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CP violation effects and high energy neutrinos

Paolo Liparf
Dipartimento di Fisica, Universitali Roma “La Sapienza” and INFN, Sezione di Roma, P. A. Moro 2, 1-00185 Roma, ltaly
(Received 5 February 2001; published 29 June 2001

This work discusses critically the prospects of measu@fyandT violation effects in high-energy neutrino
factories. For this purpose we develop, in the standard framework with three neutrino flavors, simple expres-
sions for the oscillation probabilities in matter that are valid for High All CP violating effects vanishE;, 3
and are very difficult to detect with high-energy neutrinos. A significantly easier task is the determination of the
absolute valugs| of the phase in the mixing matrix that controls th€ P andT violation effects, performing
precision measurements of thkd? and T conserving part of the oscillation probabilities.
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[. INTRODUCTION on Earth twoCP antisymmetric long baseline experiments,

becausev’s or v's propagate in a medium of electrons and

Measurements of atmosphefit] and solaff2] neutrinos  quarks(and not positrons and antiquayk¥he effects of the
have recently given evidence or strong indications that neumedium on thev flavors transitions are in general large, and
trino oscillations exist. These results, together with importantven in the presence of @P symmetric fundamental La-
constraints from reactor experimerit3], give us precious grangian one will findP(v,— vg) #P(vz—v,).
information about the neutrino masses and mixing that we The fundamental motivation of the “low-energy option”
hope will be of great value to develop an understanding ofs to perform the measurements where the asymmetry in-
physics beyond the standard model. In this work we willduced by the matter effects is neglibly small. Since the mat-
assume that the oscillations are only between the threter effects grow withE,,, this requires low-energy neutrinos;
known v flavors, and the surprising and potentially extraor-however, because of the difficulty in focusing low-energy
dinarily important results of the Liquid Scintillation Neutrino neutrinos, the smallness of interaction cross sections, and the
Detector(LSND) [4] will be neglected. difficulty of flavor identifications the experimental chal-

There is currently a very active interest in the planning ofl€Nges are daunting.

future experimental studies anflavor transitions; the pos-  1he key pointin favor of the choice of a very hig), for
sibility to observeCP and T violation effects inv oscilla- a neutrino factory is that the rate of neutrino events increases

tions (see Refs[5-7]) is perhaps the most fascinating per- OcElé_'l Thlsdlmprezswelyhrapld growth of thfe even]Ef rate. ISh
spective. Neutrino factorief8] have been proposed as a readily understood as the consequence of two efiects: the

method to provide intense and well controlled beams to perdVérade Energy of the secondary r_1eutr|n0§ grows linearly
form these studies. Two fundamental properties of a neutrin?ﬂv'th E,. and to a good approxm_atlom,,ocEV, m_oreO\iegr,
factory experiment are the energy, of the muon beam and the angulaizopenmg of the neutrino beam shrinksya

the neutrino path length. Many proponents of a neutrino — (Ex/M,) “, correspondingly, the 2|nten5|ty_of the flu-
factory experimental program are advocating high[9], in ence _at a far detectqr mcregsesoelé_ﬁ. What is not often
fact as high as technically possiblE (~50 GeV or morg sufﬂmgntly ;tressed is that increasifg, one has to pay a
and a long path lengthL(~3000—7000 km). Other propo- V€YY high price: the fluence of Iqwer energy neut_nlmtm a
nents[10—17 are advocating a much lower muon energy constant number of muon decays suppresse¢E,, . For
(E,~1 GeV) and a shorter path length{ 100 km) (for example, assuming a.perfect focusing, nonpolarized muon
the possibility of a low-energy factory, see Ref[13]). A beam, and approximating,=1, the fluence of electrofan-
critical discussion of the limits and merits of the two options ti)neutrinos is

iS necessary. 2
The study of directT-violation effects, comparing, for AN, E, [ E B
H V( v)_ 2 2 1 ®[E Ev]l (1)
example, the probabilities for the transitions— v, and v, e mL® miE, E. m

—wv,, is in principle very attractiv¢14];, however, untily

beams of extraordinary purity become technically feasiblewhereN,, is the number of useful muon decays,, is the

this study requires the identification of the flavor and electricmuon mass, an® is the step functiorithe fluence vanishes

charge ofe™; this is very difficult to do in a very massive for E,>E,). Examples of the fluence are shown in Figs. 1

detector such as those required for these studies. and 2. The key point is the fact that f&r, much smaller than

The study ofCP violation effects suffers because of a E, the fluence has the simple formEﬁ/EM.

fundamental problem: it is essentially impossible to construct What is important in the experimental program of course
is not the number of events but the size of the effects of the
oscillations on the event rates, and actually still more impor-

*Also at Research Center for Cosmic Neutrinos, ICRR, Univer-tant is the size of theeweffects that one wants to study. The
sity of Tokyo, Japan. oscillation probabilities are suppressed for high, and
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25108 —————7————— 77— possible distances. This is the energy range where the pro-
[ & 5 10, 20. 40 Gev posed high-energy neutrino factories will have most of their
P T K= Ve rate.
3T L2 1000 km : As we will discuss in more detail lat¢see Eq(32)], for
g large E, the oscillation probabilities have the following
T 15108 | dominant functional dependences on theenergy and the
& i path length:
NE -
S, 1.0108 PVe*’VIu/NEV 212
Er.'l;
S sou07 | AP, ., (CP)~E,L%, ®
g i
< L
L -3
N AP, ., (matte)~E, L4

0 10 I 20 30 I 40
E, (GeV) The key point is that th€ P violation effects vanish rap-
FIG. 1. Electron neutrino fluencel(s, /dE.) in a neutrino fac- idly with increasing energy. Also important to note is the fact
. . el T Y ) that the fundamental P violation effects and matter effects
tory machine. The different curves are calculated for a fixed numbe . .
of unpolarizedu decays, with different energye, = 5, 10, 20, and ave the same asymptotic energy depen_dence, but different
40 GeV. Note that increasing,, the integrated- fluence increases de_p_e_ndences on the path lengthIntegrating these prob-_
«E2, but the fluence at low energy decreases. abilities over the expected energy spectrum for a neutrino
g factory far detector one finds the following scaling laws for

therefore it is not immediately obvious that the rapid growthdlfferent signals:

of the event rate with increasingﬂ is sgfﬁc_ient to compen- Rate~E3L "2,
sate for the suppression of the oscillation probability for H”
higher energy neutrinos. One should also take into account
the fact that largeE, means larger matter effects, and there-
fore requires a larger “subtraction” to extract the fundamen- ARat CP)~E0L (4)
tal CP violation effects from the data. a eveﬂ,i( )~EuL,

The purpose of this paper is to analyze the size ofGke o
violation effects for high-energy neutrinos. In this work ARate, . Vﬂ(matte')’vE,LLz-
“high energy” means the energy range where, for a given
path lengthL, the transition probabilities decrease monotoni-The rate of “oscillated events” is approximately indepen-
cally to zero with growingg, . This happens for dent from the path length and grows linearly witlg , . The

first effect is the result of cancellation between the decrease
2
e ot

Rate, ., ~ E,LC

«L "2 of the neutrino fluence, and the growt#i_? of the
GeV oscillation probabilities with increasing distance. Thg de-
: 2m 10° km ’ pendence is the result of the combination of the decrease of
2 the oscillation probabilityocE;Z, with the growth of the
neutrino fluence and cross section. The contributiorC &f
that is, for E, larger than few GeV even for the longest (or T) violation effects on the event rate is, however, ap-
proximately independent & , reflecting a cancellation of of
R L BN — the energy depedenc/lieP,,(CP)ocE;3 with the growth of

3x10°2 eV?

( |A m§3|

10 — . . .
10 E B, = 5, 10, 20, 40 GeV E the neutrino fluence and cross section. T andT viola-
tion effects are therefore more and more difficult to observe
. L = 1000 Km with increasingE,,, because the size of theP violating
0% > v, E

effects on the rate is constant, while the “background” due
to the CP conserving part of the oscillation probability in-
creases linearly witlk, .

The simple argument that we have outlined is apparently
in conflict with the results of previous works that claim
[15,16 that the larger th&, the higher the sensitivity to the
phased. The reason for this apparent discrepancy is simple
to understand and quite instructive. The leading term of the
oscillation probability

[em® (10* w)]™*

d¢, /d(Log E,)

f L L L PR L
0.5 1.0 2.0 5.0 10.0 20.0 50.0

E, (GeV) 0 © L2

Peading= P, =P =pY —=p%) — = —

FIG. 2. Electron neutrino fluence in a neutrino factory machine teading™ T v, —ve T T vem T Ty, —e T vemy, Tleadp2
(d¢, /dlogE,). )
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is equal for all four channels related byCa or T operation; The paper is organized as follows: in the next section we
however, the constark.,q depends on the value of cés discuss our conventions for the neutrino mixing matrix, Sec.
The rate of oscillated events generated by this term is indeHl gives a qualitative discussion of the “geometrical mean-
pendent fromL and grows linearly withE ,; therefore, in  ing” of the phases, Sec. IV discusses the mixing in mat-
principle, the higher the muon energy the more precisely théer, and Secs. V and VI discuss thescillation probabilities
constantA.,ocan be measured, and acddetermined. A sig- in vacuum and in a homogeneous medium. In these sections
nificant part of the sensitivityor “reach” in parameter we develop an expression for the oscillation probability in
space for the phases claimed for high-energy neutrino fac- matter as a power seriesh, * that can be very useful for an
tories actually can be understood simply as the result of anderstanding of the potential of high-energy machines. Sec-
very high precision measurement of the leading term in theions VII and VIII contain a discussion and some conclu-

oscillation probability.

sions. Appendix A contains a detailed derivation of the most

There are two important considerations that should, howimportant result of this papéEg. (32)]; additional material
ever, be made. The first one is that to transform a measuréds in Apppendixes B and C.

ment of the constamd\q,4 iNt0 @ measurement of caésre-

quires independent measurements with sufficient precision

also of all other parameters in the neutrino mass métwe
squared mass differences and three angled a sufficiently

