing)e'®,

. (2.16
f,=(d, sing+d,cos¢g)e'®.

Proceeding in an analogous way for the input electric field

E(c;;t), we derive

e;=(c,cosp+c,sing)e®,

_ (2.17
e,=(—c;sing+c,cosgp)e '?.
Note that each of Eq$2.16), (2.17) correspond to a rotation
of the quadratured,, d, (or c;, ¢,) plus the addition of an
overall phase. Finally, denoting kg andb; the input and
output fields of the whole system at the output gege Fig.

1) we conclude that the following relations should be satis-

fied at the SR mirror:
e]_: ’Ta1+pf1,

(2.18
(2.19

ez=7a2+pf2,

by=7f1—pay, by=7f—pay,

where=* p and r are the amplitude reflectivity and transmis-
sivity of the SR mirror, respectively. We use the convention
thatp and 7 are real and positive, with the reflection coeffi-

cient being+ p for light coming from inside the cavity and
—p for light coming from outside. In this section we limit
ourselves to a lossless SR mirror; therefore the followin
relation holds:r?+ p?=1.

"Note thatwyl/c=2mm+ ¢, with m a large integer. Indeed, typi-
cally wy=10" s, =10 m, hencewgl/c>1.

to replace the quadrature operators by the Fourier compo-
nents of the classical EM fields. The input-output relation we
shall give below is also the same as in the classical case. In
the latter we should assume that a fluctuating field enters the
input port of the entire interferometer. More specifically, as-
suming a vacuum state in the input port, we can model the
two input quadrature fields as two independent white noises.
Jhen using the classical equations, we can derive the output
fields which have the correct noise spectral densities.

Solving the system of Eq$2.11), (2.16—(2.19 gives the
final input-output relation:

o)

1

M

C12
C22

D.\ h
D,/h

Cu1 ay

2i(p+®)
e
Ca

ax

+\2/Crel (BT )

SQL.

, (2.20

where, to ease the notation, we have defined:

) ) K
M =1+ p2et(B+®) _ 2pe2'(ﬂ+‘1’)( c0S 2+ sin 2¢>) ,
(2.21)

C11=Cx»

=(1+p?)| cos 2+ gsin 2¢>) —2pcog2(B+P)],

(2.22
C1o=—72(sin 2+ K sir? ¢),

(2.23
Cy=72(sin2¢— K co o),
D,=—(1+pe®F*®)sing,

(2.24

D,=—(—1+pe?#*?)cosg.

A straightforward calculation using;je9 and C4;,Cy,
—C1Co1=|M|?, confirms that the quadratures,b; satisfy
the commutation relation®.8), as they should since as with
a; and a;r they represent free fields. Let us also observe that
both the quadratureb; and b, in Eq. (2.20 contain the
gravitational-wave signat and that it is not possible to put
the signal into just one of the quadratures through a transfor-
mation that preserves the commutation relationd pfand

. Indeed, the most general transformation that preserves
he commutation relations is of the form

B R

b,
b,

Lll
) LijE%, detLij=1,

(2.29

L2
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where« is an arbitrary phase. Because fbeare complex nerically complex and may have positive imaginary parts
[see Eq.(2.24)], it is impossible to null then contribution  [11], we end up with homogeneous solutions that grow
either inb; or b,. exponentially’ » _

Henceforth, we limit our analysis t® =0, which corre- To quench the instabilities of a SR interferometer we have
sponds to a SR cavity much shorter than the arm-cavitied© introduce a proper control system. In REEL] we have
e.g., 1=10 m. We assume for simplicity that there is no given an example of such a control system, which we briefly
radio-frequencyMHz) modulation-demodulation of the car- illustrate here. Let us suppose that the observed outpuyt is

rier and the S|gnd|21], instead, some frequency_independentand we feed back a linear transformation of it to control the
quadrature dynamics of the end mirrors. This operation corresponds to

making the following substitution in Eq2.26):

bgzbl Sin§+ b2 COSg h_)h+Cb§; (227)

1 . .
i e?h(C,,sin{+Cycosl)a; +eP(Cy,sing where( is someretardedkernel. Solving again fob,, we
get
. h
+Cyyc08l)a,+ 2K re'#(Dysing+D, cosg)h—},
SQL.

e?P(Cyysin{+Cycos)a; +e?P(Cyppsing

1
C__
220 Pt

. h
iB i _
is measured via homodyne detect[@&}.2 Before going on to +Cycosl)ay+ V2K7€e#(Dysing+D, cosg)hSQL ,

evaluate the noise spectral density in the measured quadra- 29
ture b, let us first comment on the results obtained in this (2.28
section.

simply replacing theM in Eqg. (2.26) by M., which depends
on C. Note that, by contrast with thencontrolledoutput Eq.
(2.20), the output fieldbg is no longer a free electric field,
There is a major delicacy in the input-output relationje. a quadrature field defined in half open space, satisfying
given by Eqg.(2.18. By naively transforming it from the the radiative boundary condition. This is due to the fact that
frequency domain back into the time domain, we deduce thgyart of it has been fed back into the arm cavities. Neverthe-
the output quadratures depend on the gravitational-wave fielgss in the time domaim‘é commutes with itself at different
and the input optical fields both in the pastd in the future  imes. In Ref.[11] we have shown that there exists a well-
Mathematically this is due to the fact that the coefficientyefinedc that makes Eq(2.29 well defined in the time
1M, in front of h and ai(i=1,2) in Eq.(2.20, contains  gomain, getting rid of the instabilities. As a consequeindg,
poles both in the loweand in the uppecomplex plane. This - pas zeros only in the lower-half complex plane and we can
situation is a very common one in physics and engineeringagiect the homogeneous solutibfh®™"=0 because it
(it occurs for example in the theory of linear electronic ”et'decays exponentially in time. ¢
works [25] and the theory of plasma wav¢g6]), and the Finally, let us remember the important fact that the intro-

cure for it is well known: in order to construct an output field duction of this kind of control system only changes the nor-
that only_depends on the past, we have to alt_er the Integratio ajization of the output field. As a consequence, the noise
contour in the inverse-Fourier transform, going ab@wéh g0 ra| density isot affected. However, an extra noise will

our c;)nvelntlon Orf]. Fourier dtransfor?_nﬁll thebpo_les.f!n dthe be present due to the electronic device that provides the con-
complex plane. This procedure, which can be justified rigory, | torce on the end mirrors. Strain estimated that it can be

ously using Laplace transforni27], makes the output signal kept smaller than about 10% of the quantum nGR&.
infinitely sensitive to driving forces in the infinitely distant

past. The reason is simple and well known in other contexts:
our optical mechanical system possesses instabilities, which

B. Discussion of the naive result

IIl. FEATURES OF NOISE SPECTRAL DENSITY IN SR

can be deduced from the hpmogenepus solu{BA qf qu. INTEREFEROMETERS
(2.11), (2.195 and(2.19, which has eigenfrequencies given
by M=0. Because the zeros of the equatidr=0 are ge- In light of the discussion at the end of the last section, we

shall use Eq(2.28 as the starting point of our derivation of
the noise spectral density of(stabilized SR interferometer.

81t is still unclear what detection schendirect homodyne detec-
tion or rf modulation/demodulatiorwill be used in LIGO-II. The
decision will require a quantum-mechanical analysis of the addi- *Quadrature operators witbmplexfrequency can be defined by
tional noise introduced by the modulation-demodulation processanalytical continuations of quadrature operators gl frequency
which will be given in a future papd4]. considered as analytical functions Qf
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A. Evaluation of the noise spectral density: Going below the h
standard quantum limit hﬁon":%eiﬁ[afr (tanZ—K)a,],

The noise spectral density is calculated as folldwk
Equation (2.28 tells us that the interferometer noise, ex- . .
X o . and the noise spectral density reads
pressed as an equivalent gravitational-wave Fourier compo-
nent, is 2

h
h Sg,conv: %Uﬂtang_mz]' (3.7
hy= \/Z_%Abg, (3.

