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Global conformal anomaly in NÄ2 string
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We show the existence of a global anomaly in the one-loop graphs ofN52 string theory, defined by sewing
tree amplitudes, unless spacetime supersymmetry is imposed. The anomaly is responsible for the non-
vanishing maximally helicity violating amplitudes. The supersymmetric completion of theN52 string spec-
trum is formulated by extending the previous cohomological analysis with an external spin factor; the target
space-time spin-statistics of these individual fields in a self-dual background are compatible with previous
cohomological analysis as fields of arbitrary spin may be bosonized into one another. We further analyze
duality relations between the open and closed string amplitudes and demonstrate this in the supersymmetric
extension of the target space-time theory through the insertion of zero-momentum operators.
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I. INTRODUCTION

The N52 string is unique among string theories, as
critical dimension is four and it contains only massless sta
in its spectrum. It has two local supersymmetries on
world sheet, and its local world-sheet action consists of
N52 gravitational multiplet coupled to two complex chir
supermultiplets, and was originally proposed and exami
in @1#. This string theory has topological space-time prop
ties intrinsic to the world sheet, linked to a vector in t
gravitational multiplet.

A. ClassicalNÄ2 strings

Ooguri and Vafa@2# ~see also Marcus@3#!, in the correct
critical dimension of four~space-time 410 or 212) found
the classical theory to describe in the target space-time c
sical self-dual gravity in the closedN52 string and classica
self-dual Yang-Mills~YM ! theory in the open formulation
The target space-time light-cone actionS5Tr*d4xL for the
closed string is given by

L5f~hf1g]b
1̇]a

1̇f]b1̇]a1̇f!, ~1.1!

and the action they proposed, related by gauge fixing
self-duality equations differently to contain the mixed d
rivatives ]a1̇]b2̇ , produce vanishing tree-level amplitude
in accord with those of theN52 string; however, they lack
Lorentz invariance and require a dimensionful coupling c
stant. The quantization is problematic for these reasons.
ferent self-dual gravity and self-dual YM actions have be
proposed and quantized which agree with this previ
analysis at the tree level: Covariant versions for gravity
L5eaġ`eb

ġ`dvab in terms of the vierbein and selfdua
Lagrange multiplier one-formseaȧ and vab @4#, and a
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higher-derivative versionL5rab`Rab in terms of the self-
dual curvature and Lagrange multiplier two-formsRab(e)
and rab @5,6#. Either has the light-cone gauge-fixed for
containing two fields:

L5f̃~hf1g]b
1̇]a

1̇f]b1̇]a1̇f!. ~1.2!

Siegel @7,4# demonstrated how both Lorentz invarian
and dimensional analysis could be restored in the ta
space-time description by incorporating space-time sup
symmetry, although the bosonic truncation of this proposa
also Lorentz invariant and possesses the dimensional an
sis to be conformal. This action was quantized in@8#, and the
S-matrix shown to agree with one-loop maximal helicity vi
lating ~MHV ! amplitudes in gauge theory and gravity at o
loop. The fact that vertices in self-dual field theories a
independent of helicity allows spin to be introduced as
internal symmetry. This is implemented through superse
tion sectors analogous to Chan-Paton factors, as in@9#. The
helicity independence in the target space-time is due to s
tral flow in the N52 string description; additional state
may be incorporated in theN52 string that carry fermionic
statistics. The latter are distinguished from the naive co
mology analysis by only a line factor. In fact, a simple do
bling of fields to helicities of both signs is sufficient to re
store Lorentz invariance and dimensional analysis,
maximal supersymmetry puts all fields of both signs in t
same multiplet.

B. Loops

These target space-time actions force all diagrams at m
than one loop to vanish@8#, in agreement with theN52
string theory higher-genus scattering amplitudes: T
negative-helicity field appears linearly in the two-field se
dual action~1.2!, and thus it counts loops. It appears as
external field once in each connected tree graph, neve
one-loop graphs, and no higher-loop diagrams exist@8#. Fur-
thermore, in any supersymmetric extension the one-lo
©2001 The American Physical Society01-1
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GORDON CHALMERS AND WARREN SIEGEL PHYSICAL REVIEW D64 026001
field theory graphs also vanish, because helicity indep
dence of the couplings implies exact cancelation betw
fermions and bosons in the loop.

Turning toN52 string calculations, cancelations of sca
tering amplitudes at all genera have been shown throug
N54 reformulation@10# as well as through Ward identitie
@11#, modulo subtleties associated with contact term ambi
ities, if modular invariance is assumed.1 The three-point
function does not vanish due to kinematics ind5212 and is
infrared divergent@14#. ~The ambiguity in defining the three
point function due to regularization@6# necessitates higher
point genus calculations to identify the quantum tar
space-time theory.! Furthermore, the genus-one four-poi
function in the closedN52 string has been examined
detail in @6# together with a mapping atn-point to this genus
order and an implementation of line factors for covariance
the scattering; agreement with the vanishing theorems
@10# is found, again assuming modular invariance. This c
cellation is most naturally explained in terms of a fou
dimensional supersymmetric self-dual target space-t
theory. At genus one the vanishing of theN52 string am-
plitudes was demonstrated directly by a calculation of
amplitudes in the RNSN52 formulation@6# ~including only
a single massless scalar degree of freedom in the spectr!,
which demonstrated at the integrand level that the rea
was an additional factor oft2 associated with the ghost sy
tem of the world-sheet gauge field@3,6#.2 The quantum four-
point amplitude has been examined at the level of orde
of limits (a8 small and spin structure summation! as well as
contact term interactions on the world sheet in@6# and inter-
pretations of the quantum target theory in theN52 string
are given, the one-loop amplitudes being identical to the
mensionally reduced MHV amplitudes.3 In this work we re-
examine the quantum scattering and its consistency in dif
ent orders of perturbation theory via the inclusion of
supersymmetric multiplet of states in the massless spec
through the construction of the superselection sectors.~A
previous attempt towards a supersymmetric extension b
on aZ2 twisting is presented in@16#.!

On the other hand, loop amplitudes can be calculated
rectly, without any assumption of modular invariance. T
genus one amplitudes are conveniently evaluated~since the
days of lightcone path integrals, and even earlier with ope
tor methods! by sewing, and this procedure is equivalent
the field theory one. The result is known from field theo
methods, and will be re-derived here by string theory me

1The Weyl-Petersson integration measured2t/t2
2 on the torus is

analyzed in many works, for example in Sec. IV A of@12#. The
integration measure for the criticalN52 string has been examine
in @13#.

2The path integral quantization at arbitrary genus is analyze
@15#.