II. THE NEUTRINO MIXING MATRIX

We will consider in this work oscillations among three

precise knowledge of the material along the neutrino path. Aeutrinos. The flavor and mass eigenstates are related by a
second consideration is that this measurement has a fundgnitary mixing matrixu:

mental ambiguity. AlICP violating effects are proportional

to siné. The leading term in the oscillation probability is a
CP andT invariant quantity, and in fact depends only on the

module [sind. A measurement of ca$that resulted in a
value different from 0 or 1 would imply the existence@P

lva>=2j Uil ) (6)

For v's the mixing is given by the complex conjugate matrix

andT violations effects in the lepton sector and allow a pre-U*. The mixing matrixU can be parametrized in terms of
diction of their size but not of their sign. Of course, such athree mixing angles {;,, 613, 6,3 and oneCP violating
result would be of extraordinary importance, however, itsphases. We will use the convention suggested by the Par-

limitations should be clearly understood.

ticle Data Group(PDG) [17]:

—ié

1 0 0 C13 0 s Cip S1p O
U=| 0 cCo3 Sy 0 1 0 —S1p Cpp O
0 —Sp3 Cp3/ \—5€° 0 ¢y 0 0 1
C12C13 $12C13 S
=| —S12C23—C15513526€'°  C1Laz—S15155€' % CisSas |, (7
S12523~ C1251C25€'°  —C1Sp5— S15515C2€'°  C1aCo3

where we have used the notaticsy =siné and cj

For completeness we note that other conventions for the

=cost. We need to specify a convention for the labelingdomain of variability of the mixing parameteffor the same

of the mass eigenstates. We will define the state as the
“most isolated” neutrino and»,) as the lightest between
the remaining two states. Calling,, m,, andm; the three
mass eigenvalues and defining

Amf=mi—m? (8)

we therefore have thatmZ, is positive by definition, while
Am3, can have both signs, moreovépmay>Am3,. The

parametrization of the mixing matrix we are usirgge pos-
sible. Sinces;5 and § enter the matrix always in the combi-
nations;ze % and —s,,€'%, it is possible, for example, to
enlarge the domain of definition o3 to the interval
[—m/2,7/2], reducing the interval of definition of the
phase:5e[0,7]; the point (0,3,—|5|) of the conventions
used in this paper is then mapped into the point
(= 643,|8]). It is also common to consider both signs of
AmZ, as possible. In this case, however, the arfglevaries

three mixing angles are then defined in the entire first quadenly in the interval 0,77/4] with the point (@15, —|Am3,|) of
rant: 6, € [0,7/2], while the phase is defined in the interval the new convention mapped into the pointm/R
de[—m,m]. All points in this parameter space represent— 012,|Amle) of our convention.

physically distinct solutions and parametrize an experimen-

tally distinguishable “neutrino world.”

In the following discussion it will be sometimes conve-
nient to consider a single quantity with the dimension of a
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squared mass. In these cases we will use the largest squar(s-o° 5= 180° 5= +-90°
mass differencésm3; as a dimensional quantity and the adi- |EzzZzZE—= 1 2
mensional ratio
2
Ami, .
X1p=— 9 77 i 7 ]

Amd, 7 77 B 77
to obtain the other squared mass differencelsm?, = e bt By =45° Oy =45° O = 12°
=X1,AM35, AmZ,=(1+X;,)Am3;. The sign ofxy, is equal
to the sign ofA mgs_ FIG. 3. Graphical representation of the flavor components of the

The Super-Kamiokande data on atmospheric neutfitibs _neutrino mass eigenstates. The mixing angles have t_he same values

indicate thaj AmZ] is in the range 2510 2 eV2 and the " all three panelsd,,=0,5=45%, f,5=12°, the phasé is 0, 180°

. . and =90° in the left, center, and right panel. Note how the quanti-
anglef,; is close tomr/4, while 6,5 cannot be large. Reactor ties (v, |v1 )| depend on the value ¢
experimentg 3] like Chooz and Palo Verde have obtained L '
stringent upper limits on s#26,5, that together with the In conclusion, the set of overlaﬁ$va|v1>|2 (that is, a
result of SK tell us thatd,5 is small (sirf 6;3<0.05). The complete solution for the flavor boxess equivalent to a
data on solar neutrind€] can be interpreted as evidence for perfect determination of the three mixing anghesd of the
oscillations, and give information on the the angtes and  value of the phases, but with an ambiguity of sign. The
Amiz (with a constraint o, 3, that has to be small in agree- mags—flavor overlap.s can be determined without ever mea-
ment with terrestrial experimentsThe allowed region in the Suring anyCP or T violation effects, and therefore the abso-
parameter space is composed of discrete regions, only one bfte value|s| can be measured without observing any such

which, the so-called large mixing angleMA ) solution with effect. Of course, mathematical consistency implies that if
Amfzwl 1075-10“ eV? and 6y, close to (but less than the determination of§| differs from the special values 0 or

/4, gives us a reasonable chance to obs@#eviolation + 4, thenCP andT violation effects must exist, and we can
effects inv oscillations in a standard three flavor picture. predict their existence and theiizebut not theirsign

A. Quasibimaximal mixing

lll. THE “GEOMETRICAL" MEANING OF  |4] To illustrate our discussion with a concrete example, it

The three mixing angles have simple “geometrical” Can be instructive to consider in more detail the cases of

meaning in determining the overlat:(91a|vj>|2 between fla- “p|maX|maI" and ‘“quasibimaximal” mixing. Bimaximal

vor and matter eigenstated) The angled, ; determines how MiXing corresponds to the valued,= f,3=m/4 and 613

much electron flavor is in the states), and how much is =0 for the mixing angles. The mixing matrix takes then the

shared betweefv,) and|v,) (fractions sif 6,3 and codg,;  form

respectively; (2) the angle#,; describes how the nonelec-

tron content of the statgy) is shared betweem, and v,

(fractions siR 6,3 and cod 6,3); (3) the angled,, describes

how the electron flavor not taken by the;) is shared be-

tween thelv,) and the|v,) (fractions co$6,, and sirf 6;,). U
It is possible and instructive to consider also the “geo-

metrical” meaning of the absolute value of the phhslethat

enters in theC P conserving part of the oscillation probabili-

ties. For this purpose it can be useful to use a graphical

representation of the mixing matrix with “flavor boxes,” this _ _ ) )

representation has been used before by several authors, lfnis Well known that in this case the phaseis physically

particular by A. Smirno\18]. Some examples of this repre- wrelevant. .In quaS|b|maX|maI.m|xmg we aIIo_w for a sr_nall

sentation are shown in Fig. 3. Each panel in the figure show8onvanishing value ob,3. In first order, that is, neglecting

the flavor content of the three neutrino mass eigenstates. Iff;3 and approximating,s=1, the mixing matrix becomes

the three panels the values of the three mixing angles is

identical, but the value of the phasehanges. The phasé| 1 1 s i?

determines how the muon and tau flavor not taken by the V2 J2

|vg) is shared between tHe;) and the|v,). For §=0 the

|v1) has the largestsmalles} v, (v,) component, while for

6= the situation is reversed. It is easy to see that the

|{v,|v1)|? overlap grows monotonically withs|, while the

|(v,|v1)|? overlap decreases monotonically, and the opposite

happens forl(v, .|v,)|2. The range of variation is deter-

mined by the values of the three angi®s, 6,3, and 643. 11

(10

Nl
N = ﬁ||—\

J’_

Nl N

I
N =

wil Sl

®

1 . 1 .
u=| - 5(1“‘5139'5) 5(1_5139'5)

wile Sle

1 ) 1 .
+ 5(1—3139'5) - 5(1"'5139'5)
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[ 01 = 853 = 46°, 8;3=0 1 [ 61p = Oz = 45°, 8,5 = 12° 1 [ 812 = 8z = 45°, 8,5 = 12° 1
L v, _' B I v, _'
Vs ] 1 v, Vg
L vy 4 4 - 4
L) v i [ v
! “ “1 ¢ Vel ]

| |
[ I i ] [ | vy ]
— A | v ] ] — C (6=m), -
WP PP BT P WP I I B T BT T I

FIG. 4. Geometrical relation between the flavor and mass eigenvectors in the case of a real mixingdwdiror ¢r). The figure shows
the projections in thei(, ,»,) plane of the mass eigenvectors. Tipevector is coming out of the plane of the figure. The parameters of the
mixing matrix are indicated in the plots. See text for more discussion.

Note that the values dlU 4|, |U .|, U], and|U,| are  plot represents a mapping between the values of the three
not fully determined by the mixing angles but can vary in thecomponents and the points inside an equilateral triangle,
interval [ (1—s19)/2,(1+s13)/2]. The extreme values in the each component being proportional to the distance from the
interval are reached wheh=0 or = 7 and the matrix is real. point to a side of the triangle. The unitarity constraints

It is interesting to observe that “maximum symmetry”

(when the four element§ v, .|v; )| are all equal is ob- U 1221  and U .2=1 12
tained whens= =+ /2 andCP and T violating effects are Z.z Vs zj: U] (12
largest.

For an understanding of the difference between the casewe automatically satisfied since from elementary geometry
6=0 and 6= it can be instructive to look at Fig. 4. The we know that the sum of the three distances is a constant.
figure describes bimaximal and quasibimaximal mixingThe triangle plots allow to indicate graphically the allowed
when U is a real orthogonal matrix. In this case the flavorregion for the three components. The eleméldts|? is
and mass eigenstates can be represented as two sets of orthtesent in both plots and therefore there is a consistency
normal vectors in ordinary 3D space. The three panels in Figtheck between the analysis of solar and atmospheric experi-
4 show the projections in thev(,»,) plane of the mass ments. The allowed regions in the solar and atmospheric tri-
eigenvectors. The, axis is orthogonal to the plane of the angles carry no information aboutin the sense that when
paper coming out toward the reader. The left panel representbe allowed regions in both plots shrink to a single point, this
the case of bimaximal mixing: the; lies at 45° in the is equivalent to an infinitely precise determination of the
(v,.v,) plane while the vectors representing and v, are  three mixing angles, witimo information abouts [20].
at 45° with respect to the, axis coming out of the plane of More in general one can define six different “triangle”
the figure. The center and right panels show the projectionplots, corresponding to the three rows and columns of the
of the vectors wher, is different from zero. In the center mixing matrix, that is, to the masglavor) components of
panelv; has a small component parallel g, that is “out”  each flavorimass eigenstate. The set of any choicetbfee
of the plane of the figuréthis corresponds te'=1 or §  (or more triangle plots(with one case equivalent to the set
=0); in the right paneb; has a small component opposite to of three “flavor boxes’) is sufficient to describéwith re-
the v, direction (“into” the plane, corresponding tee'®  dundancy all four mixing parameters including|, leaving,
=—1 or §=). Performing a small rotation of the mass however, ambiguous the sign of the phase. To account for
eigenvectors from the situation of the left panel, one carthe sign ofs (that is, measurable only with the direct obser-
easily see the effects on the flavor components of the othefation of CP violation effectg, one of the triangles must be
mass states. Fat=0 (middle panel the », has(in absolute ~ “doubled.”
value an overlap withv, (v,) larger(smalley than3, and
vice versa forv,. When = 7 (right pane) the reverse hap- IV. NEUTRINO MASSES AND MIXING IN MATTER
pens. Allowing the matriXJ to be complex, these two dis-
crete solutions become the two extreme cases of a continuu
of possible different mixings.