As has been much discussed by Matsko, Watchanin and
Zubova[8] and by KLMTV [7], and as we shall see in more
detail in Sec. Ill B, taking as the outpl;, instead of the
quadraturéd, in which all the signah is encoded, builds up
i ] correlations between shot noise and radiation-pressure noise.
7(Dysin{+D;cosf) We refer to correlations of this kind, which are introduced by
B2 the special read-out scheme saatic correlations by contrast
with those produced by the SR mirror, which we cayl-
namicalsince they are built up dynamically, as we shall dis-
cuss in Sec. IV. The static correlations allow the noise curves
for a conventional interferometer to go below the SQL when
1 lo=1IsqL, as was originally observed by Matsko, Watchanin
“27 8(Q—0")S(f) and Zubovd 8]. However, if{ is frequency independent as it
2 must be when one uses conventional homodyne detection,
then the SQL is beater§s ™'< héQL, only over a rather
narrow frequency band and only by a very modest amount.
1 On the other hand, as Matsko, Watchanin and Zub@ja
E§<in|hn(9)h§(ﬂ')+h;(Q')hn(Q)|in>- (3.9  showed, and one can see from E8.7), if we could make
the homodyne detection anglefrequency dependent, then

. c . choosing 7] £(Q)=arctank({2), would remove completely
Here we put the superscrigton S; to remind ourselves that in the absence of optical losgethe second term in the

o . ) : . i
this is the noise when the output is monitored at carrier phas% ; e .
{ by homodyne detection. Assuming that the input of the quare parenthesis of Eq3.7), which is the radiation

; L . Rressure noise, leaving only the shot noise in the interferom-
whole SR interferometer is in its vacuum state, as is planneeter oUtput. LeSHO™N=h2 9K In order to implement fre-
for LIGO-II, i.e. |in)=|0,), and using put, 1.eS; squ/ /- P

quency dependent homodyne detection, KLMT¥| have

1 recently proposed to place two 4-km-long filter cavities at

0.) sym= 5277 S(Q-0")5; (3.4 the mterferometer_dark pqrt and fqllow them by convgntlonal
homodyne detection. This experimentally challenging pro-

posal would allow the interferometer to beat the SQL at fre-

quencyf=100 Hz by a factoryS°"//S7%"~0.24, over a
band of Af~f, at light power Iy=Ilgq., and by

h&oL (C118ing+ Cpy€080)?+ (Cypsind+ Cpyc08¢)? VSS9~ 0.18 if 1¢=3.2 g, In conclusion, already
=2k > - 5 . in conventional interferometers it is possible to beat the SQL
7*|Dy sin{+ D, cos{| provided that we measute, and build up propestatic cor-
(3.9 relations between shot noise and radiation-pressure noise.
Let us now go back to SR interferometers. They have the
eresting property of building ugdynamicallythe correla-
tions between shot noise and radiation-pressure noise, thanks
to the SR mirror. Indeed, even if we restrict ourselves to the
noise curves associated with the two quadratbfeandb$,
i.e. we do not measumeg, the SR interferometer can still go
below the SQL. Moreover, if the SR interferometer works at
the SQL power, i.elo=Igq., as is tentatively planned for
LIGO-II, then the noise curvedeq. (3.5)] can exhibit one or
two resonant dips whose depths increase and widths decrease
as the SR-mirror’s reflectivity is raisedWe postpone the
discussion of this interesting feature to Sec) [Mese reso-
Note that our definition of differs from the one used in Ref. nances allow us to reshape the noise curves and beat the SQL
[7]. by much larger amounts than in a conventional interferom-

where

(Cq1Sing+Cycosd)a;+(Cqpsind+Cyycosd)a,

Then the (single-sidedl spectral densityS;(f), with f
=0 /2, associated with the noide, can be computed by
the formula[Eq. (22) of Ref. [7]]

=(in[hy ()N (Q")[in)sym

+
<0a|aiajr

[Eq. (25) of Ref.[7]] we find that Eq(3.3) can be recast in
the simple form(note thatCj; € 9R)

{

For comparison, let us recall some properties of the nois?m
spectral density for conventional interferometés a com-
plete discussion see R§Y.]). To recover this case we have to
take the limit¢—0 and p—0 in the above equations or
simply use Eq(2.1]) (in a conventional interferometer there
are no instabilities In particular, for a conventional interfer-
ometer, Eqs(2.26) and(3.1) take the much simpler forth

b°™=cos{{[a,+ (tan{— K)a,]e*#},
(3.6
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the quadratures$ ({=/2) andb$ ({=0) with p=0.9, ¢= /2

following choices of the frequency independent homodyne phase:
(=0,¢=7l6, {=mI3 and{=m/2, with p=0.9, ¢p=7/2—0.47 and
lo=1sqL- The plot also shows the noise curve for a conventional
interferometer and the SQL line. For LIGO-l= 27X 100 Hz(top

axis) and /S y) =2x 10 24 Hz 2

—0.47, andy=1gq, (ii) the SQL,(iii) a conventional interferom-
eter withlo=1gq., and(iv) the noise curve of LIGO-I[21] one
would obtain if shot-noise—radiation-pressure correlations \wee
ively) neglected. For LIGO-Il,y=27X100 Hz (top axis and

S y)=2%10" 2 Hz Y2 These curves do not include seismic

and thermal noises; for LIGO-II the latter is expected to be slightlyleys. In Fig. 3 we plot the noise curves,(Q) for different
above the SQI[15].

values of the frequency independent homodyne arigle
choosing the same parameters used in Fig. 2pke0.9, ¢
eter with static correlations introduced by frequency-—= ;/2—0.47 andlo=1gq . Note that the location of the
independent homodyne detection. _ resonant dips does not depend much on the afigiehis
More specifically, the noise spectral density, Ea-5)_1 property is confirmed analytically in Sec. IV in the case of a
depends on the physical parameters which characterize thgghly reflecting SR mirror, by an analysis that elucidate the
SR interferometefsee Table )t the light powerlo, the SR ynderlying physics.
detuning ¢, the reflectivity of the SR mirrop and the ho- Before ending this section, let us give an idea of the per-
modyne phase. To give an example of LIGO-Il noise formances achievable in a SR interferomefeits thermal
curves, in Fig. 2 we plot thg'S,({2) for the two quadratures noise can be made negligib[d5]. We have estimated the
b{ ({=m/2) andb§ ({=0), for p=0.9, p=m/2—0.47 and  signal-to-noise ratio for inspiraling binaries, which are
lo=1sqL- Also shown for comparison are the SQL line, the among the most promising sources for the detection of GW
noise curve one would obtain if one ignored the correlationwith earth-based interferometers. The square of the signal-to-

between the shot noise and radiation-pressure rf@ig"*  noise ratio for a binary system made of black holes and/or
and for a conventional interferometer with=1so. and{  neutron stars is given by

=0, explicitly given by[7] 2 Ih(f)|?
+ o0
—4 f df

§=O,COHVZ$_ o Sh(f) . (39)
2

S

N

K+ E) (3.9

Using the Newtonian quadrupole approximation, for which
The sensitivity curves for the two quadratures go substanthe waveform’s Fourier transform {#(f)|%<f~ 73 and in-

tially below the SQL and show two interesting resonant val-troducing in the above integral a lower cutoff due to seismic
noise atQ);=0.1y (fs=10 Hz, we get for the parameters

used in Fig. 2:
HBefore the research reported in this paper, the LIGO community (SIN) (SIN)
computed the noise curves for SR interferometersi bgvaluating 1 183, — % ~1.08, (3.10
the shot noisésﬁh"t, (i) then(naivelyassuming no correlations be- (SIN) cony (S/N)conv

tween shot noise and radiation-pressure naiseng the uncertainty

principle STOSRP= (594214, with the equality sign to evaluate the Where &/N), (S/N); and (/N)con, Use for the noise spec-
radiation-pressure nois&f”, (iii) then adding the two. This proce- tral density eclther that of the first qua_dratlln%or the second
dure gave the noise curve labeled “correlations neglected” in Figquadratureb; or the conventional interferometer, respec-

2; see Fig. 2 of Refl21]. tively. A more thorough analysis of signal-to-noise ratio for
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inspiraling binaries inevitably requires the specification of The noise spectral density, written in terms of the effec-
the readout scheme and we plan to publish it elsewite  tive operatorsZ and 7, reads[4]