3An explicit relation between theN52 string amplitude at genu
one and the ultra-violet portion of the type IIB supergravity no
MHV amplitude in d510 was also found through a dimensio
shifting relation.
02600
n-
n

an

-

t

f
of
-

e

e

m
n

g

i-

r-

m

ed

i-

a-

-

ods: The bosonicN52 string hasnonvanishingone-loop
amplitudes through this approach, while the superN52
string has vanishing ones. Since modular invariance requ
vanishing amplitudes at all loops~for n>4 n-point ampli-
tudes!, this implies that the bosonicN52 string has a con-
formal anomaly. In other words, supersymmetry is requi
to cancel the anomaly, just as SO~32! is required to cance
anomalies in the openN51 superstring.@Also, a trivial
gauge group choice ofSO(2) cancels the interactions in th
target space-time theory in the open string case and thus
the anomaly.# Thus, in this case world-sheet conformal i
variance requires space-time supersymmetry. Hidden su
symmetry has previously been analyzed in@17# in the con-
text of two-dimensional models. Global anomalies we
originally considered in@18#.

C. Self-duality in field theory

Several exact sequences of one-loop gauge theory am
tudes, for example the MHV ones@19# ~constructed recur-
sively through analyticity requirements and then derived
an internal quark in@20#! and the gravity analog@21# have
allowed for explicit comparisons between theN52 string
theory quantum amplitudes and those in field theory. F
thermore, self-duality poses an interesting structure and
formulation of gauge theory as a perturbative construct
around the self-dual point@22#; this translates, as opposed
an expansion in loops, to an expansion in helicity around
maximal helicity configuration.~Both can be formulated a
coupling constant expansions.! Amplitudes in non-self-dual
Yang-Mills theory and gravity simplify as the number o
helicities with the same sign increases. Supersymmetry id
tities at the tree level enforce the vanishing of the no
supersymmetric MHV amplitudes to this order, and the n
simplest tree amplitude, next-to-MHV, was conjectured a
proven in@23#. Supersymmetry also forces the one-loop a
plitudes with differing internal virtual states to be the sam
up to a sign.

Self-duality of the field equations implies vanishing of th
tree-level amplitudes through a construction of conser
currents in the case of gravity@24#, and through a direct map
of the classical scattering to vanishing amplitudes in ga
theory @8#: Bardeen demonstrated a relationship of off-sh
gauge fields~at the tree level! between self-dual and non
self-dual theories@25#. The amplitudes at the tree level i
self-dual theories all vanish. To one loop the MH
S-matrices are found to describe the quantum scattering
self-dual field theories@8,26#. ~The relation of these differen
self-dual actions at the quantum level is analyzed in@8#, and
the Lorentz covariant versions may be found through a tr
cation of non-self-dual gauge theory to the self-dual limit!

D. Outline

In Sec. II we analyze the spectrum of this string, af
including internal degrees of freedom for the single mass
state, as the supersymmetric gauged extension of self-
gravity, and analyze its corresponding Becchi-Rouet-Sto
Tyutin ~BRST! cohomology. We show that there is a supe
symmetric completion of theN52 string through the addi-
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GLOBAL CONFORMAL ANOMALY IN N52 STRING PHYSICAL REVIEW D 64 026001
tion of the factors labeling spin of external states. In Sec.
we analyze duality in the context ofN52 string scattering.
In Sec. IV we review earlier results for genus-one amp
tudes. In Sec. V we perform sewing and unitarity constr
tions of the genus-one amplitude and compare with kno
results, obtaining the conformal anomaly. The last sec
contains concluding remarks.

II. SPECTRUM

The minimal characterization of the spectrum contain
single massless degree of freedom. However, as is the ca
open string theories, superselection sectors and the line
tors of the external legs may be incorporated which repre
the internal symmetries of the string. In theN52 string a
graded internal Lorentz symmetry may be introduced w
representatives labeling the spin states of fields with s
dual couplings. In a background field formalism, at quadra
order in the quantum fields, for only maximum-helicity bac
ground fields and lower-helicity quantum fields, the acti
has the form of a non-self-dual action in a self-dual ba
ground. It is known that half-integral spin fields may b
‘‘bosonized’’ in the target space-time around such a self-d
field configuration. In this section we examine the targ
space-time supersymmetrization of theN52 string.

A. Bosonization and second-order formulation

In this subsection we summarize briefly the spin statis
of particles in a self-dual background. The actionS
5Tr*d4xL for a minimally coupled fermionca and its
gauge conjugateja is

L5ca¹aȧj̄ ȧ1c.c.1m~caja1c̄ ȧj̄ ȧ!, ~2.1!

with ¹aḃ5 i ]aḃ1Aaḃ , the covariant derivative. Function
ally integrating out the dotted fields gives rise to a seco
order form for the fermionic couplings@27#,

L52
1

m
ca~¹aȧ¹aȧ2m2!ja1

1

m
cajbFab , ~2.2!

whereFab is the self-dual projection of the field strength.
an anti-self-dual background the fermionic coupling b
comes that of a scalar. In the massless limit~after appropri-
ately scaling the fields with the mass!, the fermionic cou-
pling in such backgrounds is

L5cahja , ~2.3!

and the index on the field only enters into amplitude cal
lations through an external line factor. In this formulation t
fermion can be said to be ‘‘bosonized,’’ and there is a dir
analog in theN52 string. In the supersymmetric theory, th
single spinor index may be represented as an internal s
metry factor~i.e., a line factor associated with the Loren
group representations! attached to the single creation oper
tor arising in the cohomology analysis.
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B. Supersymmetric self-dual gauged supergravity

The supersymmetric extension of self-dual systems in
context of N-extended self-dual supergravity theory@4# is
described in the following. The target space-time supersy
metric extension of theN52 string has the particle conten
of this supersymmetric system. This theory is described
the localOSp(Nu2) algebra tensored with theSL(2)8 half
of the Lorentz algebra:

@¹Aȧ ,¹Bḃ%5
1

2
CȧḃFABCDMCD. ~2.4!

The supercoordinate is zM ṁ5(xmm8,umṁ), and the
OSp(Nu2) superindexA5(a,a) contains theSL(2) index
‘‘ a ’’ and a vectorSO(N) one ‘‘a.’’ The covariant deriva-
tives are defined by

¹Aȧ5EAȧ
M ṁ]M ṁ1

1

2
VAȧBCMCB, ~2.5!

where letters from the beginning of the alphabet denote
local tangent space indices and those from the middle
coordinates. The coupling constants are defined as part o
OSp(Nu2) metric: hab5gdab, hab5kCab, hab50. The
gravitational coupling constantk has dimensions of invers
mass.

The light-cone gauge¹A1̇5]A1̇ solves the (ȧ,ḃ)5(1̇,
1̇) constraint. The (1̇,2̇) and (2̇,1̇) constraints may be
solved through the introduction of a scalar superfieldF lead-
ing to the covariant derivative¹A2̇ given by

EA2̇
M ṁ]M ṁ5]A2̇1~]A1̇]B1̇F!hCB]C1̇ ~2.6!

VA2̇BC5]A1̇]B1̇]C1̇F, ~2.7!

and the non-vanishing field strength

FABCD52]A1̇]B1̇]C1̇]D1̇F. ~2.8!