The propagation of neutrinos in a medium differs from
the vacuum case. The effects of the medium can be taken
into account[21] considering an effective potential that is
) independent from the energy. In the study of flavor transi-

B. Boxes and triangles tions only the difference between the potentials for different

A graphical description of the available information on flavors is significant; in ordinaryelectrically neutrgl matter
the neutrinos mixing has been introduced by Fogli and colone has
laborators in the form of “triangle plots’{19]. A “solar
triangle” plot describes the information about the mass com- V=V(ve)=V(v,)=V(ve) =V(r,)=2Gn,, (13
ponents ofl ve): {|Ue1|? |Uez|? |Uesl?}, while an “atmo-
spheric triangle” plot describes the information about thewhereGe is the Fermi constant anui, is the electron den-
flavor components ofvs): {|Ugs|?, |U,3l% |U,sl%. Each sity. The effective potential fow is the opposite of thes
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one: V(v)=—V(»). For neutrinos traveling close to the 107 g
Earth’s surface 4=2.8 gecm 3, n,=8.4x10" cm %) Vv E Y ]
=1.06x10 ** eV, that corresponds to a length < 1078 = E
()] o E

B 2.8 gen?| (0.5 « O E

1-1850 ——————| | —| km (14) - : 3

p Ye 8 -4 L i

= E

(Y is the number of electrons per nuclgoifhe effective 5y 10-5 / _

Hamiltonian forv's or v's propagating in matter can then be

written 10-8 T R R BT BT
— . 10_ JLLRALA B ALY B B
H(v)=Ho+Hm, H(v)=Hy—Hny (15 F ]
& r ]
as the sum of the vacuum Hamiltonian: ’.’w 5 ]
(=] N i
_ 2 2 24t of .
= ms5,m 1 %, r .
Ho=5¢- 3 31U (16) : : :
| C ]
_5 — —]
and a matter term that in the flavor bagieglecting a term b r .
proportional to the unit matrjxhas the form C ]
_10 1 1 IIIIII| 1 1 IIIIII| 1 1 IIIIII| 1 1 111111
10-1 100 101 102 103
(Hm) aB:V5a65ﬁe' (17 E, p (GeV g cm™®)

The effecuve Hamlltor"an |n matter can be dlagonallzed to FIG. 5. Eﬁectlve Squared mass e|genVa|UeS n mattel’ plotted as
obtain effective squared mass values and an effective mixing function ofE,p, the tOp(bOttom panel is fory (V) The squared

— 2 — 2.
matrix in matter that will in general be different forandy, ~ Mass values arani=0, my=7x10"° eV? m=3x10 ° eV
. B > . . the mixing parameters ar@;,=40°, 6,3=45°, 6,3=7°, 6=45°.
The matriced);,, U}, can be parametrized with the for(7)
obtaining the parameter@f2 , 073", 6557, and 8™”, and

similarly for v. The solution of this problem involves a cubic
equation and can be solved analyticdlB2] to obtain the
effective parameters as a function of the prodvEt, ; how-
ever, the _soIL_Jtion is s_ufficiently complex not to be particu--l-he probability for thev,— v, transition (@, B=e,u,7) is
larly illuminating, and is not repeated here.

One representative example of the dependence of the etfh
fective squared masses and mixing parameters in matter on P(v,—vgiE,,L)
the productVE, is shown in Figs. 5, 6, and {he densityp

diag[mi,m%,mé])UT] v,(0).

—i
2E s
(19)

14

is proportional to the potential for a constant value of the i : 2
electron fractionY.=1). Several important features are = % Ug{e ' (W28) diagmf,m3, m3]} Uk (20)
clearly visible most notably the “resonance” for the angle
6,5 at E,=|Am34/(2V). More discussion is contained in _ , L
Appendix C. =% UﬁjU’/;kUZjUakexp{ —i( 2Ey]'

(21)

V. OSCILLATION PROBABILITIES IN VACUUM

This expression can be expanded more expli¢tigre and in
all of the following we will always consider only nondiago-
nal transitionsa# B; this is no loss of generality, since the
survival probabilities can be obtained from unitarigs

The calculation of the oscillation probabilities in vacuum
is a well-known problem that is briefly outlined here. The
evolution equation for a neutrino state is

i = =[N1+ =—U diad m7,m3,m3]uU" ot ot
I&Va_HOVDt_ ZEV Iaqml’mZ’m3:| Va P(Va_)vﬁ): ZB
(18)
13
where the Hamiltoniar, has been written separating a +Taﬁ[l—cosA13]
term proportional to the unit matrix that can be dropped be-
cause it is irrelevant to the transition probabilities,, ms, +*=2J[sinA,+SiNA,—sinA3], (22
and mg are thev mass eigenvalues, ard is the mixing
matrix. The solution of this equation for=L is where
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FIG. 7. Effective mixing parameters in matter plotted as a func-
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=0, m3=7x10"° eV?, m3=3x102% eV? the mixing param-

's. Note the simple asymptotic forms of the parameters for largeeters in vacuum aref,,=40°, 6,3=45°, 0,5=7°, 6=45°. The

The dotted lines in the top panel

E,p.

are solid curves are for's, the dashed curves fars. The dotted line

sir? 26,/ Am?,/(2E,V)]%. The dotted line in the bottom panel is in the bottom panel is),,AmZAmZ/(2E,V)? and indicates the

sir? 26,4 Am24(2E,V)12.

CAmEL  (mi-m?)L

k= 2E, 2E, 23
Als=—4 R4U 4 U U U, (24
andJ is the Jarlskod23] parameter:
I=3g=—Im[UU},U5U ] (25
= C5451351,C15573C23SIN &, (26)

asymptotic form of the parameter for large,p. Note how the
asymptotic form is the same fors andv’s.

A. High-energy limit
It is interesting to consider the oscillation probability in
the limit
AmZ,L
<
4E ’

14

(27)

that is, in the approximation when the oscillations associated
to the longest frequency cannot developAIrfnf2 is in the
range suggested by the solar neutrino data, the condRign
will be satisfied in all proposed terrestrial experiments. De-
veloping EQ.(22) in first order inA 4, (and usingA 3= A3

where we have also given explicitly the expression in terms+A;,) one obtains
of the mixing parameters used in our convention. The con-

tribution of the first line in Eq.22) is symmetric under a

time reversala replacemen& <« ) or aCP transformation

(a replacement — U*), while the contribution of the sec-

ond line changes sign both in case of ar CP transforma-
tion (remaining identical fotCPT tranformations The +
(=) in Eq. (22) is valid for neutrinos(antineutrinoy when
(a,B) are in cyclic order, that is,d,8)=(e,u), (u,7),

(A2 ALS) AL
%[1—COSA23]+ TBAlzslnAza

+2JA 1 1—Cc0SA,;].

P(vo—vp)=
(28)

In this expression the first term is the dominant one and
oscillates with the frequencAmay/(2E,); the other two

(7,e). For (a,B) in anticyclic order the sign must be re- terms are corrections proportional tblzzAmizL/(ZE,,).

versed. The termisinA,+sinA,3—sinA43] can also be re-
written as the product 4 sifg,/2)sin(A,4/2)sin(A14/2).

The last term in Eq(28) is of great interest because it de-
scribesCP and T violation effects. These effects oscillate
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with the same frequency as the leading term, and therefore

0.30 T T L AL T T L L ] : T T T l|||| T T ||||||| T T |:
L = 730 Km Oy = 8,5 = 45° ] 0.6— L = 3000 Km _
025 H sin® 0,3 = 0.015 — Vacuum ]
Am?, = 7 107° V? ] A
AmP, = 3 1072 eVF ] 3 i
- 0-20 1 6 =m/2 - : 0.4H B3 = Oy = 45° —
Ny 1 o sin® 6,5 = 0.015 i
' 0.15 S Am?, = 7 107° eV? ]
Sj v, » v, (vacuum) ] o Amz% = 3 107° ev? i
o et - v, > v, (vacuum) 1 0.2 N —
0.10 LI: ve » v, (matter) -] T
:": ---------- vy - v, (matter) ]
i ] i
0.05 — IJ ] 0.0 :
iiiiiii C T T T I TTT II T T T | TTTT T T T ]
0.00 0.6 L Matter ]
0.1 0.2 0.5 1.0 2.0 5.0 10.0 20.0
E, (GeV) i ]
FIG. 8. Oscillation probability for the transitiom.— v, plotted K Ve = Vu_ .
as a function ofE, for a fixed value of the path length » O4l, 000 T T Va ]
=730 km. The oscillation parameters are fixed, and are given in- 1
side the figure. The four curves are for neutrinos and antineutrinos: ]
in vacuum and in matter. 0.2 [y —
. L . v -
for the detection it is convenient to choodseandE, so that 0.0 e E :
2 . : . 0.1 05 1.0 50 10.0 50.0
[Am34L/(2E,)=(2n+1)m with n an integer. When this E, (GeV)
condition is satisfied th€ P and T violation effects have a 4
maximum. The amplitude of the oscillations of 8@ andT FIG. 9. Oscillation probability for the transition.— v,, plotted
violating effects is proportional to the Jarlskog parameteras a function ofE, for a fixed value of the path length
and toAmZ,, therefore the possibility of the detection@®  =3000 km. The oscillation parameters are fixed, and are indicated

andT violation effects is possible only if three conditions arein the figure. The soliddashed curves are forv (v). The top
satisfied: (1) Am32, is sufficiently large; (2) sin2¢;,  (bottom panel gives the probability for propagation in vacuum
=2C1,51, is large;(3) 6,5 is also large. (matte).

