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Vacuum bubbles nucleation and dark matter production through gauge symmetry rearrangement
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Modern particle physics and cosmology support the idea that a background of invisible material pervades the
whole universe, and identify in the cosmic vacuum the ultimate source of matter—energy, both seen and
unseen. Within the framework of the theory of fundamental relativistic membranes, we suggest a self-
consistent,vacuum-energy-drivenmechanism for dark matter creation through gauge symmetry rearrangement.
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I. INTRODUCTION

The modern paradigms of physics are the standard
bang model of cosmology and the standardSU(3)C

^ SU(2)L ^ U(1)Y model of the strong and electroweak i
teractions. During the past two decades both models h
been refined with the addition of two key ingredients:infla-
tion on the cosmological side@1# and axions as pseudo-
Goldstone bosons associated with the spontaneous b
down of the Peccei-Quinn symmetry in particle physics@2#.
Inflation requires the existence of dark matter and axi
have long been candidates for cold dark matter. A furt
refinement of the standard models stems from a recent an
sis of the cosmic microwave background@3# added to the
data from high-redshift supernova observations@4#. To-
gether, they seem to support the idea that the universe is
and is currently expanding at an accelerated rate.1 As a re-
sult, dark matterand the cosmological constant@5#, or some
form of dark energy, have become the essential compon
of the new inflationary scenario.2 In this paper we wish to
suggest that those two components are connected, in a r
fundamental way, by a new mechanism of symmetry re
rangement thatrequiresthe creation of dark matter.

Cold dark matter, in axionic form, could be detected in
experiment capable of probing masses in the ra
1026–1023 eV. Where does that mass come from? The g

*Email address: ansoldi@trieste.infn.it
†Email address: aaurilia@csupomona.edu
‡Email address: spallucci@trieste.infn.it
1At least the first acoustic peak in the power spectrum of temp

ture fluctuations of the cosmic microwave background, as de
mined by the Maxima and Boomerang observations, is best fit w
V51 as required by inflation.

2Those revolutionary cosmological data were not available
1991 when the authors first suggested the possibility that the
mological constant and dark matter might be related@6#.
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eral consensus is that it comes from the quantum anom
which violates the chiralU(1)PQ symmetry, thereby evading
Goldstone’s theorem. However, the chiral anomaly is j
one of at least two possible loopholes by which the existe
of a Goldstone boson can be avoided. The second loopho
the Higgs mechanism. In its conventional formulation, t
Higgs mechanism essentially converts a gauge field, i.e
massless spin-1 field, into a massive vector field while p
serving the value of the spin as well as gauge invarian
thereby ensuring the renormalizability of the theory. Ev
though this is the mechanism that generates the mass o
known elementary particles within the standard model
particle physics, it is clearly unsuitable to describe the c
mological situation envisaged above, namely, the convers
of theconstantvacuum energy into particles of matter. Thu
we are led to ask:How does one connect a ‘‘constant ener
background’’ (nondynamical by definition) into materia
particles that are invisible but dynamical?Our suggestion, in
a nutshell, is as follows: first, turn the cosmological const
into anondynamical gauge field,i.e., a gauge field with zero
degrees of freedom; second, extract from that gauge fie
massive spin-0 fieldaccording to the time honored procedu
of symmetry breaking followed by restoration of gauge
variance. As we shall see, the new ingredients of that
procedure are relativistic extended objects~membranes! and
their gauge partners~antisymmetric tensor gauge fields!.

The topological nature of the new mechanism and
mathematical formulation were discussed in a recent art
in connection with the broad issue ofelectric-magnetic du-
ality of p-branes@7#. As stated above, we are presently i
terested in applying the notion of ‘‘topological symmet
breaking’’ to the new inflationary scenario. Accordingly, w
have organized the paper as follows.

In Sec. II we introduce the concept of topological sym
metry breaking. In Sec. III we discuss the case of ‘‘elect
dynamics in two dimensions,’’ reinterpreted as ‘‘bubble d
namics in two dimensions,’’ as the simplest framework
which topological symmetry breaking can be implemen
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together with the generation of mass. In Sec. IV, the det
of the new mechanism are illustrated in four spacetime
mensions. There we first outline the three main steps lea
to the creation of dark matter, and then discuss each step
separate subsection. Instrumental to the overall mechanis
the false vacuum decay rate through bubble nucleation f
the vacuum which we calculate in real spacetime and c
pare with the corresponding computation in Euclidean spa
Section V concludes the paper with a summary of our d
cussion and a commentary on the applicability of the n
mass generation mechanism to the inflationary cosmolog
scenario.

II. SYMMETRY BREAKING REVISITED

‘‘Topological symmetry breaking’’ and the concomita
mechanism of mass generation have never been discuss
the physics of point particles for the simple reason that
world history of a material particle is usually assumed
have no boundary; that is, it is usually assumed to be i
nitely extended in time.3 Typically, in a world of classical
point particles described by alocal field theory, reparametri-
zation invariance of the world trajectory is tacitly assum
while gauge invariance isexplicitly broken only by introduc-
ing a mass term in an otherwise invariant action. The as
metry of the vacuum with respect to some global transf
mation ~spontaneous symmetry breaking! provides a second
possibility which, in turn, leads to the celebrated Namb
Goldstone-Higgs mechanism of mass generation.The exis-
tence of a boundary in the world history of an object pr
vides an additional possibility of symmetry breaking.

For the sake of illustration, consider the familiar case o
charged particle: the gauge invariance of the free Maxw
action may be broken either by introducing a mass term
the action,

S[Sm1SA , ~2.1!

Sm52m0E
0

`

dtA2
dxm

dt

dxm

dt
, ~2.2!