The remaining constraint@¹A2̇ ,¹B2̇%50 gives rise to the
field equation

]A
ȧ]BȧF1hDC~]A 1̇]C1̇F!~]D1̇]B1̇F!50. ~2.9!

As further noted in@4#, within the field equation~2.9! we
may solve for all of theua2̇ dependence explicitly by exam
ining the A5a and B5b components: In the superfieldF
we may takeua2̇50.

The scalar superfieldF expanded in components is the

F5f1uaca1uaubfab1•••. ~2.10!

Because onlyua1̇ appears in the explicit theta expansion w
will drop the index1̇ in the paper from the supercoordina
and have it implied. The lowest component in the theta
pansion of Eq.~2.10!, f, is the 22 helicity graviton state,
which is a singlet under the gaugedSO(N). The components
fab are the21 helicity SO(N) gluons in the adjoint repre
sentation (fab52fba). The remaining states in the supe
1-3
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GORDON CHALMERS AND WARREN SIEGEL PHYSICAL REVIEW D64 026001
field expansion~2.10! are in representations labeled by an
symmetric products ofSO(N) fundamental indices. Ther
are a total of 2N21 bosonic and 2N21 fermionic degrees of
freedom contained in the superfield~2.10!.

The two-field light-cone superspace action is found fro
the field equation~2.9! by incorporating a Lagrange multi

plier field F̃ conjugate toF and contracting the componen
A5a andB5b with Cab,

S5TrE d4x dNu@F̃hF1hBAF̃~]a
1̇]A1̇F!~]B1̇]a1̇F!#,

~2.11!

with the superspace measuredNu5) j 51
N du j ~or an action

related by exchanging]a
1̇ with ]a

2̇). For N58 the two
superfields are identified. The interactions in Eq.~2.11! have
two types of derivative structures for the types of couplin
from hAB5(kCab,gdab). All of the interactions propor-
tional separately tog in Eq. ~2.11! are of the same form an
are distinguished only by their respective group theory f
tors, and similarly for those proportional tok. Via spectral
flow and the field theory bosonization described previou
the interactions of the different spin fields may be incorp
rated in theN52 supersymmetric string through the additio
of line factors attached to the insertion of local vertex ope
tors.

C. Supersymmetry and spectrum

We next analyze the superconformal algebra of theN
52 system and demonstrate the supersymmetric spect
The generators of the algebra are spanned byT, G6 and a
U(1) currentJ that may be constructed by the usual Noeth
method on the gauge-fixedN52 world-sheet action, includ
ing the ghost systems (b,c), (b6,g6), and (b8,c8). The
bosonized form of the ghost systems are

c5es, b5e2s ~2.12!

c85es8, b85e2s8 ~2.13!

for the reparametrizations andU(1) gauge invariance, and

b6~z!5]zx
6e2f7

, g65h6ef6
~2.14!

for the doubled holomorphic supersymmetries. Furt
bosonization of the fermionicx6 and h6 are possible, but
unnecessary for this work.

Also, the system possesses a gaugedUA(1) symmetry. Its
holomorphic representative is generated by the operator

S~u!5expF2pu R dz

2p i
ln~z!J~z!G5e2p iuf̂(z),

~2.15!

wheref̂(z)5f12f21c12c21cb8, the bosonized form
of the completeU(1) currentJ5]f̂. The operator in Eq.
~2.15! is essentially a continuous modification of a spin fie
in the usualN51 string. It possesses an inverse,S(2u).
The insertion in a string amplitude ofS(u)S(2u)51, by
02600
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contour deformation, leads to a branch cut of monodro
e2p iu between two chosen pointsz1 andz2 on the Riemann
surface.4 The spectral flow operator in Eq.~2.15! at u51/2
connects the Neveu-Schwarz vacuum to the Ramond vac
and generates target space-time fermionic statistics w
placed at the point of emission of a bosonic state. Furth
more, an automorphism of the superconformal algebra5 on
the holomorphic currents is generated through

S~u!T~z!S~2u!5T~z!1
u

z
J~z!1

c

6

u2

z2 ~2.16!

S~u!G6S~2u!5z7uG6~z! ~2.17!

and

S~u!J~z!S~2u!5J~z!1
c

3

u

z
. ~2.18!

At criticality c5cm1cgh562650 and we see theU(1)
current to be invariant and that the revolution byu twists the
supercurrentsG6 with the same monodromy due to au
moded spin field.

The holomorphic BRST current on the super world sh
~and anti-holomorphic relative! is given by

JBRST5cT1g1G21g2G11c8J1c]cb1c]c8b8

24g1g2b12]g2g1b822]g1g2b8

1 3
4 ]c~g1b21g2b1!2 3

4 c~]g1b21]g2b1!

1 1
4 c~g1]b21g2]b1!1c8~g1b22]g2b1!,

~2.19!

together with ghost number current

Jgh52bc2b8c81h1j21h2j1, ~2.20!

and a conserved BRST charge of

Q5 R dz

2p i
JBRST. ~2.21!

We shall not list all of the various transformations due
BRST of the currents but point out the relations

@Q,S~u!#50, ]zS~u!52u$Q,b8~z!S~u!%,
~2.22!

which illustrates thatS(u) is BRST-closed and that]zS(z)
is exact.

Together from the ghost system and the BRST charge
define the picture changing operators

4Such a branch may be resolved by a 1/u covering of the Riemann
surface, which is itself a higher genus surface found via a mult
covering of the original punctured surface. Thus spectral flow a
is compatible with the triviality of the S-matrix in theN52 theory.

5We denote currents in the critical case with a hat, e.g.Ĝ6.
1-4
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GLOBAL CONFORMAL ANOMALY IN N52 STRING PHYSICAL REVIEW D 64 026001
PCO65$Q,j6% ~2.23!

required at higher-genus for modular invariance@28#, which
are also represented on the world sheet by insertions of
rebosonized operators

PCO6~z!5d„b6~z!…Ĝ6~z!. ~2.24!

The spectral flow operatorS(u) commutes withPCO6 and
shifts the picture number via

~p1,p2!→~p11u,p22u!. ~2.25!

We next re-examine the states of theN52 string in the
‘‘NS-sector’’ and the ‘‘R-sector,’’ related to each other b

spectrol flow operations ofS( 1
2 ).

In the canonical formulation we denote ground states
picture number~of two supercurrents! with

up1,p2;k&, ~2.26!

which are related to each other through actions ofPCO6,
shifting p6→p611, respectively. The single state, witho
internal line factors attached, is found in@29# as

c1u21,21;k& ~2.27!

with the on-shell conditionk250, which is the unique state
at ghost number equal to one. The~holomorphic! vertex op-
erator constructing this state is

V21,21
(1) 5ce2f12f2

eik•x, ~2.28!

and may be transformed into a graviton vertex operato
polarization11 found in the following after normalizing
the line factor@6#.