The first two conditions are satisfied only if the explana-
tion to the solar neutrino problem is the LMA solution. Note Note thatA,,; is symmetric forCP and T transformations
also that the amplitude of t@P andT violation effects also  while B, is antisymmetric.
grows asxL/E,.

Examples of the oscillation probabilitie®(v.— »,) and

P(;e—>;ﬂ) in the regime discussed here can be seen in Fig.
8 and in the top panels of Figs. 9 and 10 that illustrate the |n this section we will develop some expressions for the

VI. OSCILLATION PROBABILITIES IN MATTER

qualitative features discussed above. oscillation probabilities in matter with constant density. The
density along the trajectory of a neutrino traveling inside the
B. Very high-energy limit Earth will change slowly, and for the interpretation of real

data it will be necessary to integrate numerically the flavor
evolution equation taking into account these variations, how-
ever, it is a good approximation, sufficient for the purposes
of this discussion, to consider the density constant for all
trajectories that do not cross the mantle-core boundary, that
Am2L\2 2,13 is, all trajectories that have<1.06x10* km. In the ap-
ms4L AmsqL S . .
_) ( ) .. proximation of constant density the problem of calculating
4E, “” ' the oscillation probabilities is elementary, in fact one can
(29 simply use the expressions developed in the previous section
with the replacements — U, andm:—M?, whereU , and
sz the effective mixing matrix and squared mass eigenval-
ues in matter, that can be easily calculated as a function of

For very largeE, (keepingL fixed), also the fast oscilla-
tions connected with the largéhms4 cannot fully develop;

it is then possible to rewrite expressi¢2?) as a power se-
ries:

P( Vo™ VB):AQ,B( AE

where the constants,; andB,; are

Aap=AgpXiot Agp(1+x19)?+ AZL (B0 the parameter ZE,=22Ggn.E,. The limit of this ap-
proach is that the expressions for the effective mixing param-
and eters in matter are complicated, and the results are not trans-
parent.
Bapg=T8Ix(1+Xq)). (3D In order to gain understanding, we have calculated an
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Cup=+Cpa=—Cas=—Cgsa- (35)

0.6 L = 7000 Km

Vacuum Equation(32) is the main result of this paper; it is derived in

Appendix A. Note that the oscillation probabilitin the ap-

50 nr 0o = B = 45° proximation of highg,) has been written as the sum of three
+ 4 23 12 . . . . . . ) .. .
. sin? 8,5 = 0.015 contributions(1) A leading contributior<E | “ that is invari-
2 Am®?, =7 107° eV? ant for CP or T transformation;(2) a T and CP violating
A Am?y = 3 1077 eV? contributionoE, 3 that changes sign both for a time reversal

0.2}
and aCP transformation(and is therefore invariant for a

CPT transformatiody (3) a third contribution also: E;g that
is induced by matter effects. This contribution is symmetric

for a time reversal but changes sign exchangingith ».

0.0

06— Matter ] The adimensional constanés,z, B,;, andC,s can be
i ] calculated from the neutrino masses and mixing: It is re-
A T oy markable that the first two constants adentical to the co-
Soal R efficients in the vacuum ca$&qgs.(30) and(31)]. They can
e T Vo T Vi 4 be written as
o F i
L ] — * -2
A 0.2 _ ABa (HO)aB(HO)aﬁS ’ (36)
] Bpa=IM[(Ho)hp(H ) aple >, (37)
0.0 e . ta
0.1 05 1.0 50 100 50.0 100.0 1 .
E, (GeV) Cpa= ig Re{(Ho) 2 gl 2(Ho) e Ho)ep
FIG. 10. Oscillation probability for the transition.— v, plot- a2 _3.
ted as a function oE, for a fixed value of the path length (H0) ap( Suet 559)]}8 ’ (38)

_=7000_km. The oscill_ation parameters are fixed, @d are indicateﬂere M, is the free Hamiltonian [Eq. (18] &

in the figure. The soliddashedl curves are forv (v). The top 2 Y —

(bottom panel gives the probability for propagation in vacuum =Am34/(4E,), and the— sign refers_ tov. (v). It can be

(matte). checked that by adding to the Hamiltonian a term propor-
tional to the unit matrix the coefficients do not change.

expression for the oscillation probabilities that is valid in the  The three contributions to the oscillation probability have

limit of large E,, or more rigorously for y  different dependences on the neutrino path lengtifhese

=|Am2,L/(4E,)<1. In this situation it is interesting to dependenclels are also simple power laws whes shorter

write down the oscillation probability as a power serieg,in than ~2V~= (in practice when L is shorter than

generalizing Eq(29). The first three terms of this expansion ~1500 km). Developing Eq32) for small VL one obtains

are
m3s\? [ (VL)
Am L\ 2\2 L P(ra=vp)=Aas| ZE 12
P(ra—vp)=Aug| —=—| ||y si?| >
a TERITTeBl4E, LV 2 213 5
B, | S| 5y VDT
. AmggL)SH 2 )2 _nz(LV” b\ "4E, 12
wgl == ||| sin|—5
4E, LV 2 Am§3 3 \ (VL)?
o [AMBLYY [ 48 [ Ly B = B e TR
“#\ "4E, w32 39
_(ﬂ> sin(LV) }Jr ) (320  The three contributions to the oscillation probability have
4 dependences L? for the leading termg L2 for the CP and

" . . T violation effects, and<L* for the matter induced effects.
The quantitiesA,, By, andC,g are acymenszmnal CON- 1o clarify the simple meaning of this equation let us con-
stants that depend only on the ratip=Ami/Amyzand the  gjger an experiment with a fixed baselibeThe oscillation
four neutrino mixing parameters. They have the important, opapilities for the four reactions connected ® and T

symmetry properties transformations can be written as a power serie j :

P(r,—vp)= oot =3+ ot o, (40
B.s= —Bp.=—Bip= +Bpa, (34) PTEDED ED
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A B C 0.30 r T | T || 7
P( Vp— Va) ==~ =3t =3t ", (41) [ Vacuum Oscillations 2
Ey Ey Ey 025:_ Ve = y” _:
&; E Oz = 8y, = 45° T T E
- — A B C 3 020 sin® 6,4 = 0.015 L 7
= —— — — —=} .. ~ [ Am212 =7 107° ev? ,,/v" ———- :
P(VD(‘) Vﬁ) E12} Ei E3+ f (42) ‘\;f - AmPy = 3 107 ev? /// ]
s " L =730 km i/ .
t / 7
- — A B C 2 0.10 — 5=1n/2 () —:
Plrg—v)=mt m— gt 43 2 F /T 6=m/z @) ]
’ . g 0.05 — s §=0 (vorv) s
Tt /I /', -------- d=7 (vorv) 4
1y E
F ’
These probabilities have a leading term that is equal for all RSN /A T P R
four channels and two next order terms; dpeoportional to 05 10 50 100 50.0 100.0

B) that is due to the fundament@lP violation effects, and

one(proportional toC) that is the result of the matter effects  FiG. 11. In this figure we plot as a function &, (for a fixed

on the neutrino propagation. If one could excavate a tunngjajue L=730 km) the productP(ve— VM)XEE- The different

along the neutrino patfto obtain vacuum oscillationshe C curves correspond to different values of the phés&he values of

term in the probability would vanish, while th& and B the other parameters are indicated inside the plot.

would be modified. FoL.=3000 km the value oA andB

are approximately equal in matter and in vacuum. AmZ,L Am2L AmZL
In an ideal experimental program one could measure all APcp=2J sin( = )sin( = )sin( = ”

four transitions and determine separately the coeffidlei®, v v v

and C, however, if only two channels are experimentally 1 L3 L , L3
accessibléfor example,ve— v, andv,—v,) a single(even = 35 g3 JAMRAMEAMIz= 25 =7 (46)

idea) experiment cannot disentangle the matter effects from
CP violations because they have the same functional depe%imilarly, the combinations
dence. There are several possible strategies to solve this am-
biguity. One solution is to perform two experiments with —pl2 212, A13 212, 723 212
di?fergnt baselines. The coe?ﬁcier&andc hgve different Gap=Aupl MMM "+ Aqp(AMMig "+ Aqp(AMzg)", (47)
dependences dn (for L smaller than ¥ ~* the dependences whereAlX. = —4 Rd U, U% U* U ], are also independent
are approximately<L*® and =L*, respectively, and a com-  ;om theafnatter effec?é. A1 ak=
parison of the oscillation rates of the two experiments allow, The existence of these cancellations has been discussed in
in principle, to separate the two effects. o detail in Ref.[25] in the one mass-scale approximatighe

It can appear surprising that for largs, the oscillation  jinit Am2,.0). The general demonstration is technically

p_robablrl:tles In matter are so z[gllardto the VﬁCU;Jm Caﬁ'emore demanding, however, the results can be readily verified
since the mixing parameters difter dramatically from the ., nerically. A simpler and much more interesting demon-

vacuum case. This is the result of some remarkable canCely qtion of these results can be obtained not by the brute
Iatu_ans. For example, it is possible to show that the Comb'Torce approach of comparing the product of explicit expres-
nation of parameters sions to the parameters, but by using the power series expan-
sion outlined in Appendix A.
F=JAmZAmZAm>, It can be, however, interesting to see the “magic” of the
cancellation in Eq(45) in an explicit example that is worked
= C2,515C12512C23523SIN SAMZ,Am3,Am2,  (44)  out in Appendix C.

is independenfrom the matter effects, that is Vil DISCUSSION

Plots of the oscillation probabilities for the transitions

(45  —Vu and v.—v, as a function ofg, for three different
values of the path length,=730, 3000, and 7000 km in
vacuum and in matter are shown in Figs. 8, 9, and 10. To

This result has been demonstrated for the first time by Harillustrate more clearly the behavior of the oscillation prob-

rison, Perkins, and Scott in RgR4], and has the important ability for highE,, in Figs. 11, 12, and 13 we show plots of

consequence that theP violating term of the oscillation the oscillation probability multiplied b¥2. To compute the

probability is also independent from the matter effects if thematter effects we have used the exact expression assuming a

v path lengthL is short with respect to the three vacuum homogeneous medium with constant density along ithe

oscillation lengths (4r/|Am1-2k|) and the matter length2/V. path. Since trajectories with longerreach deeper inside the

In fact, Earth where the density is larger, the estimated average den-

Fmaty= Fmaty= Fvacuum:
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E, (GeV) FIG. 13. In this figure we plot as a function of the neutrino

energyE, the productP(ve— v#)XEi, for a fixed value of the
FIG. 12. In this figure we plot as a function of the neutrino neutrino path lengti.=3000 km. The top panel is for vacuum
energyE, (for a fixed valueL=730 km) the producP(ve—v,) oscillations, the bottom one includes matter effects.
X E2 The different curves describe the probability with and with-

out matter effects. becomes in factr/4 at an energy qs:

sity is a function of the path length: far=730, 3000, and |Am2

7000 km we have useg=2.84, 3.31, and 4.12 gcr, o= 2008 215

always assuming an electron fractiof,=0.5. These ex- 2V

amples exhibit a number of striking features that we will |Am2 28 gem®

discuss in the following. :141< 23 ( © 9 ) GeV. (48
3x1073 eV?