B. Effective shot noise and radiation-pressure noise 1
Si=5 (S22t 2R MSezl + Ry Spd (314

In this section we shall discuss the crucial role played by
shot-noise—radiation-pressure correlations that are present ir"1 . .
LIGO-II's quadrature output§2.20 and noise spectral den- WN€ré the(_one-5|deai Cross sp_ectral density of two operators
sities(3.5), in beating the SQL. Our analysis is based on thdS €XPressible, by analogy with E(.3), as
general formulation of linear quantum measurement theor
developed by Braginsky and Khalji#] and assumes also the —S,,(Q)27 §(Q—Q')
results obtained in Ref$16,11]. 2

To identify the radiation pressure and the shot noise con- 1
tributions in the total optical noise, we use the fact that they =§<A(Q)BT(Q’)+BT(Q’)A(Q)>. (3.15
transform differently under rescaling of the mirror mass. In-
de_ed, it is stra_ightforward to show that in the total optical, Eq. (3.14 the terms containing,s, Sgr and B[ Sys]
noise there exist only two kinds of terms. There are termsy,q, 4 he identified as effective shot noisgback—actign noise
that are invariant under rescaling of the mass and terms that,j 5 term proportional to the effective correlation between
are proportional to . Hence, quite generally we can re- q o noises, respectivelgt]. Relying on the commutators
write the output© of the whole optical system dd, 11] (3.13 between the effective field operators one can derive

_ [4,11] the following uncertainty relation for théone-sided
Ol =2+ Ro(HAD +L (D), (313 spectral densities and cross correlationsZodind F:

where by output we mean one of the two quadratifgsh$
or a combination of them, e.go,‘g2 (modulo a normalization

facton and whereR,, is the susceptibility of the antisym- Equation(3.16 does not, in general, impose a lower bound
metric mode of motion of the four mirroifg], given by on the noise spectral density E§.14). However, in a very
important type of measurement it does, namely for interfer-
(3.12 ometers with uncorrelated shot noise and back-action noise,
' e.g., LIGO-I/TAMA/NVirgo. In this caseS;,=0=S;; [7]
and inserting the vanishing correlations into E@3.15),
The observable€ and F in Eq. (3.11) do not depend on the (3.16), one easily finds that the noise spectral density has a
mirror massesn, and satisfy the commutation relatiofisg.  lower bound which is given by the standard quantum limit,

SzzSpr—SzrSrz=h?. (3.16

4
Rux(2)=— mQZI

(2.19 in Ref. [11]] ie.
[F(Q),F1(Q")]=0=[2(0),Z"(Q")], soL 2|R(Q)|% 8h )
(3.13 Sh(Q)=571(Q)= 5 = ——— =hgo(Q).
[2(Q),F(Q")]==-27ihs(Q-Q"). L mQ2L o

We shall refer_ toZ and F as theeffectlveghot hoise and From this it follows that to beat the SQL one must create
effectiveradiation-pressure fofce' respectively, because W&orrelations between shot noise and back-action noise.

ha\_/e showrj11] _that for a SR mterferometer . ba_ck- Before investigating those correlations in a SR inteferom-
action for_ce acting on the test masses IS not propqruonal tgter we shall first show how such correlations can be built
the effective radiation-pressure noise, but instead is a confyy étatically in a conventiondLIGO-I/TAMA/Virgo ) inter-

b|nat|on_of the two e_ffe_ctwe observablgsand]-‘. When the ferometer by implementing frequency-independent homo-
shot noise and radiation-pressure noise are correlated, trae

o - - dyne detection at some angfe[8,7]. By identifying in the
real pack gcuqn force does not commute with itself at differ interferometer output3.6) the terms independent h as
ent timest? which makes the analysis in terms of real quan-

tities more complicated than in terms of the effective Oneseffective shot noise and those inversely proportionahtas
1P ) ... _effective back-action noise, we get the effective field opera-
We prefer to discuss our results in terms of real quantitie

conv conv.
separately{11], in a more formal context which uses the %orszg and ¥

description of a GW interferometer as a linear quantum- i
t devidd cony, el hSQL

measurement devide]. ZOM Q)= ———="(a,+a; tany),
V2K
" (3.18
I

2We have showii11] that as a consequence of this the antisym- FON Q) :ﬁ € ZICa
metric mode of motion of the four mirrors acquires an optical- ¢ L hsoL L

mechanical rigidity and a SR interferometer responds to GW signal .
similar to an optical spring. This phenomenon was already observepVe remind the readers thatg, 1/\Jm and that/Cec1/m.]
in optical bar detectors by Braginsky’s gro[g. Evaluating the spectral densities of those operators using
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Egs. (3.195 and (3.4), we obtain the following expressions 0</<w/2, i.e. whenever there are nonvanishing correla-

for the spectral densities and their static correlations: tions. See Refd.7] and[8] for further details.
- X Let us now derive the correlations between shot noise and
LhSqL 2Kh back action noise in SR interferometers. Because in this case

S ()= (1+tarfy), SEN(Q)="—,

2K |_2h§QL the correlations are built up dynamically by the SR mirror
and are present in all quadratures, as an example, we limit
CZ‘Z’}V{(Q)=ﬁ tan/= 5_-"{’}{(9). (3.19  ourselves to the two quad_raturb% and b$. Identifying in_
Egs. (3.2), (3.2 the effective shot and back-action noise
By inserting these in Eq.3.14) and optimizing the coupling terms due to theim dependences, we obtain the effective

constant/C, we see that the SQL can be beaten for anyfield operatorsz,, Z,, F; and F:

e'PLhgqy [a1(—2p cos 28+ (1+ p?)cos 2p) + ay( — 1+ p?)sin 2¢p]csce

Z,(Q)=— i ’
1(Q) \/R T(1+62'BP)
(3.20
Z,(Q)=— e'PLhgoi [a1(1—p?)sin 2 +ay( — 2p cos 28+ (1+p?)cos 2p) Jsech
2 B \/R 7'(—1+62i5p) '
and
helB\2KC [a,(1+ p?)cosd+an(— 1+ p?)sing]
.7:1(9): 2i ’
LhSQL T(1+e ﬁp)
(3.2
) hel# 2K [ay(~ 1+ p?)cosdtay(1+p?)sing]

Lhsqu m(—1+e%Pp)

Evaluating the spectral densities of the above operators through E#5S. and(3.4) we obtain the following expressions:

h22K 1+ p*+2p? cosed
S]:l]:l(Q): 212 2 2 !
L*h5qL (1—p%)(1+p=+2p cos 28)
(3.22
h22K 1+ p*—2p?cos¢
szfz(ﬂ): 21,2 2 2 !
L°hgqL (1—p%)(1+p“—2p cos 2B)
and
S . ()= L2hZq, [4(—1+p?)2 cog ¢+ (—2p cos 28+ (1+ p?)cos 2p)%csé ¢ ]
a5 2K (1—p?)(1+p?+2p cos 28) ’
(3.23
S . ()= L2hZq [4(— 1+ p?)2sir? ¢+ (—2p cos 28+ (1+ p?)cos 2p)?seé ]
2222 2K (1—p?)(1+p?—2p cos 28) '
Finally, for the correlations between the shot noise and back-action noise we get
Al (— 1+ p?)%—2p(1+ p?)cos 28+ 4p? cos 2p]cot
Sr,2,(Q)=8z 7 (Q)=— > 5 ;
(1=p%)(1+p“+2pcos 2B)
(3.29

Al(—1+p?)%+2p(1l+ p?)cos 28— 4p? cos 2ptane
(1= p?)(1+p?~2p cos 28) '

szzz(ﬂ) = SZZ}‘Z(Q) =
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FIG. 4. Log-log plot ofSESRQ)/S:9(y) versusQ/y for the extreme signal-recycling configuratiéeft pane) ¢=0 with p=0.7,
p=0.8,p=0.9, andl =155, and for the extreme resonant-sideband-extraction configuratgit panel ¢= 7/2 with p=0.7,p=0.8, and

p=0.9, withly=150, . Also plotted for comparison are the noise curve for a conventional interferometer and the SQL line. For further detail
on these well known configurations, see R¢is3,14].