SA5E d4xF2
1

4
FmnFmn1

m2

2
Am Am2e Jm Am G , ~2.3!

or, more generally, by coupling the gauge potentialAm(x) to
a non-conservedcurrent Jm(x), i.e., ]mJm(x)Þ0. Thus, in
either case:~i! mÞ0, or ~ii ! m50, ]mJmÞ0, gauge invari-
ance is violated.The massless, non-conserved current c
corresponds to a classical point-like particle whose wo
line G0 has a free end point.By definition, this represents

3In the following, by ‘‘boundary’’ of an object~pointlike or spa-
tially extended! we mean an extremal configuration~initial or final!
of the world history of the object at a finite time, or, in other word
an extremal spacelike section of the object’s trajectory in spacet
The case of an object with a boundary that isspatiallyopen can be
treated along similar lines@8,9#.
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boundary condition that is not explicitly encoded into t
action. Therefore, to the extent that there are no appa
symmetry violating terms in the action, we refer to this ca
as ‘‘topological symmetry breaking.’’ For instance,

G0 : xm5xm~t!, 0<t<` ~2.4!

with

Jm~x!5E
0

`

dt
dxm

dt
d4)

„x2x~t!…5E
G0

dxm d4)
„x2x~t!…

~2.5!

represents a semi-infinite spacetime trajectoryG0 that origi-
nates atx0 and then extends forever. An extremal free e
point physically represents a ‘‘singular’’ event in which
particle is either created or destroyed, so that the covar
conservation of the associated current is violated,4

J~x![]m Jm~x!5]mE
G0

d@d4)
„x2y~t!…#5d4)~x2x0!Þ0.

~2.6!

Furthermore, under a gauge transformation of the ac
integral, the interaction term transforms as follows:

dLSint5eE
x0

`

dxm ]mL52L~x0! ~2.7!

assuming, as usual, that the gauge function vanishes at i
ity.

In Sec. IV we shall extend the above considerations to
case of a relativistic bubble in 311 dimensions. That is the
natural setting for discussing the new inflationary scena
There we shall argue that the corresponding classical ac
represents aneffective actionfor the quantum bubble nucle
ation process that takes place within the background vacu
energy represented by the cosmological constant. The n
elty here is that the cosmological constant is disguised a
‘‘Maxwell field strength.’’ Because of the presence of
boundary of the bubble trajectory in spacetime, the proc
of nucleating an inflationary bubble@10,11,12,13# must be
accompanied by the excitation of massive spinless partic
A possible quantum formulation of the same bounda
mechanism using the path integral approach to the dynam
of a generic p-brane in an arbitrary number of spaceti
dimensions is given in Ref.@7#.

,
e.

4A physical example of such a situation is the emission of
alpha particle by a radioactive nucleus. Because of quantum tun
ing, the particle suddenly disappears from within the nucleus~its
worldline comes to an end point! and reappears at a different poin
outside the parent nucleus. Nophysicaltrajectory connects the two
branches of the particle world line. Thus, from the point of view
an external observer, thea particle world line is semi-infinite: it
originates from a point outside the nucleus at a given instant of t
and then evolves independently of the parent nucleus.
8-2
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VACUUM BUBBLES NUCLEATION AND DARK MATTER . . . PHYSICAL REVIEW D 64 025008
III. TWO DIMENSIONAL ELECTRODYNAMICS

‘‘Electrodynamics in 111 dimensions,’’ also known in
its early quantum formulation as ‘‘the Schwinger mode
@14#, means different things to different people. Formal
the action~or Lagrangian! of the model is the same as that
the familiar Maxwell electrodynamics in 311 dimensions,
hence the name. The physical content, however, is va
different. This is because of the stringent kinematical c
straints that exist in 111 dimensions: since there is n
‘‘transversality’’ in one spatial dimension, the concept
spin is undefined, and the notion of ‘‘vector field,’’ massle
or massive, is purely formal. Thus, there is no radiation fi
associated with the Maxwell tensor. There is, however,
same background vacuum energy and long range static i
action that we shall discuss in the next section for the me
brane theory in 311 dimensions. This is because in on
spatial dimension a ‘‘bubble’’ degenerates into a partic
antiparticle pair, moving left and right, respectively, and t
volume within the bubble is the linear distance between th
@15#. Indeed, the main reason for the following discussion
to make it evident that those very kinematical constraints
exist in 111 dimensions are intertwined with the productio
of mass and can be induced just as well in 311 dimensions
simply by increasing the spatial dimensions of the obje
from a 0 brane in 111 dimensions to a 2-brane, or bubbl
in 311 dimensions, indeed, to a generic p-brane embed
in a target space with p12 dimensions. In other words, th
familiar theory of electrodynamics in 311 dimensions does
not represent a unique generalization of the so called ‘‘e
trodynamics in 111 dimensions.’’ A more natural exten
sion, especially from a cosmological standpoint, is the the
of a relativistic membrane coupled to a three index ga
potential. It is in the framework of bubble dynamics, rega
less of the dimensionality of the target space, that the c
mological constant drives the creation of particles of mat
and the engine of that process, at least at the classical l
is the ‘‘topological symmetry breaking’’ due to the existen
of a boundary in the world history of the membrane.

A. Massless phase

In the massless phase, the physical content of electro
namics in (111) dimensions is encoded into the gauge
variant action:

S5E d2xF1

4
Fmn Fmn2

1

2
Fmn ] [m An]2e Jm Am G ~3.1!

so that the current densityJm, without further boundary con
ditions, is divergenceless:]m Jm50. The first order formula-
tion of the action is not mandatory but makes it clear that
two dimensions, the ‘‘Maxwell tensor’’ is assumed to be t
covariant curl of the gauge potential, which is then treated
an independent variable.

Thus, variation of the action with respect to the poten
Am leads to the Maxwell equation

]m Fmn5e Jn. ~3.2!
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The general solution of Eq.~3.2! is the sum of the free
equation solution (e50), and a special solution of the inho
mogeneous equation (eÞ0). The complete equation can b
formally solved by the Green function method. The fin
result is

Fmn~x!5AL emn1e ] [m
1

h
Jn]

5AL emn1eE d2y]x
[m G~x2y!Jn]~y!.