The vertex operators produce from the~first-quantized!
vacuum state the asymptotic string states in the scatte
amplitude under consideration. They correspond to
physical states of theN52 closed string and carry the
quantum numbers. Being representatives of the~semi-chiral
and semi-relative! BRST cohomology, they are unique up
BRST-trivial terms and normalization due to internal sy
metry factors. The physical subspace of theN52 string
Fock space through the covariant quantization scheme
tains the ground stateuk&, a scalar on the massless level, i.
for center-of-mass momentumk6a with k•k50. This is not
including internal symmetry factors and states related to
ground state through spectral flow. The canonical mass
scalar field is denoted by

F~x!5E d4k e2 ik•x F̃~k!, ~2.29!

which allows for a supersymmetric completion. We may
late the higher states in the supermultiplet to the ground s
through spectral flow and the isospin labeling of the Lore
group through Eq.~2.10!.

The field representative of the vertex operator for a s
dual graviton, with polarizationemn

11 , is in the (0,0) pictures
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V~k!5E d2zAg emn
11

•~]xm1 icmk•c!

3~ ]̄xn1 i c̄nk•c̄ !eik•x, ~2.30!

and that for a holomorphic space-time fermion in the (1
2 )

pictures,

VF~k!5E dz LmS ]xm1
i

4
k•ccmDeik•x

1
1

2
uae3f/2bhSaeik•x ~2.31!

with L a spin operator that connects the Neveu-Schwarz~NS!
to the Ramond~R! vacua~the latter term is not relevant fo
the calculations but necessary for BRST invariance!. In the
N51 superstring this line factor is composed, after t
bosonization, as

Lm5uaGm
abS21/2Sb , ~2.32!

with spin fields

S61/25e6 is(z)/2, b5]zx eis, g5he2 is ~2.33!

~note also that$Qa ,Qb%5Gm
abPm) and the spin operato

from the internal bosonized world-sheet fermions,

Sa5e6 if1/26 if2/21•••. ~2.34!

Furthermore, on the world-sheet supersymmetry genera
are found by

Qa5 R dz

2p i
Va5 R dz

2p i
S21/2Sa , ~2.35!

at zero momentum. The indexa denotes the different6
signs in the exponential (2d/2 for d even! and the world-shee
fermions bosonized intoc6

a 5e6 ifa
after complexifying

pairs of them into c6
a 5ca6 icd/21a. Currents areJa

52 i ]zfa .6 The gauge-fixedN51 string has a globalN
52 supersymmetry that allows a direct connection with
vertex operator construction in theN52 superstring.

There is an additionalbg ghost system in theN52 string
because there are twice as many local supersymmetries~de-
noted byb6g6). The fact that fermions can be bosonized
the self-dual background means that the square-root mo
dromies inserted into the string world sheet transfer into n
malizations after doing the same for the vertex operato
the N51 string. This can be made manifest in theN52
supersymmetric string due to spectral flow, i.e., the prese
of an additional gauge current on the world sheet at critic
ity.

In the N52 superstring the vertex operator for the em
sion of a space-time fermion may be found by taking ev

6In the (21/2) picture the fermionic vertex operator has the fo
VF5S1/2u

aSaeik•x.
1-5
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GORDON CHALMERS AND WARREN SIEGEL PHYSICAL REVIEW D64 026001
component of the previous bosonized form of the wor
sheet fermionic contributions and gauging the spin oper
via the U(1) current. The four-component spin operator
d5212 target space-time is

S15eif1/21 if2/2, S25eif1/22 if2/2 ~2.36!

S1̇5e2 if1/22 if2/2, S2̇5e2 if1/21 if2/2. ~2.37!

Gauging the expanded component form of the above fer
onic vertex operator with aU(1) current allows a twist of
the vertex operator

S~1/2!ua~k!Gm
abS21/2Sb5em

1~k!, ~2.38!

which amounts to a momentum dependent twist of the sin
vertex operator into that of a space-time boson. TheN52
string carries this in a straightforward way at the level of t
cohomology through spectral flow and allows internal qu
tum numbers to be assigned to states intoa priori indepen-
dent sectors related by the spectral flow. The translation
troduces an additional redundancy into the component
theem

15eaȧ
1 and allows this twisted line factor to be reduc

further to a two-component spinorva . The physical polar-
ization in Eq.~2.38! has the explicit bi-spinor form

eaȧ
1

~k;q!5
qakȧ

qbkb

, ~2.39!

with qa arbitrary ~the reference momenta@30#! and e6
•e7

521 ande6
•e650. Different choices ofqi generate axial

forms,

eaȧ
1

~k;q1!5eaȧ
1

~k;q2!1 f ~k;q1 ,q2!kaȧ , ~2.40!

and are the same on shell due to transversality for on-s
amplitudes. An analogous spinor reference momentum is
corporated into the line factor for the spinor in Eq.~2.3! @27#.

The two vertex operators are similar, except that in
N51 string the factorLm introduces a branch cut on th
world sheet ande11 a Lorentz covariant line factor~intro-
duced into theN52 string following spinor helicity tech-
niques in@6#!. In a self-dual background the two are the sa
up to a line factor, as required by known field theory resu
of bosonization.

A spectral flow operation in a scattering process allo
the identification

^ . . . VF~k1!VF~k2! . . . &

5^ . . . VF~k1!S~2u!S~u!VF~k2! . . . &

5^ . . . Vb~k1!Vb~k2! . . . &uu51/2, ~2.41!

where in the latter a contour deformation of the spin opera
is taken around the two vertex operators to convert them
bosonized statistics~see Fig. 1!. A similar procedure may be
performed for all correlators involving an even number
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fermionic vertex operators. This is the world-sheet derivat
of the bosonization of the fermions in a self-dual bac
ground.

In the supersymmetric target space-time theory the qu
tum amplitudes are zero to all orders in the field theory lim
due to a supersymmetric identity of MHV amplitudes~origi-
nally found in @31#! in both the closed supersymmetricN
52 string as well as the openN52 supersymmetric string
The N52 superstring, found by multiplying the Fock spa
with internal factors labeling spin, agrees to all orders w
the vanishing theorems of theN52 string that assumed
modular invariance.

III. DUALITY IMPLIES VANISHING

In the early days of string theory many properties of a
plitudes were shown to follow from~Dolen-Horn-Schmid!
duality @32# ~via ‘‘stretching the world sheet’’! and without
identification as any particular string theory. For examp
duality alone shows that all loop diagrams can be expres
as insertions of tadpoles into trees@33#. We analyze this
duality within the gauge theory MHV amplitudes in the fo
lowing.