A. The measurement ofé,3

The focus of this work is on the measurement@P  The position of the enhancement of the oscillation, however,
violation effects, however, here are included some commentdoesnot coincide with the resonance energy but it is at a
about the measurement 6f5. This measurement is signifi- lower energyE < Es. There are three essential points
cantly easier, and the “optimization” of an experimental about the matter enhancement that should be stressed.
program is much less ambiguous than for the measurement The position of the enhancemefthat is, the value of
of CP violation effects. It is important to stress the point that Epead IS determined to a good approximation, for s,
the “optimum” choice of L andE,, for this measurement Only by |Am34 and the path length. The value ofE e can
will not in general coincide with the optimum choice {6  be easily calculated exactly; an approximate formula that de-
violation studies. scribes reasonably well tHe dependence is

The key point for this measurement is the existence of a

range of E, where the probabilities for the.— v, and 2

. |AmaglL
v« v, are enhanced because of matter effects. This en- peal= 53— (49)
hancement, clearly visible in Figs. 9 and 10, is present for 2m+2VL

v's if Am3,>0 and forv's if Am3;<0, therefore evidence

of a nonvanishingé,3 should also determine the sign of Note that for smalL this coincides with the highest energy
Am%3 [25]. The enhancement of the transition probability iswhere the vacuum oscillation probability has a maximum
related to the existence of a Mikheyev-Smirnov-Wolfenstein(E* =|Am3,L/27), while asymptotically (for L— o)
(MSW) resonance for the angly ;. The effective angl@y;  E peax— Eres.
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F~ el "L I L S L I electron neutrinos are proportional to the two flavor formulas
I . ] (see Appendix B The oscillation probabilities for the tran-
§ 8 b sitions v,,— v, are then given by
B 107* ] .
§ 61— 3 b B s2 it 6,5
£ ] e 24 C2(1FEIE, o2
< r - re:
5 4 -
2 C 1 AL
B - Am%y, = 3 1078 &V? ] X sinf 1E Vs’ +C (17 E/Eed| (51
& 2 - sin® 6,3 = 0.05, 1072, 107%, 10 " v
8 ol E (where we have used the shorthand notasiersin 263, C

=C0S &,5). Itis trivial to obtain exactly the enerdy, of the
AN L absolute maximum of this probability and its value. The po-

g : Am?,, = 3 107 v / sition of the maximum in general does not correspond to the
= 20[ sin® 6,4 = 0.05, 102, 10, 107 107 the resonant energy, when the first factor is largest, because
g r at the resonance the oscillation length becomes very long:

o 15 N E

~ o ] _ vacuun( res) (52)

= . . s sin26,

IR — 3

£ r . . I

~ r N (where Avac=4wEV/|Am§3| is the vacuum oscillation

g 5= 3 length and the oscillations do not have time to develop. The

,LE - I | | | maximum is found at a lower energy, where the mixing pa-
% —— '2000' — '4000' — 'eooo' — Iaoool — 1'0000 rameter is smaller but the phase of the oscillations is close to

A detailed analysis of the position of the “peak” in the
FIG. 14. The top panel shows as a function of theath length  oscillation probability and the value of the probability at the
L the energyE peacWhere the probabilities fore— v, , transitions ~ peak shows the existence of a weak dependence on the other
have the matter enhanced maximum. The bottom panel shows thgarameters of the mixing matri)Amiz, 615, ands. There-
size of the matter enhancement. The different curves correspond f@re a careful study of the shape of the oscillation probability
different values ofs;3. For smalls,; the position of the peak and for the enhanced channebd— v or T v depending on
the size of the enhancement are independent gom . 2 . LM & T m .
the sign ofAmj33) can in principle give information ord.
This line of research is actively pursug2b]. A fundamental
difficulty is that since matter effects are very large close to
the resonance, they are not easy to subtract, and the uncer-
tainties of the matter density profile along the neutrino path
2 can be reflected into effects on the probability of the same
=1+ ;VL—F ;(VL)ZﬂL e size as theCP violation effects.

(50

The size of the enhancement of the oscillation probability,
in good approximatiorifor small 6,3), dependnly on the
path lengthL. In reasonably good approximation

Ppeak: B VL
VL+ 7

-2

Pvacuum

B. The “vacuum mimicking” region
The width of the enhancement region scales linearly with Looking at Fig. 8 one can note a remarkable feature

|Am§3|. namely, the fact that the oscillation probabilities far
Therefore knowingAm3; and given the path length of =730 km andE,<0.5 GeV are approximately independent
an experiment, we knova priori where (at whatE,) the  from the presence of matter. This phenomenon has been ob-
enhancement will be present, and also how large it will beserved before, in particular by Minakata and Nunok#g,
The value of the probability in the enhancement region isyho refer to it as “vacuum mimicking.” At first sight the
proportional to sif26;5 that is unknown, and therefore is not closeness of the oscillations in matter and vacuum for ener-
predictable(at least without a successful theory of the gies as large as 0.5 GeV traveling in ordinary matter may
mixing). seem surprising, since we can expect, and indeed it is the
To illustrate these points, in Fig. 14 we plot the value ofcase, the effective squared mass values and mixing param-
Epeax (top pane), the enhancement factoPfe./P.ad for  eters are modified by the matter potential, however, these
Am3,=3x10 2 eV?, and several values @i (the values modifications of the oscillation parameters awt reflected
of the other parameters are to a good approximation not imin the oscillation proabilities if the neutrino path length is
portan). It can be seen that wheh ; is small the curves are sufficiently short, namely i¥/L<1. In fact it can be proved
independent from its value. (see Appendix A that the difference AP e Pmatter
These results can be easily understood qualitatively, since P, ... (for a homogeneous mediyroan be expressed as
for this purpose it is sufficient to approximaztﬁnizzo. In a power series iVL and becomes negligible forL small
this approximation the oscillation probabilities involving no matter how different from the vacuum values are the ef-
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(2) Curveb is defined byE,=|Am34L/(27), and indi-
cates the position of the highest energy maximum of the
transition probabilities; above this line they decrease mono-
tonically without further oscillations.

(3) Curvec is defined by the relatiofE, = Am3,L/(2)

. and gives the highest energy where the sl@tgolar”)
---------------------------------------------------- vacuum oscillations have a maximum.

’ (4) Matter effects are particularly spectacular fér,
=|Am3]/(2V) (curve d) when 6,5 undergoes an MSW
resonance.

(5) The matter effects have negliglible effects on the ef-
fective squared masses and mixiand therefore no effect
on the transition probabilitigsf E,<AmZ,/(2V) (curvee).

For 6,,# /4 this corresponds alsqadding a factor
COoSs 2;,) to the location of the MSW resonance for the angle
015.

(6) The “high-energy region” that is the main focus of
this work corresponds to the region above the thick dot-
dashed lines, when the probability is not oscillating any
more.

(7) The “vacuum mimicking region” corresponds to the

10z | T |||||||

High Energy Region

10!

E, (GeV)

109

——— N\ ———— o ————————— b

4
-1 [
. r Vacuum mimicking short path length (significantly shorter than 27!
r Region =3700 km. In order to acces€P (T) violation effects
L ° where they are large, the energy must also be small enough
o 2(')0 - -5!)0' - -1-0|00 20'00 ' '50|00' o to see the development of several oscillations. This qualita-
L (km) tively corresponds to the region delimited by the thick
dashed line.

FIG. 15. In this figure are indicated some interesting regions in  (8) Finally the thick curve labeled indicates the energy
the space I(,E,) of the oscillation probability forv.«— v, and where the MSW enhanceme{'ﬁr Suppressio}]of the prob-
Ve V, trans_itions. The region a_lbov_e the_dot—dashed Iine is the_on%bility is most importantcorresponding ttEpeakdiscussed in
where the high-energy expansion is valid. In the region delimitedhe previous subsection. The line is plotted only when the
by the dashed line the oscnlat_lon probabllltles in matter and iNanhancement of the probability is larger than 20%. The en-
vacuum are fo a good approximation equal. The line lab#led 5 cement becomes more and more important with growing
shows t_heu energy where the oscnlat'lon probablllty has_the Iarges'tL [see Eq(50)]. The best place to search for a nonvanishing
matter induced enha.ncement. The line is drawp only if the maxre is close to this line.
mum enhancement is larger than 20%. The line labeled with ~13
shows the relation L=2V~! for the Earth’'s crust g
=2.8 gcm?®). The lines b and ¢ show the relationsE, C. High-energy neutrinos
=|AmZL/(2m) andE,=Ami,L/(2m), that is, the highest energy  \We will now discuss in more detail the behavior of the
where the oscillation probability has a maximum. Liéndicates  ogcillation probabilities for higle, when they are monotoni-
the approximate energy for whiofy; passes through a resonance, 5|1y decreasing. Some important features of the oscillation
and linee shows the energy above which matter effects modify 5 hapility in vacuum, illustrated in Fig. 11, show the prod-
significantly the mixing parameters. uctP, Vﬂx Ef plotted as a function of, for a fixed value

L=730 km: (1) For largeE, the oscillation probability is
fective squared masses and mixing parameters that corrgsg) approximated with the forrﬂ\/Eﬁ; (2) the value of the
spond to the produc?E, parameters. constantA (keeping all other parameters fixedepends on