~3.3!

Inserting the above solution into the action~3.1!, and ne-
glecting surface terms, we obtain

S52
1

2E d2xFL1e2 Jn
1

h
JnG

52
1

2E d2x L1e2E d2xE d2y Jn~x!G~x2y!Jn~y!,

~3.4!

which we interpret as follows:

S52
1

2E d2x@ ‘‘cosmological constant’’

1‘‘Coulomb potential’’#. ~3.5!

The first term represents a constant energy background
cosmological term, even though it can be ‘‘renormalize
away’’ in the absence of gravity. The second term in E
~3.4! describes the long-range, ‘‘Coulomb interaction’’
two spacetime dimensions. In reality, it represents thelinear
confining potentialbetween point charges written in a man
festly covariant form. In such a covariant formulation, t
existence of a boundary, even though not explicitly codifi
in the action~3.1!, introduces a symmetry breaking conditio
since it implies that the world line of the ‘‘charge’’ has a fre
end point through which the symmetry leaks out, so t
]m Jm5JÞ0. In that case, gauge invariance is topologica
broken and the current density is no longer divergence f
Under such circumstances, the field equation~3.2! needs to
be modified since the left-hand side is divergenceless, w
the right-hand side is not.

B. Massive phase

The necessary remedy for the above inconsistency is
introduction of a mass term in the action~3.1!. Paradoxi-
cally, the presence of mass is also necessary in order to
store gauge invariance, albeit in an extended form. As a m
ter of fact, the new action

S5E d2xF1

4
Fmn Fmn2

1

2
Fmn ] [m An]1

m2

2
Am Am2e Jm AmG

~3.6!

reflects the fact that the original gauge invariance is not o
topologically broken, i.e.,implicitly broken by the boundary
8-3
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S. ANSOLDI, A. AURILIA, AND E. SPALLUCCI PHYSICAL REVIEW D64 025008
but alsoexplicitly broken by the presence of a mass ter
However, we argue that there is a subtle interplay betw
those two mechanisms of symmetry breaking, so that m
fest gauge invariance is actually restored. In order to furt
analyze the connection between the two mechanisms of s
metry breaking, it is convenient to separate the divergen
less, boundary free current from the nonconserved boun
current. In two dimensions a generic vector can be dec
posed into the sum of a ‘‘hatted,’’ or divergence-free co
ponent, and a ‘‘tilded,’’ or curl-free component. Thus, w
write

Am5Âm1Ãm , : ]mÂm50, ] [m Ãn]50 ~3.7!

and a similar decomposition holds for the current,

Jm5S Jm2
]mJ

h
D1

]mJ

h
[ Ĵm1 J̃m, : ]mĴm50, ]mJ̃m5J.

~3.8!

In terms of this new set of fields and currents the act
reads

S5E d2xF1

4
Fmn Fmn2

1

2
Fmn ] [m Ân]1

m2

2
Âm Âm2e Ĵm Âm

1
m2

2
Ãm Ãm2e J̃m ÃmG ~3.9!

and we find two systems of decoupled field equations:
divergence-free vector field satisfies the Proca-Maxw
equation

]m Fmn1m2Ân5e Ĵn ~3.10!

while the curl-free part must satisfy the constraint

m2 ]nÃn5e J ~3.11!

or, equivalently,

Ãm5
e

m2 ]m

1

h
J. ~3.12!

To the extent that the mass is linked to the divergence
the current, as shown by the above equations, it is als
measure of the ‘‘symmetry leakage’’ through the bounda
It is this connection between topological and explicit sy
metry breaking that leads us to ask: Is there a way of res
ing manifest gauge invariance in spite of the presence
mass term in the action?

C. Massive, gauge invariant phase

The answer to the question raised in the previous sub
tion was suggested by Stueckelberg a long time ago@16#.
The original Stueckelberg proposal was to recover gauge
variance by introducing a compensating scalar fieldu so that
the resulting action
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SA5E d2xF1

4
Fmn Fmn2

1

2
Fmn ] [m An]1

m2

2 S Am1
1

m
]mu D 2

2e JmS Am1
1

m
]m u D G ~3.13!

is invariant under the extended gauge transformation

Am→Am8 5Am1]m l, ~3.14!

u→u85u2m l. ~3.15!

In this case, the vector field equation

]m Fmn1m2S An1
1

m
]n u D5e Jn ~3.16!

is self-consistent because of the theta-field equation

m2 ]nS An1
1

m
]n u D5e ]n Jn. ~3.17!

Evidently, the role of the constraint~3.17! is to combine
the Ãm component of the vector potential with the compe
sator field in such a way that symmetry is restored with
spect to the extended gauge transformation. In our geom
interpretation, this is equivalent to ‘‘closing the world hi
tory’’ by compensating for the leakage of symmetry throu
the boundary. In this sense, the generation of mass is
consequence of ‘‘mixing’’ two gauge fields, namely, theÃm
component of the vector potential with theu field. As a
matter of fact, Eq.~3.17! determines the mixed, gauge invar
ant field to be

Ãm1
1

m
]m u5

e

m2]m

1

h
J. ~3.18!

Once the above equation~3.18! is inserted into the action
~3.13! we obtain

S5E d2xF1

4
Fmn Fmn2

1

2
Fmn ] [m An]1

m2

2
Âm

2 2e Ĵm Âm

2
e2

2m2 J
1

h
JG , ~3.19!

which represents an ‘‘effective action’’ for the only physic
degree of freedom represented byÂm .