For a theory with a finite number of particles of gene
mass, duality is a much more stringent constraint: Sinc
finite sum of poles in one channel cannot equal such a sum
another channel, the tree amplitudes must all vanish~except
for the three-point function, which does not have any ch
nels!. This analysis can be extended to one-loop diagra
For example, a planar one-loop open-string graph is rela
by duality to such a tree graph with the insertion of a clos
string tadpole. The MHV one-loop YM amplitude@19,20#,
which coincides with the one-loop self-dualS-matrix, has the
form

An;1
[1] ~ki !52

i

48p2 (
1< i , j ,k, l<n

^ i j &@ jk#^kl&@ l i #

^12&^23&•••^n1&
~3.1!

in a color-ordered form. Relations between this amplitude
d dimensions and a supersymmetric amplitude ind14 di-
mensions relates scattering between theN51 and N52
strings@6#. The inner products are written in terms of twist

variables^ i j &5ki
akj a and @ i j #5ki

ȧkj ȧ , with si j 5(ki1kj )
2

5^ i j &@ j i #. In d5212 the amplitude becomes real and t
inner productŝ i j & and @ i j # are not complex conjugates. A
similar result holds for the MHV gravitational amplitude

FIG. 1. Contour deformation of the insertion ofS(u)S(2u).
1-6
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GLOBAL CONFORMAL ANOMALY IN N52 STRING PHYSICAL REVIEW D 64 026001
@21#. The form in Eq.~3.1! is manifestly crossing symmetri
( i↔ j ) after including the color factor

Cs5Tr Ts1Ts2
•••Tsn ~3.2!

with group generatorsTi and summing over all permutation
as all the outgoing helicities are the same.

The analytic structure~in momentum space! of a closed
tree diagram with zero-momentum inserted states, and
open loop diagram containing a finite number of parti
types, in general do not agree. We next analyze the inse
of a single operator in a field theory tree diagram. The~color
ordered! gauge field corresponding to a tree diagram withm
out-going helicities the same~labeled from legs 1 tom) and
one leg unamputated and off-shell is

Am
aḃ~q;ki

1!5
kaqgḃkg

^k1&^12&•••^mk&
, ~3.3!

with k the reference momentum@30# chosen in the off-shel
extension of the leg with momentumq (52( j 51

m kj ) @23#.
The insertion of a zero-momentum state interacting with
vertex associated withj lines requires products of up toj
fields. The overall constantcm is suppressed in the subs
quent analysis. These composite operator insertions m
local anomaly mechanisms; as an example we list

S5Tr E d4x fFF̃. ~3.4!
02600
an

on

a

el

We denote the product of two fields as

Am
aḃAn2m

dṙ 5
1

^12&^23&•••^n1&
Haḃ,dṙ, ~3.5!

and consider the general contraction with two local deri
tives with momentumq,

A5qa1ḃ1qa2ḃ2Ha3ḃ3 ,a4ḃ4Ta1ḃ1 ,a2ḃ2 ,a3ḃ3 ,a4ḃ4
, ~3.6!

with T a general tensor. As the momentump flowing into the
product of two fields is taken to zero, the field is evaluat
with momentumq and 2q. The unamputated and off-she
field is conserved viaqaḃAaḃ50, and the most general ten
sor contractions are obtained from the tensors,

T(1)
a1ḃ1 ,a2ḃ2 ,a3ḃ3 ,a4ḃ45ea1a3ea2a4eḃ1ḃ3eḃ2ḃ4, ~3.7!

T(2)
a1ḃ1 ,a2ḃ2 ,a3ḃ3 ,a4ḃ45ea1a4ea2a3eḃ1ḃ4eḃ2ḃ3, ~3.8!

T(3)
a1ḃ1 ,a2ḃ2 ,a3ḃ3 ,a4ḃ45ea1a3ea2a4eḃ2ḃ3eḃ1ḃ4, ~3.9!

T(4)
a1ḃ1 ,a2ḃ2 ,a3ḃ3 ,a4ḃ45ea1a4ea2a3eḃ1ḃ3eḃ2ḃ4, ~3.10!

together with those that trivially contribute zero due to m
mentum conservation, such asea1a2ea3a4

eḃ1ḃ3eḃ2ḃ4 and
permutations. The contractions with the various tensors a
summing over all possiblem andn2m point fields generates
n.

s

ducts of
A15(
i 51

m

(
j 5m11

n

(
a51

m

(
b5m11

n
^ka&^kb&@ ia#@ jb#^ ik&^ jk&^m,m11&^n1&

^k1&^mk&^k,m11&^nk&
, ~3.11!

A25(
i 51

m

(
j 5m11

n

(
a51

m

(
b5m11

n
^ka&^kb&@ ib#@ ja#^ ik&^ jk&^m,m11&^n1&

^k1&^mk&^k,m11&^nk&
, ~3.12!

A35(
i 51

m

(
j 5m11

n

(
a51

m

(
b5m11

n
^ka&^kb&@ ib#@ ja#^ i j &^ jk&^m,m11&^n1&

^k1&^mk&^k,m11&^nk&
, ~3.13!

and

A450. ~3.14!

In deriving Eqs.~3.11! and~3.12! the null vectorq has been written asqaḃ5( j 51
m kj

akj
ḃ together with momentum conservatio

The first sum in Eq.~3.11! is separately odd under bothi↔a and j↔b, and the second is odd underi↔b and j↔a. BothA1
and A2 are equal to zero. The series inA3 is odd underi↔b and j↔a separately@and even under simultaneou
( i , j )↔(a,b)#.

We next consider the zero-momentum insertion associated with a three-point vertex. Summing over all possible pro
gauge fields associated with a general tensor gives

A a1ḃ1 ,a2ḃ2 ,a3ḃ35(
i 51

m

(
j 5m11

p

(
a5p11

n

ka1ki
ḃ1ka2kj

ḃ2ka3ka
ḃ33

^ ik&^ jk&^ak&

^k1&^m,m11&^p,p11&^n1&^mk&^k,m11&^pk&^k,p11&^qk&
.

~3.15!

Any contraction of the indicesa j associated withka or a eab generateŝkk& and is identically equal to zero.
The last possibility contains a four-point vertex,
1-7
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A a1ḃ1 ,a2ḃ2 ,a3ḃ3 ,a4ḃ45(
i 51

m

(
j 5m11

p

(
a5p11

q

(
b5q11

n

ka1ki
ḃ1ka2kj

ḃ2ka3ka
ḃ3ka4kb

ḃ4

3
^ ik&^ jk&^ak&^bk&^m,m11&^p,p11&^q,q11&^n1&

^k1&^mk&^k,m11&^pk&^k,p11&^qk&^k,q11&^nk&
, ~3.16!
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the form of which also generates zero for any tensor cont
tion.

The above analysis shows that the non-supersymm
gauge theory MHV amplitudes cannot be generated b
single zero-momentum operator insertion into a tree am
tude. We conclude that the string duality between open
closed ~in the N52 system! requires that the amplitude
vanish. Self-dualsuperYang-Mills and self-dualsupergrav-
ity are examples of such theories, but the corresponding n
supersymmetric theories are not.