These correlations depend on the sideband angular frequency ﬁQL 1 -
Q and are generically different from zero. However, when SESRe — | =K. (3.2
¢ =0 and¢= /2 the correlations are zero. We shall analyze K

these two extreme configurations in the following section.

In the left panel of Fig. 4 we plot/SEQ)/S3%4(y) versus

Q/ v for different choices of the reflectivitp. As we vary

the reflectivity of the SR mirror the minimum of the various

curves is shifted along the SQL line, and the shape of the
In this section we discuss two extreme cases that are wetoise curve change a bit because b#thand 8 in Egs.

known and have been much investigated in the literaturg3.25, (3.26 depend on frequency. Moreover, fox/y>1

using a semiclassical analy$is3,14. In these two cases the and()/y<1 the curves are well above the conventional in-

dynamical correlations between shot noise and radiationterferometer noise. This effect becomes worse and worse as

pressure noise are zero. This has two implicatidisthe  p—1 and is described by the formulas

semiclassical analysis and predictiofik3,14] are correct

C. Two special cases: Extreme signal-recycling and
resonant-sideband-extraction configurations

(when straightforwardly complemented by radiation pressure ESR () 102140\ 1 0
noise, and(ii) the noise curves are always above the SQL. #—) — —(—p S—QL, —>1,
Of course, static correlations can always be introduced by SnQ (y) 4 92\1=p) 1o Y
measuring the quadratutg,. In these two extreme cases (3.27
thert_e are no instabilities and the_ input-output relation of the SESR(Q) Y4 (14p) 1o 0
SR interferometer can be obtained from the conventional oL T oal Tl —<1.
noise by just rescaling the parametefEq. (2.13)]. Sy Q*\1-pllsql’ v
1. Extreme signal-recycling (ESR) configurationp=0 The signal-to-noise ratio for inspiraling binaries is given

For ¢=0, the gravitational-wave signal appears only inin this case(for p=0.9,lo=1sqU by

the second quadratut®, but not in the first quadraturbk;

[see Eq.{(2.26 with {=0 and /2, respectively. Defining (S/N)ESRZO]& (3.29
(S/N)conv
K= K 32 Hence, this LIGO-II configurationg=0) is not appealing.
 14p2-2pcos28’ (329 The noise curves could be better than the ones for a conven-

tional interferometer in the range20—60 Hz, depending on

the value ofp, but they get worse everywhere else, and over-
it is straightforward to deduce that the spectral density of thall, for anyp the signal-to-noise ratio for inspiraling binaries
noise takes the simple form is lower than in the case of a conventional interferometer.
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2. Extreme resonant-sideband-extraction (ERSE) configuration:

b=m/2
For ¢= /2, using Eq.(2.26) with {=7/2, we find that

only the first quadraturé, contains the gravitational-wave

signal. Introducing

— K72
1+p%+2pcos2B

(3.29

(which depends on frequency through bdthand B), we
easily deduce that the noise spectral density reads

PHYSICAL REVIEW D64 042006

quency independent homodyne detection generically exhibit
resonant features that vary &s, p, ¢ and{ are changed.
These resonances are closely related to the optical-
mechanical resonances of the dynamical system formed by
the optical field and the mirrors. A thorough study of this
system must investigate explicitly the motion of the mirrors,
instead of including it implicitly in the formulas as we did in
this paper. It can be most clearly worked out using the for-
malism of linear quantum measuremef$ which we have
recently extended to SR interferometgt4]. In this section,

we limit our investigation to the resonant structures in the
amplitudes of the optical fields, and for simplicity we work

in the limit of a totally reflecting SR mirror, i.eo=1. This
limit provides simple analytical expressions for the resonant
frequencies as functions of the SR detuning phasad the
light powerly. We shall comment on the general casel,
The right panel of Fig. 4 showg/g'fRSE(Q)/sﬁQL( y) as a  Which we have tackled at length in R¢L1], only at the end
function of Q/y for different values of the reflectivity. As  Of this section.

for the ESR configuration discussed above, when we vary
the reflectivity of the SR mirror the minimum of the various
curves moves along the SQL line. But by contrast with the . . o
ESR configuration, fo€)/y>1 andQ/y<1 the curves are We _shaII investigate the free osc_lllauor_] modes of the
significantly below the conventional-interferometer noise.Whole interferometer when the GW signal is absint(2)

This effect becomes better and betteras 1 and is de- = 0] and there is no output fieldpe=1), so the system is
scribed by the asymptotic limits closed. We consider the regime of classical electrodynamics,

i.e. we work with the two classical quadrature fielels and

QL
rse_She

ST

1 _
=+K|.
K

(3.30

A. Resonances of the closed systerp=1

SERRQ)  102%2(1-)p lsgu O E,, satisfying the same equations of motion as the quantum-

oL T4 2\ 1. 1 —>1, f|elq operatorx; andc, (see Fig. 1 We shall evgluate the

S () Y plto Y stationary modes, notably the eigenmodes and eigenvalues of
(3.3)  the whole opticomechanical system made of the end mirrors

SERSE(Q) Y (1-p\ Ig Q and the signal recycled optical field. We achieve this by

WH o04l1+p FQL’ 7<1' propagating the in-going fields; andE, (entering the beam

splitter’s dark port into the conventional interferometer,

In conclusion, in the ERSE configuratios € 7/2), the situ-  @long a complete round trip, and then through the SR cavity
ation is in some sense the reverse of the ESR schefne (back to the starting point. The rounq-trlp propagation leads
=0). In the former the bandwidths are much larger than info the following homogeneous equation for the eigenmodes:
either the ESR of the conventional interferometer. However, :

the more broadband curves are obtained at the cost of losing (COS 2% sin 2¢) eziﬁ( 1 0) — (El) =0
sensitivity in the frequency range 70—250 Hz and this ex- sin2¢  cos2p -K 1 E> ’
plains why the maximum signal-to-noise ratio for inspiraling (4.1

binaries,
which can be simplified into the more interesting form:
(SIN)erse
— =1.096 f0r p:048 and|0=|SQL
(S/N)conv eZi(a+ﬁ)_l E
(3.32 T . 1 =0
0 eZI(—a+ﬁ)_1 E2 ’

is not very different from that of a conventional interferom-
eter. Finally, let us observe that our two extreme cases are

linked mathematically by taking— —p (K—K) and ex-
changing the two quadratures. For much further analysis and
detail of the ERSE and ESR configurations, see Refs.
[13,14. whereT is a matrix whose precise form is unimportant. Note
that the definition of the function arccos ensures fR62 «)
ranges from 0 tor. The free oscillation condition is then

, given by
We now turn our attention from the well known extreme

configurations, for which previous analysis gave correct pre-
dictions, to the more general case@< /2. As Figs. 2, 3
show, the noise curves for a SR interferometer with fre-

4.2

K
ZaEarcco4 COS 26+ Esin 2¢) ,

IV. STRUCTURE OF RESONANCES AND INSTABILITIES

K
COS 2B,es= COS 2= COS 2p+ Esin 2¢. 4.3
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Solving Eq.(4.3) explicitly in terms of the frequenc{), we

obtain the rather simple analytical equation for the position

of the resonances:

2
res__ 1

Y2 2

. 4.9

tar? ¢+ \/tan“ d— lt—ZtanqS

This equation is characterized by three regimes (< ):

(i)

quency;

(i) arctam(4lo/lsq) 1< ¢p<m/2: two real resonant fre-
quencies;

(i) 0<¢<arctaf(4lo/lsq)™?]: two complex conjugate

resonant frequencies.

Equation(4.4) is very similar to the resonance equation
that Braginsky, Gorodetsky and Khalili have derived for their

proposal “Optical bar” GW detectorésee Appendix D of
Ref. [9]).