IV. THREE STEPPING STONES OF ‘‘DARK MATTER’’
PRODUCTION: FORMULATION OF THE

MECHANISM

In order to place our previous discussion in the right p
spective and partly to justify the more technical approach
the following subsections, let us consider the inflationa
idea that the early phase of the exponential expansion of
universe inflated a microscopic volume of space to a s
much larger than the presently observable part of the u
verse; this idea can be formulated within the framework
8-4
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general relativity as a special case of ‘‘classical bubble
namics’’ ~CBD!, i.e., the study of the evolution of a vacuu
bubble in the presence of gravity@10#. In our own formula-
tion of CBD, inflation is driven by a gauge fieldAmnr(x)
which is equivalent to a cosmological constant@11#, and the
boundary effects in CBD, completely similar to those d
cussed in the previous section, constitute the precise me
nism which extracts dark matter from the self-energy
Amnr .

In short, how does that process take place? The follow
properties of Amnr constitute the crux of the boundar
mechanism in the inflation-axion scenario:

~a! When massless,Amnr represents ‘‘dark stuff’’ by defi-
nition, since in 311 dimensionsAmnr does not possess ra
diative degrees of freedom. In fact, the field strengthFmnrs

[¹ [m Anrs]5] [m Anrs] , as a solution of the classical fiel
equation, is simply a constant disguised as a gauge fi
This property, even though peculiar, is not new in fie
theory: it is shared by all d-potential forms in
(d11)-spacetime dimensions. For instance in two dim
sions, Fmn5] [mAn]5emn L, while in four dimensions,
Fmnrs5emnrs f , andf represents a constant background fie
in both cases by virtue of the field equations. What is th
the meaning of ‘‘f ’’? As a gauge field,Amnr is endowed with
an energy momentum tensor and thus it couples to gra
@15#: the resulting equations are Einstein’s equations with
cosmological termL54p G f2. For this reason we callAmnr

the ‘‘cosmological field.’’ This alternative interpretation of
the cosmological constant can be traced back to Ref.@15#
and its application to the inflationary scenario in Ref.@11#; it
will be discussed in more detail in the following subsectio

~b! If the cosmological field acquires a mass, then it d
scribes massive pseudoscalar particles, in contrast with
usual Higgs mechanism. Indeed, in the massive case the
field equation forAmnr ,

]l] [lAmnr]1m2Amnr50, ⇒]m Amnr50 ~4.1!

imposes the divergence-free constraint on the four com
nents ofAmnr , leaving only one propagating degree of fre
dom. In other words, the introduction of a mass term ‘‘e
cites’’ a dynamical~pseudoscalar! particle of matter out of
the cosmological energy background.

~c! Evidently, the transition from case~a! ~massless, non
dynamical field! to case~b! ~massive propagating particles!
requires a physical mechanism for its enactment. Here
where the idea of topological symmetry breaking and
concomitant rearrangement of gauge symmetry come
play. We hasten to say here, and expand our discussion in
following subsection, that the cosmological fieldAmnr does
not interact directly with the ordinary matter fields that re
resent point-like particles. Rather,Amnr is the ‘‘gauge part-
ner’’ of relativistic closed membranes, or bubbles, in t
sense that it mediates the interaction between surface
ments according to the same general principle of gauge
variance which dictates the coupling of point charges to v
tor gauge bosons, or the coupling of Kalb-Ramond potent
to elementary string-like objects. Clearly, this type of co
pling to relativistic membranes as fundamental extended
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mass generation advocated in this paper.

A. Massless field, closed membrane and vacuum energy
density

In order to implement the three properties~a!, ~b!, and~c!
discussed above, we start from the action functional

S5E d4xS 1

234!
Flmnr Flmnr2

1

4!
Flmnr ] [l Amnr]

2
g

3!
Amnr JmnrD2m3E

M
d3sA2g. ~4.2!

This is a straightforward, but non-trivial, formal extensio
of the action for the electrodynamics of point charges, or
Kalb-Ramond action of ‘‘string dynamics.’’ More to th
point, from our discussion in Sec. III, it represents a dire
generalization to 311 dimensions of the same two
dimensional ‘‘electrodynamics’’ action@15# in a ‘‘s model’’
inspired formulation where a fundamental extended objec
coupled to its massless excitations. In order to keep our
cussion as transparent as possible, we consider only a
ementary, or structureless membrane with vanishing wid
interacting with a single massless mode represented
Amnr . Thus,

Jmnr~x!5E d4)@x2Y~s!#dYm`dYn`dYr ~4.3!

represents the current density associated with the world
tory of the membrane. More complex models, in which t
membrane is some sort of collective excitation of an und
lying field theory, while intriguing, are affected by highl
non-trivial technical problems, such as renormalization@17#,
@8# and bosonization.5 That approach, while conceivable i
principle, is orthogonal to ours: here, we assume that
membranes under consideration are elementary geom
objects of a fundamental nature, on the same footing
points, strings and other p-branes that constitute the v
fabric of quantum spacetime@18#. This principle of geomet-
ric democracy is reflected in the action functional~4.2! by
our choice of the Nambu-Goto-Dirac action for a relativis
bubble in whichg stands for the determinant of the induce
metric,

g[det~]mYm]nYm! ~4.4!

andm3 represents the bubble surface tension. Notwithsta
ing the apparent simplicity of our model, we shall see in t

5Introducing fermionic degrees of freedom enables one to es
lish a correspondence between bosonic and fermionic variables

is, Jmnr↔emnrsc̄g5gs c.
8-5
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next subsection that it is possible to reproduce the cor
false vacuum decay rate, without resorting to solitonic co
putational techniques.6

Gauge invariance of the action~4.2! is guaranteed when
ever the bubble embedding equationsxm5Ym(s) param-
etrize a world history without boundary, so that

dAmnr5] [m Lnr] , ~4.5!

dSL50↔]m Jmnr50. ~4.6!