This is illustrated in Fig. 15 which describes different the value of the cos (this is a crucial remaik (3) the CP
regions in the planel(,E,) where the oscillation probabili- yiolation effects(present when sif#0) have an energy de-
ties for theve— v, . transitions have different qualitative pendencer E, 3.
properties. The figure is constructed foAm3;=3 Figure 12 illustrates how the oscillation probability is
X103 eV?, Ami,=7x10° eV?, and for the potential modified by the matter effectfor the same. =730 km and
V=1.06x102 eV (that corresponds to the Earth’s crust the samev masses and mixing as the previous figufEhe

(1) The effects of matter on the oscillation probability can probabilities in vacuum and in matter for the longer path
be significant only ifL is close or larger than\2 ! that is  lengthL=3000 km are shown in Fig. 13. Some important
close or to the right of the line labeled For growingL the  points are the following(1l) Matter effects generate &/ v
matter effects become more and more import@ompare asymmetry;(2) the matter induced asymmetry has the same
Figs. 8, 9, and 10and a more and more serious backgroundenergy dependencecEf‘) as the one generated by the fun-
for CP violation studies. damentalC P violation effects;(3) the effects of the phasé&
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and of matter can both contribute to the observable 612, however, the two individual terms do depend on the
asymmetry, either adding or subtracting from each ott#r; phase(and also org;,). For coss—1 the termAL> becomes
the effects of matter depend strongly on the path lergth largest WhileAﬁi becomes smallest; this is a consequence of
(5) the relative importance of the matter induced asymmetryhe fact that the overlaf{v,|v;)| is largest for co$=1 (see
with respect to the asymmetry generated by the fundamentaliscussion in Sec. )l This has simple but important conse-
CP violation effects grows approximately linearly with  quences when considering the combinaii68. Whenx, is
[see Eqs(32) and(39)], and the “background” of the matter positive (that is for Am%3 positive one has |Am§3|
induced asymmetry is a much more serious problenh at >|Am§3| and the contributionA'® receives the largest
=3000 km;(6) the effect of the presence of matter on the weight, therefore the-u oscillations have the highest prob-
leading-order termA/E,z,) of the transition probability also ability when Aéi is largest that is when cas=1. For x;,
depend on.the path length (i) for shortL thg constant in  negative Am32,<0) one hajAm?Z,>|Am?, and therefore
matterAny is equal to the vacuum valu,, (i) for longer it is the termA?3 that receives the larger weight, therefore the
L (L=2V"Y) the leading term of the oscillation probability probability is largest whem,; is largest, that is for cos

is suppressefsee again Eqg32)]; however, one ha#n.. =0, A similar discussion can be performed ferr transi-
=F(LV) XA, thatis, the constark is proportional to the tions. In this case the oscillation probability is largest when
vacuum value with a proportionality factor that depends only.oss=0 for Am3;:>0, and when cos=1 for Am2,<0.

on the product oV/L; therefore a measurement of the leading ko 4 simple illustration we can consider the case of qua-
term again carries information about ads sibimaximal mixing @,3= 6,3=/4). Keeping only terms

in first and second order is; 3 one obtains
D. The leading term in the oscillation probability and | 8|

. . —_— o 2 1
_ The leading term in the os_c_|llat|on probability A,z /E;, AeM,eFE(l_Sis)Xiz”L 2524+ 5,3€086[ (1+x15)°—1].
is equal for all the four transitions related byCP or aT
transformation, however, in principle its measurement, to- (57)

gether with a prec_ise_determi_nation of the other OSCiIIatior‘bne can recognize three main contributions that can be con-
parameters, can gve mform_atlon about the ph@s“‘. fact, sidered as the “solar contribution,” the#5 contribution,”
most of the sensitivity t& claimed by recent analysis of the and the “mass splitting effect.”

potent_lal of h'gh energy factories, is essentially the r_esult (1) The first term=x3,, is due to the effect of oscillations
of.a high precision measuremer_n of the czpnsmrjt_:onsm- involving only the statesy; and v,. This contribution is
ering all othgr parameters as fixed adn, positive, the . nonvanishing also fo®3=0, it is “guaranteed” to exist,
constantA,,, is largest whers=0, and decreases monotoni- g qe it is responsible for the oscillations of solar neutrinos.

cally with growing [4|, reaching a minimum value fdo| (2) The second contributiorrs?,, can be understood as
:w.ﬁ_anvFerszlyAzeQ; ThaX|(;num fé”' 5|:;r*and rgg\umum oscillations between the state; and the quasidegenerate
or o=U. FOraMmag € dependence G, andAe; ON pairs 1,-1,. This contribution is independent from the solu-
9] is reversed. tion of the solar neutrino problem and can in fact exist also

lt. is simple to give a qualitative explanation for this be- for Amfzeo, however, it can be arbitrarily small since it is
havior. The_ co_nstanAaﬁ can be exp_ressed as the sum Ofaproportional tosf3 for which exists only an upper limit.
three contributions each one associated to a squared m SS(S) The third contribution is<s,9,,C0sé, and is nonva
13712 " :

difference: L . .
nishing only if bothAmfz, ands,; are nonzero. It arises as
AaB:AZ%X x§2+ Ai‘qjgx(lJerz)erAi?};X 1. (53 the consequence of the different weights for the oscillations
“between” the pairs of states;-v;, or vy-v3 due to the

In this expression each factor A{fﬂ associated squared mass difference. This is the contribution
—— RE{UajUZkUEjUBk] is weighted proportionally to to that cqrries information about the phage .
the square of the relative squared mass differqm:%( The An important remark is that, for a large interval of values,

general expressions for the different terms in our parametri?hens,; decreases it becomessierto measure the contri-
zation of the mixing matrix are easily calculated. For thebution of the cos term, even if it becomes smaller. This

Ve v, transitons one has happens be.caus;:- the leading contribution ig usually thg
term” that is «si; and decreases quadratically wighs,
AL = A4ST,07 004 Cha— ST5S59) + (CT,— S7,)S13525C23C0SS, while the coss contribution decreases only linearly wish;.

(54 In fact, Cervereet al. [15] in their analysis of the sensitivity
of v-factory experiment have fountsee Fig. 22 in their

AL = ASTLCI 555405+ 45150151505 5525C23 COSS, (55  work) that the range oAmZ, where it is possible to distin-
guish =0 and 6= 7/2 is approximately constarfith ac-
A% = AST 7555557, 451,C15515C15523C23COSO. (56) tually a smallincrease when 6,5 becomes smaller, down to

the smallest angles they investigated. This observation seems
One can see that the terﬁcﬁi is nonvanishing also fos;3;  a paradox, since th€P violation effects decrease linearly
=0, and in fact is related to the “solar oscillations.” Note with s;5. However, the observation is correct, and can be
also that the suméi+A§i is independent frond (and from  easily understood with the argument outlined above. If the
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authors of Ref[15] had studied the possibility to discrimi- trolled and intense beams ofiafactory are a uniquely well
nate betweens=—m/2 and 6=+ /2 the allowed region suited tool; however, the choice &f, andL is not a simple
would be significantly smaller, and shrink linearly with;. decision. A largeE, allows very high event rates, but results
This in fact reveals the conceptual difference between mean high-energy neutrinos that have small oscillation prob-

suring CP violation effects and measuring the phase abilities and for which theC P violation effects are strongly
In summary: suppressed«(E, %), moreover, the matter effects become a
(1) The measurement of the leading term in the oscillationrmore dangerous source of background.

that is a quantity symmetric undéP andT transformations To analyze quantitatively if the high rates of a high-

gives information about the value of casThis result does energy neutrino factory are sufficient to extract information
not allow us to determine the sign of ti@&P violation ef-  about the phasé we have analyzed in detail the oscillation
fects. probabilities for high-energy neutrinos, expressing the prob-

(2) A precise measurement of the leading term in the osability as a power series expansion in the adimensional pa-
cillation probability is significant as a measurement|6f  rametery=|Am2,L/(4E,). This expansion is useful when
only if the other oscillation parameters can be measuregs |ess than unity, that is, fdE, larger than few GeV, even
separately with a sufficient accuracy. The requirement on theyr the largest possible, and reveals several important fea-
precision of the measurements of the “solar parametéis” tures of the probability. Keeping only the lowest order terms
and Am3, are particularly stringenfthey can be deduced in the expansion, the oscillation probabilities is the sum of
from Egs.(53)-(57)]. three contributions:

L? L3 L4

14

VIIl. CONCLUSIONS
(58)

In this work we have addressed the question of the opti-
mum strategy, that is, the best choiceiotnergy and path
length, to measure the two remaining completely unknowrOne can distinguish1) a leading-order contribution E;Z,
parameters in the neutrino mixing matfi27], that is, the  that is symmetric unde€ P and T transformationj2) a CP
angle 6,3 and the phasé. andT antisymmetric contribution of ordd, 3, that depends

For the measurement @ it is possible to make a strong |inearly on sing; (3) a matter induced contribution, also pro-
case for a hige, and longL program. The oscillation prob- portional toE 2, that is invariant for & reversal transfor-
ability for the ve— v, (or ve— v, depending on the sign of mation, but changes sign replacinguith v (or vice versa
Amz) transitions will be enhanced in a well defined andThjs term is proportional to the potentisland vanishes in
precisely predictable energy range. It is in this energy ranggacuum.

that the search for the effects of a nonvanishihghas the 1t js important to note theL dependence of the three
best possibilities. The maximum of the oscillation probability arms: longerL enhances th€ P violation effects, but en-

corresponds to an ener@)ﬁeakthatzis proportional toA m3J,  hances more dramatically the matter effects.

is only weakly dependent oAmg, and the mixing param-  The largest effect of the phaskis on the leading term

eters, and grows with increasihgn a well defined waysee  coefficientA. This coefficient can be measured with great

Eq. (49 and the following discussidn For |Am§3|=3 precision, and for this purpose a very high energy is the

X103 eV? Epeaxis approximately 1.6, 5.2, and 7.4 GeV for optimum solution, however, the value of cdextracted from

L=730, 3000, and 7000 km. The value of the probability atthe measurement only if the squared mass differences and

Epeak Can be predicted a@Teaj,V = sirfth26,5sir? 6,5X F mixing angles are determinedrom other measurements

whereF is a matter enhancement effect that to a good apWith sufficient precision. The possibility to obtain Jhe re-

proximation depenanly on the path length [see Eq(50)].  quired accuracy for the solar parameteks and Ami, is

For L=730, 3000, and 7000 km the enhanceménis Problematic and should be critically analyzed.