For very low light power|,<lgq., the second term un-
der the square root on the right-hand sig1S) of Eq. (4.4)
goes to 0 and the four roots tend®o=0 (double root and
Q= =*ytan¢. We interpret this limit as followgsee Ref.
[11] for further detail: When the coupling between the mo-
tion of the mirror and the optical field is zerdy(~0), the

¢>m/2: one real and one imaginary resonant fre-

PHYSICAL REVIEW 34 042006
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FIG. 5. Log-log plot of VS,(Q)/S:°(y) versusQ/y for I,
=lgqL, p=0.95 and{=0 (i.e. the second quadratuté is mea-
sured. The detuning phasé takes the value&going from right to
left) 77/2—0.19, 7/2—0.39 andn/2—0.59. The vertical grid lines
have been drawn by using E@.4) and taking the real part d?,s.
These lines agree well with the positions of the resonant dips.

resonant frequencies of the entire system are given by the

resonances of the test mass, i.e. the free-oscillation modes
a test mass{ =0), plus the resonances of the optical field,
d

i.e. the electromagnetic modes of the entire cavity with fixe
mirrors, given byQ) =+ ytan¢ [13]. When the light power

is increased towartls, , the coupling between the free test
mass and the optical field drives the four resonant freque
cies away from their decoupled values. By analyzing the fo

with the — (+) sign in Eq.(4.4) as remnants of the resonant
frequencies of the free test masmptical field. (For a more
thorough discussion of these results see Ref], where we
explicitly examine the mirror motioj.

Let us observe that E¢4.3) can also be obtained as fol-
lows. By expanding the noise spectral dengiy5) for 7
—0, we get

Sh(Q)  (—2c0s2B+2c0s2¢+Ksin2¢)? 1
h&ol(Q) 8 Kk[cof B(sir? {— cof ¢)+co ¢ cog ] 72

(4.9

+0O(79).

er the second quadratuﬂeg with 1y=Igq, p=0.95 and
varying ¢. The vertical lines have been drawn by solving Eq.
(4.4) numerically forQ) and taking its real part, i.e., the real
part of the resonant frequencies of the closed systems. There
is indeed very good agreement. This suggests that the gain in

ns'ensitivity comes from a resonant amplification effect; see

' B . Uthe discussion at the end of the Sec. IV C.
coupled resonant frequencies, we can easily identify the ones

If the imaginary part of the resonant frequency is positive
(negative then, with our convention for the Fourier trans-
form, the solution is unstablestablg. The best noise sensi-
tivity curves have detuning phaseb in the range
arctan(4lo/1sq) ?]=< ¢=m/2, which forp=1 correspond to
two real resonant frequencies, and no instability. However, as
soon as we allow the transmissivity of the SR mirraio be
different from zero(as it must be in a real interferometer
we always find that one of the two resonant frequencies has
a positive imaginary paiftll]. A more detailed analysis of
the dynamics of the system has shown that this is a rather
weak instability which typically develops on a time scale of
=0.1y and can be cured by introducing an appropriate con-
trol system[11].

The leading term of the expansion goes to zero when

2 cos 2h—2 c0S B+ K sin2p=0, which is exactly the
resonant conditiod.3) for the closed system derived above.
This means that fofoper) SR interferometers with highly

reflecting SR mirrors, the dips in the noise curves agree with

the resonances of the closed system.
In practice, the real part of the resonant frequentied)

B. Semiclassical interpretation of resonances for smalC:
Pure optical resonances

In this section we shall focus on the optical-field reso-
nances and shall relate our results to previous semiclassical
analyses of SR interferometdrs3,14.

for the closed system turns out to be a good approximation to The test-mass motion affects the optical fields through the
the positions of the valleys in the noise spectral density of aterm K=2(14/1sq) y*/[Q*(Q%+¥?)], where the factor
(open SR interferometer with high SR-mirror reflectivity. To lo/lsqL can be considered a measure of the strength of the
illustrate this fact, in Fig. 5 we plot the noise curvgS,(Q) coupling. The quantityC governs both the resonant condi-
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tion and the relative magnitude of shot noise and radiation-
pressure noise. In particular, whéhis very small, Eq(4.3) 1000 [
simplifies to cos d—cos 28,.s= 0, which can be solved eas- i
ily, giving

2(x£Brest d)=2mn, ie. Q.=Fytand, (4.6

with n an integer. Equatiori4.6) can be explained with a
simple optics argument: The quantity28 is the phase
gained by the upper and lower GW sidebands while in an
arm cavity, while¢ is the phase gained when traveling one
way down the SR cavity. Thus 2{B8+ ¢) is just the round-
trip phase, and Eq4.6) is the resonant condition for the
entire (closed interferometer. Hence, the presencekofin
the resonant conditiofd.3) provides the deviation from a
pure optical resonance. Moreové(,is also an indicator of
the different scalings of; andm in the final expressions for
the noises, and therefore it governs the relative magnitude o 10
the shot noise and radiation-pressure noise—the smaller th
KC, the more important the shot noise compared to radiation
pressure noise. Wheki is small, a semiclassical argument  FiG. 6. Log-log plot of yS,(Q)/S39Ky) versusQ/y for ¢
helps to explain the features of our noise curves. If we are-g (j.e., b$ is measuredand for extremely low light power and
close to the resonance, then feeding back the signal at thaigh reflectivity: lo=10"*sq and p=0.95. ¢ takes the values
frequency increases the peak sensitivity while decreasing thgoing from right to lefi 7/2—0.19, 7/2—0.39, /2—0.59, /2
bandwidth. Different schemes of such narrow-banding have-0.79 and=/2—0.99. A series of resonances appear whose posi-
been proposed, e.g., see Dre{28]. The scheme discussed tions agree with the vertical grid lines drawn accordingt@s/y
here, in which the signal at the dark port is fed back into the=|tan¢| [Eq. (4.6)].
arm cavities, is called signal recyclingn the narrower
sensg and was invented by Meefd3]. If, on the other gain in sensitivity comes from a resonant amplification of the
hand, we are far enough from the resonances, sideband sigwput signal, i.e. of the gravitational force acting on the mir-
nals are not encouraged to go back into the interferometer; irors, as already observed for optical bar GW detectors by
particular, at|Banired=|Brest /2|, there is antiresonance, Braginsky’s grougd9]. Let us discuss this point more deeply.
and the signal is encouraged to go out. This is what is gen- The quantum part of the input-output relati¢h20 (with
erally called resonant sideband-extraction and was inventeldb| <1 as we have assumed throughout this papeads
by Mizuno[14], see Sec. Ill C. The range in betweghes 2%
< B<Baniires 1S called “detuned” signal recycling and has b-q”a“Ee Cij
recently been demonstrated experimentally on the 30 m laser : M
interferometer at Garching, Germany by Fre&teal. [30]
and at Caltech on a table-top experiment by Majs3it]. We find it convenient to renormalize the quantum transfer

As an example of resonanc¢eot antiresonangewe plot  matrix:
in Fig. 6 the spectral density,(2) when the second quadra-
ture bg is measured, for very low light powép= 10‘4ISQL C..
and high reflectivityp=0.95, and for various values of the M;; = V”| i,j=1,2 (4.8
detuning phase. The vertical grid lines in Fig. 6 are drawn
according to Eq(4.6) and indeed, there is excellent agree- ) ) ) )
ment. so detM;; = 1. Note that thisM;; is normalized with respect

It is interesting to note that although for LIGO-I, @ Unit quantum noise. Because t®; are real, the
=l squ, there is still a frequency band whekeis relatively matrix M depends on three real parameters and we can
small. This is due to the fact that drops very fast ag) ~ @Wways decompose it into two rotatio{6), R(¢) and a
increases. In that frequency band the semiclassical formalisfflu€eze S(r) ~(see for details Ref.[23]), e.g., M
gives a correct result for the optical resonangeg). How- = R(OR(@)S(r)R(— ¢), with
ever, since the semiclassical approach does not take into ac-
count the motion of the arm-cavity end mirrors, it can only cos¢ —sind '
describe one resonan¢and not twg in the entire spectrum. R(6)= sing cosd |’ S(r)= 0 e ')’ (4.9