The divergence-free condition for the membrane curr
is the formal translation of the no-boundary condition. E
sentially, it restricts the world history of the membrane to
@20#

~i! spatially closed;
~ii ! either infinitely extended in the timelike directio

~eternal membrane! or, compact without boundary~virtual
membrane!.

Consequently, the cosmological fieldAmnr couples in a
gauge invariant wayonly to bubbles whose history extend
from the remote past to the infinite future, or to objects t
start as a point in the vacuum, expand to a maximum spa
volume, and then recollapse to a point in the vacuum. In s
a case, variation of the action with respect toAmnr leads to
Maxwell’s equation

]m Fmnrs5g Jnrs. ~4.7!

The general solution of Eq.~4.7! is the sum of the free
equation solution (g50), and a special solution of the inho
mogeneous equation (gÞ0). The complete formal solution
is found by inverting the field equation according to t
Green function method: taking into account that the Maxw
tensor is proportional to the epsilontensor, we find

Fmnrs5emnrsAL1g ] [m
1

h
Jnrs] . ~4.8!

Inserting the above solution back into the action~4.2!, one
finds apart from the Nambu-Goto-Dirac term

S52
1

2 E d4xS L1
g2

3!
Jnrs

1

h
JnrsD . ~4.9!

Exactly as in the (111)-dimensional case, we interpre
the above expression as follows:

S52
1

2E d4x@ ‘‘cosmological constant’’

1‘‘Coulomb potential’’#1extra surface terms.

~4.10!

6It seems to us that this result may well be a consequence
duality between membranes as solitonic solutions of an underly
field theory and membranes as fundamental objects~for a compre-
hensive review, see Ref.@19#!.
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Indeed, as anticipated at the beginning of this sect
@property~a!#, the first term in Eq.~4.9! is a solution of the
freeMaxwell equation and represents a constant energy d
sity background. As a free field, that is, in the absence
gravity and any other interaction, that constant term can
‘‘renormalized away’’ since it cannot be distinguished fro
the vacuum. However, it is equivalent to a cosmological te
when gravity is switched on@15,13#.

It may not be immediately evident that, even in the pre
ence of a coordinate dependent metricgmn(x), the homoge-
neous solution of Eq.~3.2! still represents a constant bac
ground energy density. Phrased differently, it might app
that there is no longer a constant rank-4 tensor availabl
equateF to.

The loophole is in the covariant form of Eq.~3.2!. Since
we are considering the homogeneous solution, we may
well switch off the coupling to the current, so that

¹m Fmnrs50. ~4.11!

Here,¹m represents the covariant derivative compatible w
the Riemannian metricgmn(x), i.e., the connection is chose
to be the Christoffel symbol. In four dimensions there is on
one generally covariant and totally anti-symmetric tens
namely, the covariant Levi-Civita tensor:

«mnrs~x![
1

A2g~x!
emnrs, ~4.12!

where g(x)[detgmn(x) and emnrs is the constant Levi-
Civita tensor density. Thus, Eq.~4.11! may be solved by the
ansatz

Fmnrs[
1

A2g~x!
emnrs F~x!, ~4.13!

whereF(x) is a scalar function to be determined by the fie
equations. The metric tensorgmn(x) and its determinant are
both covariantly constant with respect to the Christoffel c
variant derivative. Thus, the«(x) tensor has vanishing cova
riant derivative. By inserting the trial solution~4.13! in Eq.
~4.11!, one sees that the derivative operator bypasses
«(x) tensor and applies directly to the scalar functionF(x):

«mnrs~x!]m F~x!50. ~4.14!

Thus, the solution of Eq.~4.14! is again

F~x!5const[AL. ~4.15!

To conclude the proof thatL represents a genuine cosm
logical constant, we need to compute the value of the cla
cal action. This can be done by using the following prope
of the «(x) tensor:

«mnrs~x![A2g~x!emnrs , →«mnrs~x!«mnrs~x!524!
~4.16!

Thus,

a
g
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2
1

234! E d4xA2gFlmnr Flmnr→E d4xA2g
L

2
.

~4.17!

Having clarified the physical meaning of the integrati
constantL, let us consider the second term in the acti
~4.9!. Apparently, it describes a long-range, Coulomb int
action between the bubble surface elements. In reality, it
resents the bubble volume energy density written in a m
festly covariant form. In fact, we can re-arrange th
Coulomb term as follows. From the definition~4.3! and the
condition ~4.6!, we deduce that

Jnrs~x!5]m Kmnrs~x! ~4.18!

5]mE d4j d4)@x2Z~j!#dZm`dZn`dZr`dZs.

~4.19!

However, in four dimensions

Kmnrs~x!5emnrsE d4x d4)@x2Z~j!#[emnrsQ~x!,

~4.20!

whereQ(x) is referred to as the characteristic function of t
spacetime open sub-manifold bounded by the membr
Thus, the Coulomb term can be rewritten in terms ofQ(x)

g2

3!
Jnrs

1

h
Jnrs5

g2

3!
]m Kmnrs

1

h
]t Ktnrs

5
g2

3!
]m emnrsQ~x!

1

h
]tetnrsQ~x!

52g2]m Q
1

h
]m Q

5g2Q~x!, ~4.21!

where we have made use of the formal identityQ2(x)
[Q(x) and discarded a total divergence. Thus, the class
solution~4.8! and the action~4.2! show that the cosmologica
field Amnr does not describe the propagation of material p
ticles; rather, it represents a constant energy density b
ground with two different values inside and outside t
membrane. Indeed, using the previous result, one may ca
late the value of the classical action corresponding to
solution ~4.8!,

S52
1

2 E d4x@L1g2 Q~x!#2m3E
M

d3sA2g.

~4.22!

Once again, we note that in the absence of gravity on
at liberty to choose the ‘‘zero’’ of the energy density sca
and thus measure the energy density with respect to the
stant background represented byL. With that observation in
mind, the classical action turns out to be a pure volume te
as announced:
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SL1m3E
M

d3sA2g[S~L;g!2S~L;g50!