~1.25, 2.8, and 10.3. The best strategy for a detectiof of The detection of a genuin€P violation effect is more

is therefore to use a very long path lengsince it improves difficult. It requires first of all to sub_tract the matter mduce_d

the signal to backgroundand design a neutrino beam with asymmetry. This can be done having two experiments with

maximum intensity in the energy range where the probabilitydifferent baselines, and using the differénbehavior of the

is predicted to have the maximum. Note that for this study, gw0 contributions, or studying the energy dependence of the

conventional bearfi28,29 could be competitive with a neu- Probability down to lowerE, . Note that the effect on the

trino factory. event rate induced by the fundamen@iP violation is con-
The study ofCP and T violation effects is a fascinating Stant with increasin@,,, since the increase in the rat&’,

subject, and it is remarkable that if two conditions are satisis compensated by the suppression in the prob::xbv’plh’-.;{3

fied, (i) the LMA solution is the explanation of the solar for higher energy neutrinos. Since the backgrounds increase

neutrino problem, andii) 6,5 is sufficiently large, these ef- with energy, the optimum solution for the search of the

fects are in principle observable with accellatdpeams, and asymmetry is not an arbitrary high energy.

the phases is experimentally measurable; however, these are The distinction between the measuremenCéf violation

extraordinarily difficult tasks, and the best strategy is noteffects and the measurement of the phéseas also been

easily determined. Very likely in this case the very well con-stressed in Ref.12].
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APPENDIX A: OSCILLATION PROBABILITIES
The authors of some recent wofkis,16| on the sensitiv- AS POWER SERIES
ity of high-energy neutrino factories for the determination of
6 have neglected to consider the entire interval of definition
of the phaseSe[ — ], studying only the positive semi- In this appendix we will show how the oscillation prob-
interval. It would be interesting to see a reanalysis of thos@bilities both in vacuum and in homogeneous matter can be
works that considers the entire interval of definition far ~ expressed as a power series.
The outcome should be that at least in a significant part of We can start with the vacuum case. In this case, as dis-
the parameter space an input valig,; can be reconstructed cussed_in S.ec. V, the o;cillation probabilities can be_calcu-
with fits of approximately the same quality &8¢~ Sjnpur @nd lated vy|th S|mplel analytical formulas and'are a function of
5rec~ — 5input- This would reveal how much of the Sensitivity the ratIOL/E,, . It is useful to define the adimensional quan-
is coming from the measurement of t8d° violating part of Uty -
the oscillation probability, and how much is coming from the 2
high precision measurement of t& conserving part. _ Amad
An ambiguity of sign in the dermination of leaves am- 4E,
biguous also the sign of a P of T violation effects in the
neutrino sector. This can obviously be a limitation, for ex-|t is straightforward to expand the oscillation probability as a
ample, for a discussion of the relation between these effectsower series iry:
and the observe@ P asymmetry of the present universe.

Oscillations in vacuum

(A1)

More in general, it should be noted that a measurement of o
cosd is not rigorosly speaking a measurementa viola- P, 4(L,E,)= > cahyn, (A2)
tions at all, but it implies the existence GfP violations of n=2

predicted size but unknown sign. One point that in my opin-

ion would require more attention is the following, the mea-developing in a Taylor series the trigonometric functions in
surement of cos (different from the special values 0 anil 1 the analytic expressio22). The constants?®~# are adimen-

is equivalent to the statement that three flavors, two squarégona| quantities that can be written as functions of the
mass differences, and three mixing angles are insufficient tgquared mass ratinlz:Amiz/Amgs and of the four mixing

describe all qbserv_ed results about thdlavor tran5|t|0n_s, arameters. The expansiéA2) is formally always valid, it
and that the inclusion of a new parameter can reconcile alk ;¢ course useful only wheyis less than unity, that is, for

E)esults_. It is not clear if this mtt(ajipretatlc_)fn oi‘]the datﬁ would g, path length or higtE,. Since the expansion of the
€ unique. It is interesting to discuss if other mechanisms, ¢ (sin) function that describe tf@P conserving(violat-
for example the introduction of new neutrino properties

. ) o i ing) part of the probability has only evef@dd powers of
Eftlgp\lSslikzgl;lf/:vitlr?i?grﬁfggrﬁg sat‘gtdelgozﬁhﬁrgﬂlo rt?(laxi/rigts)le their argument, the coefficients have the following symmetry

descriptions of the data. properties:
An experimental program with low-energy neutrinos and - = - —
a short path length has, in principle, some very attractive  Ci #=+ch “=+ci P=+cf* for n even,
featuresf{i) the problem of disentangling the matter effects is (A3)
much less severe because these effects are s_{lrﬂa;!i“,dwect ceBe _ B _ca-B— B~ for n odd.
measurement oC P violation effects is possiblegii) the n n n n
oscillation probability can have more structure, and @
violation effects can be very largavith APcp/P~1). Un-  Note in particular that the lowest ordéeading term of the
fortunately, the experimental difficulties are enormous, beexpansion is exactlfC P conserving, while the next term is
cause of poor focusing, small cross sections, and the expei& P antisymmetric. It follows that the determination in an
mental difficulty of flavor determination. The question of experiment with a fixed baseline, that the flavor transition
which one of the two optionéhigh energy or low energyis ~ probability in vacuum vanishes at high energy with the form
more promising for the measurement of the phasend of P, ., :aE;2+bE;3 with b#0, would be a proof of the
CP violation effects for leptons remains in my view still existence ofCP violations in the neutrino sector.
open, and more detailed studies have still to be performed. |t is useful to rederive the expansigA2) of the oscilla-
tion probability with a different method, that can be more
ACKNOWLEDGMENTS easily extended to the case of neutrinos propagating in mat-
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gnoli and Andrea Donini for several discussions and the kind

reading of an early version of this work. Lively discussionswhereH, is the free Hamiltonian. Th& matrix for the tran-
with Hisakazu Minakata, Hiroshi Nunokawa, and Osamusitions ofv’'s can be obtained replacirig, with the complex

Yasuda are gratefully acknowledged. conjugateH; . Expanding the exponential one has
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Sga=exf —iHoL]ga=p,+ (—iL)(Ho)p Writing the S matrix in an expanded form, squaring the
a a a a . . m
elementSg,,, and collecting all terms proportional tg'z™)

2,42 one can obtain the transition probability as a power series in
T (T (Ho)pat o (A5) bothy andz
The transition probability can be obtained by squaring the _ _ R ap
corresponding matrix element: Pap(L.E))= Pa—'ﬁ(y'z)_nzz mzzo Crm ¥'2"
(A12)
PaHB:|SBa|2' (AG)

Naively one could expect to see terms of ordgtzf), (y2),
Collecting all terms proportional ta" for each integem, and (yZ%) but they are present only on the diagonal of e
one can then obtain the probability as a power seriels. in  matrix and are irrelevant for the transition probabilities.
This actually corresponds to the powers seriey,isincelL Note that the set of coefficientﬁjﬁ are of course iden-
always enters in the combinatiohoL or HgL, and the tical to the vacuum expansion. From this we can deduce the
Hamiltonian can be writterineglecting a term proportional very important fact: ifz is small, that is, when the path

to the unit matrix as length is much shorter than the matter length!, the oscil-
lation probabilities are approximately equal to the vacuum
m§3 ] . Am%SA case. This in a sense is not an entirely obvious fact, because
Ho= AE, Udiad —(1+2x5),—1,1JU’= 4AE, h a condition on the path length does not say anything about

(A7)  the importance of the matter effects on the neutrino masses
and mixing. It is indeed possible thgt, andV are such that
and each power ofH, (or M%) contributes a factor the mixing parameters are entirely different from the vacuum
AmZ,/(4E,). Writing explicitly the lowest order terms one case(for example, one could sit on a MSW resonané@w-
finds ever, if L<V™1!, the oscillation probabilities will coincide
with the vacuum case. This result, especially in thecase,
P =Th A% T2+ ImrA* (A2 3.... (A8 appear as the consequence of some remarkable “cancella-
poa=[Naphaply [hap(hDaply (A8) tions” between the effective values of the mixing parameters

. B and squared masses, however, in this formalism it is entirely
from where we can read the expressions & ” and !
natural and obvious.

a—f . -
c3 . The symmetry properties of the coefficients can be g0 imnortant symmetry of the coefficients are the fol-
easily checked(1) the lowest order termo{y?) of the prob- P y y

ability is symmetric for time reversal, sin@#, is an Hermit- lowing:

lan matrix: (Ho) o= (MHo)pa: (2) the leading term is also e +C§;E: +CnE?n;
symmetric for aC P transformation since in this case one has ‘ ’ ’ ’

to replace the Hamiltoniaft{, with its complex conjugate; for n even andm even,

(3) the next to leading termcy® is antisymmetric under a o -
CP or T transformation as can be immediately deduced from cg’;ﬁ: + cﬁ;’n"‘= — c,‘{j’nﬁ= — cﬁ;a

the fact thatH, is Hermitian.