100

0 02 05 1 2 5 10
Q/y

a, i,j=12 4.7

C. Quantum mechanical discussion of the general case: Two

where the factore’ describes the stretchingr$0) or
resonances angp# 1

squeezing (<0) of the quantum fluctuations in the quadra-
The correspondence between the optical-mechanical resture b; [see Egs.(4.7), (4.8)]. Note that classical optical
nances and the minima of the noise curves suggests that tfields always have a zero squeeze factor.
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""" FIG. 7. Sketchy view of the
CIT l dl L lossy signal-recycling interferom-
bi bi eter. Optical losses in the signal-
P; interferometer | —® | photodetection| —> recycling cavity (on the lefy are
¢y I f | f1 described by the noise quadratures
SRM 'q pi , while losses due to the photo-
P detection procesgon the righj

a; l bi are included through the noise
quadratures; .

l signal-recycling

>I

To express the squeeze parametar terms of the physi- and it was also derived for optical bar GW detectors by Bra-
cal parameters describing the SR interferometer, we simplginsky’s group[9].
take the trace of the matrit4M T, obtaining

V. INCLUSION OF LOSSES IN SIGNAL-RECYCLING

K2 INTERFEROMETERS
(4.10

e +e =2+
In this section we shall compute how optical losses affect
the noise in a SR inteferometer using the lossy input-output
relations for a conventional interferometéf] and doing a
similar treatment of losses in the SR cavity. We shall con-
tinue to use our extension of the KLMTV’s formalism as

Hence, in a SR interferometer the squeeziggnerally
called ponderomotive squeezjn@g induced by the back-
action force acting on the mirror through the effective cou-

i i 2r —2r
pling K. In particular, for smalik,, we havee™ +e 2 developed in Sec. Il. In Refl11] we show that when losses

and the squeeze factorgoes to 0, which means the output are included a suitable control system can be implemented to
field is classical. For our discussion below the specific ex- Y P

pressions of) and ¢ in terms of the physical parameters are circumvent the |nstap|llt|es. . .
unimportant KLMTV [7] described the noise that enters the arm cavi-

From the previous discussions and the results derived iHes of a conventional interferometer at the loss points on the

Ref. [11] we have leamed that the zeros () are the mirrors in 'Fer]rms of a noise operator,h whoseI _stat:a is the
resonant frequencies of the optical-mechanical system angouum wit qu.adratureal and n,. The resulting lossy

; . ; INput-output relations reald]
the valleys of the noise spectral densities are their real parts.
It is straightforward to show that fdi equal to the real part
of the resonancelvl| = 7%. Hence, on resonance, for typical d;=c,e’?
values of the physical quantitiég, p and ¢, the RHS of Eq.
(4.10 goes to a constant when—0. This means that the
squeeze factar does not grow much around the resonances. do=c eziﬁ( 1_§
On the other hand, the absolute value of the output signal 22 2
strength[the term involvingh in Eq. (2.20], is given by

+\/Ee'Pn,, (5.1

1 &
2

. h
+\EePn,+ 2K —e'P
hsaL

€ 2i8
\/RT|Di| x| 1 4(3+e )
YR =12, (4.1
—Ke?Bicy 1— =(3+e?P) |+ \/=n;, (5.2
and because on resonancEM~ 1/72, whenr— 0 the clas- 2 2

sical signal is resonantly amplified and the amplification be- ) o o
comes stronger and stronger as-0 (closed system wheree=2£_/T and . is the loss coefficient per round trip in
This means that, by contrast with QND techniques base&€ arm-cavity. For LIGO-IIT and £ are expected to b&

on static correlations between shot noise and radiation=0-033 and£~200x10"° so e~0.01. The quantitye

pressure nois€7,8], in SR interferometers the ponderomo- Which appears in Eq$5.1) and(5.2) is frequency dependent

tive squeezingdoes notseem to be the major factor that and is given by

enables the interferometer to beat the SQL. Indeed, whereas

the amplitude of the classical output signal is amplified near _ 2e

the resonances, the nonclassical behavior of the output light &= 1+(Q/y)?

is not resonantly amplified. Therefore, the beating of the

SQ'L in SR interferc_;meters comes from a resonant ampl.ifi1n the present analysis, as in REF], we do not take into

cation of the input signal: the whole system acts as an opticglccount losses coming from the beam splitter. We expect

spring; ™~ as we have described more thoroughly in R&1l,  their effect to be small compared to the losses introduced by
the SR cavity and the photodetection process. Figure 7
sketches the way we have incorporated losses. We describe

13 this sense we could refer to a signal recycled interferometethe l0ss inside the SR cavity by the fraction of photons lost at
as a SPRING detector, which could also stand for Signal Poweeach bounce of the interior field off the SR mirrbgg, and
Recycling Interferometer Gravitational wave detector. we introduce associated noise quantum opergidiis= 1,2)

(5.3
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into the inward-propagating field operator at the SR mirrorand are assumed to satisfy Eg.8) and to be in the vacuum

(see left panel of Fig. )7 Equationg2.18 then become state. Following the procedure described in Sec. I, we derive
from Egs.(5.1), (5.2), (5.4 and (5.5 the following input-
e1=vV1-Asrg7artpfy)+ VAsrP1, output relations for the lossy SR interferometier simplic-

(5.4 ity we setd=0):

€= V1—Agr(7az+p f2)+ VAsrP2,

and the noise operatos satisfy the commutation relations

L L L L

(2.8). We also assume that the stateppfis the vacuum. We by 1 o218 Cu Colfay + Bk reif h
include the losses of the photodetection process in an effec- b'g ML C'§1 C'éz a, T D'é hsaL
tive way, by modifying the output field operators and intro-
ducing another noise field; with i =1,2 (see right panel of ©2if = Plz) ( pl) +e2iﬂ( Qi1 Q12> ( ql)
Fig. 7): P21 P22/ \ p2 Q21 Q02

bi=+v1-Npp(7f1—pas)+Nppds, [Ny; N\ [(ng

. (5.5 e : (5.6
b= V1-Npp(7f2—paz)+ VApodz. 2 Nayihe

Here, App is the photodetector loss. The noise quadrature
fields q; describe additional shot noise due to photodetectionvhere, to ease the notation, we have defined

) K :
Mb=1+p2e*h— Zp( coSs 2p+ Esin 2¢) e?h

2 cog B(—p e?P+cos 2p) + §(3+ e?Fysin2¢|e?f. (5.7)

y K y
+Aspp| —p €%'P+cos 29+ 5Sin2¢|e Brep

Note thatM", similar toM in Eq. (2.21), has zeros in the lower- and upper-half compf®yplane. Hence, the lossy SR
interferometer, similar to the lossless one, also suffers from instabilities. Nevertheless, we have showrJiti] Redt an
appropriate control system can cure them, as in the lossless case. In the following equations we give the various quantities
which appear in Eq(5.6) accurate to linear order ie and A gg but to all orders in\pp. (We expect\ sg~0.02 andApp
~0.1[28].) The various quantities read

C1=Cz=V1-\pp

(1+p?)

K . 1 .
CoSs 2+ sin 2¢) —2p cos 28— Ze[—2(1+82'ﬁ)2p+4(1+p2)0032[3 cos 2p

+(3+e?P)K(1+ p?)sin 2¢]+>\S4e2ib’p— ;(1+p2) cos 2+ gsin 2¢)H ,

Ch= \/1—7\pD7-2[ —(sin2¢+ Ksir? ¢) + %esin S[(3+e? A K sing+4 cod Bcosd]+ %)\SR(sin 2¢+ K sir? ¢)],

(5.8
1 ) 1
Cs= \/1—)\pD7-2[(sin 2¢—K cog ¢)+§eCOS¢[(3+€2'B)ICCOS¢—4 cog Bsing]+ E)\SR(—sin 2¢+K cog ¢)],
) 1 ) ) 1 )
D|i=\/1—)\pD[—(l+pez'B)Sin¢+Ze[3+p—|—2p e4"8+ez"3(1+5p)]sin¢+§)\SReZ'Bp sin¢],
) ) 1 P 1,
D;=V1-App —(—1+pe 'ﬁ)COS¢+Ze[—3+p+2pe Bte 'ﬁ(—1+5p)]cos¢+§)\SRe 'Bpcosei, (5.9
1 .
Pll: PZZZE\/l_)\pD\/)\SRT(_Zp eZIﬁ+2 Ccos 2¢+’Csin 2¢),
Pio=—V1—AppVAgr7SiNg(2 cosep+ K sing), (5.10
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P21=V1—N\ppVAsrT COSH(2 singg— K cose),
: : 1 : :
Q1= Q2= )\pD( e 2P+ p?e?P—p(2 cos 2p+ K sin 2¢) + EfP[e_Z'B cos 2p+e”F(—2p—2p cos 28
_ . 1 . .
+C0S 2+ K sin 2¢)) +2 cos 2h+ 3K sin 2] = 5 hspp[ 2p e?#—2 cos 2p— K sin2¢]|,
Q12=0=0Qx21, (5.1)
€ . . .
Ny,= \/1—)\PD\/;7-{IC(1+p e?'A)sing+2 cosple”'# cosp— pe'P(cosp+ K sing) ]},
Nay=—V1—Nppy2er(—e "+ p e'f)cosp cose,
(5.12
Nig= T Rep\Zerte” 5+ o cosp sind,