IV. MODULAR INVARIANCE VS FIELD THEORY

The evaluation of scattering amplitudes for the string,
either the path integral or operator approach, involves su
over the inequivalent geometries associated with the w
sheet topology. There are two steps to this procedure, fin
~1! the Green functions on that space and~2! the correspond-
ing measure. The second step is the hardest; in earlier ev
ations of one-loop quantities inN52 string theory, it was
assumedthat the measure was modular invariant, to enfo
conformal invariance in the critical dimension of four. Ca
culations with this integration measure led directly to vani
ing genus-one diagrams. This result directly contradicted
plicit evaluations of the corresponding graphs by fie
theoretic methods. In this section we will review these
sults; a more rigorous analysis in the following sectio
based on sewing or unitarity constructions, will reveal
anomaly in conformal invariance in the non-supersymme
string.

We first examine the consistency of the zero-point fu
tion in the supersymmetric context. At genus one it is giv
by

Z5E d2t

t2
2 5

p

3
~4.1!

and corresponds in the target space-time field theory@on a
2d-real dimensional Ka¨hler manifold of signature (4,0) o
(2,2)# to the zero-point function@2# derived from

E
M

ddxAg5
1

~d/2!! EM
v`v . . . `v, ~4.2!

with a product ofd/2 factors of the Ka¨hler form v. The
integrand in Eq.~4.2! is locally a total derivative, asv
5dd̄K ~e.g.dv5d̄v50), and the integrand is totally ant
symmetric,
02600
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E
M

ddxAg;E
]M

d̄K`v`v . . . 5E
]̄M

dK`v`v . . . .

~4.3!

The fact that the cosmological term in Eq.~4.2! is a total
derivative ~locally! means that it does not contribute to th
field equations. The absence is in agreement with the van
ing of the cosmological term in the self-dual gravity theo
and in the supersymmetric extension.

The four-point one-loop MHV gravitational amplitude i
four-dimensions~in d5311 dimensions! has the form

A 4
[2]~ki !52 i S k

2D 4 1

120~4p!2 S s12s23

^12&^23&^34&^41& D
2

3~s12
2 1s23

2 1s13
2 !, ~4.4!

derived in @34#. Its n-point form is presented in@21# and
generates theS-matrix for the self-dual gravitational field
theory@8#. The supersymmetric completion~integrating out a
virtual supersymmetric multiplet! is identically zero, and the
amplitude satisfies a relationA [2]5A [0]52A [1/2] for an
internal graviton, complex scalar and Weyl fermion resp
tively. The d-dimensional form, found by analytically con
tinuing the internal momenta or by inserting factors
t2

2d/212 into the first quantized integral form, is equal to ze
in d52 @6#.

The all-genus amplitudes have been shown to be equa
zero through calculations in theN54 topological reformu-
lation of theN52 string ~modulo contact term ambiguitie
analyzed in@6#!, based on the assumption of modular inva
ance. This has been verified directly at genus one in the R
N52 formulation, taking into account both contact terms
well as the different ordering of limits in the zero-slope lim
@6# ~integrating spin structure first or evaluatinga8→0 first!,
generating the continued form of the result in Eq.~4.4! to
d52. In the latter calculation it was shown that an addition
factor of t2 in the closed string calculation arising from th
b8c8 ghost system associated with the world-sheet ga
field maps the integral representations of the amplitude
two internal space-time dimensions, and the result for
amplitude equals zero. However, this additional factor in
integration measure does not follow directly from sewi
trees or from unitarity considerations~in the Wick-rotated
sense tod5311 dimensions!; these latter techniques woul
generate the non-vanishing gravitational MHV amplitud
~4.4! at n-point.

The chiral N52 matter multipletsX5(x,c) and ghost
systems at genus one contributes the following determin
factors to the evaluation of the amplitude:
1-8
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ZdFab G~t,t̄ !5Zx~t,t̄ ! ZcFab G~t,t̄ ! Zbc~t,t̄ ! ZbgFab G
3~t,t̄ ! Zb8c8~t,t̄ !, ~4.5!

with d54 in the critical string and where the respective fa
tors are

Zx~t,t̄ !5t2
2d/2uh~t!u22d,

ZcFab G~t,t̄ !5UqFab G~0,t!Ud

uh~t!u2d, ~4.6!

Zbc~t,t̄ !5t2 uh~t!u4,

ZbgFab G~t,t̄ !5UqFab G~0,t!U24

uh~t!u4. ~4.7!

The ghost determinant associated with the localU(1) sym-
metry is

Zb8c8~t,t̄ !5t2 uh~t!u4. ~4.8!

The Dedekind eta and theta functions with continuous ch
acteristic@b

a# comprise the determinants,

h~t!5q1/24)
nÞ0

~12qn!,

qFab G~z,t!5 (
nPZ

ep i t(n1a)212p i (n1a)(z1b), ~4.9!

whereq5e2p i t andt denoting the modular parameter of th
torus. The product of these factors generates

ZdFab G~t,t̄ !5t2
2(d24)/2 UqFab G~0,t!Ud24

uh~t!u23(d24),

~4.10!

and equals unity in four real dimensions. The moduli as
ciated with the path integral quantization of theN52 string
are~1! the parametert labeling the inequivalent tori, and~2!
the parameters@b

a# labeling the continuous spin structures@or
the U(1) gauge bundle of the torus#. The modular invariant
integration measure is~up to an arbitrary constant!

d2t

t2
2 ,

dudū

t2
5dadb, ~4.11!

where u5(1/22a)1(1/22b)t. ~The volume integral is
*dudū5t2.! However, this is not the measure found fro
path integral~or operator! quantization, as we show in th
following section.

V. ANOMALY IN N Ä 2 STRING

A rigorous alternative to invariance arguments is ‘‘sew
ing,’’ which unambiguouslydetermines loop amplitudes in
ductively in loop order. This property is an automatic con
02600
-

r-

-

-

quence of the path integral because of the locality of
world-sheet action: For example, the genus-one world sh
can be ‘‘cut’’ into trees, and integration over variables at t
cut are performed after integration over those inside the t
~Similar remarks apply in the operator formalism.! This is
equivalent to the Feynman tree theorem@35#, and is the
original method for evaluating one-loop graphs in stri
theory~see, e.g.,@36,37#!. The basic idea is that the one-loo
graph is given by the trace of the string propagator~with
additional external states!.

For example, this method was applied to the type I sup
string to show the existence of anomalies~and divergences!
for groups other than SO~32!. Although the integration mea
sure is determined directly from the Teichmu¨ller variations,
conformal invariance is not enough to fix the normalizati
of these one-loop diagrams: In fact, it gives an inconsist
result, since the theories for groups other than SO~32! are
anomalous; assuming no anomaly would imply differe
relative normalizations to enforce cancelation. In particu
ignoring the possibility of Chan-Paton factors would give t
U~1! or SO~2! ~if symmetrized! superstring, which does vio
late conformal invariance at one loop. Of course, conform
invariance does not fix overall normalization of loop di
grams in any string theory, since any constant overall fac
is invariant; rather unitarity determines the normalizati
factor.