The coefficientgh,g|? and Infh%4(h?),4] can be easily
written in terms of the mixing parameters and the squared g e R (A13)
mass ratiax,, verifying that the expansiofA8) is identical Chm = " Chm = Cam = FChim
to the one given in E¢(29).

for n even andm odd,

for n odd andm even,

. Oscllllatlo.ns in matte.r | Cg;}ﬁ: _Cﬁ;la: +Cr(1y,?nB: _Cﬁ;]a
The effective Hamiltonians describing the flavor evolu-

. — . for n ndm .
tions of v's and »’s in matter can be written as or n odd andm odd

Note how the matter effects when they enter with an odd

HL=Hol +peVL=hy+pez, (A9) power of the potential have opposite signs foand .
A . . An explicit calculation of the coefficients of lower order
H,L=HoL—pcVL=h*y—pz, (A10) iny gives forn=2

~ a—p
where we have introduced the, projection operatorp, C2m(ode)= O (A14)

[with the property pe)"= pe] that in the flavor basis has the \yhile for m even one has
components ﬁie)aﬁ; d.e0pe and a second adimensional
quantity Cg,;(gven): [hept Zﬁ] dom, (A15)

z=VL. (A11)  whered,, are simple numerical coefficients:
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oo (—1)k 2 esting limiting cases(1l) The limit x;,—0 (Am'f2 smal). In
d2,m(even):|mk20 KrDIme1=k1_ (m+2) i this case one has to replage- 6,5, Am?>—Ams3;. The os-
(A16) cillation pro_babilities for thevee— v, andvee— v, tra.nsit_ions
are then given by the two flavor formula multiplying by
For the elements with=3 one has Sir? 6,3 and cod 6,3; (2) the limit #;3—0. In this case one
L has to make the replacements- 6;,, Am?>—Am3,. The
Cmlaven= IM[ D% 5(h?) 5 1d3 ., (A17)  oscillation probabilities for these— v, and ve— v, transi-

tions are then given by the two flavor formula multiplying by
1 . - . cos 6,5 and sirt b,3.
a=p _(h2 23 23
C3miody= g RENG 4L 2NaeNes— (W) ap(Suet Spe) idam, In the two flavor approximation the vacuum oscillation
(A18) probability is

where the quantitied;,, are numerical coefficients: . L[AmPL
: Pyad Ve— v,) =Sirf 26 sir? . (B1)
4 (-D* o e
d3,m(even):2imk:0 (K+ 1)1 (m+2—K)! To have the oscillations in matter we simply have to perform
the replacements— 6, and Am?— (Am?),,, with
=———i™ for m even, (A19) 2 v\2] !t
(m+2)! Sir? 20y, =sir? 26| sir? 20+ | cos 20+ ——
N (-t " e
dym=12m"1>
: =0 (k+1)!(m+2—k)! and
12m+1) 5
- Zjm- 2E,V
(mt3p | formodd  (A20) (Amz)m:Amz\/sinz26+ cos%lm) . (B3)
(the coefficients have been defined so that=d;,=d3

The minus(plus) sign refers to neutrino&@ntineutrinos It

an be seen that in generél). the oscillation probabilities in
acuum and in matter can be very different from each other;
(ii) the oscillation probabilities in matter far and v’s are
also in general very different.

We are interested in the probability for larde,. For
cuum oscillations it is straightforward to expand the prob-

=1). c
It is useful, for example, when considering an experimenb
with a fixed baseline, to resum over alterms, and express
the probability again as a power serieyitthat corresponds
then to a power series i&, ), with coefficients that are
distance dependent. For the lowest terms the sum is easilya

obtained: . S
ability as a power series ip=Am?L/(4E,):
- - 2\2 z 21\2 girp 21\ 4
dymz™= d zm=(—> sin2<—), _ AmL sinF 26/ Am-L
mZ:O zm m(even)=0 2m z 2 Pyac=SIF 20 4E, T3 ( 4E, + ...
(A21) (B4)
* . 48 [z z To compute the same expansion for the probabilities in mat-
dpmz™=—3| sir?| 5| — —sin(z) . (A22)  ter it is useful to introduce the variable
m(odd)=1 z 2] 4
Am?
The reason to keep separate the sums ofrntheven and e=——: (B5)
m-odd contributions is because they have different symmetry 2VE,

properties under &€ P transformation. Fom even(odd) the

- e using the shortened notati@¥ sin 26, c=cos 2, the oscil-
cﬁ}ﬁ coefficients have the saniepposite sign for v’s and g

lation probability in matter can then be rewritten as

V'S.

It can be interesting to verify the results derived above in p )= s°e? i E\/l—z—Jrz
the special case of two neutrino mixing, when simple exact mal Ve Vu 13 2cete2° g VireceTe.
expressions for oscillations probabilities exist. This is done (B6)

in the next section. o o - o
Developing in a power series mand writing for simplicity

APPENDIX B: TWO FLAVOR MIXING CASE a=VL/2 one obtains

. . = 22 girPeyt 92ce 3 Sira— a S
It can be useful to to discusg« v, Or ve— v, oscilla- P ve—v,,) =% sifa® 2s’ce*(sifa— a sina cosa)

tions in the case of two flavor oscillations when the explicit +0(e% (B7)
calculation of the oscillation probabilities in matter is very
simple. Moreover, this case is an exact solution in two interthat can be rewritten as
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AmZL\ 2 1 shown in Figs. 5, 6, and ©n the figures we assumed an
Pmaf ve— v,,) = sir? 20( 1E ) ?Sinza electron fraction ofs, therefore the density and the poten-
g tial V are simply proportional Several important features
sirf 26 cos 20/ AmPL | %[ ( 6 are clearly visible.
3 | "4E, ) (}) (1) The squared mass eigenvalues and of the mixing pa-

rameters in matter are in general very different for neutrinos

and antineutrinos. Reversing the signAah3,, the behavior

of v and v's to a good approximation is simply exchanged.
(2) All four mixing parametergthe tree angles and the

We can note that the firgsecond term is symmetriqanti-  phasg change when matter is present, however, when the

symmetrig for the replacemenV— —V that is replacing”  two mass scaleam?, and|Am2, are of different orders of

X (sifa— asina cosa) |+---. (B8)

with v. magnitude, as indicated by the the data, the afigdend the
Developing the expressiofB8) for small « (that is for  phases remain approximately constant while the angles
L<V™1) and reinserting the definition one obtains and 0,3 change much more dramatically.
o ) (3) We can recognize several ranges of the paraneter
P (s )=sin226( m L) [ (Vb +} =2E,V where the behavior of the solution has different
mat e T 4E, 12 characteristics.

(i) When IN«Am%Z, all matter effects are negligible

H 2 3
sif 26 cos 2:9/Am L and the oscillations develop as in the vacuum case.

3 | 4E, (i) For 2E,V<|Am3, the effective mass and mixing of
(VL)2 the statervs; remain unchanged, buimf2 and 6, can be
XVL|1- 15 R AR [ SRR (B9  modified by matter effectsthis is interesting only ifAm2,

<|Am3y). In this situation it is a good approximation to use

We have obtained with an explicit calculation a set of inter-the well-known two flavor formulas to obtaim?,)™ and
esting results for the oscillation probability in the limit of 1> as a function of ¥E,.

large energy(i) The oscillation probabilities for's and v's (iii) When Z&,V= |Am23| there is a resonance/{; be-
become asymptotlcally equal, and vanish with a leading concomesm/4). Theresonance is present for neutrinogiif3,
tribution of ordery?>~E, ?; (ii) the matter effects generate a Positive or for antineutrinos ihm3; is negative.

correction of opposite sign for's and v’s. This correction (iv) When 2VE,>[Am34, the behavior of the mixing
vanishes more rapidly with increasing energy®~E_ 3: angles and squared mass eigenvalues takes a simple form

(i) for small path lengtlL<V~?! the matter effects grow thalt Wirl]l be d(;SCU?Sﬁd b?flovv_. for |
linearly with the matter potential; (iv) again for small path n the stuzy of the effective parameters. or large matter
length the leading-order term of the oscillation probability €ff€cts [[Am24l/(2VE,)—0] one has to distinguish two

grows with the path lengtk L2, while the correction due to C2S€S- _ S
the matter effects grows more rapidiyL*. Case A corresponds to neutrinos fisma, positive or to

Comparing Egs(B8) and (B9) with Egs. (32) and (39)  antineutrinos forAm2, negative. In this case one has
one can see that we have reproduced with an explicit calcu-
lation the results for the leading-order term of the oscillation

2 \m 2
probability and for the matter effects. It is also easy to see (Ami,)™— Amag,
that in the two flavor case considered here the free Hamil-
tonian and its square can be written in the flavor basis as (Am2)™_2VE, |
Am?| —cos2) sin20 ) Am?\3[1 0
T0=ZE,| sin26 cos2s) (Ho)™= 4E,) [0 1)
2o, 2o st 272
(B10) Sifely—1, coSO15—Sifos ~—0 SEV)
Calculating the coefficientd,, , Be,, andC,, according to
the general formulag36), (37), and (38) one obtainsA Am2
=sin*26, B=0 (CP and T violation effects vanish in the SiROT—~1, co,—const=sirtd,, ;2
two flavor casg and C=cos ¥ sir?26/3 in agreement with mss

the general result.

This means thatv3') becomes asymptotically a massive
pure|v,) state, thereford,s— /2 and co6,; vanishes rap-
idly (<2E,V) 2. The angled,, tends to a constant value,

The dependence of the effective squared mass differencesflecting the fact that the, flavor is “sucked away” at the
and mixing parameters in matter on the prodpd, is same rate from thév,) and|v,) states. The squared mass

APPENDIX C: MASSES AND MIXING
FOR LARGE MATTER EFFECTS
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difference (Am§3)m grows without bound & 2E,V), while
(Am3,)™ approaches the constant value A m3,).

Case B corresponds to neutrinos ﬁnm%3 negative or to
antineutrinos forAm3, positive. In this case one has

(Am3,)™"—2VE,,
(Am3y)™— Am3,,

2
Ams,

2
m) , CO§ 91m3—> 1,

S|n2 0T3—> Sin2013<
2

2
Sir? 67, —sirf6,, ) , coge—1.

12
2E,V
In this case it i »]") that becomes the massive pulirg)

state, therefore both9;, and 6,5 asymptotically vanish
«(2E,V) !, and it is (Amiz)m that grows large - 2E,V)

while Am§3 remains approximately unchanged. In both cases

the modifications to the angle,; and the phasé are small
and vanish forAmZ2,/|Am3, small.

PHYSICAL REVIEW D 64 033002

Note that the behavior of the effective masses and mixing

parameters is strikingly different far’s and v's. However,
there are some important cancellations. For example, collect-
ing the expressions for the different factors one can verify

that the the effective Jarlskog parameter in maftéy,

=(cT)2sTsmchshem sin sy, is equal fory and v

B 2 A2
=373 AmpAmi,
m— Ym— Yvacuum

(2E,V)? “

(see Fig. 7 for the numerical calculatipms it is the case for
the product of the three effective squared mass differences:

(AmE)r(AmE)r(AmZy)h=(Ami,) H(Am3y)r(AmZy)”

—Am34(2VE,)?. (C2)

Combining the two results satisfies E¢5).
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