5
g2

2 E d4x Q~x!

5
g2

2 E d4xE
B
d4sd4)@x2Y~s!#.

~4.23!

B. Nucleation rate, symmetry breaking and mass

With the results of the previous subsection in hand,
can finally relate the nucleation rate of vacuum bubbles w
the idea of topological symmetry breaking and mass gen
tion. A common procedure for computing the nucleation r
of vacuum bubbles amounts, in our present formulation
analytically continuing the action~4.23! to imaginary time7

SE~F;g2!5
1

2 E d4x@L2g2 QB~x!#2m3E dpsA2g.

~4.25!

A semi-classical estimate for the nucleation rate of a sph
cal bag of radiusR can be obtained through a saddle po
estimate ofSE :

e2G.e2[S(L;g)2S(L;0)][e2S(R)

5expF2S p2

4
g2R422p2m3R3D U

R5R0

G , ~4.26!

where the nucleation radiusR0 is a stationary point

S ]S~R!

]R D
R5R0

→R05
6m3

g2 . ~4.27!

Then, one finds

e2B5expS 2
p2

2
m3R0

3D ~4.28!

which is the original Coleman–De Luccia result for the fal
vacuum decay rate@22#. Apart from confirming the validity
of our approach against a well-tested calculation, the Euc
ean description of vacuum decay shows how a vacu
bubble may materialize in Minkowski spacetime as a spa
like domain at a finite time. This is precisely the ‘‘extrem
al,’’ i.e., initial boundary of the membrane world manifold
and leads us to conclude, by the argument of the previ
section, that the current associated with the bubble nu
ation process cannot be divergence free. Thus,

7emnrs→ i emnrs under Wick rotation. Thus,

]m Kmnrs
1

h
]t Ktnrs→1g2]m Q~x!

1

h
]m Q~x!. ~4.24!
8-7
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Minkowskian description of the bubble nucleation proce
seems to be in conflict with the requirement of gauge inv
ance.

Against this background, we wish to show that a cons
tent description, in real spacetime, of the~quantum! nucle-
ation process, can be achieved by restoring the gauge in
ance of the original action. However, restoring gau
invariance is tantamount to ‘‘closing’’ the world history o
the membrane, so that no boundary exists. There are es
tially two ways to achieve this: in the Euclidean formulatio
one bypasses the problem by ‘‘closing the free boundar
imaginary time,’’ so that the resulting Euclidean world man
fold is again without boundary. Somewhat paradoxically,
alternative procedure in real spacetime is to include in
action an additional source of symmetry violation in the fo
of a mass term for the cosmological field. We hasten to e
phasize, before proceeding further, that the inclusion o
mass term is not a matter of choice. As we have seen
11 dimensions, it is actually dictated by the self-consisten
of the field equations. There, we have shown how the
plicit symmetry breaking due to the presence of mass and
topological symmetry breaking due to the presence o
boundary actually conspire to produce an action which
gauge invariant, albeit in an extended form. Thus, in the
analysis,it is the self-consistency of the theory that forc
upon us the introduction of a massive particle.

Consider the coupling of the cosmological fieldAmnr(x)
to a quantum mechanically nucleated relativistic membra
According to the discussion in the previous section, the h
tory of such an object is spatially closed, but only sem
infinite along the timelike direction because the membra
comes into existence at a finite instant of time. The nuc
ation event provides a spacelike boundary that consists
two-surface where symmetry ‘‘leaks out’’ and gauge inva
ance is broken. Therefore, the apparently gauge invarian
tion

S05E d4xS 1

234!
Flmnr Flmnr2

1

4!
Flmnr ] [lAmnr ]

2
g

3!
Jmnr AmnrD ~4.29!

leads to field equations

]l Flmnr5g Jmnr~x! ~4.30!

that are inconsistent. This is because the left-hand side of
~4.30! is divergence free everywhere due to the antisymm
try of the Maxwell tensor, whereas the membrane curren
divergenceless everywhere except at the nucleation e
where

]m Jmnr5 j nrÞ0. ~4.31!

Here j nr represents theboundary currentlocalized on the
initial two-surface. For a Minkowskian observer the me
brane is createdex nihilo, and its current suddenly jump
from zero to a non-vanishing value. Therefore, it cannot
‘‘conserved’’ and the amount of~topological! symmetry
breaking is taken into account byj nr. Thus, what we learn
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from Eq. ~4.30! is that the massless cosmological field ca
not couple to the current of a relativistic membrane which
nucleated from the vacuum.

In order to write down a self-consistent model for inte
acting semi-infinite world histories, the coupling must i
volve a massive tensor field:

S5E d4xS 1

234!
Flmnr Flmnr2

1

4!
Flmnr ] [lAmnr]

1
m2

233!
Amnr Amnr2

g

3!
Jmnr AmnrD . ~4.32!

Inspection of the above action tells us that the physi
spectrum consists of massive spin-0 particles, in agreem
with property~b! listed in the previous section. However,
order to extract the full physical content of the system~4.32!
we can proceed as follows. From the above action we de
the field equations

]l Flmnr1m2 Amnr5g Jmnr, ~4.33!

]mAmnr5
g

m2 j nr. ~4.34!

Next, we use the identity

Jmnr5S Jmnr2] [m
1

h
j nr] D1] [m

1

h
j nr][ Ĵmnr1 J̃mnr

~4.35!

in order to split the current into two parts

]mĴmnr50, ]mJ̃mnr5 j nr. ~4.36!

Evidently, Ĵmnr(x) is the divergenceless, boundary fre
current, whileJ̃mnr(x) represents the pure boundary curre

In a similar fashion we decompose the tensor gauge fi
into the sum of a divergence-free and a curl-free part:

Amnr[Âmnr1Ãmnr ~4.37!