The simplest case to consider is the open string pla
loop, since the moduli space of the resulting integral is s
pler ~at least for the part coming from the world sheet m
ric!. Specifically, the propagator for an open string in ext
nal fields is simply

D5
1

L01V
5

1

L0
2

1

L0
V

1

L0
1•••

where L0 is the free kinetic operator andV is the vertex
operator~s!. The loop amplitude, for some fixed number
external lines, is then given by sewing a term in this su
which is represented in this operator language as a trace

A5TrS 1

L0
V~1!

1

L0
V~2! . . . D .

At this starting point there are no moduli whatsoev
since the tree-level path integral has already been perform
In general, moduli appear only as integration variables,
do not specify external states. However, it is convenien
reintroduce one modulus for purpose of evaluating the s
ing: Exponentiating all the free propagators 1/L0 with the
usual Schwinger parameters, this modulus appears as
sum.

We will not review all the details here, just those th
differ from theN50 andN51 strings.~See, e.g.,@38# for a
discussion for the bosonic open string.! For simplicity, we
can consider Neveu-Schwarz or Ramond boundary co
tions for the world sheet spinors: This allows direct compa
son to theN51 case.~By spectral flow, also known in the
maximally helicity violating sector as spacetime supersy
metry, we know the result is independent of this choice.! The
1-9
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GORDON CHALMERS AND WARREN SIEGEL PHYSICAL REVIEW D64 026001
evaluation of the Green function part of the path integral~or
operator evaluation! is then the same as forN51, since the
physicalN52 variables are the same as those forN51 in
d54. ~However, unlike theN51 case, spectral flow allow
us to generalize to arbitrary boundary conditions: see belo!
The ghosts do not appear in the vertex operators, and
the Green functions, if we restrict the external states to be
shell and gauge fixed.

Of course, the evaluation of the Green functions is
affected by the anomaly, as they are the classical part of
JWKB expansion. The evaluation of the measure in theN
52 case is actually simpler. As in theN51 and 2 cases, i
depends on only the modulus ‘‘t ’’ related to the sum of the
Schwinger parameters: Thus we can forget the external l
and look at just the partition function. We first examine t
contribution of the nonzero modes~oscillators!. In d54
these contributions cancel identically by counting: The wo
sheet variables of half-integral and integral worldsheet s
~or conformal weight! each satisfy the same boundary co
ditions, independent of statistics.~This is true for arbitrary
choice of boundary conditions.! But each of the two sets ha
equal numbers of opposite statistics: fourx’s vs (b,c,b8,c8),
and fourc ’s vs (b,g,b8,g8). Thus all the contributions o
the nonzero-modes cancel, leaving a partition functionf
51. ~For other dimensions,f is a d-independent function to
the powerd24.!

All these functional integration results so far agree w
those found previously by invariance arguments~see previ-
ous section!. The final step is the integration of the ze
modes. The integration overx zero modes is identical to tha
in ordinary field theory, so we leave it for last, and do n
discuss it. That leaves only the integration over the z
modes of the fermionic ghosts. SinceL0 has no dependenc
on these zero modes, these integrals are trivial: If 1/L0 were
the complete propagator, they would give zero, since, e
*db0150. This problem is fixed in the same way as forN
50: We include in the full propagator a numerator of the
zero modes:

D85
b0b08

L0
. ~5.1!

In fact, this numerator is already required for evaluating t
graphs, when ghosts are included. The result is that the m
sure is identical to that obtained by field theory metho
~Earlier evaluations based on invariance arguments did
directly address the problem of integration over these z
modes.! The fact that it disagrees with the result obtain
from modular invariance arguments~though only by a factor
of t) is the anomaly in this invariance.

To expand on the above we derive the scattering am
tude for a specified set of~unintegrated! spin structures of the
world sheet fermions that specify an arbitrary spin. This g
eralizes the calculation above, although in a trivial way b
cause of the spin independence~spectral flow!. ~Thus, in the
supersymmetric theory the various contributions cancel.! The
propagator discussed above is defined as
02600
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^X1 ,c1uuE dte2tL0uX2 ,c2&u5^X1 ,c1uu
1

L0
uX2 ,c2&u ,

~5.2!

with

L05
1

2 (
n52`

`

:a2n
m an,m :1

1

2 (
n52`

`

~n1u!:d2n
u,mdn,m

u :,

~5.3!

and

dn
u5dn1u , d2n

u 5d2n2u , n.0. ~5.4!

Here the oscillators are labeled by the twist angleu that
interpolates between the Ramond and Neveu-Schwarz
tors, induced by the spectral flow.~There is a zero mode
associated with the bosonic ghosts atu50 that requires spe
cial treatment, which we do not discuss here.! At every u
there is a complete set of states, and the sectors are relat
the spectral flow automorphism~2.18!; the spectral flow also
twists the boundary conditions at pairs of points where v
tex operators are located, as described in Sec. III.

The tree amplitudes are constructed via

An~ki !5^k1uu1S 1

L0
DVu2~k2! . . . S 1

L0
D ukn&

un, ~5.5!

with twist parametersu i at each vertex which are required
specify the boundary conditions of the worldspinors and th
the spin as described in previous sections.~We have not
explicitly inserted the line factor labeling the spin in th
equation.! The sewing relation found by inserting a comple
set of states in the loop generates

An
loop5E d4p

~2p!4 Tr$u i %S 1

L0
V1

u1
1

L0
V2

u2 . . . Vn
unD . ~5.6!

We note that the factor inside the trace in this equation
identical to theN51 string amplitude evaluated in four
dimensions~for u ’s 50 or 1/2), after normalizing theN
52 string vertex operators with covariant line factors~2.30!:
The gauge-fixed action for the matter components of theN
51 string has a globalN52 supersymmetry on the world
sheet.

The complete expression following from the above is

An~kj !5E
0

` dt

t32nE )
j 51

n

dziKKN
u j ~zi ,t!. ~5.7!

where the oscillators associated with the modes are inse
including the ghost terms but without the zero mode ass
ated with the latter. The integration generates in the ze
slope limit the integrand for the maximally helicity violatin
amplitudes in four dimensions; the kinematic factor in E
~5.7! is

KKN
u j ~zi ,t2!5E )

j 51

n

d2ũ j)
i , j

eG ~5.8!
1-10
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G5F2
1

2
ki•kjGi j 1e [ i•kj ]Di

1Gi j

1e i•e jDi
1D j

1Gi j G
multi-linear

where D5]ũ21 ũ2]z and Gi j the two-point function be-
tween the points (zi ,ũ i

6) and (zj ,ũ j
6) for fermions of spin

structureu. The expansion in this equation is in produc
which are linear in each polarization vectore j . This expan-
sion may be found in@6# for general choices of referenc
momenta of the polarization vectorse j

11 . The complete in-
tegration over the modes in theq-expansion beyond the
massless sector is non-trivial, but the fermionic pieces
leading order inq integrate to zero by a supersymmetr
Ward identity@6#.