Ny = M\@T{—mwmoswz cosp(e”'#+p e'¥)cosp sin ¢}

Similarly to Sec. Il A, we follow KLMTV’s method[7] to  dyne detectiorié rests on the fact that our gain in sensitivity
derive the noise spectral density of a lossy SR interferometenostly comes from resonant amplification, which is much
[see Eq(3.9]: less susceptible to losses than quantum correlations. This
general consideration has long been understood by Bragin-
sky, Khalili and colleagues and underlies their motivation for
h2 the “optical bar” GW detectorg9].
_ SQL
2K 7|D} sinZ+ D5 cos?|?

[|CEising+C5, cosg|?

s
VI. CONCLUSIONS

L i L 2 H 2 . .
+[Cppsin{+C3,c08¢|*+ [Py sind+ Py cos{| In this paper we have extended the quantum formalism

+ ine+ 24 ins+ 2 recently developed[7] for c_onventional interferometers
|Pa2sing+P,c08{|*+|Quysin+ Qz cos] (LIGO-I/TAMA/Virgo ), to SR interferometer such as LIGO-

+|Q128iN L+ Q082+ |Nyysind + Ny, cosg|? Il. The introduction of the SR cavity has been planned as an
) 5 important tool to reshape the noise curves, making the inter-
+[Ny2sing+ Ny, cosg|“]. (5.13  ferometer work either in broadband or in narrowband con-

figurations. This flexibility is expected to improve the obser-

vation of specific GW sourcesl7]. Quite remarkably, our
Exploring numerically this equation, we find that for the lossquantum mechanical analysis has revealed other significant
levels expected in LIGO-Il §~0.01npp~0.1Agg~0.02  features of the SR cavity.
[21)]), the optical losses have only a modest influence on the First, the SR mirror produces dynamical correlations be-
noise curves of a lossless SR interferometer. For example, iiween quantum shot noise and radiation-pressure-fluctuation
Fig. 8 we compare the lossless noise spectral densities withoise which break the light's ability to enforce the SQL of a
the lossy ones for the two quadratutesandb,. The main  free mass, allowing the noise curves to go below the SQL by
effect of the loss is to smooth out the deep resonant valleygnodest amounts: roughly a factor two over a bandwidth
More specifically, for(i) the physical parameters used in Fig. Af~f. Before our work, researchers were unaware of the
2, (ii) a net fractional photon loss of 1% in the arm cavitiesShot-noise—radiation-pressure correlations and thus omitted
(e=0.01) and 2% in each round trip in the SR cavitysf them in their semiclassical analysis of the straw-man design

~0.02) and(iii) a photodetector efficiency of 90%\ 4p of LIGO-II [21]. The goal of beating the SQL in LIGO-II can

~0.1), we find that the losses produce a fractional loss inbe achieved onlyf all sources of thermal noise can also be

signal-to-noise ratio for inspiraling binari¢see Eqs(3.8), pushed below the SQL and indeed much R&D will go into
(3.9] of 8 and 21 %, for the first and second quadratures
respectively.

The reason why we get a modest effect from optical Note that in KLMTV [7] they assumed a loss factor for end-

losses as compared to schemes using squeezing or FD horﬁBi_rrors which is 10% of our value, and they also did not take into
account losses coming from the photodetection.
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f (Hz) this suggests that the beating of the SQL in SR interferom-
10 g 20 20 100 200 _ 500 _ eters comes primarily from the resonant amplification of the
input GW signal, as also occurs in “optical bar” GW detec-
tors[9].

The inclusion of losses does not greatly affect the SR
interferometer. This is due to the fact that the improvement
in the noise curves rests primarily on a resonant amplifica-
tion and only modestly on ponderomotive squeezing. It is
) worthwhile to point out that the SR interferometers bears
1 Z = strong similarity to the “optical bar” detectors proposed by
sol W / ] Braginsky, Khalili and colleague®]. Both of them can be
conventional M/ X ] viewed as oscillators with two different eigenfrequencies.
b, losses . However, because in SR interferometers the light plays the
S ’;z"’ssl“ ] double role of providing the restoring force and being a
ot 3 e probe to monitor the mirror displacements, we are forced to

. : introduce in SR interferometers much higher laser power, to
circulate in the arm cavitieg~1 MWatt), than in the “optical
0 e e bar” scheme. Nevertheless, similar to the “optical bar”
0 0.2 0.5 1 2 5 10 - . . :
Q/y scheme, the SR interferometer is still less susceptible to op-
tical losses than many other schemes designed to beat the

FIG. 8. Log-log plot of yS,(Q)/S;°(y) versusQ/y for the  SQL.
two quadratured; ({=m/2) andb, ({=0), including and not It is now important to identify the best SR configuration,
including losses, withp=0.9, ¢=m/2—0.47,1,=15q , €=0.01, i.e. the choice of the physical parametéight powerl,, SR
Asg=0.02 and\pp=0.1. The noise curve for a conventional inter- detuning¢, reflectivity of SR mirrorp, quadrature phasg
ferometer and the SQL are shown as well. and the read-out scheme: homodyne or modulation or de-

modulation) that optimizes the signal-to-noise ratio for in-
trying to push them downward. It turns out that even withspiraling binaries, for low-mass x-ray binaries, and for other
current estimates of the LIGO-II thermal noigE5], which  astrophysical GW sources. We shall discuss this issue in a
are a little above the SQL, the net noi@kermal plus opti-  forthcoming papef24].
cal is significantly affected by the shot-noise—radiation-  Finally, our analysis has shown that dynamical correla-
pressure correlations. Indeed, the correlations lift the noise afons, i.e. correlations that are intrinsic to the dynamics of the
low frequencies 10 Hz()/27=50 Hz, as compared to the test mass-optical field systefire. they are not due to specific
semiclassical estimations, even though in this frequencyead-out schemes, as in the case of homodyne detection on a
range the optical noise may already be very much larger thagonventional interferometgrare present when the carrier
the SQL. This is due to the inaccuracy of the semiclassicafrequencyw, is detuned from resonance ¢ 0) or antireso-
method in estimating the effect of the radiation-pressurehance ¢+ 7/2) in the SR cavity. This suggests a speculation
force, which is important in this region. In the middle fre- that it could be worthwhile to investigate a LIGO-II configu-
quency range, i.e. near 100 Hz, the SQL-beating effect canation (see Table )l without a signal recycling mirror, in
not lower the total noise much because of the thermal conwhich the correlations are produced by detuning the arm
tribution. The effect of the correlations in the implementationcavities_ However' this case will require avery careful ana|y-
of LIGO-II will be clarified and Sharpened once the readoutsis of the radiation_pressure force acting on the arm-cavity
scheme has be specifi€24]. mirrors [20,19.