]m Âmnr50, ] [lÃmnr]50. ~4.38!

Consequently, the ‘‘Proca-Maxwell’’ equations~4.33!,
~4.34! split into the following set:

]l Flmnr1m2~Âmnr1Ãmnr!5g~ Ĵmnr1 J̃mnr!,
~4.39!

]m Ãmnr5
g

m2 j nr. ~4.40!

From Eq.~4.40! we obtain

Ãmnr5
g

m2 ] [m
1

h
j nr] . ~4.41!

Then, Eq.~4.39! becomes
8-8
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]l Flmnr1m2 Âmnr5g Ĵmnr, ~4.42!

which gives

Fmnrs5ALemnrs1g2 ] [m
1

h
Ĵnrs]2m2 ] [m

1

h
Ânrs]

[F0
mnrs2m2 ] [m

1

h
Ânrs] , ~4.43!

whereF0
mnrs represents the solution of Maxwell’s equatio

]m F0
mnrs5g Ĵnrs ~4.44!

obtained in the previous massless case.
Substituting the solution~4.43! into the action~4.32!, and

following step by step the same procedure outlined in
previous subsection for the massless case, we obtain the
responding result for the massive cosmological field:

S5E d4xF 1

234!
F0 mnrs F0

mnrs

2
m2

233!
Âmnr S h1m2

h
D Âmnr1

g m2

3!
Ĵmnr

1

h
Âmnr

1
g2

4m2 j mn
1

h
j mnG

5E d4xF1

2
@L2g2 Q~x!#2

m2

233!
ÂmnrS h1m2

h
D Âmnr

1
g m2

3!
Ĵmnr

1

h
Âmnr1

g2

4m2 j mn
1

h
j mnG . ~4.45!

The first term is of the same form as in Eq.~4.22!. It
represents the bubble ‘‘volume action’’ with respect to t
constant energy density background that determines the
vacuum decay rate.

The second and third terms govern the dynamics ofÂmnr

according to the equation

~h1m2!Âmnr5g Ĵmnr. ~4.46!

We emphasize that this massive mode represents theonly
propagating degree of freedom, exactly as in
(111)-dimensional case. As a matter of fact, the last term
the action~4.45! represents a boundary induced Coulom
interaction@21#. Indeed, a direct calculation taking into a
count]m j mn50 gives

g2

4m2E d4x jmn
1

h
j mn

5
g2

2m2E dx0 d3x j0k~x0,xW !
1

¹2 j 0k~x0,xW !

5
g2

2m2E dx0E d3xE d3y j0k~x0,xW !
02500
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¹2 d3)~xW2yW ! j 0k~x0,yW !

52
g2

4pm2E dx0E d3xE d3y j0k~x0,xW !

3
1

uxW2yW u
j 0k~x0,yW ! ~4.47!

showing that there is no physical particle mediating such
interaction.

C. Restoring gauge invariance

In the previous subsections we have developed a s
consistent model for membranes with a spacelike bound
coupled to a massive tensor field. The price for that resu
the apparent loss of manifest gauge invariance. As in
case of ‘‘bubble dynamics’’ in 111 dimensions, this leads
us to the question: is there a way of introducing a mass t
into the action without spoiling manifest gauge invarianc
Once again, we follow the original Stueckelberg propo
@16# of restoring gauge invariance by introducing a ma
term together with a compensating scalar field. Presen
however, we need a modification of Stueckelberg’s appro
that is suitable for our massive tensor theory of bubble
namics. The procedure is straightforward. The only no
aspect is that the role of compensating field is now played
a two-index Kalb-Ramond potentialBnr(x) @23#. Accord-
ingly, we modify the action~4.32! as follows:

S5E d4xF 1

234!
Flmnr Flmnr2

1

4!
Flmnr ] [lAmnr]

2
g

3!
JmnrS Amnr1

1

m
] [mBnr] D

2
m2

233! S Amnr1
1

m
] [mBnr] D S Amnr1

1

m
] [mBnr] D G .

~4.48!

This action is invariant under the extended tensor ga
transformation

dAmnr5] [mLnr] ~4.49!

dBnr52m Lnr . ~4.50!

Note that the~gauge invariant! kinetic term forB makesA
massive: from a dynamical point of view, the presence o
boundary, or a nonconserved current, introduces a mass
for the gauge field that the current is coupled to.

The field equations become

]l Flmnr1m2S Amnr1
1

m
] [mBnr] D5g Jmnr, ~4.51!
8-9
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]mS Amnr1
1

m
] [mBnr] D5

g

m2 Jnr. ~4.52!

Equation ~4.52! assures the self-consistency of Eq.~4.51!.
Moreover, using the same field decomposition as in the p
vious section, we see that Eq.~4.52! fixes the divergenceles
componentÃmnr :

Ãmnr1
1

m
] [mBnr ]5

e

m2 ] [m
1

h
Jnr] ~4.53!

while Eq.~4.51! leads to the following expression forFlmnr:

Fmnrs5ALemnrs1g2 ] [m
1

h
Ĵnrs]2m2 ] [m

1

h
Ânrs]

[F0
mnrs2m2 ] [m

1

h
Ânrs] . ~4.54!

Substituting the above expression into the action, we
tain after some rearrangement

S5E d4xF 1

234!
F0 mnrsF0

mnrs

2
m2

233!
ÂmnrS h1m2

h
D Âmnr

1
g m2

3!
Ĵmnr

1

h
Âmnr1

g2

4m2 j mn
1

h
j mnG ~4.55!

52
1

2E d4xFL1
g2

233!
Ĵmnr

1

h1m2 Ĵmnr

2
g2

4m2 j mn
1

h
j mnG . ~4.56!

The final form of the action~4.56! shows how the intro-
duction of a compensating Kalb-Ramond field, which is n
essary for restoring gauge invariance, leads to an ‘‘effec
closure’’ of the membrane in the physical Minkowskia
spacetime and is, in fact, an alternative to the Euclidean
cedure of closing the membrane in imaginary time.