However, the contribution from the world sheet Gre
functions is not the same as from the field theory, althou
they agree in the zero-slope limit. This indicates that t
anomaly is more serious, since contributions from unphy
cal massive modes to the Green functions do not cance
conflict with BRST invariance. On the other hand, in t
spacetime supersymmetric case, contributions from sp
time fields of opposite spacetime statistics cancel. Thus,
as anomaly cancelation requires SO~32! for the open super-
string, anomaly cancelation for theN52 strings requires
spacetime supersymmetry.

At one loop, sewing can be replaced with a unitarity co
struction based on dimensional continuation. In the rema
der of this section we examine this construction on the tr
amplitudes obtained through the field theory describing
classical dynamics.~The self-dual Lagrangians reproduce t
classical scattering of theN52 string.! Then two-particle
unitarity cuts are sufficient to determine the complete am
tudes through an integral reduction of one-loop integr
onto a finite set of integral functions together with the
unique cut structures. The unitarity cut in a two-partic
channel containing momentak11•••1km ~with ( j 51

n kj

50) is

ImA n
[2]~ki !5 (

l i56
E ddpddqd (d)~p2!d (d)~q2!Q~p0!Q~q0!

3A m12
! ~pl1,k1 , . . . ,km ,ql2!

3An2m12~q2l2,kn2m , . . . ,k1 ,p2l1!, ~5.9!

with helicity states denoted byl for an internal state of spin
two. ~The identical helicity configuration generates the on
loop amplitude to the self-dual gravity theories, exact in
two-field formulation.! Scattering of external states of ide
tical out-going helicity has tree amplitudes on either side
the unitarity cut that equal zero: The tree amplitudes in fo
dimensions with helicity configurationA(6,1, . . . ,1)
equal zero atn-point. The absence of unitarity cuts is man
fest in the functional form~3.1!; continuation tod5212
dimensions results in the reality of the inner products^ i j &
and @ i j # and the amplitude is then purely real for all kin
matic configurations.
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Although the imaginary part of the amplitude in Eq.~5.9!
is equal to zero in four dimensions, upon continuing tod
5422e dimensions it picks up a non-vanishing result~see,
for example,@39,21#!. This unitarity construction leads to
direct evaluation of the MHV amplitude in different dimen
sions, and the integration measure over the cut loop m
menta with the integrationddl . However, this result is in
contradiction to the assumption of conformal invariance
the bosonicN52 string.

The sewing relation in string theory~5.9! precludes the
moduli associated with theU(1) gauge field and the ghos
determinant, i.e., the integration over the boundary con
tions (ab) in Eq. ~4.11!. In the relation~5.9! we project onto
a finite number of massless states, found by summing
cretely over the spin structures. The target space-time im
mentation in the sewing of integrating out these fields~and
the induced spectral flow! requires a summation over inte
mediate massless states with spin ranging continuously f
zero to two. In this construction of the loop the absence
the t2 factor from the (b8c8) ghost determinant in Eq.~4.8!
forces the amplitude to be evaluated in four dimensions,
a choice of the spin structure in the anti-periodic–an
periodic, a5b50, sector maps the result to the no
vanishing gravitational MHV amplitudes.~The periodic spin
structures generate a vanishing contribution holomorphic
to the amplitude@6# point-wise in the integration overt.!
Indeed, the Koba-Nielsen representation of the amplitu
from the N51 string is identical to that from theN52
string without this factor; theN51 string has a manifes
globalN52 supersymmetry. The sum over the intermedi
states in Eq.~5.9! with the appropriate supersymmetric spe
trum makes agreement with the direct path integral qua
zation including the complete set of determinant factors
Eq. ~4.10!.

The tree amplitudes of the string theory agree with tho
of self-dual theories: nonvanishing three-point amplitud
and vanishing higher-point. Sewing these trees, in eithe
field theory or string description, straightforwardly produc
vanishing one-loop amplitudes for the space-time supers
metric theories, but nonvanishing amplitudes in the boso
theories. Since the assumption of modular invariance of
one-loop amplitudes implies vanishing amplitudes, the o
loop amplitudes violate conformal invariance unless
theory is spacetime supersymmetric: The one-loop am
tudes as derived by sewing are not modular invariant in
nonsupersymmetric theories.

VI. CONCLUSIONS

In this work we demonstrated the global conform
anomaly within theN52 closed string. This conforma
anomaly is potentially related to an index in theN52 string
theory. Cancelation of the anomaly requires, through uni
ity or sewing, that the theory be space-time supersymme
The supersymmetric extension of theN52 closed string is
accomplished via the attachment of line factors on the ve
operators labeling spin on the scalar state in the spectr
The bosonization of states of different spin in the fie
theory, or the spectral flow of theN52 system, allows the
1-11
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incorporation of supersymmetry through these factors.
similar analysis may be performed in the open string.

We further analyzed duality between open and clo
string world sheets in the context of self-dual Yang-Mi
theory and gravity and its supersymmetric completion. D
ality in this context and in a theory containing only a fini
number of fields requires supersymmetry and a vanish
S-matrix. This is analyzed directly in the field theory b
showing that a general zero-momentum insertion into
maximally helicity violating tree amplitude in Yang-Mills
theory generates zero, in accord with the supersymme
closed self-dual gravity at the quantum level to all orders
the loop expansion.

The fact that the nonvanishingn-point maximally helicity
violating loop amplitudes are due to such a simple anom
suggests that an even simpler derivation of these amplitu
might be possible, analogous to the way the effective ac
of the Schwinger model follows simply from its anomal
The Liouville multiplet offers an avenue to compensate
factor of t2 in the closed string calculation to obtain the
amplitudes. Furthermore, the unintegrated zero momen
operator insertion noted in@6#, i.e., Ag]Xm]̄Xm , represent-
ing the insertion of a tadpole would produce a factor oft2
necessary to obtain these amplitudes. A simple way to
this is to note that the one-loop amplitude can be written
terms of the trace of the Schwinger parametrized (t2) propa-
gator, and an extrat2 corresponds to squaring the propag
tor,
F

er
rz

ys
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tr~K21!5trS E
0

`

dt e2tKD , tr~K22!5trS E
0

`

dt te2tKD ,

~6.1!

which is the same as inserting a zero-momentum state
tween the two propagators, i.e., a tadpole insertion.

Note added.The integration measure containing the sp
structure summation that generates the following results

d2t

t2
2 ,

dudū

t2
2

5
dadb

t2
. ~6.2!

It may be found by inserting into thetorus amplitude~with
the Jacobian torus associated with the gauge fields
equivalently the spin structures, fibred on it! the ghost modes

associated with the Beltrami differentials,cc̄bb̄c̃c̃̄b̃b̃̄; in this
manner the zero modes of both the (bc) and (b8c8) system
are treated on an equal footing.7
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