Second, we have learned that tthgnamicalcorrelations
arise naturally from the nontrivial coupling between the an-
tisymmetric mode of motion of the four arm-cavity mirrors ACKNOWLEDGMENTS
and the signal recycled optical fields. This dynamical cou-
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sponse gives the possibility for resonant amplification of theiions in GW detectors and F. Ya. Khalili for very useful in-
GW signal. The optical-mechanical system is characterizeteractions on the optical-mechanical rigidity present in
by two resonances and one of them is always unstable, soldGO-Il. We thank A. Ruliger for his warm encouragements
control system must be introduced to stabilizglit]. In the  and his very careful reading of the manuscript. Finally, we
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analytically a very simple equation which locates the posi-and for pointing out numerous useful comments and sugges-
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APPENDIX: REMARK ON COMMUTATION RELATIONS with the quadrature operators given by E2.7). Evaluating
AMONG QUADRATURE FIELDS IN the commutation relations among the quadrature operators
CAVES-SCHUMAKER TWO-PHOTON FORMALISM we find[see also Eq94.31) of Ref.[22]]

As originally pointed out by Braginsky’s grougt] and
discussed by BGKMTV16], the output variables of the GW [a;,a;.]=[a,,a,/]=0, (A4)
interferometer should commute with themselves at different
times, to guarantee that no other quantum noise is necessar-
ily introduced into the measurement result once further ma- T T .
nipulations are performed on the output. Indicating generi- [ai.a;.]=[az,8, ]=2756(Q - Q) @)’ (A5)
cally by O(t) the output quantity, the following conditions
should be satisfied:
a ,aT, =—[a ,aT, =2m 60 —-Q"). A6
.00 ¥ Lt [a;.a}]=—[a.a} ] ( ). (AB)

s [0(Q),07Q)]=0 V Q,Q'. (A1) Note that Eq.(A5) differs from the one appearing in Eq.

(2.8), where we approximatea and aiT, as commuting. The
If we assume that the system’s output is one quadrature afon-vanishing commutation relations in E&5) explicitly
the quantized electromagnetic fie{EM) [see Eq.(2.10],  vyield a nonvanishing two-time commutator 6 . In par-

with the GW signal encoded at side-band frequer®y ticular, a straightforward calculation gives<(1,2)
around the carrier frequenay,, then the presence of terms

proportional to Q/wy in Eq. (2.4) prevents the output N N
quadratures from commuting with themselves at different CoroA(t,t") =[O (1), O (t")]
times. However, Braginskgt al.[16] anticipated that, in the

case of LIGO-I/TAMA/Virgo, the quadrature fields at the A% ArcogAT)—SiN(AT) )
dark port should anyway satisfy very accurately the Fourier- =1 w_o (A7) , T
domain condition given by EqA1), because the side-band

frequencyQ) (1 Hz=Q/27<10> Hz) is much smaller than (A7)

the carrier frequency, (wo~ 10" s71). In this Appendix
we investigate this approximation in much more detail, esti-

A .
mating the amount of extra noise which will be present in theTherefore(’)i (t) cannot be the final output and there must be

final noise spectral density as a result of conditigd) be- ~ SOMe unavoidable additional quantum noise due to the fact

ing violated. Henceforth, for simplicity we restrict our analy- that O;'(t) has a nonvanishing two-time commutator. In
If the readout scheme is implemented by photodetectionthe output during the final process of photodetection. A more

final output signal. Hence, it is physically justified to intro- Photodetection’s dynamics, but fortunately, as we shall see in

duce a cutoffA in the frequency domain which automati- the following, a simple estimation of the order of magnitude

cally discards all the Fourier components of the EM field©f this additional quantum noise suggests that it is very small

outside the rangéwo— A, wo+A] with 0<A<w, As a and we can realistically neglect it. o

consequence, E@2.6) for the EM field can be rewritten as We find it convenient to estimate the additional quantum

[see also Eqg4.22 of Ref.[22]] noise by calculating the noise induced by the photodetector
approximated as a linear measurement device coupled to the
woth  Paho do quadrature fields® Having fixed the cutoff frequencix and
EA(t)Ef \/———a,e "“'—+H.c. working in the Fourier domain, we can write the final output
wg—A Ac 2 as
2mhwo i, (AL —iot +iot
“NTae ¢ fo 2q0+e  ra-er) e OP(0)= 0N +ZQ) +Roro M Q) FFAQ),
(A8)
Amhwg A ) A
= c [cog wot) O7 (1) +sin(wet) 07 (1) ],
where
(A2)

wherea, () anda_({), with Q<A, are defined by Eq.

15 H
(2.3 and therescaledquadrature fieldﬁf\(t) are Here we are assuming that as a consequence of the homodyne

detection, the EM field impinging on the photodetector is composed

AdO of carrier light plus quantum fluctuations, and thus the light inten-

OiA(t)Ef Z[aiefiﬂqai‘reim], i=1,2, (A3) sity measured by the photodetector is linear in the annihilation and
0 creation operators.
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[ 1
RO?@?(‘”E%L dre'®"Coop(tit—1) T LSz )+ Ro o ()P Speepe(€2)]
i
ZM(ZA—HW(H—QI”A;—Q . 2|RO:\OIA(Q)|h
0 S L —
2

The last two terms in Eq(A8) are the shot noise and the _
back-action noise of the photodetec(BD) and describe the |Pi|?
efficiency and the strength of perturbation of the PD on the
quadrature field, respectively. Let us assume that there is ngsing Eq. (3.8) we derive 1V3i|2:h§QL/2’C and SggA
correlation betweei!> andF{®. Hence,Z{® andF{° sat- —(K2+1)>1. Recalling that 10 HzQ/27r<1C° Hz and
|_sfy the u_ncorrelated versio(8.16 of the uncertainty rela- wo~ 101 sec 2, fixing A to a value larger than the typical
tion, that is Q, e.g., A/2m~10 MHz, and adjusting the PD such that
S,P0,POS,POLPD= 42, (A10) SzPozPD and SgPoEPD satisfy the minimal uncertainty relation
o [the equality sign in Eq(A10)], we find that the minimal
We are interested in evaluating the overall quantum noiseachievable PD noise is-10™ times the conventional shot

(A13)

A( QO A-Q

TwWo

We first write the output in the form signahoise as noise. Therefore, we can totally ignore the quantum noise
. . introduced by the fact that the quadrature fields do not com-
oM (Q)=Ph(Q)+[ QM) +Z(Q) mute with themselves at different times in E45). Note the

importance of the cutofi\. If we had takem\ ~ wg, the limit

on the PD noise would have been of the same order of mag-
] A\ . ) nitude as the shot noise for a conventional interferometer and
where Ph is the part of O7'(Q2) that contains the signal, it would not have been realistic to neglect the quantum noise
while Q*(€) contains the quantum fluctuations. Using Eq.introduced by the non-vanishing commutation relations of

(A11), the overall noise spectral density is<(1,2) the quadrature fields.

So far we evaluated the minimum quantum noise that the
photodetector, coupled linearly to the quadrature field, can
introduce. Let us now try to give a realistic value of it. To
estimateSZiPDziPD, we can just recall that in the case of a lossy

photodetector we havesee the discussion of lossy interfer-

) . ) ) ometers in Sec. V
The first term in Eq(A12) describes the quantum noise of an

interferometer when the nonvanishing commutators of the PD_ _

guadrature fields have been ignored and ideal photodetection Zi \/mp' ' (Al4)
is applied. The second term in E@\12) describes the addi- L .
tional shot noise introduced by the photodetection procesé’yhere pi with i=12 are quadrature operators in the
Finally, the third term comes from the back-action force act-/2cUt4m state. We expedtpp~0.1-0.2, hence Szrozro

ing on the measured quadratuie=(L or 2) because it does >10 2XS{, qise Which is five orders of magnitude larger
not commute with itself at different times. Let us notice that,than the lowest achievable limit discussed above with
given Eq.(A10), the second and third noise contributions A/27~10 MHz. Therefore, if one can justify fixing the cut-
appearing on the RHS of EA12) are complementary. In- off A/27r at 10 MHz, and if the uncertainty relatigA10) is
deed, the larger the shot noise, the weaker the minimursatisfied with the equality sign, then one can conclude that
force the photodetector must apply to the quadrature fieldthe inefficiency will dominate over the minimum possible
and the smaller the back-action noise. More specificallypback-action noise by five orders of magnitude. Hence, we are
there is a lowest achievable value for the PD part in Eqjustified in disregarding the nonvanishing two-time commu-
(A12) given by tators of the quadrature fields in E@5).

+Roto s QFAQ)], (A1)

1
S(2)= (S0 o () Syl )

+IRoroMQ)PSepopro(Q)}. (A1)
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