However, it seems to us that a careful consideration of
boundary effect in the nucleation process of a vacu
bubble in real spacetime has a clear advantage over the
clidean formulation in that it brings out the existence of
massive pseudo-scalar degree of freedom which is other
hidden in the energy background provided by the cosmolo
cal field.

V. CONCLUSIONS AND OUTLOOK

To the extent that the presence or absence of a boun
constitutes a topological property of a manifold, we m
refer to the idea underlying the whole discussion in this
per astopological symmetry breaking.The effect of this new
mechanism on the inflationary-axion scenario is apparen
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our formulation of bubble dynamics, and was illustrated
four as well as in two spacetime dimensions. Indeed,
action functional of bubble dynamics can be defined in a
number of dimensions as a generalization of the Einste
Maxwell action for the dynamics of point charges on a R
mannian manifold. As a matter of fact, gravity plays no sp
cial role in it: even though we have formulated the model
a bubble in 311 Minkowski spacetime, it can be extended
a generic p-brane embedded in a target space withD5p
12 dimensions. In four dimensions and under the assu
tion of spherical symmetry, the field equations of bubb
dynamics are integrable@15#: the net physical result of the
Amnr coupling to the membrane degree of freedom is
nucleation of a bubble whose boundary separates
vacuum phases characterized by two effective and dist
cosmological constants, one inside and one outside
bubble.8

The three-index representation of the cosmological field
the key to the whole formulation of topological symmet
breaking and self-consistent generation of mass. That fi
we have argued, represents the ultimate source of energ
the bubble universe. But how does matter manage to ‘‘bo
strap’’ itself into existence out of that source of latent e
ergy? Here is where the difference between the conventio
‘‘cosmological constant’’ and the cosmological field com
into play: the original cosmological constant introduced
Einstein plays a somewhat passive role, in that it is ‘‘froze
within the Hilbert action of general relativity; the cosmolog
cal field, on the contrary, even though it represents a non
namical gauge field, willinteract with gravity and combine
with a bubble single degree of freedom thereby acquir
mass as a consequence of topological symmetry breakin
fact, there are some similarities with the Higgs mechani
which may help to clarify the boundary mechanism of ma
production. For instance, the extended gauge symm
~4.49!,~4.50! represents the end result of a process that
gins with the violation of gauge invariance due to the pr
ence of a boundary. Then, the Kalb-Ramond fieldBmn , pre-
scribed by the Stueckelberg procedure, represents mass
spinless particles that play the role of Goldstone boso
However, while in the usual Higgs mechanism the spin c
tent of the gauge field is the same before and after the
pearance of mass, a new effect occurs when the gauge fie
Amnr : when massless,Amnr carries no degrees of freedom
while Eq.~4.1! describes massive spin-0 particles in a rep
sentation which isdual to the familiar Proca representatio
of massive, spin-1 particles@24#. In light of this formal anal-
ogy with the Higgs mechanism, axions are interpreted
massless spin-0 Goldstone bosons represented by a K
Ramond field while the physical spectrum consists of m

8The evolution of the bubble, which is controlled by the two co
mological constants and by the surface tension, can be simulate
the one-dimensional motion of a fictitious particle in a potent
@11#; furthermore, a well defined algorithm exists that is capable
determining all possible types of solutions, including inflationa
ones, together with the region in parameter space where familie
solutions can exist@13#.
8-10
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sive spin-0 particles represented by theÂmnr field. In this
sense, topological symmetry breaking by the boundary
the same effect as the breaking of the Peccei-Quinn sym
try in the local standard model of particle physics.

We do not have at present a fully fledged quantum the
of bubble dynamics even though we have taken several s
on the way to that formulation@7,25#. However, if bubble
dynamics in two dimensions is any guide, one can anticip
the main features of the quantum theory: as the volume
the bubble universe increases exponentially during the in
tionary phase, so does the total~volume! energy of the inte-
rior ‘‘de Sitter vacuum,’’ at least classically. Quantum m
chanically there is a competitive effect which is be
understood in terms of an analogous effect in 111 dimen-
sions. As we have argued in the previous section, the‘‘v
ume’’ within a one-dimensional bubble is the linear distan
between the two end-point charges. As the distance
creases, so does the potential energy between them. Q
tum mechanically, however, it is energetically more fav
able to polarize the vacuum through the process of p
creation@26#, which we interpret as the nucleation of secon
ary bubbles out of the vacuum enclosed by the origi
bubble. The net physical result of this mechanism is the p
duction of massive spin-0 particles@14#. The same mecha
s.
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nism can be lifted to 311 dimensions and reinterpreted
the cosmological context: theAmnr field shares the sam
properties of the gauge potentialAm in two dimensions and
polarizes the vacuum via the formation of seconda
bubbles. Consider now a spherical bubble and focus on
radial evolution alone. The intersection of any diameter w
the bubble surface evolves precisely as a particle–a
particle pair in 111 dimensions. However, since there is n
preferred direction, the mechanism operates on concen
shells inside the original bubble. Remarkably, the final res
is again the production of massive pseudoscalar particle
the bubble universe. However, while in two dimensio
Goldstone bosons do not exist, in 311 dimensions they do
exist and have a direct bearing on the axion mass probl
Born out of the darkness of the cosmic vacuum, axions w
invisible to begin with and remain invisible to the extent th
they are ‘‘absorbed’’ by the cosmological field. According
this interpretation, one of the possible forms of dark mat
in the universe, in addition to massive compact halo obje
~MACHO’s!, emerges as thenecessaryend product of a pro-
cess, driven by the cosmic vacuum energy, according
which gauge invariance and vacuum decay conspire to
tract massive particles out of the cosmological field of da
energy.
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